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ABSTRACT The analytic analysis of delta-type interior permanent synchronous machines is difficult due
to the absence of a useful analytic method, especially considering the high magnetic saturation effect of
the machine. Hence, the nonlinear magnetic equivalent circuit (MEC) method, which considers the severe
magnetic saturation of the iron core, is proposed in this paper. With the proposed nonlinear MEC method,
the characteristics of the delta-type interior permanent magnet synchronous generator (IPMSG) are precisely
calculated and the computational burden is remarkably reduced. The proposed MEC method is validated by
comparing the calculated data with the experimental results.

INDEX TERMS
Finite element method (FEM), interior permanent magnet synchronous generator (IPMSG), magnetic
equivalent circuit (MEC), range extended electric vehicle (REEV).

I. INTRODUCTION
Large electric vehicles (EVs) have some prominent issues,
such as a long charging time, large battery weight, and a
lack of charging stations. Hence, range extended electric
vehicles (REEVs) have gained attention as a realistic solu-
tion, since they can increase one time charging mileage by
using a generation system that charges batteries during a
drive [1], [2].

The important requirements in the generator design for the
REEV are the maximization of power density to improve the
mileage and to generate enough power and the minimization
of torque ripple to improve the output power quality, control-
lability, and riding impression. To satisfy these requirements,
the interior permanent magnet (IPM) machine was chosen as
the ideal generator type for the REEV. Since IPM machines
have high power density and high efficiency characteristics,
they are extensively used in various applications such as EVs,
washing machines, and drones [3]–[5]. Furthermore, the
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delta-type rotor construction is applied in order to reduce
the torque ripple through the reduction of the total harmonic
distortion (THD) of the back-electromotive force (EMF).

With respect to machine analysis, it is difficult to analyze
the IPM synchronous generator (IPMSG) using an analytical
method such as a magnetic equivalent circuit (MEC) due
to the complicated structure and magnetic saturation of the
iron core. Especially, the delta-type rotor construction causes
a high magnetic saturation effect. Hence, the finite element
method (FEM) is most often applied to the analysis and
design of IPM machines. Although the FEM can accurately
calculate the IPM machine characteristics, it requires exces-
sive time and effort during the analysis and design of IPM
machines [6], [7], [9].

To deal with this problem, we propose a nonlinear MEC
method that can consider the complex structure and high
magnetic saturation by use of segmented adjustable reluc-
tances and iterative calculations with an actual BH curve.
Since the back-EMF and the THD of the back-EMF can be
computed accurately by using the proposed nonlinear MEC,
it is a very effective analysis method for the early design stage
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of the delta-type IPMSG. In addition, the feasibility of the
proposed MEC is verified through comparison with the FEM
and experimental results and design of the delta-type IPMSG
for the REEV.

II. DELTA-TYPE ROTOR CONSTRUCTION OF IPMSG
In terms of power density and torque ripple, the delta-type
IPMSG, as illustrated in Fig. 1, shows an outstanding over-
all performance. The IPM machine has the advantages of
high reluctance torque caused by saliency compared with
the surface-mounted permanent magnet machine [8]. In addi-
tion, the multi-layered permanent magnet construction of the
delta-type IPMSG generates more reluctance torque than the
single-layered one [8], [9].

FIGURE 1. Delta-type rotor configuration and design variables.

Furthermore, the THD of the back-EMF can be allevi-
ated by regulating the saturation level, which is determined
through the strength and shape of the magnet placed on the
outside of the rotor. In other words, the THD of back-EMF
and torque ripple can be reduced by an intentional saturation
design of the outside of the rotor in the delta-type IPMSG [2].

From the viewpoint of analysis, it is difficult to analyze
the delta-type IPMSG by using an analytical method such as
MEC due to the high saturation effect. Hence, FEMs are typi-
cally applied to the design of the delta-type IPMSG.However,
when the FEM is used in the early stage of the motor design
process, too much computational time is required [6], [7, [9].

III. NONLINEAR MEC METHOD
To deal with the problem of computational time associated
with the FEM, the nonlinear MEC method is proposed in
this paper. Most importantly, the initial design results can be
rapidly derived by using the proposed MEC method in the
early design stage [9].

Fig. 2 shows the flux lines of the delta-type IPMSG (φr : the
flux sources over one magnet pole, φg: the flux passing
through air-gap, φmb: the leakage flux of PM over one mag-
net pole, φml : the magnet end-leakage flux, and φmb and
φmc: the leakage flux through the bridge and the center post,
respectively).

FIGURE 2. Flux density and segmented modeling of the saturation region.

FIGURE 3. Flux density and segmented modeling of the saturation region.

The left figure of Fig. 3 represents the flux density distribu-
tion of the delta-type IPMSG. There are very severe saturation
regions on both sides of the magnet on the outside of the rotor
to reduce the THD of the back-EMF [2]. The right figure of
Fig. 3 shows the segmented modeling of the saturation region
which is bridge of the rotor. Although the bridges cause
the flux leakage, they are necessary for mechanical stability.
Since the bridges aremade by strong iron, the scattering of the
magnet due to the centrifugal force can be prevented [9]. They
are designed to be highly saturated in order to guarantee the
mechanical strength and minimize the flux leakage. Further-
more, this highly saturated bridge makes the sinusoidal air-
gap flux density and back-EMF. In other words, the THD of
back-EMF and torque ripple can be reduced by an intentional
saturation design of the bridge.

In Fig. 4, the nonlinear MEC is constructed based on the
flux paths explained in Fig. 2 and Fig. 3. The red box in the
Fig. 4 represents the segmented modeling of the saturation
region as shown in the right figure of Fig. 3.

The reluctances of the unsaturated stator and rotor iron
core can be ignored, since these parts have considerably high
permeability compared with those of the air-gap or saturated
region in the rotor [7]. Ignoring the reluctance of the stator
and rotor, Fig. 4 is converted to Fig. 5 to simplify the calcu-
lations using symmetry [9].

For an accurate analysis of the saturation region, nonlinear
iterative analysis of the adjustable reluctance, Rrc is applied.
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FIGURE 4. Nonlinear MEC of delta-type IPMSG.

FIGURE 5. Simplified nonlinear MEC of delta-type IPMSG.

The fluxes of the first and the second layer, φ1 and φ2,
as shown in Fig. 5, are computed by using (1) and (2):

φ1 =
φr1

2
− φmb1 − φmc (1)

φ2 =
φr2

2
. (2)

The reluctance of the first and the second layer, Rt1 and
Rt2, respectively, are calculated as follows:

R t1 = 2Rmo1 / /R 1ml1 / /R 1ml2 / /R 1ml3 (3)

R t2 = 2Rmo2 / /R 2ml1 (4)

where Rmo is the leakage reluctance of the magnet and Rml is
the magnet end-leakage reluctance. The basic process of the
MEC modeling is the same as the method of the preceding
research, discussed in reference [7], [9].

Fig. 6 shows the flow chart for the nonlinear MEC for the
iterative calculation of the saturation effect. To calculate the
saturation, a segmented number of i fluxes of the saturated
core are repeatedly computed k times. If the permeabilities
of the segmented core are determined in the kth iteration,
the kth nonlinearMEC can be calculated. In the first iteration,
users decide the permeabilities of all the segments. Then, the

FIGURE 6. Flow chart for the nonlinear MEC calculation.

FIGURE 7. Actual BH curve of iron core.

reluctances and fluxes of saturated core are computed by
using the permeabilities and actual BH curve of iron core
as shown in Fig. 7. Then, the k+1th flux density, Bik+1 and
magnetic field intensity, Hik+1 are calculated by using the
reluctances and fluxes.

In the case that the k+1th permeabilities are calculated by

µrrc_ik+1 =
Bik+1
µ0Hik+1

, (5)

sometimes the permeabilities cannot converge. This is
because the permeabilities can oscillate and diverge due to
that the updated permeabilities have too high values. The
divergence of permeabilities significantly reduces the accu-
racy of the MEC analysis. Hence, we propose weighted
renewal method to update the permeabilities smoothly as
follows:

µrrc_itemp =
Bik+1
µ0Hik+1

(6)

µrrc_ik+1 = µrrc_ik+1ω1 + µrrc_itempω2 (7)
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where the weighting values,ω1 andω2 affect the convergence
speed and stability. In the case of a large ω1, since the
updated results are largely reflected, the convergence speed
is increased. However, for large ω1, convergence stability
of the permeabilities is reduced. On the other hand, in the
case of large ω2, because the conventional permeabilities are
mainly considered, the convergence speed is decreased and
the convergence stability is increased.

The effect on the convergence speed and stability due to
the ω1 and ω2ratio depends on the analysis model. Specifi-
cally, the ω1 and ω2 ratio, which governs the model conver-
gence, is different with variations in the rotor type, shape and
strength of the magnet, and the length of the bridge. In the
delta-type IPMSG, as shown in Fig. 2, the nonlinear MEC
stably converges when applying an ω2 value larger than 0.78.
Even if ω2 is 0.9, convergence occurs very quickly within
a few seconds. Hence, for the consideration of enhancing
the convergence stability according to geometric variations,
ω1 and ω2 are determined as 0.1 and 0.9, respectively.

FIGURE 8. Air-gap- flux density of the delta-type IPMSG. (a) 0.5 [T] and
(b) 1.3 [T].

Fig. 8 shows the air-gap flux density of the delta-type
IPMSG, which is calculated by using the proposed nonlinear
MEC method. The shape of the air-gap flux density distri-
bution is changed according to the residual flux density as
shown in Fig. 8.

The flux density distributions calculated by the nonlinear
MEC and FEM are well matched in Figs. 8(a) and (b), where
the residual magnetic flux density, Br is 0.5 T and 1.3 T,
respectively. In other words, the proposed non-linear MEC
can precisely calculate the magnitude as well as the shape
of the air-gap flux density distribution. The slotting effect
is considered by using conformal mapping as discussed
in [10], [11].

Fig. 9 and 10 show the flux linkage and back-EMF calcu-
lated by the FEM and MEC methods. The equations of flux
linkage and back-EMF per phase are as follows:

λ = NphBaveA (8)

E =
dλ
dt
≈
1λ

1t
=
1θ

1t
1λ

1θ
= ω

1λ

1θ
(9)

where Nph is the number of turns per phase, Bave is average
air-gap flux density calculated from the air-gap flux density

FIGURE 9. Flux linkage of the delta-type IPMSG. (a) 0.5 [T] and (b) 1.3 [T].

FIGURE 10. Back-EMF of the delta-type IPMSG. (a) 0.5 [T] and (b) 1.3 [T].

TABLE 1. Comparison of the calculated flux linkage by using
FEM and MEC.

TABLE 2. Comparison of the calculated back-EMF by using FEM and MEC.

distribution as shown is Fig. 8, A is the area where the mag-
netic flux passes through the coil, θ is the angular position,
and ω is angular velocity of the IPMSG.

The flux linkage and back-EMF calculated by the two
different methods also fit well with about a 3 % differ-
ence regardless of the residual magnetic flux density, Br as
shown in Fig. 9, Fig. 10, Table 1, and Table 2. Furthermore,
Fig. 11 shows that each harmonics of the back-EMF are also
well matched.

IV. CONCEPT DESIGN OF DELTA-TYPE IPMSG FOR
REEV BY USING NONLINEAR MEC METHOD
A. REQUIREMENT AND CONSTRAINT CONDITION
OF DELTA-TYPE IPMSG FOR REEV
Table 3 shows the requirement and constraint condition of
delta-type IPMSG for REEV. The rated operating point com-
posed by the rated torque, power, and rotational speed is
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FIGURE 11. Back-EMF harmonics of the delta-type IPMSG. (a) 0.5 [T] and
(b) 1.3 [T].

TABLE 3. Specifications of the IPMSG for REEV.

decided in the high-efficiency region of the engine. The
charging state of the battery can be maintained even through
the REEV drives on the highway based on the world harmo-
nized vehicle cycle, which is used to measure the green-house
gas of large vehicles in Europe [12]. In other words, the rated
power is determined for maintaining the state of charge of the
battery when driving.

The requirement of torque ripple is decided to improve the
output power quality, controllability, and riding impression
and that of the efficiency is decided to power, size, and
cooling method.

B. CONCEPT DESIGN OF IPMSG FOR REEV BY USING
THE PROPOSED MEC METHOD
The goal of concept design is to determine the approximate
size and shape of the delta-type IPMSG in the initial design
stage. Although the FEM can analyze the delta-type IPMSG
precisely, it requires a huge computational burden to calculate
the model in the initial design stage [6], [7], [9]. Hence, the
design efficiency can be significantly improved by using the
high speed nonlinear MEC method in the concept design
stage for the delta-type IPMSG.

In AC machines like the IPMSG, the fundamental com-
ponent of the back-EMF generates the effective power and
torque. The harmonics cause the torque ripple as well as
heating losses [9]. Hence, the power density and quality of
the delta-type IPMSG can be improved by the maximization

FIGURE 12. Mapping results. (a) THD of back-EMF according to αp1
and αp2. (b) The fundamental component of the back-EMF according to
αp1 and αp2.

of the fundamental component of the back-EMF and the
minimization of the THD of the back-EMF.

To achieve these goals, the mapping results of the funda-
mental component and the THD of the back-EMF according
to the pole arc to pole pitch ratios, αp1 and αp2 are calculated
by using the proposed nonlinear MEC method, as shown
in Fig. 12. The design variables, αp1 and αp2, largely affect
the fundamental component and the THD of the back-EMF.
The mapping results of the fundamental component and the
THD of the back-EMF represent a different trend. Hence,
the combination of αp1 and αp2 satisfying the design require-
ments should be selected by considering the importance of
the fundamental component and the THD of the back-EMF.

When applying the proposed nonlinearMECmethod to the
concept design of the delta-type IPMSG, the performances
can be effectively analyzed according to changes in various
design variables. This is because we can very quickly obtain
the mapping results, by using the nonlinear MEC method.
In terms of calculation time, it takes several tens of seconds
to make the mapping results as shown in Fig. 12 by using the
proposed MEC method. However, the FEM requires about
several hours to make the mapping results.

Fig. 13 shows the back-EMF results calculated using the
proposed nonlinear MEC and measured using the manu-
factured delta-type IPMSG for the REEV referred in [2].
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FIGURE 13. Back-EMF waveform of (a) the analyzed results by the
improved MEC and (b) results measured by the experiment.

FIGURE 14. Test setup for experiment.

Specifically, the design parameters of the back-EMF result,
as shown in Fig. 13 (a), are applied to those of the man-
ufactured IPMSG discussed in [2]. The pole arc to pole
pitch ratios, αp1 and αp2, of the manufactured model are
0.895 and 0.840, respectively. Since the REEV requires a
very high power density, the selected combination of the
design variables has a high fundamental component of the
back-EMF. The phase RMS values of the back-EMF are well
matched, as 138.69 V and 136.31 V, with a 1.72 % error.

By comparing the test results of the manufactured delta-
type IPMSG, the accuracy of the nonlinear method is veri-
fied. Fig. 14 shows the test setup for the experiment of the
manufactured delta-type IPMSG for REEV.

C. SPECIFIC DESIGN FOR REEV BY USING FEM
The main goal of the concept design using the proposed
nonlinear MEC is to determine the initial design result

TABLE 4. Comparison analysis and experimental result.

considering various design variables. If the initial design
result is selected in the concept design stage, load analy-
sis is implemented to satisfy the design requirements such
as torque, torque ripple, and efficiency in the specific
design stage by using the FEM. The torque, torque ripple,
m efficiency results of FEM and experimental are in good
agreement as shown in Table 4 and the results satisfy the
requirements for REEV.

In summary, through appropriate usage of the proposed
MEC in the concept design stage and the FEM in the specific
design stage, the efficiency of the design process can be
remarkably improved.

V. CONCLUSION
This paper is noteworthy in that the concept design result
of the delta-type IPMSG can be obtained quickly and pre-
cisely by using the proposed nonlinear MEC method in the
initial design stage. Especially, the highly saturated delta-
type IPMSG, which has a high power density and a low
torque ripple, is accurately analyzed through the nonlinear
and iterative analysis with the BH curve of the actual steel
sheet. Hence, the proposed nonlinear MEC can be widely
used for the analysis and design of IPM machines with a
high magnetic saturation effect in a variety of applications
requiring a high power density and a low torque ripple.
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