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Abstract: A quantized-feedback-based adaptive event-triggered tracking problem is investigated for
strict-feedback nonlinear systems with unknown nonlinearities and external disturbances. All state
variables are quantized through a uniform quantizer and the quantized states are only measurable
for the control design. An approximation-based adaptive event-triggered control strategy using
quantized states is presented. Compared with the existing recursive quantized feedback control
results, the primary contributions of the proposed strategy are (1) to derive a quantized-states-based
function approximation mechanism for compensating for unknown and unmatched nonlinearities
and (2) to design a quantized-states-based event triggering law for the intermittent update of the
control signal. A Lyapunov-based stability analysis is provided to conclude that closed-loop signals
are uniformly ultimately bounded and there exists a minimum inter-event time for excluding
Zeno behavior. In simulation results, it is shown that the proposed quantized-feedback-based
event-triggered control law can be implemented with less than 10% of the total sample data of the
existing quantized-feedback continuous control law.

Keywords: quantized feedback control; event-triggered; adaptive control; neural networks;
unmatched nonlinear uncertainties

1. Introduction

As networked control systems including digital communication channels have been successfully
utilized in various industrial applications, significant research efforts have been devoted to control
designs using input and state quantization [1-3]. Concurrently, nonlinear systems have been widely
studied and significant progress has been achieved in the analysis and the control of nonlinear systems.
On the other hand, recursive control techniques have attracted much attention as effective ways for
dealing with the unmatched nonlinearities of lower-triangular nonlinear systems [4—6]. Based on
these recursive control techniques, adaptive control strategies were presented for input-quantized
lower-triangular nonlinear systems with unknown parameters [7,8] and completely unknown
nonlinearities [9-12]. Fundamentally, the controllers designed in [9-12] assume that state variables are
continuously measurable. As opposed to the previous works [7-12] considering input quantization,
the control design problem of state-quantized nonlinear systems in a lower-triangular form has
received limited attention. In [13], an adaptive quantized feedback backstepping controller using
quantized state variables was presented under the assumption that the partial derivatives of recursive
virtual controllers were constants. Thus, the result [13] is only usable for systems with nonlinear
functions matched to a control input. In order to overcome this restriction, an adaptive quantized
feedback control design methodology adopting the command filtered backstepping technique for
lower-triangular nonlinear systems was recently presented in [14]. Despite this progress, two aspects
still need to be addressed to realize further improvement in the quantized feedback control design [14].
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(P1) In the existing work [14], unmatched nonlinearities should be known and satisfy the Lipchitz
condition with known Lipchitz constants. Thus, it is still necessary to determine a method to address
completely unknown and unmatched nonlinearities in the quantized feedback tracker design of
lower-triangular nonlinear systems.

(P2) The result [14] may be impractical for a network-based control implementation in limited
network resources because the control law designed in [14] should be updated continuously in time.
Thus, the event-triggered operation strategy of the quantized-feedback-based controller needs to
be studied.

Emerging event-triggered methodologies for network-based control have received increasing
attention in the control society because of limited communication bandwidths in networks [15,16].
Unlike the conventional time-triggered strategy, an event-triggered strategy can reduce the amount of
computation and communication resources required in networked control systems. Owing to these
advantages, some event-triggered control methods were presented for linear and nonlinear networked
control systems [17-20]. For lower-triangular nonlinear systems with parametric uncertainties,
Xing et al. [21] first suggested an adaptive recursive event-triggered control approach using three
types of thresholds. Thereafter, numerous event-triggered control issues have been addressed for
uncertain lower-triangular nonlinear systems [22,23]. In [24-28], adaptive fuzzy or neural network
event-triggered control methods were developed to compensate for non-parametric nonlinear
uncertainties. However, in the event-triggered control field, the quantized state-feedback information
of uncertain lower-triangular nonlinear systems has not been used to address the neural-network-based
adaptive tracking problem thus far.

The aim of this paper is to establish a quantized-feedback-based event-triggered control
methodology for the adaptive tracking of nonlinear strict-feedback systems with unknown nonlinearities
and external disturbances. An approximation-based recursive control design using quantized state
variables is developed to deal with unmatched and unknown nonlinearities and the time-varying
disturbances. In the proposed design, adaptive laws and a triggering law using an auxiliary filter are
derived by the quantized state variables. Furthermore, an adaptive tuning mechanism is provided to
compensate for the effects of quantization and triggering errors. The stability of the closed-loop system
and the prevention of Zeno behavior are analyzed in the Lyapunov sense.

Compared with existing related literature, the primary contributions of this paper are emphasized
as follows:

(C1) Different from the recursive quantized feedback tracking method [14] where unmatched
nonlinearities were known, the proposed tracking approach is capable of dealing with unmatched and
unknown nonlinearities. This is achieved by designing quantized-states-based adaptive approximators
and deriving three lemmas for the boundedness of the adaptation parameters and the quantization
error signals.

(C2) The existing adaptive event-triggered control schemes [18,21-26,28] for nonlinear systems in
a lower-triangular form did not consider the state quantization problem of nonlinear systems. In this
paper, we first present a quantized-feedback-based event-triggered control strategy with a triggering
law using quantized state variables. For this purpose, a triggering law using an auxiliary control input
filter is designed to ensure the existence of inter-event time.

2. Problem Formulation
Consider a class of uncertain nonlinear systems in a strict-feedback form described by

Xj = Xip1 + fi(%) +d;,

Xn :u“‘fn(fn)‘i‘dn/ (1)

wherei=1,...,n—1, X = [x1, .. .,x]-] S Rf,]' =1,...,n, are state variable vectors, d]- are unknown
time-varying disturbances satisfying |d;| < d]“-k with unknown constants d}* > 0, u € Ris the control



Mathematics 2020, 8, 1603 30f 19

input, and f;(-) : R/ +— R are unknown C! nonlinear functions. In this paper, the control input u is an
intermittently updated signal in time by an event-triggering law to be designed later. In addition, u is
designed based on the quantized state variables obtained through the following uniform quantizer

XU Xz—%Sxi<Xl+g
q(x;) =4 0, —$<x<$ 3]
X, —x-S5<x<-n+s

wherei = 1,...,n,1 € Z", § is the length of the quantization interval, x; = 6, and x;.1 = x; + 6.
Note that g(x;) is in a countable set Q = {0, £x;} and the quantization error &, Ly — x? has the
property |x, ;| < & where x7 £ g(x;) [17].

Assumption 1. Ref. [13] The quantized states x?, i =1,...,n, are available for feedback, instead of x;.
Assumption 2. Ref. [5] The reference signal r and its time derivatives i and ¥ are bounded.

Lemma 1. Ref. [29] For any n > 0and v € R, it is ensured that 0 < |v| — vtanh(v/7) < 0.27851.
Lemma 2. Ref. [30] When a matrix A € R"™" is Hurwitz, it is satisfied that ||| < Bie=P2* with
B1 = VAmax(G)/Amin(G) and Bz = 1/Amax(G). Here, G is a symmetric positive definite matrix such

that AT G + GA = —21 where I is an identity matrix of order n. In addition, Amax(G) and Amin(G) are the
maximum and minimum eigenvalues of G, respectively.

Problem 1. Consider the uncertain strict-feedback nonlinear system (1) with unknown nonlinearities and state
quantizer (2). Our control problem is to provide a quantized-feedback-based event-triggered tracking law u so
that the state x1 follows the reference signal r while all the closed-loop signals remain bounded.

Remark 1. Several real-world applications such as robot manipulations, electrical power systems, and aircraft
systems can be modeled as system (1) [4,5]. Recent advances in the network technology enable the control of
these systems over a network with limited communication resources. Then, the proposed theoretical result can be
applied to these network-based practical control problems.

Remark 2. Compared with the existing control results reported in the related literature [13,14,21-26], this study
considers both the quantized state feedback and the event-triggered control problems in the recursive control
framework of nonlinear lower-triangular systems. Accordingly, Problem 1 cannot be resolved by using the
approaches presented in [13,14,21-26].

3. Quantized-Feedback-Based Adaptive Event-Triggered Tracking

3.1. Radial Basis Function Neural Networks

According to the universal approximation property of radial basis function neural networks
(RBFNNSs) [31], if the number of neural nodes N is sufficiently large and the basis functions s;,
i = 1,...,N, are appropriately chosen, there exists an ideal bounded weight vector W* € RN,
that satisfies || W*|| < W with a constant W, such that

fl@)=W*TS(g)+e(e), @€Q, ®)

where f(¢) : Q + R is an unknown function; QO C RM is a compact set, 0 = [01,...,0pm] " is an input
vector with M elements, € represents an approximation reconstruction error satisfying |e| < &* with a
constant ¢* > 0,and S(0) = [51(0),...,sn(0)]" € RN is a basis function vector. In this study, s;(¢) are

. . 12/ 2 . .
chosen as Gaussian functions s;(0) = e~ 10=¢ilI"/¢" where i = 1,...,N,¢; = [ci1, ..., cipm] | € RM is the
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center of the receptive field and ¢ is the width of the Gaussian functions. Note that Gaussian basis
function vector is bounded as ||S(0)|| < S* where S* is a constant [32,33].

3.2. Quantized-Feedback-Based Event-Triggered Tracker Design

Based on the command filtered backstepping control technique [6], the proposed controller
design procedure is conducted recursively. In this recursive design procedure, we use the following
coordinate transformation

l’ll = xl -7,
Hit1 = Xjp1 — &1, 4
&j1 = &1 — aj,

wherej=1,...,n—1, ;i =1,...,n are error surfaces, & are filtering errors, and & and & are

virtual control laws and their filtered signals, respectively. The signals &; are calculated from the
following low-pass filters

©)

Rjg =&y,

Rjp = —20jwjljr — wi (&)1 — aj),
with &;1(0) = «;(0) and &;,(0) = 0. {; > 0 and w; > 0 are the damping factors and the natural
frequencies, respectively.

Step 1: Consider the first error surface y1. From (1) and (4), we have jiy = xo + f1 +d1 — 7 =
fo + &1 + a1 + f1 +dy — 7. Define a Lyapunov function candidate V; = (1/ 2)]4%. Then, employing
an RBFNN to estimate the unknown function f;, the time derivative of V; is given by

Vl = ]/11("Mz+5(1/1 + +f1+d1 71")
= ]/11(]124—5{1,1 + a1 +WTTS1 + &1 +d1 —7"), 6)

where W is an optimal weight, S;(x1) denotes a basis function vector, and ¢; is the reconstruction
error for estimating fi.
The virtual control law a4 is designed as

N = —kl‘u] — WlTsl — Bl tanh1 +7, (7)

where k; > 0is a control gain, W is the estimate of Wi, by are the estimate of an unknown constant by
to be defined later, and tanh; = tanh(u1/#1); 71 > 01is a design parameter.
Applying (7) into (6), we have

Vi < iz + 81,1) — kipd — pr Wy St — juby tanhy
— ]/llbf tanh; +“u1(€1 + dl), (8)
where Wy = Wy — Wy and by = b — b} are estimation errors.

Step j (j =2,...,n—1): From (5), we have &;; = &;5. Thus, the time derivative of V; = (1 /2);4]2
is obtained as

Vi=uj(pjs1 + &1 + o+ fj+dj — &)
= pi(pi + &g+ o+ WIS+ e5+dj—&j12), )

where W} is an optimal weighting vector, S j(%;) is a basis function vector, and ¢; is the reconstruction
error for approximating f;.
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Now, we choose the virtual control law ajas follows:
Kj = —k]“l/l] — W]TS] — E] tanhj +5‘j*1,2/ (10)

where k; > 0 is a control gain and W] is the estimate of W]-*, and BJ- is the estimate of b]’f to be defined
later, and tanh; = tanh(y;/1;); 7; > 0 is a design parameter.
Substituting (10) into (9) yields that

Vj < y](l/l]Jrl + 5(]‘/1) - k]y]2 — ‘MJW]TS] — ‘Z/l]l;] tanhj —y]b]* tal’lh]‘ +}l](€] + d]) (11)

where Wj = W] — W]* and Ej = Bj — b]’-‘ are estimation errors.
Step n: Consider a Lyapunov function candidate V,, = (1/2)u2. Similar to the previous steps,
the time derivative of V,, satisfies

Vn < ﬂn(u + W:Tsn +en+dy — &nfl,Z)r (12)

where W is an optimal weight, S, is a basis function vector, and ¢, is the reconstruction error.
In order to design an actual control law u based on the quantized states, quantized-states-based
error surfaces y?, virtual control laws zx?, and adaptation laws for W]- and Ej are defined as follows:
qa _ 4
Bp=X—1
AN Y| (13)
Hiv1 = X1 = &j1s

q q T 9 7 q ~q
DC]» — —k]‘u] — VV] S] — b] tanh]- +04]-71,2/ (14)
W, = 70 (15 — W), (1)

wherei=1,...,n,j=1,...,n—1, S? = S]-(JZ?);X? = [xq,. . .,x?]T, tanh? = tanh(;t?/ly]-), and ‘5‘32 =7.
Yw,j > 0 are tuning gain matrices, 7;; > 0 are tuning gain constants, 0, ; and 0}, ; are positive constants

for c—modification. The filtered signals &;71 and &? , are obtained from the following filters

A Aq
‘ﬁil _ N 9 2050 0 (17)
Déjlz = —2§]w]0c],2 — (U] (“j,l - DC]- )/

with &jl(o) = a;?(o) and &jz(o) =0.
Then, a quantized-feedback-based adaptive event-triggered actual control law u with a triggering

law is presented as

u(t) =&f (t), tet,ti), (18)
tpa = inf{t > ] [ue(t)| > 61|ui(t)| + 62}, (19)
afy = —knpy — W, S} — by tanh], +a] _, ,, (20)
Wa = Yo (HESh — oo |1 War), (21)
by = Yo (ph tanh] —oy, . |18 1B ), (22)

where u.(t) = u(t) — &l ,(t),1 € Z*, ; = 0, t; denotes the Ith event time, 61,0, > 0 are design
parameters for the triggering law (19), W, is the estimate of W', and b, is the estimate of unknown
constant b}, to be defined later, tanh] = tanh(yZ/ #n); 7n > 0 is a design constant, sl = SH(XZ) ;
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JZZ = [x?, eeey xZ]T, kn > 01is a control gain, vy, > 0 and 1}, > 0 are tuning gains, and 0y,, > 0 and

0y, > 0 are small constants for o —modification. Here, &Z 1 in u, is a filtered signal of aj) given by

Y
43’1 — q 2(p0 q (23)
&y 0 = —20nwnl, 5 — wn(ﬁcnll —ah),

where wy, and {,, are filter design parameters, &Z/l (0) = af (0), and B‘Z,Z(O) = 0. Note that the actual

input u is fixed as a constant value &Z 1 (t;) until the next event occurs at ;1 and each event time is
determined by checking the condition in (19). The block diagram of the proposed control scheme
consisting of (14)—(23) is shown in Figure 1.

I e i i S i U i T S S S S e 1
| - & 1
: | Adaptation Quantized-feedback-based
! law (15) event-triggered control scheme |
! &l !
o | q 1
L : Virtual a4 :
T control law ; \
_'—><i = . ‘11 > 14 Low:pass | Adaptation E
D ElT filter (17) law (15) i
] 1 —~ 1
i L,.| Adaptation 2= @ Wzl E
| law (16) 11 12 Virtual af !
I = 1
1 - control law 1
D EERECEEEEEEE v O— (14) |
! # My ~ Low-pass !
Loyl b, filter (17) !
i Adaptation | g9 a9 !
1 a a ]
! "l awae | s !
1 1
| [ . !
.: L] + :
L . O— Event !
! Adaptation r triggering |
i 1 law D) > law(19) '
1
1 7 t 1
! Wnl l '
i &2—1,1 e qu—lvz - al @l N Actual E
| - A9x1llaly N Ei)t:r-l() ;;; o control law !
! () G variable (20) (18) :
| + Hn N u I
. . el
1
1 Adaptation d
! — law (22) i System (1)
1
S - X;
q
Xi | Uniform
quantizer (2)

Figure 1. Block diagram of the proposed quantized-feedback-based event-triggered tracking system.

Define an ideal control signal a;, as
&y = —knpn — W, Sy — by tanhy, +&, 1, (24)
and its filtered signals &, ; and &, » obtained from the following filter

&n,l = 5‘11,2/ (25)

by = —20nwWnlyp — W3 (Ry1 — ay)

where &, 1(0) = a,,(0) and &,,(0) = 0.
Note that the following property holds.

Ut ap — oy + &1 — 8y 1+ &Z,l - 5¢le = Ue+&n + &yy — Kan,1, (26)

where &, 1 =&, 1 —ayand k3,1 = &1 — &Z 1
By substituting (26) into (12) and using (24), we have

Vn < Un (“n + W::Tsn +en+dy — 156;171,2) + Un (5‘11,1 - Kﬁc,n,l) + Unlle
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= _kn,u% - an;jsn - ,unEn tanh,, +]/ln(5‘n,l - K&,n,l) + Unite
— unby, tanhy, +py, (60 + dy) (27)

where W, = W,, — W, and b, = b, — b}, are estimation errors.

Remark 3. In the proposed triggering law (19), the adaptive terms depend on the time-varying error surface
wh = x} — zxq _11- Note that &Z—l,l is the filtered signal ofzxz_l om (14) and aZ_l includes the adaptation
parameters W,,_1 and b,,_ and the error surface ]4172. A similar reasoning can apply the error surface VZQ
recursively. In addition, wj obtained from (20) is employed in u, of (19). Therefore, it concludes that the
triggering law (19) depends on the information of all adaptation parameters W; and b; wherei =1,...,n

3.3. Stability Analysis

Letus define &, = &jpand & = [&;1,&;p] ', 7 = [r, 7,77, iy = [p1, .., i) T, &y = [@0, -, @ia] T,
13:(1‘,2 = [5(1,2,. . .,E(i,z]T, Wi = [Wl,. . .,WJT, bi = [bl,. . .,bi]T, and EL‘ = [dl,. . .,di]T fori = 1,. N (N
Then, the dynamics of &; along (5) and (25) is given by

&; = A;&; + DT, (28)

0 1

w7 —2Gw

where A; = ,D=11,0]",and

rl(ﬂz,ﬁqfl,wl,fﬂl,?,dl) = klfll + W;Sl + WlTsl + i?l tanhy +21S6Ch2 (%) B
1

m
_ = = 7% =7 . A AT & A A Hi\ Hy
Ti(fjv1, &1, 812, W), by, 7,d;) = ki + W]»TS]- + WJ.TS]' + bj tanh; —}-bjsech2 (’75) ’7—; —&j_12,
(ﬁ & “nfl,Z/ V;vn/i_;nli_;/ d_n/ Ue, Kﬁc,n,l) = knﬂn + W;Isn + WJSn + i’n tanh;,
+ bysech? (yl) Bn fy_12, (29)
Mn /) Nn

forj=2,...,n—1.

Owing to {; > 0and w; > 0, A; are Hurwitz matrices. Then, for any matrix M; > 0, Al-TPZ- +PA; =
—M,; is satisfied where P; > 0 is a symmetric matrix.

For the stability analysis of the closed-loop system, three lemmas (i.e., Lemmas 3-5) are presented.

Lemmas 3 and 4 give the boundedness of the estimation errors W; and b;, respectively, where i =

~4

1,...,n. In Lemma 5, we show that the errors between the quantized signals ;ﬂ Sq tanhl7 oc &y,

and &7 ;> and the unquantized signals y;, S;, tanh;, a;, &;1, and &;, are bounded wherei =1,...,n.

Lemma 3. Consider the adaptation laws (15) and (21). Then, there exists a compact set Oy, ; = {W;| ||[W;|| <
Xw,i } such that W;(t) € Q,; for all t > 0 provided that W;(0) € Q, ; where x4, ; is an unknown constant.

Proof. Let us consider a Lyapunov function candidate V,,; = (1/ 2) 'yw ZW Then, sz is given by

W, (1181 — o i | ]| W)
W, (uls? W +W;)).

Here, each term can be represented by —o,;|u!|[W,W; = W12, WTuls? <
Wil | [11ST]], and =W, oo i [ud [W < || Wil [t | i | WE - Herec since the optlmal weights V\{Z* and
the basis function vectors S; are bounded, there exist constants W; and S? satisfying ||W/|| < W; and

||S7]| < S7, respectively. Based on these facts, V,,; satisfies

Vao,i < IWilll ]| (S + 0, W; —

Nill)- (30)
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From this inequality, we have that V;,; < 0 when |W;|| > xu; with x4,; = (Sf + T, iWi) /O i

Thus, V,,; decreases when W;(t) ¢ Q,,; and W; finally remains within (), ;. Consequently, if W;(0) €
Qu i, Wi(t) € Oy for all t > 0 which completes the proof. [

Lemma 4. Consider the adaptation laws (16) and (22). Then, there exists a compact set O, ; = {b;| |b;| < xp,i}
such that b;(t) € Q; for all t > 0 provided that b;(0) € QU ; where xy ; is an unknown constant.

Proof. Similar to the proof of Lemma 3, a Lyapunov function candidate Vj,; = (1/(27;,))b? is
considered. Then, we have

Using b; > 0 and the inequality |tanh!| < 1, it is obtained that b;u] tanh] < |b;|[u]],
—bioy,i |1 |b; < |bil|[u]|ov,ibf, and —Boy,i ]| = — bl |u]|0y,:|bi|. Then, V, ; becomes

Vo < |Bil [ |(1 + 067 — 03,]Bi]). (31)

Let xp,; 2 (1+ 0p,ib¥) /03 ;. Then, following an argument similar to that in the proof of Lemma 3,

it is ensured that if ;(0) € Q;, b;(t) € O for all t > 0 which completes the proof. [

Lemma 5. Consider the quantization errors of the closed-loop signals as

— q — q
Kui = Hi — Wi, Ksi=Si— 5],
Kih; = tanh; — tanh?, Koji= & — oc?, (32)
o ~q A ~q
Kail = &1 — &;q, Kaiz = Kip — &; 5,

wherei =1,...,n. Then, there exist positive constants K, ;, Ks i, Ky, i, Ky,i, and Kz ; such that |KW»| < K,
; _ T
lls,ill < Ks,iv [Kini| < Kinis [Kai] < Kaio and ||xa ;|| < Ka i, respectively, where ks ; = [Ka i1, Kz, 2]

Ka,i

Proof. (i) Based on the boundedness of Guassian basis functions and hyperbolic tangent functions,
we can easily obtain

llxs,ill < Ksi, [en,i| < K (33)

where Kg; = 25 and Ky,; = 2. Using the property |x,;| < J of the uniform quantizer (2) and
Kyl = X1 — x?, Ky, satisfies

Kual = Irxa] < Ky (34)
where K, 1 = 4. From (7) and (14), we have
Kag = —k1k,1 — Wy kg1 — bian 1.
Then, it holds that

1| < Kalia| + [|Walll|xs 1]l + |61 [ 1. (35)

From Lemmas 3 and 4, we have |W;| < Xy, and b;| < Xp,; where x7 ; = max{||W;(0)]], xw,}
and x;; = max{|;(0)|, xp,}- Then, using W; = Wy + W and by = by + b}, the bounding constant
K, 1 is obtained as K, = k1Ky1 + (X1 + Wi)Ks 1 + (XZ,l + b})Kin 1-
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The low-pass filters for a1 in (5) and for Déz in (17) induce
ka1 = A1ka1 + Dikg (36)
where k31 = [Ki11,%212) | and Dy = [0, w%] Solving this differential equation leads to
t
K@,l(t) = eAltK&J (0) + / eAl(t_T)DlK,X/l(T)dT. (37)
0

Since A; is invertible, the following inequality is satisfied.

From Lemma 2, the inequality [le41f|| < B11eP12f holds with positive constants 811 and By .
Due to 31,1 (0) = %,,1(0) and x3,12(0) = 0, we have ||xz,1(0)|| = |x4,1(0)|. Then, we have

ka1 (D) <lle™l[1xa,1 (0) ]| + Ko D1 [[[| A7 (I = e (38)

ka1 (E) || < Bral%e1(0)] + K| D1 ||| AT (1 + B,1)
£ Kiq. (39)

Thus, it is guaranteed that

Ka1,1| < Ka1and [x512] < Ka 1.

(if) From pp = xp — &1 1 and yg = xg — 54? 1 it holds that

+

k2] < [rx2] + |xa,11] < K2 (40)

where K, » £ Kyp + Ky 1; Kyp = 6 owing to the property [k, ;| < 6. From (10) and (14), we have

Kap = —koky2 — WZT Ksp — Bthh,z + %4,1,2. Then, it holds that
lka| < kaliuo| + [[Wallllks 2]l + [B1] x| + [xa,1,2] < Ko (41)

where K, » = koKyp + (X3 + W)Ks o + ( Xp o + b5 )Kin 2 + Ky 1. Following a procedure similar to that
from (36)—(39), we can obtain the constant Kaz satisfying ||xa2|| < Kz2-

(iii) According to the similar recursive derivation procedure, it holds that Kyuir Kajis and x; ;,
i=23,...,n,are bounded as

|Kpt,i| < K],z,ir |Kuc,i| < Koc,ir HK&,iH < Kﬁc,i-

This completes the proof of Lemma 5. [

Choose a Lyapunov function candidate V as
. T
V= Z{ (V] +& Pjoc]-). (42)
j=

Theorem 1. Consider the uncertain strict-feedback nonlinear system (1) with the uniform state quantizer (2).
Then, for any initial conditions satisfying V(0) < ¢, the quantized-feedback-based adaptive event-triggered
tracker consisting of the command filters (17) and (23), the virtual control laws (14), the actual event-triggered
control law (18)—(20) with the adaptation laws (15), (16), (21) and (22) ensures that all the closed-loop signals
are uniformly ultimately bounded, the tracking error uy converges to an adjustable compact set around zero,
and the inter-event times t; .1 — t; are lower bounded by the minimum inter-event time tun > 0 wherel € 7.
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Proof. From (8), (11), (27) and (29), V is given by
n ) n T n—1 n n T
= Yo kipi = & Mg+ ) ppi + ) widja + ) 2&; PDT;
= =1 =1 =1 =1
n n - T n -
— Z "l/ljb;f tanh]- + Z yj(ej + d]' — VV] S]') + Unle — UnKanl — Z "l/ljb]' tanh]- . (43)
=1 =1 =1

From (19), the inequality

|.”n”6| < |Vn|(91‘7/‘?1| +92)
< Ovps + 01| unl |15, — pin| + 02| pin] (44)

holds for all + > 0. From (44) and x,, = pn — yZ, we get

n—1 n—1 n n
y 2 ~ =T
V< — X% kips — (kn — 61)p Z &) M, + Z% Hitjs1 + X% pikj1 + 220&]. P,DT;

n
— ) ujb; tanh; + Z pibj Z pib; tanh; (45)
= = A

whereb; = ¢; +d; — W].TSj,j =1,...,n—1,andb, = e, +d, — W/ S, +6; |%Ku,n|sgn(pn) + O2sgn(pn) —
Kan,1; SgN(1n) denotes the signum function of ;.

The reconstruction errors ¢;, basis function vectors S;, and time-varying disturbances d; are
bounded signals where i = 1,...,n. In addition, |W;||,i = 1,...,n, are bounded from Lemma 3 and
Ku,n and x; , 1 are bounded from Lemma 5. Therefore, bj and b,, are bounded as

bj| <& +d; +x3,;S] £ b7,
bn| < & +d5s + X5 S+ 01Kun + 62 + Ko = by,

Then, using the boundedness of b;, j = 1,...,n, and applying Lemma 1, it holds that
[mibj| < b |pj| < by pjtanh; +0.2785b;7;. (46)

Using (46) yields

V<—Zk]y] (kn — 01) 117 —m]2||a]|| +Zy];4]+1+21y] ]1+22aTPDr

n
- Z% pibj tanh; + Z% 0.2785b71j;
j= j=

where m; = Amin(Mj).

~ From [ig| < Ky, we get [ue] < O1|p| + 02 < 01]pn| + 01Ky 0 + 02. Then, since ||W;|| < X ir
bi] < xppi ldi] < an are satisfied for i = 1,...,n, there exist positive bounding
functions I'; such that

Ty (f 2,81, 1/W1/blrr d)| < T(szo‘l 1.7),
W, b;, 7,d;)| < TH(fjs1, &1, & 10,F), (47)

T (A, &1, &j—1,2, W,

|rfl(.1’_l Xy, 1By 12/Wnrbn/7’ dn/ue/K:xnl)| <T; (ﬁ 567,/1,6:%”,1,2,?_"),

wherej=2,...,n—1.
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2+
Y1 28) Poftp < 26}, En = {(u1, - iy Bt - ) © Lp_q pij + L1 28) Pplty < 26}, and B, =
{(r,#,#) : ¥* +#* +#* < ¢,} where &, = [Ecm,&plz]—r and ¢, > 0is a constant. Note that Z; € R3+1,
E, € R%, and &, € R3 are compact sets. Therefore, Ei X & € R3*4 and B, x &, € R313 are also
compact. From (47), it is ensured that there exist constants I'; and T, such that |T;‘| <TjonE; x &,

Let us define 5, j = 1,...,n — 1, By, and &, as &; = {(yl,...,yj+1,5c1,...,5cj) :

and |T;| < T, on &, x E,. Then, using the following inequalities

1 2 1 2
Hilj+1 < SHj + 5Hj
. 1 1
pikj < 5#]2' + §HD‘jH2r

(T)21P 111
#_’_[

~T
2&] PiDT; < l

7

7 1, 1 .0
f"l/ljb]‘ tanh]- < E'uj + E(Xb,]') ’

with a constant 1 > 0, and selecting k; = 3/2+ki, kj = 2+kj, ky = 3/2+ 61 +ky, mj = 1/2+
TJZ | P; 1%/t + i1 with positive constants k1, I_cj, k,, and ij, we get

n n n )2\ T2/ P12 &;])2
V<Y k- Lomlale -3 (1- ) ) AR 8)
= )

where C = Y!, 0.2785b77; + 2?11(?(%)2 + nu. Since [I7] < [jonV = g it is obtained that V' <
—kV + C where k = min[2ky, ..., 2ky, 1/ Amax(P1), - - -, 70/ Amax(Py)]. Here, when k > C/¢, V < 0
on V = ¢ is ensured and thus the set V < ¢ is an invariant set. Therefore, we can conclude that
the closed-loop signals y; and &; are bounded wherei = 1,...,n. From the boundedness of y; and
r, x1 is bounded. Then, a; in (7) is bounded using the boundedness of W; and by from Lemmas 3
and 4. Based on the boundedness of &, it is induced that &; ; and &; » are bounded owing to the
stable filter (5). Thus, the boundedness of ji; and &; ; leads to the boundedness of x;. By the similar
reasoning, x;, &;, &; 1, and &; , are bounded for i = 1,...,n. Then, from Lemma 5, oc?, &?,1’ and 54?2 are
also bounded. According to the triggering law (19) and the boundedness of &Z,l, we can conclude that
the implemented event-triggered control input u is bounded. In addition, the inequality (1/2)u3(t) <
V(t) < e ¥V (0) 4 (C/k)(1 — e ) is obtained by solving V' < —kV + C. Therefore, it is ensured that
the tracking error y1 converges to a compact set IT = {1| |u1| > v/2C/k} whose size can be adjusted
by choosing appropriate design parameters (see Remark 5).

Now, to exclude Zeno behavior, we prove that there exists a minimum inter-event time #pjn.
Since |u,| is differentiable except u, = 0 at each triggering instant, we obtain

d d

1 . .
E‘ﬁe| = %(ae‘)i = Sgn(ﬁe)ﬁe < |’5‘Z,1|' (49)

Note that &' ; = &) ,, and the uniform boundedness of &} , is ensured from the previous analysis.
Thus, there exists a positive constant a* such that |47 | = [a7,| < a*. Consequently, according
to the proposed triggering law (19), integrating 4 |ii,| < a* during t € [t;,t;,1) gives t;;q —t; >
(01| ph (t)] +62)/a* > 62 /a* forall I € Z7T. That is, the minimum inter-event time can be defined as
tmin = 62/a*. L]
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3.4. Comparision with the Recent Work

In this section, the proposed control scheme is compared with the recent adaptive quantized
feedback control scheme in [14]. In the recent work [14], an adaptive quantized feedback recursive
controller was designed for nonlinear systems described by

X = xip1 + &i(%i

Xy =u-+ n (fn> + ﬂTh(fn)/ (50)

wherei = 1,...,n—1, Sjs j = 1,...,n and h are known nonlinearities, and ¢ is an unknown
parameter vector. Here, the unmatched nonlinear functions g; should be known and satisfy the
Lipschitz conditions with known Lipschitz constants. On the contrary, the proposed controller
is designed for system (1) involving completely unknown unmatched nonlinear functions f; and
disturbances d;. Therefore, no information of the nonlinearities is necessary for designing the proposed
quantied feedback controller. To deal with these nonlinearities and disturbances in the quantized
feedback recursive control design, we present an adaptive function approximation technique using
quantized-states-based adaptation laws (see (14) and (15)) and prove the boundedness between «;
and a!.
On the other hand, the quantized feedback controller in [14] was designed as follows:

_ q q ~4
aj = kil = & T g
w= ko —gh —0Th1+al_,, (51)
& = vo(uhht — 039),

where j = 1,...,n -1, k]-, kyu, 79, and oy, are design parameters, 8 is the estimate of @, g? =
g,»(x?, ., x?), and h1 = h(x;], e, xZ) fori = 1,...,n. The definitions of ;ﬂ and &?_1’2 are same
as ours. It should be emphasized that u in (51) is continuously updated. Therefore, this control scheme
increases the load in communication through the controller-to-actuator channel which is unfavorable
in practical networked control systems with limited communcation resources. In order to reduce
this load, we developed our control scheme in an event-driven manner which means that u in (18) is
updated only when the triggering condition (19) is satisfied.

In summary, compared with [14], the proposed controller can handle uncertain nonlinear systems
with strict-feedback unknown nonlinearities while saving the communication resources by reducing

the update of the control input u.

Remark 4. In the existing event-triggered controller design, the existence of the minimum inter-event time is
necessary to avoid the Zeno behavior. To prove the existence of this minimum inter-event time, the triggering
error signals should generally be differentiable [21-26]. However, the quantized feedback control laws reported
in [13,14] were not differentiable because of the quantized state variables. To overcome this problem, we employ
the auxiliary first-order low-pass filter (23) for the quantized-feedback-based control law oy in (20). Subsequently,
the differentiable signal &le is used in the event-triggered actual control law u in (18). Consequently,
the existence of the minimum inter-event time can be ensured by the analysis using (49). This design difficulty
comes from the simultaneous handling of the quantized-feedback-based control and event-triggered control.

Remark 5. In the proposed quantized-feedback-based event-triggered tracking scheme, the selection of the design
parameters is sufficient conditions. The guidelines for the selection of these parameters are based on the proof of
Theorem 1 as follows:

(i) As the level of the quantizer § in (2) decreases with the performance of digital devices or the
communication environment, C can be reduced and thus the convergence bound /2C /k can be reduced.

(ii) As vy and vy, i = 1,...,n, increase while fixing o, ; and oy, ; as small constants, the tuning speed
of the estimated parameters W; and b; and k can be increased and thus the bound +/2C /k can be reduced.
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(iii) The eigenvalues of M; can be increased by adjusting the filter parameters {; and w;, i = 1,...,n,
and the control gains k; can be increased. Then, the bound /2C /k can be reduced by increasing the control
gains k;.

(iv) Reducing the design parameters n; helps to reduce C, which subsequently reduces /2C /k.

(v) Adjusting the triggering parameters 01 and 6, manipulates the number of event times along the limited
network communication resources in transient and steady-state responses.

4. Simulation Results

In this section, a numerical example and a hydraulic servo system were simulated to validate the
proposed quantized-feedback-based adaptive event-triggered control result. For the two simulations,
the sampling time ¢; was set to t; = 2 ms. Thus, the quantized feedback triggering law (19) was
monitored every 2 ms. Furthermore, the tracking performance of the proposed quantized feedback
control scheme was compared with that of the previous adaptive quantized feedback control scheme
reported in [14]. We show that although the proposed event-triggered control scheme was designed in
the presence of unknown nonlinearities, its tracking performance was similar to the performance of
the previous continuous controller [14] designed in the presence of known nonlinear functions.

4.1. Example 1

The uncertain third-order strict-feedback systems are considered by

X = Xip1 + fi(%) +di, (52)

X3 =1u —|—f3(f3) + djs,
where i = 1,2, fi = 05x; + 0722, f» = x1x, + 0.4sin(xy), f3 = e 3x; + xx3, d; = 0.2sin(#),
dy = 0.8cos(t), and d3 = 0.7¢~3 sin?(t). For the state quantization, the length of the quantization
interval 6 was § = 0.005 and the design parameters for the proposed controller were k; = 5, k, = 10,
k3 = 30, Yw1l = 10, Yw2 = 1, Yw3 = 1, Ow,i = 0.0000001, Yv,i = 1.5, Op1 = Opp = 0.6, 0p3 = 0.9,
7; = 0.3, w1 =20, wy =30, w3 =200, {; = 0.707, 01 = 10, and 6, = 0.5 where i = 1,2, 3. The reference
signal is r = 0.2 cos(0.7t) + 0.6 cos(1.5¢) and the initial conditions are %3(0) = [0.5,0,0] ', respectively.
For the comparison of the simulation results, the controller in [14] was implemented with the same
design parameters k;, wj, and {; under the assumption that f;(%;) and d; are known where i = 1,2,3
andj=1,2.

The tracking results and errors are compared in Figure 2a,b, respectively. In each figure, the upper
one is the result of the proposed quantized feedback controller and the lower one is the result of the
previous quantized feedback controller [14]. As shown in Figure 2, the quantized feedback tracking
performances of both controllers were similar, although the proposed quantized feedback approach
considers the unknown nonlinearities and the event-triggered inputs. In Figure 3, b; and W; are
depicted where the adaptive parameters were bounded even though the quantized states were used to
update them. Figure 4a displays the control signal &g,l and its triggered signal u. Figure 4b depicts
the inter-event times where the maximum inter-event time was 0.3 s which is sixty times longer
than the sampling time. The triggering error u, and the triggering threshold 6; |],tg| + 6 are shown
in Figure 5a and the cumulative number of triggering instants of ours is displayed in Figure 5b.
From Figures 4 and 5, it is shown that the control input u is updated when || reaches 6 |}| + 6, and
the total number of events is 974 which implies that 6.49% = %ts x 100 of the total sampled data of
&g,l are only transmitted through a communication channel during 30 s. Based on these figures, we can
conclude that the tracking of uncertain strict-feedback nonlinear systems can be achieved although the
quantized state variables x?, i = 1,2,3, were used, the control input was intermittently updated via the
triggering law (19), and the inherent nonlinearities and disturbances were completely unknown.
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Figure 5. Triggering threshold and the comparison of the cumulative number of events of the proposed
approach for Example 1 (a) |u| and 61| yg\ + 6, (b) the cumulative number of events.

4.2. Example 2

Consider a servo system driven by a hydraulic actuator where an inertia load is held by a
spring-damper and a hydraulic actuator is placed in parallel to the spring-damper. The dynamic
model of hydraulic servo systems is described by [34]

ms8 + b5 + ks® = F + d,
4%{61% +CPL+Ad=Qp, ’ (53)
where ¢ is the displacement of the inertia load, m; is the mass of the load, ks and b are the spring
constant and the damping constant, respectively, F = APy is the driving force produced by the
hydraulic actuator; A is the ram area and Py is the pressure difference of the hydraulic actuator,
d denotes the friction inside the cylinder, V; is the volume of the cylinder, B, is the effective bulk
modulus of oil, C; is the total internal leakage factor, and Qy, is the supply input flow. For more
information about the dynamics of the hydraulic servo systems, see [34].

Let us define the state variables and the control input u as x; = 9, xp = d, x3 = APy /ms,
and u = 4AB.Qr/ (msV;). Then, (53) can be rewritten by

X1 = X2,
Xy = X3 —l—fz(fz) + dz(t), (54)
X3 =u+ f3(%3),

where f2 = —(bs/ms)xz — (ks/ms)xl, dz = (1/m5)d, and f3 = *4(ﬁe/Vt)CtX3 — 4(A2,Be/(mth))x2.
For the simulation, f,, f3, and d, are assumed to be unknown and the system parameters are set to
ms = 300 kg, bs = 1500 N-s/m, ks = 9000 N/m, A = 1.2656 x 10~* m?, V; = 6.5312 x 1073 m?, B, =
6.9861 x 108 N/m?2, and C; = 4 x 10713 [34]. The friction term is set to d = sign(x2) (20 + 22¢~19012)N,
The reference signal r is given by r = 0.1 cos(t) and the initial conditions of the state variables are
%3(0) = [0.12,0,0]". The design parameters are chosen as 6 = 0.001, k; = 5, ko = 3, k3 = 20, 74,; = 30,
Ow,i = 0.00001, Yv,i = 20, Opi = 0.001, i = 0.5, w1 = 10, wy = 70, w3 = 150, @1 = @l- = 0.707, 91 =10,
and 6, = 0.1 where i = 2,3. Similar to the previous example, the simulation results of the proposed
controller are compared with those of the controller in [14] with the same design parameters k;, wj,
and ¢ i withi =1,2,3and j = 1,2 and the known information of f,, f3, and d». In Figure 6, the tracking
results and errors are compared where the initial error under the proposed controller converges close to
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zero within a few seconds and the tracking performance of the proposed controller is similar to that of
the controller in [14]. These figures reveal that the function approximation using quantized states can
effectively compensate for the uncertainties f», f3, and d,. In Figure 7, the estimation parameters || W;||
and b;, i = 2,3 are shown. Figure 8a,b depict the input triggering results and the inter-event times,
respectively, under the proposed control scheme. The triggering error and the triggering threshold
are demonstrated in Figure 9a and the cumulative number of events is displayed in Figure 9b where
the total number of events of ours is 1388. Thus, only 9.25% = %ts x 100 of the total sampled data
of 5‘2,1 during 30 s are released to the communication channel. As illustrated in these figures, we can
achieve a good tracking performance for uncertain hydraulic servo systems with state quantization
and unknown uncertainties.
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Figure 7. Estimation results of the proposed approach for Example 2 (a) b; (b) || W;|| fori = 2,3.
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5. Conclusions

A quantized-feedback-based adaptive event-triggered tracking strategy has been provided for
state-quantized nonlinear systems in strict-feedback form with unknown nonlinearities. Different from
the existing control methods, an adaptive approximation-based controller has been designed by
deriving quantized-states-based adaptive laws and the event triggering issue has firstly been addressed
in the quantized feedback control field. The closed-loop stability of the quantized-feedback-based
event-triggered recursive control system has been analyzed with three lemmas. Further studies on the
quantized-feedback-based adaptive event-triggered tracking problem of robotic systems and nonlinear
multi-agent systems are recommended as future works.
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