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Abstract: This study derived a novel reduced second-order model for an autonomous lane keeping
system. The proposed reduced model of the lateral vehicle motion has the following two advantages:
first, one can control the vehicle’s lateral motion with only simple linear second-order dynamics and
second, the state variable of the reduced model includes look-ahead distance likewise human driver.
The backstepping control for the lateral control and the compensation of the system parameter and
uncertainties is developed using the reduced model. Moreover, the reduced model-based sliding mode
observer is designed to estimate the lateral velocity. The stability of the closed-loop system is proven
using passivity. The lateral control performance of the proposed method is validated via numerical
simulations using CarSim and MATLAB/Simulink and compared to the fourth-order lateral motion
model-based linear quadratic controller.
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• Nomenclature
· y : distance from center of gravity (c.g.) to the center

of turn in v{xyz}
· ydes : distance from the lane center to the center of

turn in v{xyz}
· ey = y− ydes : lateral lane center offset at c.g.
· eyL = yL−ydes,L : lateral lane center offset at the look-

ahead point
· L : look-ahead distance
· ψdes : yaw angle slope of the lane center
· ψdes,L : yaw angle slope of the lane center at the look-

ahead point
· eψ = ψdes −ψ : heading angle error at c.g.
· eψL = ψdes,L −ψL : heading angle error at the look-

ahead point
· ψ̇ : yaw rate
· V : velocity of the vehicle at c.g.
· α : tire slip angle
· β : side slip angle at c.g.
· Cα : cornering stiffness of the tire
· Fy : lateral tire force
· Iz : yaw inertia of the vehicle
· m : total mass of the vehicle
· l : distance of the tire from c.g. of the vehicle
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· u : input (=δ : steer angle) of the control system

• Subscripts
· f : front
· r : rear
· x : longitudinal
· y : lateral
· des : desired

1. INTRODUCTION

The control issues of autonomous vehicles for advanced drive
assitant systems (ADASs) have been actively studied in the
automotive industry. These ADASs and autonomous vehicles
make driving safer and more convenient. The control issues of
the ADASs and the autonomous vehicles can be classified into
two types as follows: longitudinal and lateral controls. Many
longitudinal control applications including adaptive cruise con-
trol and the autonomous emergency brake have been presented
on the market. Meanwhile, the lateral control applications have
not been developed as much as the longitudinal control ap-
plications because lateral control is closely related to vehicle
stability. It is in this light that, only some adjuvant applications,
which can be used by the driver to control the lateral position,
have been released. These applications include the blind spot
detection, lane keeping/change assistance and lane departure
warning Navarro et al. (2011). The angle control method for
the electric power steering system was recently developed for
autonomous vehicles Kim et al. (2016).

Various lateral control methods for the lateral motion control,
such as lane-keeping systems (LKSs) and lane change systems
(LXSs), were studied to reach level 4 (high automation) and 5
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Fig. 1. Lateral motion with look-ahead distance

(full automation) defined in Society of Automotive Engineers
(SAE) International Raksincharoensak et al. (2006); Navarro
et al. (2011); Taylor et al. (1999); Hatipoglu et al. (2003); Chaib
et al. (2004); Rossetter and Gerdes (2006); Wu et al. (2008);
Naranjo et al. (2008); Son et al. (2015). A Lyapunov-based
lateral control algorithm was proposed in Rossetter and Gerdes
(2006) whereas a background control theory was presented for
automated lane change maneuvers Hatipoglu et al. (2003). A
lead-lag control method for the lateral motion was presented
in Taylor et al. (1999). Moreover, a gain scheduling fuzzy
control was proposed in Wu et al. (2008). A fuzzy controller
that mimics human behavior and reactions during overtaking
maneuvers was developed in Naranjo et al. (2008) Meanwhile,
the performance of four lateral control methods was compared
and studied in Chaib et al. (2004). A multi-rate lateral control
scheme was recently proposed in Son et al. (2015); Kang et al.
(2016a) to reduce the yaw rate ripple and lateral offset error.
Lateral applications using a kinematic vehicle model were also
proposed Kang et al. (2014a,b, 2016b). Although the previously
mentioned methods improved the lateral control performance,
the system and modeling uncertainties were not considered.
In fact, measuring the lateral velocity is difficult even though
it was assumed available for the controller in almost previous
methods mentioned.

A backstepping control method with a sliding mode observer is
presented in this paper for an autonomous lane keeping system.
The reduced second-order model is proposed for the backstep-
ping control design of the lateral dynamics. The backstepping
control is developed for the lateral control and the compensa-
tion of the system and parameter uncertainties. The lateral po-
sition error is analyzed to converge to zero via the backstepping
control. The sliding mode observer is designed to estimate the
lateral velocity and the closed-loop system stability is proven
using passivity. The lateral control performance of the proposed
method is validated using CarSim and MATLAB/Simulink.

2. VEHICLE LATERAL MOTION MODEL

Figure 1 illustrates the lateral motion for the lane keeping
system. We derive the model in terms of the lateral position
and the velocity errors with respect to the road. The vehicle
dynamic model is briefly described in the sections that follow.

2.1 Novel lateral motion model

A generalized lateral dynamic motion model of a vehicle is
considered herein. The lateral dynamic model consists of lateral

position and yaw angle errors with respect to the road Rajamani
(2011). The dynamic model can be described as follows in
terms of the state vector x = [ey ėy eψ eψ̇ ]

T , control input
u = δ , and external signals ϕd = [ψ̇des]

T :

ẋ = Ax+Bu+Bϕ ϕd (1)

where,

A =




0 1 0 0
0 a22 a23 a24
0 0 0 1
0 a42 a43 a44


 , B =




0
b21
0

b41


 , Bϕ =




0
a24 −Vx

0
a44




with

a22 =−
2(Cα f +Cαr)

mVx
, a23 =−a22Vx,

a24 =−1−
2(Cα f l f −Cαrlr)

mV 2
x

,

a42 =−
2(Cα f l f −Cαrlr)

Iz
,

a43 =−a42, a44 =−
2(Cα f l2

f +Cαrl2
r )

IzVx
,

b21 =
2Cα f

mVx
, b41 =

2Cα f l f

Iz
.

The lateral offset at the look-ahead distance, L, is represented
as follows with clothoidal constraints in the third-order cubic
polynomial Kang et al. (2014a,b):

eyL = ey + eψ L+
κ
2

L2 +
1

6Vx

dψ̇
dx

L3. (2)

We can approximate the third-order curved lane as a straight
lane for either a small curvature or a small look-ahead distance.
The lateral offset as the look-ahead distance (2) can then be
approximated as follows:

eyL ≈ ey + eψ L
= x1 +Lx3.

(3)

Let us now define the new state z as follows to make use of the
approximated eyL

z1 = x1 +Lx3

z2 = ẋ1 +Lẋ3 = x2 +Lx4.
(4)

We obtain the dynamic of z2 with constant velocity from
Eqs. (1) and (4) as:
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ż2 = ẋ2 +Lẋ4

= a22x2 +a23x3 +a24x4 +b21u+(a24 −Vx)ψ̇des

+La42x2 +La43x3 +La44x4 +Lb41u+La44ψ̇des

= (a22 +La42)x2 +(a23 +La43)x3 +(a24 +La44)x4

+(b21 +Lb41)u+(a24 +La44 −Vx)ψ̇des

= (a22 +La42)x2 +(a22 +La42)Lx4 − (a22 +La42)Lx4

+(a24 +La44)x4 +(a23 +La43)x3 +
(a23 +La43)

L
x1

− (a23 +La43)

L
x1 +(b21 +Lb41)u+(a24 +La44 −Vx)ψ̇des

=
(a23 +La43)

L︸ ︷︷ ︸
ξ1

z1 +(a22 +La42)︸ ︷︷ ︸
ξ2

z2 −
(a23 +La43)

L︸ ︷︷ ︸
χ1

x1

+(a24 +La44 −La22 −L2a42)︸ ︷︷ ︸
χ4

x4 +(b21 +Lb41)u

+(a24 +La44 −Vx)ψ̇des

= f +gu+hψ̇des
(5)

where
f = ξ1z1 +ξ2z2 −χ1x1 +χ4x4

g = b21 +Lb41

h = a24 +La44 −Vx.

Consequently, the normal-form reduced second-order model
(Eq. (6)) for the lateral control becomes:

ż1 = z2

ż2 = f +gu+hψ̇des.
(6)

The reduced second order model (6) is in the form of the normal
form. Thus, the system function and the parameter are in only
z2 dynamics.

2.2 Controller design via backstepping approach

The controller for the reduced-second order model (Eq. (6)) is
developed in this subsection via the backstepping procedure.
We define the tracking error e = [e1 e2]

T as follows:
ei = zi − zid . (7)

The tracking error dynamics is presented as follows:
ė1 = e2 + z2d − ż1d

ė2 = f +gu− ż2d .
(8)

Proposition 1. Consider the tracking error dynamics (Eq. (8)).
If the controller is designed by

z2d =−k1e1 + ż1d

u =
1
go

{−k2e2 − f + ż2d − kssgn(e2)}
(9)

where k1, k2 and ks are positive constants, then the origin of the
tracking error dynamics (Eq. (8)) is exponentially stable. �

Proof: With the control law (Eq. (9)), the tracking error dynam-
ics (Eq. (8)) becomes

ė1 =−k1e1 + e2

ė2 =−k2e2 − kssgn(e2).
(10)

A Lyapunov candidate function Ve2 for stability analysis is
defined as follows:

Ve2 =
1
2

e2
2 (11)

Differentiating Ve2 with respect to time yields:
V̇e2 = e2ė2

= e2 (−k2e2 − kssgn(e2))

=−k2e2
2 − kse2sgn(e2)

≤−k2e2
2 − ks|e2|.

(12)

Then, going one step ahead provides Ve1 as follows:

Ve1 =
1
2

e2
1 (13)

Differentiating Ve1 with respect to time yields:
V̇e1 = e1ė1

= e1 (−k1e1 + e2)

=−k1e2
1 − k1e1e2.

(14)

Equation (14) can be rewritten as follows if we define e2 as the
input and e1 as the output in Eq. (8):

k1 e1︸︷︷︸
out put

e2︸︷︷︸
input

= V̇e1 + k1e2
1︸︷︷︸

>0

.
(15)

Equation (15) shows that the relationship between e1 and e2 is
strictly output passive Khalil (1996). In addition, e1 is zero state
observable. Therefore, the origin of the tracking error dynamics
(Eq. (8)) is exponentially stable. �
Remark 1. In the controller (Eq. (9)), sgn(e2) is used for the
robustness of the model and the parameter uncertainty. All
state variables in most actual systems are physically bounded.
Thus the parameter and system uncertainties are bounded Kosut
(1983). The parameter and system uncertainties can be com-
pensated if the control gain ks is large enough to suppress the
parameter and system uncertainties. �

Assumption 1. In general highway driving situations, such
as lane keeping, the ADASs are designed to keep the riding
comfort of the driver and satisfy the stability of the vehicle
motion. Thus, an upper bound βmax such as |β | ≤ βmax exists.
The lateral acceleration of the vehicle is also very small. �

Lemma 1. Both the lateral offset ey = x1 and the heading
angle error eψ = x3 are regulated within small bounds if the
approximated look-ahead distance z1 exponentially converges
to zero. �

Proof: We have obtain the following equation from the lateral
vehicle dynamics Rajamani (2011) because ėy = ẏ+Vxeψ :

ẋ1 = ẏ+Vxx3. (16)
z1 can then be represented by:

z1 = x1 +Lx3

= x1 +
L
Vx

ẋ1 −
Lẏ
Vx

= x1 +
L
Vx

ẋ1 −Lβ .

(17)

In Proposition 1, we showed that z1 exponentially converges
to zero. From Assumption 1, we see that we have x1 +

L
Vx

ẋ1 −
Lβ = 0 in steady-state. Thus, x1 converges to zero exponentially
ultimately uniformly bounded. Consequently, x3 also ultimately
uniformly bounded. We see that x1 and x3 are regulated within
small bounds because βmax is small. �

2.3 Sliding mode observer design

The observer is designed in this subsection to estimate the full
state. Let us consider a system (Eq. (1)) with the following
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measurement matrix:

C =

[1 0 0 0
0 0 1 0
0 0 0 1

]
(18)

where x1 = ey and x3 = eψ are measured from a lane detection
vision sensor, and x4 = eψ̇ is measured from a vehicle motion
sensor.

A state observer is also designed (Eq. (19)) as:
˙̂x = Ax̂+Bu−Loρ(CLo)

−1sgn(ŷ−y). (19)
The system could be transformed into a canonical form as
follows using a transformation matrix:

˙̄x = Tcẋ = TcAT−1
c Tcx+TcBu = Āx̄+ B̄u

y =CT−1
c Tcx = C̄x̄

(20)

where

Tc =

[
N T (C)

C

]
, x̄ = Tcx =

[
x2
y

]
.

In the equation, N T (C) denotes the null space of the measure-
ment matrix. We find the following formulae when the canon-
ical transformation matrix Tc is applied to obtain a canonical
form model:

−TcLo(CLo)
−1 =−

[
N T (C)

C

]
Lo(CLo)

−1

=

[
−N T (C)Lo(CLo)

−1
−Ip

]
=

[
Lo
−Ip

]

and
˙̄̂x = Ā ˆ̄x+ B̄u−TcLoρ(CLo)

−1sgn(ŷ−y)

= Ā ˆ̄x+ B̄u+
[

Lo
−Ip

]
ρsgn(ŷ−y)

(21)

{ ˙̂x2 = A11x̂2 +A12ŷ+B1u+Loρsgn(ŷ−y)
˙̂y = A21x̂2 +A22ŷ+B2u−ρsgn(ŷ−y).

where

Ā =

[
A11 A12
A21 A22

]
.

Let us now define:
ex = x̂−x,

ēx = x̂− x̄ = Tce =
[

ex2
ey

]
=

[
x̂2 − x2
ȳ−y

]
.

(22)

Note that
˙̄ex = Āēx +

[
Lo
−Ip

]
ρsgn(C̄ēx). (23)

{
ėx2 = A11ex2 +A12ey +Loρsgn(ey)

ėy = A21ex2 +A22ey −ρsgn(ey).

The transformation matrix, Ts, is applied to make the discontin-
uous term appears at reaching mode:

Ts =

[
In−p Lo

0 Ip

]

such that

ẽx =

[
ẽx2
ẽy

]
= Tsēx = Ts

[
ex2
y

]
=

[
ex2 +Loey

ey

]

−Ts

[
−Lo
Ip

]
C̄ρsgn(ēx) =−Ts

[
−Lo
Ip

]
ρsgn(ey)

= Ts

[
Loρsgn(ey)
−ρsgn(ey)

]
=

[
0

−ρsgn(ey)

]
.

(24)

The error dynamics w.r.t. the new coordinates is obtained as
follows:

˙̃ex = Ts ˙̄ex = TsĀT−1
s Tsēx −Ts

[
−Lo
Ip

]
C̄ρsgn(ēx)

= Ãẽx −
[

0
ρsgn(ey)

] (25)

{ ˙̃ex2 = Ã11ẽx2 + Ã12ey

ėy = Ã21ẽx2 + Ã22ey −ρsgn(ey)

where

Ã =

[
Ã11 Ã12
Ã21 Ã22

]
,

Ã11 = A11 +LoA21, Ã12 = A12 +LoA22 − Ã11Lo,

Ã21 = A21, Ã22 = A22 +A21Lo.

Note that s =Cex =CT−1
c Tcex = C̄ēx = ey for the sliding mode.

An objective of the observer is that ẽx2 → 0 as on the surface
ey = 0 with the reachability condition eT

y ėy < 0 being satisfied.
Proposition 2. Consider the dynamics of ẽx (Eq. (25)). We
have the following equation on the sliding surface:

˙̃ex2 = Ã11ẽx2 = (A11 +LoA21)ẽx2 . (26)
Lo is then determined such that λ (A11 +LoA21) ∈ C−.

The error system for the reaching mode becomes the following
equation with a linear output error feedback:

˙̃e = Ãẽ−Fey −
[

0
ρsgn(ey)

]
(27)

{ ˙̃ex2 = Ã11ẽx2 + Ã12ey −F1ey

ėy = Ã21ẽx2 + Ã22ey −F2ey −ρsgn(ey)

Choosing F1 = Ã12 and F2 = Ã22 +Wo with Wo > 0 leads to

˙̃ex =

[
Ã11 0
Ã21 −Wo

]
ẽx −

[
0

ρsgn(ey)

]
(28)

{ ˙̃ex2 = Ã11ẽx2

ėy = Ã21ẽx2 −Woey −ρsgn(ey).

and, Wo and ρ are determined s.t. ey → 0 as t → ∞. �

Proof: A Lyapunov candidate function Vẽx2
for the stability

analysis is defined as follows:

Vẽx2
=

1
2

ẽ2
x2

(29)

Differentiating Vẽx2
with respect to time yields:

V̇ẽx2
= ẽx2

˙̃ex2

= Ã11ẽ2
x2

(30)

A Lyapunov candidate function Vey for the stability analysis is
defined as follows:

Vey =
1
2

eT
y ey (31)

Differentiating Vey with respect to time yields:

V̇ey = eT
y ey

= eT
y
(
Ã21ẽx2 −Woey −ρsgn(ey)

)

= eT
y Ã21ẽx2 − eT

y Woey −ρeT
y sgn(ey)

(32)

Equation (32) can be rewritten as follows if we define ẽx2 as the
input and ey as the output in Eq. (28):
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measurement matrix:

C =

[1 0 0 0
0 0 1 0
0 0 0 1

]
(18)

where x1 = ey and x3 = eψ are measured from a lane detection
vision sensor, and x4 = eψ̇ is measured from a vehicle motion
sensor.

A state observer is also designed (Eq. (19)) as:
˙̂x = Ax̂+Bu−Loρ(CLo)

−1sgn(ŷ−y). (19)
The system could be transformed into a canonical form as
follows using a transformation matrix:

˙̄x = Tcẋ = TcAT−1
c Tcx+TcBu = Āx̄+ B̄u

y =CT−1
c Tcx = C̄x̄

(20)

where

Tc =

[
N T (C)

C

]
, x̄ = Tcx =

[
x2
y

]
.

In the equation, N T (C) denotes the null space of the measure-
ment matrix. We find the following formulae when the canon-
ical transformation matrix Tc is applied to obtain a canonical
form model:

−TcLo(CLo)
−1 =−

[
N T (C)

C

]
Lo(CLo)

−1

=

[
−N T (C)Lo(CLo)

−1
−Ip

]
=

[
Lo
−Ip

]

and
˙̄̂x = Ā ˆ̄x+ B̄u−TcLoρ(CLo)

−1sgn(ŷ−y)

= Ā ˆ̄x+ B̄u+
[

Lo
−Ip

]
ρsgn(ŷ−y)

(21)

{ ˙̂x2 = A11x̂2 +A12ŷ+B1u+Loρsgn(ŷ−y)
˙̂y = A21x̂2 +A22ŷ+B2u−ρsgn(ŷ−y).

where

Ā =

[
A11 A12
A21 A22

]
.

Let us now define:
ex = x̂−x,

ēx = x̂− x̄ = Tce =
[

ex2
ey

]
=

[
x̂2 − x2
ȳ−y

]
.

(22)

Note that
˙̄ex = Āēx +

[
Lo
−Ip

]
ρsgn(C̄ēx). (23)

{
ėx2 = A11ex2 +A12ey +Loρsgn(ey)

ėy = A21ex2 +A22ey −ρsgn(ey).

The transformation matrix, Ts, is applied to make the discontin-
uous term appears at reaching mode:

Ts =

[
In−p Lo

0 Ip

]

such that

ẽx =

[
ẽx2
ẽy

]
= Tsēx = Ts

[
ex2
y

]
=

[
ex2 +Loey

ey

]

−Ts

[
−Lo
Ip

]
C̄ρsgn(ēx) =−Ts

[
−Lo
Ip

]
ρsgn(ey)

= Ts

[
Loρsgn(ey)
−ρsgn(ey)

]
=

[
0

−ρsgn(ey)

]
.

(24)

The error dynamics w.r.t. the new coordinates is obtained as
follows:

˙̃ex = Ts ˙̄ex = TsĀT−1
s Tsēx −Ts

[
−Lo
Ip

]
C̄ρsgn(ēx)

= Ãẽx −
[

0
ρsgn(ey)

] (25)

{ ˙̃ex2 = Ã11ẽx2 + Ã12ey

ėy = Ã21ẽx2 + Ã22ey −ρsgn(ey)

where

Ã =

[
Ã11 Ã12
Ã21 Ã22

]
,

Ã11 = A11 +LoA21, Ã12 = A12 +LoA22 − Ã11Lo,

Ã21 = A21, Ã22 = A22 +A21Lo.

Note that s =Cex =CT−1
c Tcex = C̄ēx = ey for the sliding mode.

An objective of the observer is that ẽx2 → 0 as on the surface
ey = 0 with the reachability condition eT

y ėy < 0 being satisfied.
Proposition 2. Consider the dynamics of ẽx (Eq. (25)). We
have the following equation on the sliding surface:

˙̃ex2 = Ã11ẽx2 = (A11 +LoA21)ẽx2 . (26)
Lo is then determined such that λ (A11 +LoA21) ∈ C−.

The error system for the reaching mode becomes the following
equation with a linear output error feedback:

˙̃e = Ãẽ−Fey −
[

0
ρsgn(ey)

]
(27)

{ ˙̃ex2 = Ã11ẽx2 + Ã12ey −F1ey

ėy = Ã21ẽx2 + Ã22ey −F2ey −ρsgn(ey)

Choosing F1 = Ã12 and F2 = Ã22 +Wo with Wo > 0 leads to

˙̃ex =

[
Ã11 0
Ã21 −Wo

]
ẽx −

[
0

ρsgn(ey)

]
(28)

{ ˙̃ex2 = Ã11ẽx2

ėy = Ã21ẽx2 −Woey −ρsgn(ey).

and, Wo and ρ are determined s.t. ey → 0 as t → ∞. �

Proof: A Lyapunov candidate function Vẽx2
for the stability

analysis is defined as follows:

Vẽx2
=

1
2

ẽ2
x2

(29)

Differentiating Vẽx2
with respect to time yields:

V̇ẽx2
= ẽx2

˙̃ex2

= Ã11ẽ2
x2

(30)

A Lyapunov candidate function Vey for the stability analysis is
defined as follows:

Vey =
1
2

eT
y ey (31)

Differentiating Vey with respect to time yields:

V̇ey = eT
y ey

= eT
y
(
Ã21ẽx2 −Woey −ρsgn(ey)

)

= eT
y Ã21ẽx2 − eT

y Woey −ρeT
y sgn(ey)

(32)

Equation (32) can be rewritten as follows if we define ẽx2 as the
input and ey as the output in Eq. (28):
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eT
y︸︷︷︸

out put

Ã21ẽx2︸ ︷︷ ︸
input

= V̇ey + eT
y Woey +ρeT

y sgn(ey)︸ ︷︷ ︸
>0

.
(33)

Equation (33) shows that the relationship between ey and ẽx2
is strictly output passive Khalil (1996). In addition, ẽx2 is zero
state observable. Therefore, the origin of the error dynamics
(Eq. (28)) is exponentially stable. �

2.4 Closed-loop system stability

In practice, measuring e2 is difficult. Thus, instead of e2, ê2 is
used in the controller (Eq. (9)). The error dynamics (Eq.(10)) is
thn changed into

ė1 =−k1e1 + e2

ė2 =−k2e2 − kssgn(e2)+ k2ẽ2 + ks f (e2, ê2).
(34)

where f (e2, ê2) = sgn(e2)− sgn(ê2). The closed-loop system
can be presented as follows from Eqs. (35) and (28)

ė1 =−k1e1 + e2

ė2 =−k2e2 − kssgn(e2)+ k2ẽ2 + ks f (e2, ê2)

˙̃ex2 = Ã11ẽx2

˙̃ey = Ã21ẽx2 −Woey −ρsgn(ey).

(35)

f (e2, ê2) is bounded in Eq. (35). Thus, the error dynamics
(Eq. (10)) from f (e2, ê2) to e1 and e2 are input-to-state (ISS)
stable. The estimation errors ẽx2 and ẽy are proven to converge
to zeros. Thus, f (e2, ê2) converges to zero as ẽx2 converges to
zero s.t ẑ2 = x̂2+Lx4. Consequently, both e1 and e2 converge to
zeros.

3. APPLICATION RESULTS

The proposed method was validated via computational simula-
tion results. In the simulation, CarSim and MATLAB/Simulink
were implemented as the dynamic vehicle motion solver and
for the controller and the observer, respectively. During the
simulation, we set the vehicle speed as 80km/h, and the vehicle
traveled along the two following cases:

• Case1: Straight and circular road segments
• Case2: S-curved road satisfying the clothoidal constraints

The Parameters used in the simulation study were the nomi-
nal values of a small sports utility vehicle, the Tucson from
HYUNDAI Motors. We could verify the effect of a look-ahead
distance in the proposed backstepping approach controller un-
der various look-ahead distances.

Figures 2 and 3 show the vehicle motion data and the perfor-
mance of the proposed controller in Case1, respectively. Fig-
ure 2(c) presents the performance of the proposed sliding mode
observer. The observer on constant curvature road had an offset
error because the model used in Eq. (28) was approximately lin-
earized for a small sideslip angle (tanβ ≈ β ). Nevertheless, we
observed that the proposed method-based lane keeping system
exhibited quite a reasonable performance with the lateral offset,
c0, within 0.01m on both the straight and constant curvature
roads in Fig. 3(b). In practice, using a high gain ks of Eq.(9)
is not desirable. The high value of ks causes chattering in the
steering angle, thereby resulting in an uncomfortable yaw rate.
However, z1 began to converge to zero when the vehicle got
into the straight lane road coming out of the circle road. We
may add a disturbance observer to the backstepping controller
to remove the such excessive chattering. The transient between

20 40 60 80 100 120 140

z
1

-0.5

0

0.5

time [s]

20 40 60 80 100 120 140

z
2

-0.4

-0.2

0

0.2

0.4

estimated

measured

(a) z1 = x1 +Lx3 and z2 = x2 +Lx4.

20 40 60 80 100 120 140

x
1
 [

m
]

-0.5

0

0.5

20 40 60 80 100 120 140
x

2
 [

m
/s

]

-0.1

0

0.1

20 40 60 80 100 120 140

x
3
 [

d
e

g
]

-0.05

0

0.05

time [s]

20 40 60 80 100 120 140

x
4
 [

d
e

g
/s

]

-0.02

0

0.02

(b) States of the fourth-order lateral motion model with respect to the road.

time [s]

20 40 60 80 100 120 140

d
e

y
/d

t 
[m

/s
]

-0.04

-0.02

0

0.02

0.04

0.06

estimated

measured
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Fig. 2. Vehicle motion data. βm and x2 are not directly measured
from the vehicle sensor. We obtain the data from the
vehicle dynamic motion solver, CarSim.

two segments did not satisfy the clothoidal constraints because
the road segments in the Case 1 are straight and circular.
Therefore, one may observe the ripple of the yaw rate and the
steering wheel angle in Figs. 2 and 3, respectively. In practice,
a highway is designed to meet the clothoidal constraints, such
that an oscillation does not occur, as shown in Figs. 2 and 3.

Figure 4 shows the steering wheel angle with respect to the
look-ahead distance L used in the backstepping approach con-
trol. The transient responses are equivalent to the step responses
to ϕd when the vehicle gets into the circle road. The lateral
motion control using the look-ahead distance L actually de-
termines L according to the vehicle longitudinal velocity. This

Proceedings of the 20th IFAC World Congress
Toulouse, France, July 9-14, 2017

7197



6994 Chang Mook Kang  et al. / IFAC PapersOnLine 50-1 (2017) 6989–6995

20 40 60 80 100 120 140

c
0
 [

m
]

-0.5

0

0.5

20 40 60 80 100 120 140

c
1
 [

d
e

g
]

-0.05

0

0.05

20 40 60 80 100 120 140

c
2
 [

1
/m

]

×10
-3

-2

0

2

time [s]

20 40 60 80 100 120 140

c
3
 [

1
/m

2
]

×10
-5

-2

0

2

(a) Camera module data. c0 denotes the lateral lane center offset at c.g.;
c1 denotes the in-lane heading slope and the heading angle error at c.g.; c2
denotes curvature/2 at s = 0; and c3 denotes the curvature-rate/6.
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Fig. 3. Lane keeping performance and steering wheel angle of
the proposed method.
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Fig. 4. Steering wheel angle tracking performance of the pro-
posed method without the driver torque disturbance.

5 10 15 20 25 30 35 40

z
1

-0.2

-0.1

0

0.1

0.2

time [s]

5 10 15 20 25 30 35 40

z
2

-0.2

-0.1

0

0.1

0.2

estimated

measured

(a) z1 = x1 +Lx3 and z2 = x2 +Lx4.

5 10 15 20 25 30 35 40

x
1
 [

m
]

-0.2

0

0.2

5 10 15 20 25 30 35 40

x
2
 [

m
/s

]
-0.1

0

0.1

5 10 15 20 25 30 35 40

x
3
 [

d
e

g
]

-0.02

0

0.02

time [s]

5 10 15 20 25 30 35 40

x
4
 [

d
e

g
/s

]

-0.01

0

0.01
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Fig. 5. Vehicle motion data. βm and x2 are not directly measured
from the vehicle sensor. We obtain the data from the
vehicle dynamic motion solver, CarSim.

variation of L affects the locations of the system zeros such that
the damping ratio of the dominant poles is influenced Son et al.
(2015). L is close to the front of the vehicle. Hence, the damping
ratio of the poles drastically declines. Figure 4 also illustrates
the damping effect of the look-ahead distance in the proposed
method.

Figures 5 and 6 show the vehicle motion data and the per-
formance of the proposed controller in Case 2, respectively.
Figure 5(c) presents the performance of the proposed sliding
mode observer. The offset error of the sliding mode observer
became larger as the curvature increased because we used an
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(a) Camera module data. c0 denotes the lateral lane center offset at c.g.;
c1 denotes the in-lane heading slope and the heading angle error at c.g.; c2
denotes curvature/2 at s = 0; and c3 denotes the curvature-rate/6.
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(b) Steering wheel angle.

Fig. 3. Lane keeping performance and steering wheel angle of
the proposed method.
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(a) Steering wheel angle.
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(b) Enlarged steering wheel angle.

Fig. 4. Steering wheel angle tracking performance of the pro-
posed method without the driver torque disturbance.
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(a) z1 = x1 +Lx3 and z2 = x2 +Lx4.
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(b) States of the fourth-order lateral motion model with respect to the road.
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(c) êy and ey.

Fig. 5. Vehicle motion data. βm and x2 are not directly measured
from the vehicle sensor. We obtain the data from the
vehicle dynamic motion solver, CarSim.

variation of L affects the locations of the system zeros such that
the damping ratio of the dominant poles is influenced Son et al.
(2015). L is close to the front of the vehicle. Hence, the damping
ratio of the poles drastically declines. Figure 4 also illustrates
the damping effect of the look-ahead distance in the proposed
method.

Figures 5 and 6 show the vehicle motion data and the per-
formance of the proposed controller in Case 2, respectively.
Figure 5(c) presents the performance of the proposed sliding
mode observer. The offset error of the sliding mode observer
became larger as the curvature increased because we used an
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(a) Camera module data. c0 denotes the lateral lane center offset at c.g.;
c1 denotes the in-lane heading slope and the heading angle error at c.g.; c2
denotes curvature/2 at s = 0; c3 denotes the curvature-rate/6.
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(b) Steering wheel angle, the presented linear quadratic (LQ) control
method is described in Son et al. (2015).

Fig. 6. Lane keeping performance and steering wheel angle of
the proposed method on road satisfying clothoidal con-
straints.

approximately linearized sideslip angle (tanβ ≈ β ). Although
an offset error existed in the observer, the proposed method
showed a quite reasonable performance compared to the linear
quadratic (LQ) control method described in Son et al. (2015).
The proposed method performed lane keeping within 0.1m on
the curved road satisfying the clothoidal constraints in Fig. 6(b).

4. CONCLUSION

This study derived a novel reduced second-order model for an
autonomous lane keeping system. A backstepping controller
and a sliding mode observer were designed to control the lateral
motion and estimate the lateral velocity, respectively. We found
that the reduced second-order model-based lateral motion con-
troller showed a reasonable performance compared to fourth-
order lateral motion model-based controller that regulated the
lateral offset at the look-ahead distance. Moreover, the exper-
imental results showed that the reduced model could reflect
the damping effect of the look-ahead distance. The validations
of the backstepping controller and the sliding mode observer
under various driving conditions and environments will be
discussed in future works. In addition, a hardware-in-the-loop
system and a test vehicle-based validation will be analyzed.
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