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The present study aims to investigate numerically the effective thermal conductivity for different radial nanowire heterostructures
(RNWHSs), such as core­shell, tubular­shell, and core­shell­shell types, which are used for resolving thermal dissipation problem. The
influence of core radius and shell thickness on the effective thermal conductivity was examined by using the boundary/interfacial scattering (BS)
method derived from the Casimir theory. It was found that the effective thermal conductivity of the RNWHSs was smaller than the bulk thermal
conductivity of multi-walled carbon nanotubes (MWCNTs) because of the diffusive interfacial scattering effect. When the shell thickness was
much thinner than the core radius, the thermal conductivity of the core MWCNTwas relatively higher than that of the shell material. Comparing
MWCNT/Al2O3 and MWCNT/SiO2 core­shell RNWHSs, the effective thermal conductivities were similar when the core radius was greater
than 100 nm or the core porosity was above 0.4, owing to the effect of MWCNT bulk thermal conductivity. Besides, the effective thermal
conductivity of the tubular­shell RNWHS with the same cross-sectional area was always lower than that of the core­shell RWNHSs because of
additional interfacial scattering at the pores inside the tubular-shell RNWHSs. When the Al2O3 thickness in the core­shell­shell RNWHS of
MWCNT/Al2O3/W was less than 135 nm at a fixed MWCNT radius of 100 nm, the effective thermal conductivity increased with core porosity.
When the Al2O3 thickness was 1.0 nm, the effective thermal conductivity rapidly decreased with the increase in porosity.
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1. Introduction

For practical energy conversion applications such as
electronic and opto-electronic devices, controlling the thermal
conductivity is crucial for improving the safety and durability
of these devices through robust heat transfer. For example,
thermally conductive polymer composites have been widely
used as thermal interfacial materials to dissipate heat and
prevent excessive electrical charge.1­5) Polymer resins have
been widely used to make the thermally conductive
composites used in many electronic packaging applications.

To enhance the thermal conductivity, high-aspect ratio and
highly conductive materials such as multi-walled carbon
nanotubes (MWCNTs) can be used as fillers in polymer
resins as compared to ceramic nanoparticle fillers because
the bulk thermal conductivity of MWCNTs is one of the
highest.6,7) Because MWCNTs have very high thermal
conductivity and thermoelectric power, they would be
splendid candidates for fabricating radial nanowire hetero-
structures (RNWHSs) on MWCNT cores, with a dielectric
shell layers.8­13) Among the previous attempts to make
RNWHSs, Im and Kim3,14) fabricated RNWHSs using a
MWCNT core on which an Al(OH)3 shell was coated for
electrical insulation. They measured the thermal conductivity
and diffusivity of the conductive composites, and suggested
an empirical correlation for thermal diffusivity. Moreover,
they showed that the thermal conductivity of the fillers
increased with the increase in MWCNT porosity. Zhang
et al.15) modified the surfaces of MWCNTs with an insulated
inorganic alumina compound layer to improve the homoge-
nous dispersion of the MWCNTs in the solvent or the

polyimide matrix. The transparency and thermal conductivity
of the modified polymer composites were significantly
improved with electric insulation. Cui et al.16) synthesized
silica-coated (SiO2) MWCNT-core RNWHSs by using the
sol­gel method to maintain the high thermal conductivity.
The MWCNT­SiO2 RNWHSs in a soft epoxy matrix
improved the thermal conductivity while retaining the high
electrical resistivity of the composites even though MWCNTs
are a good electrically conductive material.16)

Herrmann et al.17) coated multi-shells on MWCNT cores
by using the atomic layer deposition method (ALD) in order
to make dielectric and thermally conductive materials. They
fabricated multi-shell RWNHSs consisting of Al2O3, and W
shell layers and visualized them by transmission electronic
microscopy (TEM).17) These coating layers on MWCNTs can
be applied as electrical insulation in coaxial nanotube cables.

There have been a number of previous studies on the
feasibility of measuring the thermal and electrical conduc-
tivity of composites using bundles of RNWHSs. In fact,
it is very difficult to measure the thermal and electrical
conductivity of individual RNWHSs directly. Hence, many
theoretical and numerical attempts have been reported for the
calculation of RNWHS thermal conductivity with respect to
the properties and geometrical shape of these structures, such
as their wire radius and porosity.5,18­21) Yang et al.20,21) used
the phonon Boltzmann transport equation to examine the
effect of geometry on the thermal conductivity of core­shell
and tubular­shell nanowires. They also used the effective
medium theory related to the thermal boundary resistance and
the Fourier heat conduction law to calculate the effective
thermal conductivity of core­shell and tubular­shell Si/Ge
RNWHSs with respect to surface diffusion/specular con-
ditions.20,21) Prasher22) reported an analytical solution of the+Corresponding author, E-mail: shlee89@cau.ac.kr
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phonon Boltzmann transport equation for tubular­ and core­
shell RNWHS types, which showed that the thermal
conductivities of these structures were significantly lower
than the bulk thermal conductivity of MWCNT.

Lü23) suggested the theoretical model to investigate the
effect of size on the thermal conductivity of RNWHSs by
considering the boundary scattering effects at the internal and
external interfaces using some analytical solutions.18,23,24) In
his work, the Boltzmann transport equation was first used to
calculate partially specular RNWHSs by modifying Prasher’s
analytical solution.19,22,23) Also, on the basis of Matthiessen
rule and Casimir theory, the effective thermal conductivity
was estimated by using a simple analytical solution that
included the interfacial scattering phonon mean free path
(MFP).18) Moreover, he introduced simple analytical models
for estimating the effective thermal conductivity of square
nanopores of periodically arranged Si by referring to
Prasher’s model.22,24)

Even though some efforts have been made, there is still a
lack of numerical studies for estimating the effective thermal
conductivity of a single RNWHS with an MWCNT core
coated with various shell materials. It is thus obvious that the
thermal conductivity of a single RNWHS as a unit concept
should be understood in order to effectively design a
conductive polymer that includes an MWCNT core. On the
basis of the boundary/interfacial scattering (BS) theory, the
present study aims to numerically investigate the effective
thermal conductivity of a single RNWHS with an MWCNT
core coated with dielectric materials. Core­shell, tubular­
shell, and core­shell­shell RNWHS types, illustrated in
Fig. 1, are investigated in order to examine the influence of
core radius and shell thickness on the effective thermal
conductivity.

2. Mathematical Representation

Figure 2 illustrates an RNWHS considered for the present
study and shows that the phonon undergoes the scattering
events of a totally diffuse scattering case, which can be
distinguished by the critical angle ªC on the cross section.18)

When ª < ªC, phonons only hit the external interfaces, such
as projected paths AB and AC in Fig. 2. On the other hand,

phonons only hit the internal interface along the projected
path AE related to ªC.18) The effective longitudinal thermal
conductivity of an RNWHS with n layers can be evaluated as
follows:

KRNWHS ¼
Xn
j¼0

kj�j; ð1Þ

where j = 0 for the core layer and j > 0 for the jth shell layer
along the radial direction. The symbol ) denotes the area
porosity of the RNWHS, which can be expressed in terms
of the radii. As shown in Fig. 1, �0 ¼ r0

2=r1
2 and �1 ¼

ðr12 � r0
2Þ=r12 for the core­shell type, �1 ¼ ðr12 � r0

2Þ=
ðr22 � r0

2Þ and �2 ¼ ðr22 � r1
2Þ=ðr22 � r0

2Þ for the tubular­
shell type, and �0 ¼ r0

2=r2
2, �1 ¼ ðr12 � r0

2Þ=r22, and
�2 ¼ ðr22 � r1

2Þ=r22 for the core­shell­shell type. The
thermal conductivity of air in the pores of the tubular­shell
type can be ignored because its value is typically 0.03
Wm¹1 K¹1 at 300K,18) which is significantly smaller than
that of MWCNTs. By using Matthiessen rule, the MWCNT
thermal conductivity can be described as kbulk[1 + $bulk/
$BS]¹1, where kbulk and $bulk are the bulk thermal
conductivity and the MFP, respectively, as listed in Table 1.
The boundary/interfacial scattering MFP can be expressed as

�BS ¼ 3

4³

ZZ
ðzR cos ¡1 cos ¡2=R2ÞdS1 dS2Z

dS1

; ð2Þ

Fig. 1 Cross sections of various types of RNWHSs used in this study, showing their radii, thicknesses, and porosities.

Table 1 Bulk thermal conductivity and mean free path for each material at
300K.

Name
Bulk thermal conductivity

(Wm¹1 K¹1)
Bulk mean free path

(nm)

Si 15020) 268.220)

Ge 6020) 198.620)

MWCNT 30008) 5008)

SiO2 1.426) 0.827)

Al2O3 3028) 95.129)

W 17430) 1031)
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where dS1 is an area element on the cross section and dS2 is
an area on the interface.18) R means the module of the vector
R connecting dS1 and dS2, and zR indicates the z component
of R. The variables ¡1 and ¡2 are the angles between the
R vector and the normals to dS1 and dS2, respectively.

According to Lü,18) eq. (2) can be simplified as follows:

�BSðri; reÞ ¼
2Xðre; riÞ
ðre2 � ri2Þ

; ð3Þ

Xðre; riÞ ¼
3

³

� ��
�
Z 1

0

Z re

ri

Z ªC1

0

rirz
2ðri � r cos uÞ

½r2 þ ri2 � 2rri cos uþ z2�2 dudrdz

þ
Z 1

0

Z re

ri

Z ªC

0

rerz
2ðre � r cos uÞ

½r2 þ re2 � 2rer cos uþ z2�2 dudrdz
�

ð4Þ

where X is the size-dependent function, the subscripts i and e
mean the internal and external interfaces, respectively, and ªC
can be defined as ªC1 + ªC2, where ªC1 and ªC2 are expressed
as cos¹1(ri/r) and cos¹1(ri/re), respectively. Moreover, Lü18)

suggested a simple approximate analytical model to simplify
$BS as

�BSðri; reÞ ¼� 2
re

2 þ ri
2 þ reri

re þ ri
1� ri

re

� �
: ð5Þ

Some literature reported anisotropic characteristics, which
indicates thermal conductivity difference between longitudi-
nal and transverse directions.4,8,25) Similar to the previous
study,14) it is assumed in the present study that the
longitudinal direction of thermal conductivity can be
expected to be dominant for an RNWHS with nth layer. In
fact, the RNWHS’s length was taken as 105 nm, which was
higher than the maximum of radii (³1000 nm). Under this
assumption, MWCNT’s thermal conductivity of the longi-
tudinal direction would be higher than that of the transverse
direction.

3. Results and Discussion

For validation, the present study conducted the calculation
for predicting the effective thermal conductivity of a Si/Ge
core­shell structure under the same conditions used in the
literature.18) Figure 3 compares the predicted thermal con-
ductivity with respect to Si porosity with the estimated
thermal conductivity18) shows quite good agreement (Fig. 3).
From the results, the size-dependency of thermal conductivity
is clearly observed, in that as the Ge shell thickness increases,
rapid enhancement of the thermal conductivity can be
achieved. As mentioned above, the approximate model
(eq. (5)) is useful for simple estimation of thermal con-
ductivity, but its applicability to the present problem should
be evaluated. Hence, the present study compared the
numerical results for core­shell (MWCNT/SiO2) and
tubular­shell RNWHSs by using two different equations,
i.e., eq. (3) and eq. (5). In Fig. 4(a), very good agreement is
shown between the analytical and approximation solutions,
showing a deviation of less than 2% for all cases. However,

Fig. 2 A schematic diagram of a RNWHS.
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Fig. 4(b) clearly shows that the approximation solutions
deviate significantly from the analytical solutions for the
tubular­shell structure. There is a maximum deviation of
approximately 36% for the case in which r0 = 1 nm and
t1¹0 = 100 nm. This deviation increases with the increase
in porosity of the MWCNT core, showing that numerical
accuracy is highly affected by the relative difference in layer
thickness and thus layer thickness cannot be ignored
numerically. The increase in deviation may be because the
size-dependent function X shown in eq. (3) was simply
approximated as (re3 � ri

3) for the tubular nanowire. The
core­shell solutions predicted by the approximation and
analytical equations are nearly the same under the solid
nanowire (SNW) limit ($BS ¼ 2re).

3.1 The effective thermal conductivity of core­shell
nanostructures coated with SiO2 and Al2O3 shells

The present study calculated the effective thermal
conductivity of RNWHSs based on their material properties
and morphologies, i.e., core/pore radius, shell thickness, and
porosity. According to many studies mentioned previously,
the bulk thermal conductivity is proportional to Cvv$bulk,
where the Cv is the heat capacity per unit volume and the v is
the phonon group velocity. As the length of C-C bond is
0.144 nm, lower limit of radius for calculation was above
1 nm25) and thicknesses would not above 1 nm.2,3) We
presented two shell materials for core­shell RNWHSs at a
fixed temperature of 300K: SiO2 and Al2O3. Their bulk
thermal conductivities and mean free paths are lower than
those of MWCNTs, as shown in Table 1.

Figure 5(a) shows the effective thermal conductivity of
the core­shell (MWCNT/SiO2) RNWHS with respect to
MWCNT porosity and core radius. When the core radius was
fixed, the increase in the porosity indicated a decrease in the
thickness of the coated shell. As the total radius of the
RNWHS decreased, the effective thermal conductivity
became clearly smaller than the bulk value of the MWCNTs.
This is because of the diffuse interfacial scattering effect
rather than phonon dispersion.20) An MWCNT porosity of
unity indicates that there is no shell coated on the core, in

which case the effective thermal conductivity of the RNWHS
is identical to that of the bulk thermal conductivity of the
MWCNTs. In addition, the effective thermal conductivity
decreased with the decrease in the radius of the MWCNT
core, independent of porosity. When the MWCNT radius was
very small e.g., r0 = 1 nm, the effective thermal conductivity
decreased with increasing MWCNT porosity, i.e., there is a
minimum point. Other studies18,20,21) have reported that this
is because of surface and interfacial scattering due to the
relative size difference between the shell thickness and the
core radius. The thermal conductivity of SiO2 decreased
below the MWCNT thermal conductivity because the
MWCNT porosity increased. According to eq. (1), the
effective conductivity is associated with the combined
thermal conductivities of the core and coated shell, which
are considerably affected by the core radius and shell
thickness. In particular, there is a minimum thermal
conductivity at a certain porosity value. As shown in
Fig. 5(a), these different tendencies can be observed the
effective thermal conductivity rapidly increases at all radii
and porosities. In fact, the bulk thermal conductivity and
MFP of an MWCNT are three orders of magnitude higher
than those of SiO2. Hence, the effective thermal conductivity

(a)

(b)

Fig. 4 Comparison of approximation and analytical results.

Fig. 3 Effective thermal conductivity comparison between Lü18) and this
study of a Si/Ge core­shell RNWHS.
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is affected mainly by the increase in the core radius and
porosity of an MWCNT.

Figure 5(b) shows the effect of the porosity and core radius
of an MWCNT on the effective thermal conductivity of the
MWCNT/Al2O3 core­shell RNWHS structure. The results
are similar to those of the MWCNT/SiO2 case, but at core
radii less than 10 nm, there are such minimum values at
certain porosity, indicating that the effective thermal
conductivity can be controlled by the relative ratio between
the shell thickness and core radius. This is because the
thermal conductivity and MFP of Al2O3 are larger than those
of SiO2, such that the effective thermal conductivity increases
at the same porosity.

Figure 6 compares the effective thermal conductivity of
core­shell nanostructures in which the MWCNT core was
coated by Al2O3 and SiO2. The estimated thermal con-
ductivities were nearly the same when the core radius was
above 100 nm, regardless of the change in the porosity.
In addition, when the MWCNT porosity was above 0.4,
there was no change in the effective thermal conductivity,
regardless of shell materials and core radii. Although the
MFP and thermal conductivity of Al2O3 are higher than those

of SiO2, the MWCNT thermal conductivity was still large.
Therefore, to increase the thermal conductivity of core­shell
RNWHSs, the core radius of MWCNTs should be over
100 nm or the porosity should remain above 0.4.

3.2 The effective thermal conductivity of tubular­shell
RNWHSs

For the tubular­shell RNWHSs, additional surface scatter-
ing occurs inside the pores, resulting in different effective
thermal conductivity behavior. Figure 7 shows the effective
thermal conductivity of an MWCNT/Al2O3 tubular­shell
RNWHS with respect to MWCNT porosity, pore radius, and
tubular thickness of the MWCNT. When the MWCNT
thickness was larger than 10 nm, the effective thermal
conductivity increased gradually with increasing porosity of
the MWCNT resulting from the decrease in Al2O3 shell
thickness. This is natural because the thermal conductivity
of an MWCNT is substantially higher than that of Al2O3.
However, as the MWCNT thickness decreased, there existed

Fig. 6 Effective thermal conductivity comparison between MWCNT/SiO2

and MWCNT/Al2O3 RNWHSs.

Fig. 7 Effective thermal conductivity of MWCNT/Al2O3 tubular­shell
RNWHS with respect to MWCNT porosity in terms of pore radius and
tubular thickness.

(a)

(b)

Fig. 5 Effective thermal conductivity of core­shell RNWHSs with respect
to MWCNT porosity and core radius for.
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a minimum effective thermal conductivity at a porosity of
MWCNT. These results indicate that the effective thermal
conductivity can increase by controlling the shell thickness
when the MWCNT layer is approximately 1 nm thick.

There are several possible ways to increase the effective
thermal conductivity of an MWCNT/Al2O3 tubular­shell
structure. One way is to increase the thickness of the tubular
MWCNT when the pore radius is fixed. Consequently,
increasing the total radius of this structure can enhance the
effective thermal conductivity.14) It can also be enhanced
by increasing the pore radius, but as observed in case of
t1¹0 = 100 nm, the effective thermal conductivity was rarely
affected by the change of pore radius. Finally, the thermal
conductivity can be increased by a decrease in Al2O3 shell
thickness, which means an increase in MWCNT porosity.

Figure 8 compares the effective thermal conductivity with
respect to porosity estimated for core­shell and tubular­
shell RNWHS types comprising MWCNTs and Al2O3. The
core radii of the core­shell types for Fig. 8 was 100 nm,
and the areas was 3.14 © 10¹14m2. In both instances, the
effective thermal conductivity of the core­shell type was
higher than that of the tubular­shell type. These results
indicate that additional energy scattering at the interface
between the pores and MWCNTs may be caused by the
presence of pores inside the RNWHSs. Moreover, the
effective thermal conductivity increased gradually with
increasing porosity.

3.3 The effective thermal conductivity of core­shell­
shell RNWHSs

This study conducted a numerical calculation for a core­
shell­shell RNWHS structure made with an MWCNT core
and two coated layers, an inner layer of Al2O3 and an outer
layer of W. Figure 9(a) shows the influence of the Al2O3

layer thickness on the effective thermal conductivity. The
decrease in the porosity means an increase in W thickness,
and for the core­shell­shell type, there are limits to the core
MWCNT porosity because the )0 limit is r02=ðr0 þ t1�0Þ2, at
which point there is no tungsten content in the RNWHS. In

this case, the core­shell­shell type eventually becomes just a
core­shell type. Thus, zero MWCNT porosity indicates that
the effective thermal conductivity of the RNWHS is the same
as the bulk thermal conductivity of tungsten.

In Fig. 9(a), the thermal conductivity significantly varied
with Al2O3 thickness, but when t1¹0 was smaller than 10 nm,
there was rarely variation in the effective thermal conductiv-
ity, which is very similar to the results shown in Fig. 5. This
result is caused by the fact that when the shell thickness of
Al2O3 is equal to or smaller than the MFP (³95.1 nm),
ballistic phonon transport becomes dominant and Al2O3 shell
thickness does not affect the enhancement of thermal
conduction.

The effective thermal conductivity increased with decreas-
ing thickness of the tungsten shell. It is interesting to note that
a rapid increase in thermal conductivity was found as the
thickness of the Al2O3 shell increased to 1000 nm. This
anomalous trend is attributed to occur because diffusive
thermal transport takes place inside the structure. These
results indicate that a relative ratio of shell thickness to core
radius, which affects the interfacial scattering, is important
in controlling thermal enhancement in the core­shell­shell

Fig. 8 Comparison of effective thermal conductivity between core­shell
and tubular­shell RNWHSs of MWCNT/Al2O3 of core radius r0 =
100 nm.

(a)

(b)

Fig. 9 Effective thermal conductivity of core­shell­shell MWCNT/
Al2O3/W RNWHS with respect to MWCNT porosity at (a) fixed core
radius and (b) fixed Al2O3 shell thickness.
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RNWHS. Moreover, in terms of the influence of the core
radius on thermal conductivity at t1¹0 = 1 nm, as depicted in
Fig. 9(b), the effective thermal conductivity rapidly decreas-
ed with the increase in porosity at a very small MWCNT core
radius of 1 nm, but the increase in core radius contributed to
the enhancement of thermal conduction.

4. Conclusions

The present study conducted extensive calculations in
order to model the effective thermal conductivity of
RNWHSs with MWCNT cores, and the following conclu-
sions were drawn:
(1) The effective thermal conductivity of the RNWHSs

decreased by one order of magnitude below the bulk
thermal conductivity of MWCNTs across the whole
range of porosities because of the diffusive interfacial
scattering effect rather than phonon dispersion. When
the shell thickness was much thinner than the core
radius, the thermal conductivity of the MWCNT core
became relatively higher than that of the shell material.
The effective thermal conductivity of the MWCNT/
Al2O3 RNWHS was also larger than that of the
MWCNT/SiO2 RNWHS when the core radius was
smaller than 10 nm because the bulk thermal conduc-
tivity and the MFP of Al2O3 were higher. However, the
effective thermal conductivities were nearly the same
when either the core radius was greater than 100 nm or
the MWCNT porosity was above 0.4 because the
thermal conductivity of MWCNTs is much higher than
that of any other material.

(2) The increased thickness of the MWCNT in the tubular­
shell RNWHS at a fixed pore radius was the key to
enhancing the effective thermal conductivity of the
MWCNT/Al2O3 tubular­shell structure. The effective
thermal conductivity increased with increasing pore
radius and with decreasing Al2O3 shell thickness.
However, it was observed that the effective thermal
conductivity of the core­shell RWNHS with the same
cross-sectional area was higher than that of the tubular­
shell RNWHS because of additional interfacial scatter-
ing at the pores inside the RNWHS. As the pore radius
increased, moreover, the effective thermal conductivity
significantly decreased across the whole range of
porosities.

(3) For the case of the core­shell­shell RNWHS
(MWCNT/Al2O3/W), when the Al2O3 thickness was
less than 135 nm at a fixed core radius of 100 nm, the
effective thermal conductivity increased with the
increase in MWCNT porosity. When the Al2O3 thick-
ness was 1 nm, in particular, the effective thermal
conductivity rapidly decreased with the increase in
porosity at an MWCNT core radius of 1 nm. However,
when the Al2O3 thickness was smaller than 10 nm, the
effective thermal conductivity rarely varied because the
shell thickness of the Al2O3 was smaller than the MFP

owing to the ballistic phonon transport effect. There-
fore, to increase the thermal conductivity of RNWHSs
with MWCNTs, the radius and porosity of the MWCNTs
need to be greater than those of other shell materials.
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