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Abstract Dark matter could have an electroweak origin,
yet it could communicate with the visible sector exclu-
sively through gravitational interactions. In a setup address-
ing the hierarchy problem, we propose a new dark-matter
scenario where gravitational mediators, arising from the
compactification of extra dimensions, are responsible for
dark-matter interactions and its relic abundance in the Uni-
verse. We write an explicit example of this mechanism in
warped extra dimensions and work out its constraints. We
also develop a dual picture of the model, based on a four-
dimensional scenario with partial compositeness. We show
that gravity-mediated dark matter is equivalent to a mecha-
nism of generating viable dark matter scenarios in a strongly
coupled, near-conformal theory, such as in composite Higgs
models.

1 Introduction

In many extensions of the standard model (SM), such as
supersymmetry [1-3] or universal extra dimensions [4-8],
dark matter (DM) relic abundance is obtained through elec-
troweak interactions between the DM particle and the SM
particles. Other extensions assume communication between
DM and the SM through some kind of portal. For example,
the Higgs portal [9-22] or dark photons [23-32].

Yet the only property of DM we are certain about is that
it interacts gravitationally. In this paper we propose a mech-
anism to produce thermally the correct abundance of DM in
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the Universe, using exclusively gravitational interactions'.
We will also focus on DM masses around the TeV scale, for
reasons that will become clear in the next section. In this case,
it is clear that four-dimensional gravity cannot annihilate
enough DM particles. Instead, in gravity-mediated dark mat-
ter (GMDM), the annihilation occurs through the exchange
of gravity mediators. Gravity mediators are states around the
scale of dark-matter mass which arise via the compactifica-
tion of extra dimensions of space-time, namely the radion
and massive graviton.

A natural gravity-mediation type of dark matter arises
from warped extra dimensions, and describing this model
is the subject of Sect. 2.

Despite its name, GMDM is a scenario which has a dual
description in terms of partial compositeness, where the
strong sector is near-conformal. As we explain in Sect. 3,
the DM relic abundance computation is exactly the same in
extra dimensions as in composite models. The reason is that
the relevant couplings of the dual of gravity mediators to SM
is completely fixed by symmetries.

In Sect. 4 we describe the computation of DM relic abun-
dance and the constraint it imposes on the DM and gravity
mediator masses and on the scale of compactification. We
extend the model, to account for bulk fermions in Sect. 5 and
finish by discussing the collider constraints on the model, see
Sect. 6.

2 A model in warped extra dimensions

We now present the basic idea of GMDM in extra dimensions.
Let us consider the following class of five-dimensional (5D)
metrics:

ds? = w(z)? (udxtdx’ — dz?), (1)

! Non-thermal production of very heavy DM particles, or WIMPZIL-
LAS, has been studied in Ref. [33-36].
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where z is the coordinate in the fifth dimension, and w(z)
is a smooth, decreasing or constant function of z. We are
going to consider warped extra dimensions, for reasons
that will become clear later. A popular example of warping
is Anti-deSitter (AdS) models, including Randall-Sundrum
(RS) [37-40], which is a particular case with w(z) = 1/(kz),
where k is the curvature of the five-dimensional (5D) space-
time. The fifth dimension is compactified in an interval
Z € [zo, z1], and four-dimensional (4D) branes are located at
both ends of the extra dimension. Similar constructions could
be obtained from a Klebanov—Strassler throat [41]. We will
denote the brane at zg the matter-brane and the brane at z;
the dark-brane, see Fig. 2.

Fields can be localized on branes, becoming truly 4D
fields. But gravity and its excitations do necessarily prop-
agate in the full 5D space-time. In our setup, fields partici-
pating in electroweak symmetry breaking live on the dark-
brane, i.e. the Higgs H and dark matter X. Dark matter’s
mass and stability is linked to electroweak symmetry break-
ing, hence its localization on the same brane as H. Explicit
realizations of this idea could be linked to, for example, a
composite Higgs sector [42,43], where X could be part of
the pseudo-goldstone sector and protected by a left-over sym-
metry [44,45]. In GMDM, however, we will not commit to
specific realization of the dark-matter sector and study scalar,
vector, and fermionic X.

Gravity and gauge fields live in the bulk of the extra
dimensions, enjoying fully SD dynamics, but their localiza-
tion is different. Massless gauge bosons are de-localized in
the bulk, with a flat profile. Gravity mediators (KK-graviton
and radion) are peaked towards the dark-brane as a result of
the warping.

SM matter fields are localized on the matter-brane
although in Sect. 5 we will study the effect of pushing the
top from the matter-brane and into the bulk.

Instead of committing to a specific origin for X, we will
describe its general properties: X is a singlet under the SM,
of mass at the electroweak scale, and stable due to a quantum
number conserved by the dark-brane dynamics. As a singlet
of the SM, X interacts with the SM exclusively through gravi-
tational interactions. The interaction of the massless graviton
with any field is suppressed by M p, and the leading interac-
tions come from exchanging other gravitational fields, specif-
ically the radion and the Kaluza—Klein (KK) massive gravi-
tons, i.e. gravity mediators. In the following we describe how
gravity mediators couple to the matter and dark sectors.

2.1 Gravity mediators
The graviton and the radion are described by the tensor and

scalar fluctuations of the metric, introduced as an expansion
in Eq. (1)

@ Springer

ds? = w(@2)? (e (v + G ) — (1 +2r)%dz?). )

where G, and r are 5D fields propagating in the extra-
dimension. We are going to focus on the Kaluza—Klein
(KK) resonance of the fields, including the effect of the
whole tower. In the following we denote Gj,(x,z) =
G, (x) f6(z) the nth KK resonance of the graviton and
r(x,z) = r(x) fr(z) the radion, and fg ,(z) are the wave-
functions. When we are discussing a KK-graviton, without
specifying which excitation number there is, we will simply
use the notation G ,,,, dropping the n label.

We consider the general interactions of a KK-graviton
G v and the radion r to a pair of particles. The interaction
arises by expanding the metric in Eq. (2) at linear order in r
and G, in the action

SO /ddx«/—gﬁ
D /ddx —gw?(2) (2rT — G, TH) 3)

Inserting the bulk profile of the fields and integrating out the
extra-dimension, we obtain the 4D effective Lagrangian at
dimension five,

G r
c ch
Lxk = _iG’” "W+ ——

VA

where Ti” " is the energy—momentum tensor of species i,
given in Appendix A, Eq. (50), and 7; is its trace. A is the
compactification scale, related to the position of the dark-
brane, A = 1/zgak ~ TeV. The coefficients cl.r’G arise by
dimensional reduction from the 5D theory to the 4D low-
energy effective theory. They are the overlap of wavefunc-
tions of the fields in the bulk, e.g. ¢ o [dzfs(2) fi(2)*.
For a field i localized on a brane at z, fi(z)> & 8(z — z4).
For a field de-localized (flat) in the bulk, in our case mass-
less gauge bosons, f; o constant. This can easily be seen by
recalling that the equation of motion for the wavefunction of
a massless spin-one field in the metric Eq. (1) is given by
9;(w(z)d; fv) = 0, and using the fact that the field has to
satisfy Neumann boundary conditions on both branes [46—
48].

The KK-gravitons G, satisfies traceless and transverse
conditions, G,’f = 0, G"” = 0, which leads to arather simple
interaction,

r1, “

1
Lxk = ——G"* | TPM —
KK="2% [

v Cg/; FP-)‘F)LV
i- LDg 7
+ cg <Zl//(VuDu +nD¥ — Z(DMI//)/\) + D“/fy”)l/f>

+ ¢S (D,H D, H + DVH*DMH)}. (5)
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with the traceless part of the energy—momentum tensor for
dark matter (DM) given by

7DM

v

G (=X X"y +m% X, Xy), vector DM,

C)((; (%X(Vuav+)’v3;/.))(_%(3;1)_()/1)4‘31))27/1)))() , fermion DM,

cg 0 SdyS, scalar DM.

(6)

Here, cg’ 4.8 cg, cf; , clc_’} are KK-graviton couplings which

are determined by the overlap between the wave func-
tions of the KK-graviton and fields in extra dimensions, see
Refs. [49-59] for an example in AdS. X (x, S), A, H, and
Y denote the dark-matter particle, gauge bosons, Higgs, and
SM matter fields, respectively.

The massless gauge fields do not contribute to the trace
of the energy—momentum tensor at the tree level, but they
generate trace anomalies at the loop level as

w,anom

Ba(ga)
Tl == X 55 o0 o
a

We note that including the linear radion couplings, non-
derivative radion interactions to massive scalar and vector
particles are fixed by dilatation symmetry to

r }’2
J6A  6A2

X (Chymi A A" + fymi X X7 42 (

‘Cnonfderiv = - (

r _ r2
V6A W)
— gy ®)

VA

where use is made of gauge boson and real scalar mass

X (chm%h2 + cgméSz) +

terms as %m% e_\/g% A, AM and —%m% e_z\/g% S2, respec-
tively [61]. For comparison, in the dilaton case where dilata-
tion symmetry is not extended to gravity [60], there is no
distinction between gauge bosons and scalars, and dimen-
sionful parameters after electroweak symmetry breaking are
replaced by a dilaton factor, f e°/f, where f is the scale sym-
metry breaking scale and o is the dilaton. Thus, choosing a
canonical dilaton field as y = x — f, the dilaton couplings
to a pair of bosons are proportional to 2j /f + x2/f2 [60], so
the quadratic dilaton couplings are different from the radion
case. Here, we ignored the mixing between the radion and the
Higgs. As will be shown later, the quartic couplings between
the radion and the massive bosons will be important for cal-
culating the relic density for bosonic dark matter with the
radion mediator (Fig. 1).

In warped extra dimensions, there is a hierarchy of cou-
plings of the graviton to dark-brane, bulk, and matter-
brane, respectively. Indeed, in the setup of Fig. 2, one
obtains [62,63]

9 Q
> N
P >
x& S
& L,
&p
20
=
-3
£
2 L
§ Gauge % E
=
A
[
Gravity g
mediators

Fig. 1 The setup in extra dimensions. Electroweak symmetry break-
ing, and the origin of dark-matter stability and mass are related, hence
their location on the same brane (IR-brane, or dark-brane). Gauge fields
live in the bulk, and matter fields are located on the opposite brane (UV-
brane). EWSB is transmitted to fermions trough gauge and gravitational
interactions

Dark-branefields: ¢§ ~ ¢ ~ O(1), )

1

Bulkfields: ¢§ ~ ——————,
qark W@ dz

(10)

o
Matter-braneﬁelds:cg = <%) , (11
Zdark
where o > 1. In AdS models, the value of cﬁ ¢ is
I — Jo(xg)
=2 v ; (12)
log (74 ) 23 12(x6)]

where xg = 3.83 is the first zero of the Bessel func-

tion Ji, although localized kinetic terms could change the
value of x; [64,65]. Here we see explicitly the suppression
by [w(z)dz = log(Mp/TeV) =~ ©O(0.03). Note that in
this expression we have neglected the effect of higher KK-
resonances, keeping only the lightest one.

The wavefunction of the graviton is more peaked towards
the dark-brane than that of the radion. This leads to differ-
ences in the degree of hierarchy among the couplings, but
one still finds c’H’ x> cf//. Moreover, the tree-level coupling
to massless gauge bosons vanishes (Tl’f is zero at tree level)
but loop-induced effects would generate this coupling, see
Eq. (7) 2. Therefore, the radion couplings are characterized by

Ch.x > Chs Cy- (13)

Regarding the mass of the KK-graviton, it is mg < A and
the exact relation depends on the metric. In AdS models the

2 See Ref. [66,67] for a detailed calculation of these effects in AdS.
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mass of the KK-graviton is related to k, the Planck mass M p
and A by

k

mg = M—PleA (14)
where one expects k < Mp;. In other metrics, the relation
between the curvature and the graviton mass would be dif-
ferent but, generally speaking, one expects a healthy theory
to satisfy mg < A.A in Eq. (4) is the scale suppressing
dimension-five operators involving a gravity mediator and
two other particles, hence expected to be larger than the mass
of the fields we consider in the effective theory.

On the other hand, the radion mass is a model-dependent
parameter, related to the mechanism of stabilization of the
extra-dimension, as in absence of stabilization the radion
is exactly massless. For example, in RS models one could
assume the Goldberger—Wise mechanism [68], and in this
framework the radion mass is a function of the vacuum expec-
tation value and mass of the stabilizing field [69].

3 Dual model

Extensive research on the applications based on the AdS/CFT
correspondence [70], points at a duality between strongly
coupled theories in D dimensions and a gravitational dual in
D + 1 dimensions, even beyond supersymmetric or exactly
conformal theories [71]. This holographic duality is often
a qualitative statement between strongly coupled systems
(the target theory) and an analog computer [46], a theory
in higher dimensions with improved calculability. We dedi-
cate this section to a description of the holographic dual of the
model we presented in the previous section, whose schematic
representation is given in Fig. 2.

The dual picture is portrayed in Fig. 3. The bulk of
the extra-dimension encodes the RG evolution of the 4D
Lagrangian, with the matter-brane and dark-brane represent-
ing the UV and IR boundary condition of the running, respec-
tively. As one moves from the matter- to the dark-branes, the
effect is one of integrating out degrees of freedom. At a posi-
tion z, the local cutoff is related to the UV cutoff as [72]

A(zy) = w(z)Auy. 15)

The running stops at the dark-brane: the presence of the dark-
brane is signaling that a sector of the theory is undergoing
confinement, and as a result composite states, the Kaluza—
Klein modes, appear at low energies, hence the localization
towards the dark brane. Fields localized near or on the matter-
brane do not strongly participate on the strong dynamics
encoded near the dark-brane, and are then called elemen-
tary. Localization towards a brane is then the equivalent to
the degree of compositeness of the field.

@ Springer
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Fig. 2 Dual picture

De-localized (flat) gauge fields in the extra dimension rep-
resent global symmetries of the composite sector, which are
weakly gauged by the UV dynamics [73]. They are therefore
amixture of composite and elementary fields, much the same
as the p—y mixing in QCD [74-77].

Gravity mediators do also have an interpretation from the
dual point of view. Their presence is a manifestation of a
conformal symmetry of the composite sector, which is spon-
taneously broken by the strong (composite) dynamics.

The radion is dual to the goldstone boson from dilatation
symmetry in4D [66,67,78], the dilaton 7. As such, couplings
will arise of the form

WG (16)
;

where J# is the global current whose spontaneous breaking
atthe scale Ay leads to the emergence of the Goldstone boson
7. In general, the global current is given by

JHP =T, (17)
and if the symmetry is dilatation symmetry, v, has the form
vy = AXy (18)

leading to a coupling to trace of the stress tensor (7'),

Ci .
- LT (19)

;
where A; is the symmetry breaking scale, A; ~ A =
1/zqark - ¢i encodes the degree of compositeness of species i,
with a large value indicating a large mixture with the compos-
ite sector. Similarly, the coupling of the dilaton to massless
gauge bosons will follow the same structure as in Eq. (7).
The dual interpretation of the massive graviton is not so
well understood, although some work has been done to link
tothe 4D f> resonance in QCD to a KK-graviton in AdS [79].
We interpret the massive KK-graviton is the manifestation
of a CFT diffeomorphism invariance, broken spontaneously
by the dark-brane. The massless spin-two field 6V is con-
served, 9,0"" = 0 in the absence of breaking. As in the
radion case, it couples to a conserved current 9, J* = 0.
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Fig. 3 Parameter space
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The massive spin-two corresponds to the breaking of this
diffeomorphism invariance by 9,,0*" = a". The operator a*
corresponds to a massive vector field, which is eaten by the
massless spin-two field [80—82]. When joining together, the
spin-two massless field and the massive vector will lead to
a massive spin-two state G, the dual KK-graviton. As long
as the composite sector preserves Lorentz, gauge, and CP
invariance, the coupling of the massive spin-two resonance
to two other particles will be given by [62]

Ci
Ag

-G T, (20)

where Az >~ A, which follows exactly the form of Eq. (4).

In summary, the dual picture of our warped extra-
dimensional model is a model of partial compositeness,
where the gravity mediators are composite states manifest-
ing a broken conformal symmetry in 4D at a scale A. Dark-
brane states are fully composite states, whereas matter-brane
states correspond to elementary states. Bulk gauge fields are
partly composite, with the gauge bosons coming from weakly
gauging part of the global symmetry in the composite sec-
tor. Gravity mediators (radion/KK-gravitons) are resonances

H

N
~ i
Wi
I 5
0.8 { “ 1
: HH
R .
;"ul
0.6 H B iic
HEH ¥
iy ;’,’/
% ]
]
0.4 ‘l:_ !':
¥R ]
L ¥
\ ~
\\f:’/(zf

0.2

. 0"“ 'l'! \“\\‘5 L"
of N \7
00k P

L L L

50 100 150 200 250 300
mg(GeV)

whose properties manifest the breaking of conformal invari-
ance by the strong dynamics.

4 Dark matter relic density calculation

As the dark-matter particle is assumed to be a singlet of the
SM, all couplings with the SM occur through a graviton or
radion exchange. In Sect. 2.1, we discussed the hierarchy
among the coupling of the radion and KK-gravitons to dif-
ferent species. Specifically,

ca,x = O) > cy > cy. 20

Due to this hierarchy, we will focus on the gravity mediation
processes XX — HH'.

Note that we will consider the exchange of the whole KK
tower obtaining a compact expression in terms of the met-
ric, as explained in Ref. [83]. As dark matter is a singlet
and resides on the IR brane where the Higgs boson is local-
ized, it could also annihilate into a pair of the SM particles
through the Higgs boson exchange by Higgs portal inter-
actions. In particular, scalar dark matter can have an extra
unknown dimensionless coupling to the Higgs boson. In our

@ Springer
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discussion, we will assume that Higgs portal couplings are
subdominant and comment on their effect on dark-matter
annihilations.

4.1 KK-graviton mediators

We will focus on the processes involving dark-brane fields
as their coupling is the largest. In other words, we are going
to focus on DM annihilation into Higgs degrees of freedom,

XX —> HH' (22)

where a graviton/radion is exchanged.
Note that H can be expressed as

_ L di+id
H_ﬁ<(h>+h+i¢3) 3

where (h) is the vacuum expectation value of the neutral
part of the doublet, and # is the physical Higgs boson after
EWSB. One can view ¢ 5 3 as being eaten by the W+ and
Z fields, providing the longitudinal polarization of a massive
gauge boson. But in this setup ¢ » 3 and the massless W23
bosons have different localizations, hence different couplings
to X and the gravity fields. We will then use the notation of
Wi, Z; to denote the longitudinal fields, members of the
dark-brane field H. Similarly, we will denote by Wr, Z7,
the transverse parts of the fields, which are bulk fields.

To compute the relic abundance of dark matter X,
one needs to obtain the matrix element involving graviton
exchange,

M =c§c§ TS prow TN (24)

where the propagator PHY' s written in Appendix A,
Eq. (49).

The end result is quite transparent, and it depends on the
spin of the DM particle X. In general, one can express the
dark-matter annihilation cross section as

(cgcq?)2 (a5 + byv? + c;vty m§,
A* (dmy —m%)2 4+ Timy

(OV)X, X, —>pp = (25)

where G is the graviton field and ¢ denotes the Higgs boson
h and Z, W gauge bosons, and we have neglected terms of
the order O(mgy/m x)%. See Appendix B for details.

The width of the graviton can be written as

mg 2407

r 1 2
A

in the limit of mg > my z w (see Appendix B Eqgs. 58

for details). One can then safely neglect width effects for

the heavy graviton case. Moreover, if mx > mg, mg, and

@ Springer

Table 1 Suppression in dark-matter annihilation to Standard Model
particles as a function of the dark-matter spin and type of mediator

Mediator X (s=0) X (s=1/2) X (s=1)
Graviton s-wave p-wave s-wave
Radion s-wave p-wave s-wave

cH > cy, the annihilation cross section simplifies to

3(CGCG)2 m2 m4
(OV)sS—>pp = —S5H _3§ z

o,
1677 A4 m—é + 2%) , 27
(cgcg)zv2 mi
@Vxx—>g¢ ~ oo 77 - (28)
(cgcg)2 ﬁ

— . 2
54 A4 @)

(UU)XX—>¢¢> s

Therefore, as summarized in Table 1, both scalar and vector
dark matter types annihilate as an s-wave, while fermion dark
matter is a p-wave suppressed. We note that when the longi-
tudinal and transverse components of a massive gauge boson
have the same coupling to the dark matter types, cg = cg,
the annihilation cross section for scalar dark matter becomes
proportional to v*, ie. d-wave, as shown in Appendix B.
This would be the case in the original RS model where the
electroweak gauge bosons are localized on the TeV brane.
However, in this case, other annihilation channels into mass-
less gauge bosons and fermions would equally contribute.

We note that there could be tree-level Higgs portal
couplings [9-22] such as AsS2|H |, XX)Z)(|H|2/A and
Ax X XH]| H|2 on the IR brane, for scalar, fermion, and
vector dark matter, respectively. The first coupling, Ag, is
a renormalizable dimensionless parameter, while the latter
two couplings, A,, Ay, are non-renormalizable couplings
which depend on a UV completion. We focus on the Higgs
portal coupling for scalar dark matter but the discussion
applies similarly to dark matter of other spins. First, below
WW threshold, yy, gg, and f f channels with KK-graviton
mediation are d-wave suppressed, while the ff channel
with Higgs mediation is s-wave. But the Higgs portal cou-
pling could not be dominant in determining the relic density
except near the resonance, due to the stringent XENON100
bounds [84]. Second, above WW threshold, for which s-
wave WW/ZZ/hh channels with Higgs mediation are acces-
sible, we should compare between them and the correspond-
ing channels with KK-graviton mediation. In this case, for
As| < cSché/Az, the effect of the Higgs portal term can
be suppressed. Henceforth, we assume that the KK-gravitons
give rise to dominant contributions to the annihilation cross
sections of dark matter.
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Fig. 4 Parameter space
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From the thermal average cross section,

(ov) =a+ bv?,

(30)
with v2 = 6/x where the freezeout temperature gives xp =
mgs/Tr =~ 20, the relic density is determined by

D 2.09 x 103 GeV~! 31
DM = .
Mp/gxs(kp)(@/xF +3b/xF)

In Figs. 3 and 4, we depict the parameter space on mg/A

vs. mg and mg/A vs my, respectively, for dark matter
of s = 0,1/2,1 with KK graviton mediators, by con-
sidering the relic density condition obtained from Planck,
Qpmh? = 0.1199 + 0.0027 [85]. We have included the
effect of the whole tower of KK-gravitons in the AdS metric.
The deeps in the plots correspond to the threshold of a new
resonance and the spikes are due to the destructive interfer-
ence between KK-gravitons. Formg < 2my, the resonances
occur at the higher KK modes too; for mg > 2m y, the higher
KK modes are considered to be essentially decoupled for the
DM annihilations, so it is a good approximation to take only
the first KK-graviton. There is a detailed discussion of the
sum of KK-gravitons in Appendix G.

0.0 & . . . . o
200 220 240 260 280 300

We find that in all the dark-matter cases, the relic den-
sity condition is satisfied for a wide range of the param-
eters. Note that in AdS models, the dark-matter coupling
mg/A = 3.8k/Mp,.

In particular, for the case of vector dark matter, a relatively
small effective DM coupling, mg /A, is allowed due to the s-
wave behavior of the annihilation cross section. For instance,
for m=100, 150, 200 GeV, the effective DM coupling can
be smaller than 0.1 away from the resonances, for my 2
110, 180, 250 GeV, respectively. On the other hand, in the

case of scalar dark matter, the annihilation cross section is
suppressed by m“‘,[, Z/m‘(‘; for mg > mw z, as compared to
the vector dark matter case, so it requires a larger effective
dark-matter coupling.

Finally, for fermion dark matter, the annihilation cross
section is p-wave suppressed, so it requires a larger effective
DM gauge coupling. For instance, for mg = 100(150) GeV,
the effective DM coupling can be smaller than 0.1, formy =
170(280) GeV.

The suppression of the DM annihilation cross sections is

summarized in Table 1, depending on the spin of dark matter
and the type of mediator.
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4.2 Radion mediator

In this paper we focus on the massive graviton as the mass
is directly related to the compactification scale. The radion
mass is a more model-dependent parameter, as it strongly
depends on the stabilization mechanism, and it could be much
heavier than the massive graviton. In this section we sketch,
but we do not provide details on the radion mediation. The
computation of the annihilation cross section XX — HH'
follows the same steps as in the KK-graviton case, but with
a simpler Lorentz structure. The result follows the general
expression in Eq. (25), with the substitution mg — m, and
c® — ¢’ Specifically,

(0l v e N (cf,l,cgf)2 (a5 + bsv* + csv4)m§(
rel) X X — ¢ ,33771\4 (m% _ 4m%()2 + Frzm%

(32)

where we have neglected terms of order O(mi/ m%) and B
is a numerical constant which depends on the spin of X, see
Appendix G.

Besides the XX — H H' processes, one could also con-
sider XX — rr, a computation which was carried by the
authors of Refs. [86,87] in the limit m, <« myx, and we
refer the reader to this paper for details. Note, though, that
Refs. [86,87] uses a different parametrization of the radion
quadratic couplings.

Whether the relic abundance is dominated by X X — ¢
or XX — rr, one obtains the same velocity suppression, as
shown in Table 1.

4.3 Direct detection

The interactions relevant to direct detection of dark matter are
operators involving the first generation quarks. The coupling
of X to light fermions is very suppressed in this model, as
the dark matter is fully composite and light fermions are ele-
mentary, and all the communication between them must go
through a bulk field (partially composite). Since dark matter
is a singlet of the SM, then the coupling is generated through
gravity mediators. Indeed, the coupling to the SM quarks are
suppressed by the exchange of KK-gravitons or radion,
Cy CX

— (33)
szA2

8Xq X
hence very small and leading to no constraints from direct
detection in the region of the parameter space consistent with
the relic abundance.

The effective four-point interactions between dark mat-
ter and Higgs, for instance, S 2h2, for scalar dark matter, are
the strongest. But their contributions to the spin-independent
cross section are loop-suppressed, because there is no linear
Higgs coupling to dark matter unlike Higgs portal couplings.
The reason is that the KK graviton couples to the full Higgs
potential through the energy—momentum tensor, where the

@ Springer

linear term for the Higgs field vanishes due to the minimiza-
tion condition. We also note that the interactions of dark
matter to gluons could be most relevant for direct detection,
because gluons interact with dark matter more strongly than
quarks. For instance, keeping the first KK-graviton, the effec-
tive interactions between scalar dark matter and gluons are
given by

Ls-N =& SGpuyGH. (34)

2
with &, = 2"% ﬁ Then the spin-independent cross section

induced by the gluon interactions is

2 2
7 8
o5 = s (oo ) iR

— 35
nm% Yug (35)

where u = mgmy/(ms + my) is the reduced mass of the
nucleon—dark-matter system and

8w (36)

fré = L <N‘ s GquW|N> :

mpy
The lattice result gives frg = 0.867 [118], while the MILC
results ranges between 0.472 and 0.952 [119]. Asillustration,
in Fig. 5, we depict the contours of the parameter space for
scalar dark matter, giving rise to the spin-independent cross
section, os_y = 1078 pb, depending on the results of the
nucleon mass matrix. Consequently, direct detection bounds
from XENON100 [120] can be strong enough to rule out
a certain parameter space with light KK-graviton and dark
matter.

5 Pushing the top to the bulk

The top quark could directly participate in EWSB, and to
what degree depends on the localization of the top in the
extra-dimension. On the same token, the decay of the graviton
or radion to tops depends on how localized the top is towards
the dark-brane. The localization is controlled by the bulk
mass parameter [49-59]
Lsp D MyW¥Ww (37)
where W is a 5D fermion.

It is convenient to define a dimensionless mass parame-
ter vy = M/k, where k is the curvature of spacetime. As
vy increases, the zero model is pushed toward the dark-
brane. For example, in AdS the effect of vy is as follows.
For vy, = 1/2 the fermion zero mode is de-localized in the
extra dimension (flat profile), a point which is called the con-
formalvalue. On the other hand, when vy, > 1/2, the fermion
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Fig. 5 Contours of

mg=100GeV

mg=200GeV

spin-independent cross section 1.0 f{7 g 10F
of scalar dark matter on the
parameter space, mg vs. mg/A. 08|
Solid line and dashed lines
correspond to oy = 1078 pb
for lattice and MILC results, 0.6 |
respectively §° < § <
04
0.2 ¢
0.0 & . . . . . = 0.0 & . . . . . =
50 100 150 200 250 300 50 100 150 200 250 300
mg(GeV) mg(GeV)
05F towards the dark-brane, the graviton decay to tops could dom-
R inzilte, but it depends crucially on the degree of localization
03 ﬂ (Fig. 7).
[ When the top quark is localized on the dark-brane as well,
02} Gohh \ dark matter can annihilate sizably into a top quark pair if kine-
0.1t 1 matically allowed. From the results in Appendix B, depend-
00162 t7 ing on the spin of dark matter, the annihilation cross sections
10 =05 00 05 10 are given by

Vi

Fig. 6 Branching ratio of graviton to the Higgs, vector bosons and top,
as a function of the top bulk mass term, v; = M,/k

zero mode will be localized towards the dark-brane, whereas
for vy, < 1/2, the localization is near the matter-brane>.

As a result, the graviton and radion branching ratio (BR)
to tops would depend on vy, : the larger the value of vy, the
larger the BR. For example, in AdS metrics the graviton BR
to right-handed tops is given by

f)? e (mc>2

240 70 A

(G — 1) = -

(38)

where we have neglected effects O(4mz2 / m%;), and f(vy) is
defined as

1

3 1 + 2])[ 242,
f(vr)=§m/dyy "’
0
1(3.83y) 9
1(3.83)

In Fig. 5, we show the BR of graviton to the Higgs degrees
of freedom (4, Z; and WZE) and to tops. If the top is pushed

3 See Ref. [88] for a discussion of the dual picture of fermion local-
ization and the interpretation of the bulk mass vy from the point of
view of partial compositeness. Note that fermion compositeness is not
restricted to the third generation, and composite first and second gen-
eration fermions are possible from the point of view of flavor [89-91]
and this leads to very distinctive signatures [92].

G .G\2,4
CcC v
%mg, 40)
19207 A%
(cfch)zv2 ) Al
S8amar @
(C;G(CzG)z 2
~ XG0 42
36 At X (42)

(OV)s517 =
(O‘U)X)?%tt_ =

(OV)xx—s7

in the limit of my >> m;, mg. Thus, the 77 channel can give
a sizable contribution to the annihilation cross sections of
fermion and vector dark matter types, while it becomes d-
wave and negligible for scalar dark matter. Consequently, in
the case of fermion and vector dark matter, the relic density
condition needs a smaller effective dark-matter coupling to
the KK-graviton, mg/A, due to the localization of the top
quark on the dark brane. The effect of the ¢7 channel on the
relic density is shown in the right plot of the lower panel In
Figs. 3 and 4.

6 Collider searches

Radion and KK-gravitons searches at the LHC are based on
assumptions about the decay of those particles, which does
not match this model. For example, bounds on the radion
mass compiled in Refs. [93,94] assume an amount of mixing
between the Higgs and the radion. Similarly, experimental
searches of extra dimensions [95-99] are based on decays to
photons, leptons, and four-fermion operators involving light
fermions, which are very suppressed in this scenario, or very
boosted tops, which are only valid for mg 2 1 TeV. Other

~
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Fig. 7 Production of gravity mediators in association with a vector boson at the LHC

indirect constraints, such as loop contributions to precision
electroweak parameters, are also very mild, see Ref. [117]
for a study in the case of Universal Extra-Dimensions, i.e.
flat extra dimensions.

Instead, the best channels to look for the radion and
graviton in this model is via production of the mediator in
association with a gauge boson, see Fig. 6. The signatures
would be missing energy with mono-Z [100-102], mono-
lepton [103] and mono-photon [104—106]. Vector boson
fusion [107] would be suppressed at low dark-matter medi-
ator mass respect to associated production, but a promising
channel at high mass.

Searches for mediators in mono-photon events [108, 109]
can be re-interpreted in terms of the process in Fig. 7. LHC
at 14 TeV might be sensitive to the coupling of gravity medi-
ators to photons (see Eq. 12). For illustration purposes, we
show in Fig. 7 (right) the production cross section (in pb’s)
of a graviton in association with a photon, with a cut on pho-
ton pr of 100 GeV at LHC14. The numbers correspond to
a choice of A=1 TeV, and re-scaling to other values of A is
trivial. As this study is beyond the scope of this paper, we
leave it for a future publication.

7 Conclusion

Gravity could communicate the dark-matter sector with the
visible (SM) sector via gravity mediators. Those mediators
(KK-gravitons, radions) are a consequence of extra dimen-
sions which are compactified. In this paper we show that
such scenarios, compatible with a solution to the hierarchy
problem, can comfortably accommodate the observed relic
abundance and yet be safe from direct detection constraints.

Most interestingly, this scenario is not exclusive of extra-
dimensional models. Despite the name, GMDM is also a
mechanism which could arise from a strongly coupled, near-
conformal scenario. We have developed this dual picture,

@ Springer

based on the breaking of conformality and partial compos-
iteness, obtaining that the computation of dark-matter relic
abundance in the gravitational side can be exactly matched
to the holographic four-dimensional model.
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Appendix A: Spin-2 massive graviton

In unitary gauge [110-112], the propagator of spin-2 massive
graviton with momentum k from G, to Ggg is

A G _ iPuu,aﬁ(k)
IA), opk) = SR (43)
and the spin-sum of the polarization tensors is

(44)

> ek, $)eap (k. s) = Py ap (k).
N
where

1 2
Ppw,ozﬁ (k) = z (Guanﬂ + GvaGuﬂ - gGquaﬁ) 45)

with
kyk

Gv = uy — —5—. (46)
mg
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The tensor Py,,qp satisfies traceless and transverse conditions
for the on-shell graviton G, case as follows:

1 Pyv.ap (k) = 0, (47)
k* Py op (k) = 0. (48)

The energy—momentum tensor for the SM and dark matter is
given by

Ty =T + TN (49)
with
SM i - i n T
T,w = Z‘/I(VMDV + D) — Z(Duw)/u + DY)y
_guv(&VMDu\[’ - m,/,I/_fl//) + %guvap(l/_fypl/f)}

1
+ [ZgMVFApFAp — ,U\F)‘ ,,:| + [—g,prHTDpH

+guV(H)+ D, H'D,H + D,H' D, H], (50)

1
DM A
Tlizector ) — Zgl“’X)LpX)"O + XIMX v

2 Y
e | XuXo = S8 X X5 ),

; i_ i _ _
T;iljermlon DM) _ Zx(yuav + o)X — Z(aMXVV + X Y)

. _ i _
X — &uxy"dux —myxx)+ ngap(xypx),
1
T,ﬁcalar DM) _ 8# 59,8 — zglwgﬂsaps
1
+§g,wm§52, (51)

KK-graviton couples with SM and DM particles through
energy momentum tensors with 5 couplings. Here, A is the
cutoff scale which is taken to be larger than the KK-graviton
mass. ¢; will be one of {cx s 4, ca, cy, cy} depending on a
particle that are determined by the overlaps between the wave
functions of KK-graviton and matter fields in extra dimen-
sions [49-59].

Appendix B: Decay rates of KK-graviton

In this appendix, we present the details of the KK-graviton
decay rates. We follow the conventions for the KK-graviton
propagator and interactions in Ref. [111]. The vertex Feyn-
man rules between incoming KK-graviton and outgoing
scalar particles with momentum k; and k; will be

c
[G v, S(k1). SG)] - —zf(m%n,w — CvpoklKS)  (52)

c
(G, h(ky), h(ky)] : —zXH(m,%nw — Cpv pokTkS). (53)

Similarly for the incoming graviton and outgoing massive
vector bosons case is as follows:

1
[G/w’ Va(ky), Vﬂ(kZ)] : _lX(CHmIZAC/w,aﬁ'i‘CV Wp.v,ozﬂ) :

Gauge boson case 54)
.Cy

[G/w’ Xy (ky), Xﬂ (kZ)] : _lx(m,zcxcu.v,aﬂ + W,uv,aﬂ) :

dark-matter case (55)

depending on a mass mechanism for a vector boson. When
a mass term for a vector boson is generated by Higgs mech-
anism like standard model vector bosons, a graviton couples
a mass term with a different coupling constant cy compared
to gauge kinematic terms. With

W;w,aﬂ = naﬂklukhv + nua(kl ko Mg — klﬂkZV)

1
_nuﬂklkaa + znuv(klﬂk%{
—ki - kamap) + (u < v),
C;w,otﬁ = Npavg + Nvallpp — NuvNap (56)
respectively. Here, we took the unitary gauge for gauge

bosons. The Feynman rule between incoming graviton and
outgoing fermions and antifermion is

(G Flh). W k)] s =i 75 (vl = ko) + (k=
ko) — 20y — by — 2my)). (57)

The decay amplitude for Ggxx — h(k1)h(kz) is
2 3 2\ 2
cLm 4dm
(G hhy= "G _[1 - —h) | 58
(G = 1) = G0 A2 ( m’, %)

Next, the decay amplitude into massive gauge bosons,
Gkg — A(k))Akp) is

mg
[(Gkx — ZZ) =

9607 A2
12 2 56 4 2 2
x|:c%_, <1+ 'ZZ-F ’ZZ>+8OCVCH (1—"122 m—zz
meg meg mg ) mg
1
3m? 6m? am2 \?
+12c%,<1—22+4z>]<1—22 , (59)
meg meg meg
3
PGk = WW) = g3
12m? 56m? m2,\ m?
X |:51211 1+ 2W + 4W + 80cycy [ 1 — —3’ —ZV
mg meg mg ) Mg
1
3m? 6m? am2,\ ?
+12C2V(1—2W+4W>]<1—2W . (60)
mg mg me

When cy = cp, from the above results, the decay rates
into a pair of massive gauge bosons become

@ Springer



2715 Page 12 of 17

Eur. Phys. J. C (2014) 74:2715

F(GKK — ZZ)
1
B c%,mé 4m% . 56m2Z 48m‘%
= 1-— 13+ + ,
960 A2 m%; m%; m‘é;

(61)
F(GKK—>WW)
1
B c%,m3G 4m%v 2 56m%v 48m“‘,v
= 5 1— > 13+ 7 T 7} .
480 A mg, meg; me
(62)

On the other hand, for cg = 0 and m4 = 0, the decay rates
for the KK-graviton into a photon pair or a gluon pair follow:

[(Gkx — vy) = (63)

I'(Ggx — g8) = (64)

Lastly, the decay amplitude squared into a fermion pair,
GKK — wvl is

I'(Gkk — ¥¥)

3

_ame mgy2 (( 4my\E (0 smy

- 1 1+ (65)
1607 \ A m2, 3m2 )’

Appendix C: DM annihilation cross sections in scalar
dark-matter case

In this section, we present the results of the annihilation cross
sections for scalar dark matter. Using the non-relativistic limit
where vpy < 1, where

s = mi(4 4 v, (66)

k1~k4=k2~k3:m§

+omg |1 — —5 080 - vl + —m - vy, (67)
2 ms 4

k1-k3:k2-k42m§

1 2 | m/21 1 5 5
—Ems l—m—§c039-vrel+zms-vrel, (68)

with an angle 6 of k3 with a respect to a direction of k| at
the CM frame of SS collision. In this limit, we first consider
DM annihilation cross sections for scalar dark-matter case.
An annihilation cross section times relative velocity as
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(0 Vrel) S5—hhn
2.2 6 2\ 2
~ ol - CsCH mg ( _ﬂ)
~ v 3 — S 5] -
720 A (4m mG) + FGmG mg

Similarly, the amplitude for a scalar DM pair annihilating
into a pair of massive gauge bosons is

2 2 2 4
3cg(ev —cH) mgm’,

16 A4

ov g7
(0Vrel)s5—>27 (4m _mG)2+FGmG

2 1
4 2 2\ 2
x (1-%) (1—m—§) .70
mg g

2 4
Mgy

(OVre) sS—ww =~
(4m% —m%)* +TimZ,

2 1
4m? 2\?
x (1——23> (1—'"-5) RGN
mg nyg

For cy = cy, both s-wave and p-wave components are zero
and the annihilation cross section becomes d-wave, thus:

2.2 6
CsCy mg

~ 4
(O Vrel)s5—>27 = Urel

7207 A* (4m% — m%)? + MZmZ
1
2\ 2 2 4
x (1 - —g) (13 +—Z+ —f) : (72)
my nyg mg
2.2 6
4 sy s
ov N =v
( rel)SS ww rel 360771\4 (4m _ mG)2 + FGmG
1
2\ 2 2 4
m 14m 3m
x (1 - —VZV) (13 +—% + %) : (73)
myg myg mg

We also find that the annihilation cross sections into a photon
pair or a gluon pair are always d-wave and are given by
2.2 6
4 GG ng
1
bre 6071A4 @4my —m%)? + Tim

(O Vrel) s§5—5yy XV

(74)

22 6
4 2c5c mg

Urel * 157‘[1\4 (4m m20)2+1_%m26.
(75)

(O Vrel)SS—>gg =V

Finally, a dark matter annihilating into a pair of massive
fermions case, an annihilation cross section is
2.2 6
C SCI/I m s
360m A* (m% — 4m%)? + TEmi,

3
5 (1_ﬁ)2 (3+%) 6
2 2 :

myg myg

~ .4
(avrel)SS%lpr = Upel -
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Asin S, S — h, h case, there is a cancellation between on-
shell and off-shell graviton contribution, so the S§ — Y
is d-wave.

Appendix D: DM annihilation cross sections
in the fermion dark-matter case

In this section, we present the results of the annihilation cross
sections for fermion dark matter:

(0 Vrel) y 5 —hh

2.2 6
2 “xCH mx mj \*
Urel " Ta47 A B @m2 —m2)2 +Tem% \* mi |
G GG

Thus, the resulting annihilation cross section is p-wave.
The annihilation cross sections for fermion dark matter

going into a pair of massive gauge bosons, y x — AA, are
2.2 6
cyCy my

el 1447 A* (m% — 4m2)2 + TZm?

14m2 3
« [(13+ ";Z +L4Z> —2(1—0—”>
m? m cy
2

(Uvrel)X)ZHZZ

m2 2
x1-=£]) . (78)
my

2.2 6
2 CCV mX

rel * T2 A4 (m _ 4m2 )2 + FGmG

14m2%,  3m?
x|:(13+ 4 4W>—2(1—C—H)
ms my cy

(O Ve yz—>ww =V

2 2
x( —m—;V> . (79)
My

For ¢y = cy, the above annihilation cross sections become

2.2 6
2 CCV mX

Vel Tad7 A® (4m2 —m2)? + Tim?,

(OVrel) y5—2z7z =

1
14mZ 3mé mZZ :
(13+ 2 +m—4 —2 ] (80)
X be X
2.2 6
¢ m
(V) g Ww = Vi - 7 X4 X2
b/ (4m —mG) —l—FGmG
1
14m? 3m? m3, \?
w w w
(l3+ s + ! )( _m_z) . (81)
X be X

For cy > cy, the annihilation cross sections for a pair of
massive gauge bosons are

2 2.2 .6
kel CxCE"My

1447 A* (4m? — m§)? + Tgme,

1
w1 dme  dmy  dml  omy) (7 )’
m 8m4 mZmz m4 mZ ’
X G x G

(Uvrel)xx—>ZZ

X

2 2.2 .6
vrel C ch

721 A* (4m2 — mE)? 4+ Tgmy,

1
3m 31 m? 3m? 6m? m2,\ 2
(1+W+8ff— el I R e I
m my —mgmy Mg m

(O Vrel) y 5> WW =

On the other hand, for cy = 0, we obtain the annihilation
cross sections into a pair of massless gauge bosons as

22 6
2 XSy my

v .
127 AY (4m2 — m})? + Timy

(Uvrel)X)Z—n/y =

(84)
2.2 6
(OVrel) x5 —>gg = r2€1 Zcxcg "
3w At (4m2 — mE)? +Tgmg,
(85)

The annihilation cross section for x ¥ — ¥ is

2.2 6
CCI// mX

T2 A* (4m2 — m%)? 4 Tgmy,
3
2\?2 2m?
m
x ( ——’;) (3+—2'”). (86)
My My

Appendix E: DM annihilation cross sections
in vector dark-matter case

-~ 2
(Gvrel)XX_N/”/, Urel *

In this section, we present the results of the annihilation cross
sections for vector dark matter.
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The annihilation cross section is

(0 Vrel) X X— ki
6 2\ 2
2cXcH my { my
T 2T At (4m3, — m%)2 4+ TEm?, m%

Thus, the resulting annihilation cross section is s-wave.

The annihilation cross sections for vector dark matter
going into a pair of massive gauge bosons, XX — AA,
are

6

(OVrel)xx~22 ~ 50~ —7 % —am2)? + Tom?

14m2,  3m?
x| (134 £+ —2(1—C—H)
mX mX cy
13 2 4 2
><<1+ mz+m—f)<1—c—H>
m mX cy

2
X
+{1 3m2, 115mZ 3 m; +3m2”
2 " mh 4 2
mX mX meX mG
2
Z

oy
X (1 — —2) , (88)
my

6
4cXcV my

27w A* (m2, — 4m%)? + TZm?,

14m2,  3m?
x| (134 % + =¥ —2(1—C—H)
mx mX cy

(V) xX>WW = (89)

Ay e NSy 3 my 3y
m2 32 m4 4m2m2 2m4
X X G'X G

(90)

For cy = cy, the above annihilation cross sections become

2 2 6
2cy my

(OVrel) xX—>27 = 277”\4 (m% — 4m%)2 + TZm?,

1
14m?2 3m? m2 \?
x<13+—22+—42><1——2z : O
my my my
4c§c%, mg

oV
OV xx—>ww > 50— (% —amy + T

1
14m?> 3m? m2,\?
(ot )
my my my
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92)

For cy > cy, the annihilation cross sections for a pair of

massive gauge bosons are

22 6
2cxcy my
277 A4 (m 4mX)2 + FGmG

1
3m%, 115m% 3 mY  3m} m% \’
S R v Pt ay L penl B
X X G"X G X

2.2 6
deyey my

27w A* (m% — 4m%)? + TEm%,

2 4 2\ 2
» 1+3mw 115my, 3 mW +3mW l—m—W 2.
ZmG mi,

my 32 mié)‘( 4 mgmy
On the other hand, for cy = 0, we obtain the annihilation
cross sections into a pair of massless gauge bosons as

(Ove)xx—>227 =

(V) XX >WW =

8c§(c2 m®

b4 X

OV)XXsyy = 95

@V)xx~yy I A* (4m% —m%)? + Tim?, ©3)
64cycs mS,

(O—U)XX%gg (96)

e (4m%y —m%)? +TEm%

The annihilation cross section for XX — ¥ is
2 2

4CX v mg(

27 A4 (4mX — mG)2 + FGmG

3
2m? m2 \ 2
x(3+—2"’)< ——;”> . 97)
my my

Appendix F: DM annihilation cross sections
when m DM > mgG

(o Urel)XX%wlﬁ

In this case, ¢ and u channels for the dark-matter annihilation
will open, and all of these are S-wave as the following results
in the limit of the width of the dark matter can be negligible
compared to the dark-matter mass:

4ctm? (1 —r)?

N ~ , 98
(0 Vrel) 56,6 oAt (2 — )2 (98)
4 2 A
cymy (1—-r)2
(O Vel y5—G,G = 167 AY F32 — )2 s 99)
(0 veel) N c‘)‘(m%( V1 —r
XX GO T B ar A A2 — )2
x (176 + 192r + 1404r> — 31087 + 1,105r*
+362r° + 34r%) (100)

2
withr = (ﬂ) .

mpm
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Appendix G: DM annihilation cross sections
with a radion mediator

In this section, we present annihilation cross sections of dark
matter types into a Higgs pair through a radian mediator:

rory2 6
(¢ucy) mg

167 A (m% — 4m3)% + T'irm%

m2 : m2 %
24+ —2) (1-=2) . (101)
ms g

(0 Vrel) SS—n,n =

~ 2 ()’ m§
(O'Urel)xx—>h,h = Urel * 11527 A4 (m _ 4m2 )2 + FRmR
2 1
m2 m2\ 2
x (2 + —3) (1 - —;l) (102)
my my
(chyc)? m§
(O Vre) X, X, —~h,h = 1327 A% (i —dmi2)? 4 Dol

m2 \ m2\ 2
x|2+—L ——2) . 03
my ny

As we can see, for the scalar dark-matter and vector dark-
matter case, annihilation is S-wave, while in the fermion
dark-matter case, the annihilation is P-wave suppressed.

Appendix H: The sum of Kaluza—Klein graviton modes

We consider the sum of KK modes for the s-channel pro-
cess with KK graviton exchanges such as XX — G —
SM SM, which is the annihilation of dark matter X. The
amplitude of the process is given by
M=AS (104)
where A is the matrix element corresponding to the interac-

tions of KK-gravitons to dark-matter and SM particles and
S is given by the sum of KK-graviton propagators,

56) =33 Z

Here, T',, denotes the total width of the graviton with KK
number s and mass m,, and is given by

_ 105
—m? —l—lm,,F,, (105)

mpy\ 2 c?
) =5 (106)

T~ g (5
A 2407
The KK-graviton masses are determined by the zeroes of

J1(xp) asmy, = x,kA/Mp,withx, = 7 (n+1/4)+O0n™").

In order to perform the KK sum, we rewrite Eq. (105) as

e¢]

1
S(s) = _
igl:axﬁ—bx,%+c
1 > < 1 1 )
= 22 Z — 2 2_ 2 (107)
a(o )n1 o X;—p
with
k\* k\?
a=in <—> NS b=<—> A, c=sA?%, (108)
Mp Mp
and
N Mp 2 2
62:?(7) _— (109)
1+ /1—4inﬁ
1 Mp\? s
2 P .
=— [ — 1 1—4in—|. 110
g 2in<k)<+v ”’A2> (o
Using the following formula:
o0
1 1 J
Z 2_ o2 2o 2(6)’ (1)
—x,—o 20 Ji(o)
we obtain [121]
1 1 J 1 J.
S6) = ——5— ( 200) 2(p)>. (112)
2a(02 = p?) \o Ji(e) p Ji(p)
Now, for ns < AZ, we take the approximate forms,
X1+/5 in s
~ 1+—=——, 113
7= T ( + 2A2) (13)
ple =18 s ) (114)
ol — — o
S om

where use is made of m; = x1kA/Mp with x; = 3.83. In
this case, the KK sum becomes
1 x1 Jo(o)

SO =TI i o)

(115)
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