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1 Introduction

The origins of cosmic inflation in the early Universe and cosmological acceleration at late
times are among the most important questions in modern cosmology to date. The former
period with large vacuum energy solves various problems in Standard Big Bang cosmology
such as horizon problem, homogeneity, isotropy, etc, and it seeds the large-scale structure
of the Universe. On the other hand, the latter period with dark energy would determine
the fate of the Universe in the future.

Higgs inflation [1] has drawn attention due to the minimal possibility that the Higgs bo-
son in the Standard Model is the inflaton with a non-minimal coupling to gravity. Starobin-
sky inflation [2] is also the economic extension of General Relativity with an R2 term, whose
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predictions for inflationary observables are in perfect agreement with Planck data [3], sim-
ilarly as in Higgs inflation.

In the original version of Higgs inflation, however, there is an unitarity problem due
to the large non-minimal coupling, associated with the would-be Goldstone bosons in the
Higgs doublet [4–7]. Thus, there is a need of introducing new degrees of freedom to restore
the unitarity in Higgs inflation up to the Planck scale, so there have been a number of
suggestions in the context of linear sigma model analogues for chiral perturbation theory
in QCD [8–14]. Recently, it has been shown that the R2 term can provide an ultra-violet
(UV) completion for Higgs inflation [15–18] and linear sigma models for Higgs inflation
were identified in the basis with conformal invariance [19, 20].

In this article, we consider general linear Higgs-sigma models as UV completions of the
Higgs inflation. In this framework, the linear Higgs-sigma models are regarded as being
basis-independent under conformal transformations, and conformal symmetry is explicitly
broken in the Einstein term and the scalar potential. We introduce general higher curvature
terms beyond Einstein gravity and derive the corresponding linear Higgs-sigma models by
taking the dual-scalar formulation and identifying it as a sigma field. Then, we analyze
the inflation dynamics in the linear Higgs-sigma models and compare the results to those
in the literature where the conformal invariance was not manifest. We also obtain the new
results for the tracker solution for dark energy from the sigma-field potential derived from
general higher curvature terms and compare the time-varying equation of state for dark
energy to the observed data.

The paper is organized as follows. We introduce the Higgs inflation as non-linear sigma
models in the basis with conformal invariance and review the strategy for that in detail.
We make the non-linear sigma models in linear forms for the Starobinsky model as well as
the analogues of general higher curvature terms. Then, we discuss the inflation in linear
sigma models motivated by the UV completion into the Starobinsky model. Next we show
the implications of the sigma-field potential for dark energy in the linear sigma models
derived from general higher curvature terms. Finally, conclusions are drawn. There are
two appendices showing the relation to sigma models of different form and identifying the
Higgs interactions in going from conformal frame to Einstein frame.

2 Higgs inflation as non-linear sigma models

We consider the Lagrangian for Higgs inflation with non-minimal coupling ξ, as follows,

L =
√
−ĝ
[
− 1

2(1 + ξφ̂2
i )R̂+ 1

2g
µν∂µφ̂i∂ν φ̂i −

λ

4 (φ̂2
i )2
]
. (2.1)

In the original UV completion for Higgs inflation [8, 9], the Higgs kinetic terms are identified
as non-linear sigma models in Einstein frame and they are linearized by the introduction of
a real-singlet sigma field. In this work, taking the basis with conformal invariance [19, 20],
we first review the details on how to recast the Higgs inflation in non-linear sigma model
and introduce a sigma field after that.
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2.1 The conformally invariant Lagrangian

First, we introduce an unphysical scalar degree of freedom in the metric, the conformal
mode ϕ, in the following,

ĝµν = e2ϕgµν . (2.2)

Then, using

R̂ = e−2ϕR− 6e−3ϕ�eϕ, (2.3)√
−ĝ = e4ϕ√−g, (2.4)

we can rewrite the Lagrangian (2.1) as

L =
√
−g e4ϕ

[
− 1

2e
−2ϕ(1 + ξφ̂2

i )R+ 3(1 + ξφ̂2
i )e−3ϕ�eϕ + 1

2e
−2ϕ(∂µφ̂i)2 − λ

4 (φ̂2
i )2
]

=
√
−g

[
− 1

2e
2ϕ(1 + ξφ̂2

i )R+ 3(1 + ξφ̂2
i )eϕ�eϕ + 1

2e
2ϕ(∂µφ̂i)2 − λ

4 e
4ϕ(φ̂2

i )2
]
.

Next, making the field redefinitions by φi = eϕφ̂i and Φ =
√

6 eϕ, we get

L=
√
−ĝ
[
− 1

2

(1
6Φ2 +ξφ2

i

)
R− 1

2(∂µΦ)2 +3ξφ2
i

�Φ
Φ + 1

2Φ2
[
∂µ(Φ−1φi)

]2
− λ4 (φ2

i )2
]

=
√
−ĝ
[
− 1

2

(1
6Φ2 +ξφ2

i

)
R− 1

2(∂µΦ)2 + 1
2(∂µφi)2 +3

(
ξ+ 1

6

)
φ2
i

�Φ
Φ − λ4 (φ2

i )2
]

(2.5)

where we made integrations by parts.
The next step is to redefine Φ = φ+ σ and get

�Φ
Φ = (φ+ σ)−1(�φ+�σ). (2.6)

Then, we take the following combination of the conformal mode and the Higgs fields,

1
6Φ2 + ξφ2

i = 1
6φ

2 − 1
6φ

2
i −

1
6σ

2, (2.7)

or
1
6(φ+ σ)2 + ξφ2

i = 1
6φ

2 − 1
6φ

2
i −

1
6σ

2. (2.8)

As a result, we get the above equation to solve for σ as follows,

σ = 1
2

(√
φ2 − 12

(
ξ + 1

6

)
φ2
i − φ

)
. (2.9)

This is nothing but the constraint equation for the σ field. Then, with σ = Φ − φ, the
relation with the redefined conformal mode φ is given by

Φ = 1
2

(√
φ2 − 12

(
ξ + 1

6

)
φ2
i + φ

)
. (2.10)
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Finally, from [1
2Φ2 + 3

(
ξ + 1

6

)
φ2
i

]
�Φ
Φ = 1

2(φ2 − σ2) �Φ
Φ

= 1
2(φ− σ)(�φ+�σ)

= −1
2(∂µφ)2 + 1

2(∂µσ)2, (2.11)

where we made integration by parts again, we can rewrite eq. (2.1) in the final form,

L =
√
−g
[
− 1

2

(1
6φ

2 − 1
6φ

2
i −

1
6σ

2
)
R− 1

2(∂µφ)2 + 1
2(∂µφi)2 + 1

2(∂µσ)2 − λ

4 (φ2
i )2
]
. (2.12)

Therefore, in the above final form of the Lagrangian, the non-minimal coupling for the
Higgs fields in the Higgs inflation is moved into the non-canonical kinetic term in (∂µσ)2

with the constraint, eq. (2.9). If the σ field is promoted to a dynamical field as will be
discussed in the next section, all the scalar fields couple conformally to gravity, so the
above Lagrangian is invariant under the local conformal transformations.

2.2 Gauge-fixed Lagrangian

Now we fix the gauge for the conformal mode to φ =
√

6 to determine the Planck mass.
Then, we obtain eq. (2.12) in the conformally invariant form except the Einstein term,

L =
√
−g
[
− 1

2

(
1− 1

6φ
2
i −

1
6σ

2
)
R+ 1

2(∂µφi)2 + 1
2(∂µσ)2 − λ

4 (φ2
i )2
]

(2.13)

with

f(σ, φi) ≡
(
σ +
√

6
2

)2

+ 3
(
ξ + 1

6

)
φ2
i −

3
2 = 0. (2.14)

Here, we rewrote eq. (2.9) in a more illuminating form, (2σ + φ)2 + 12
(
ξ + 1

6

)
φ2
i = φ2,

which is then recasted into eq. (2.14). The constraint equation (2.14) defines the vacuum
manifold for the would-be linear sigma model with the σ field. Therefore, we can regard
the Higgs inflation as non-linear sigma models with the constraint equation for the sigma
field given in eq. (2.14).

2.3 Promoting the constraint to a dynamical field

We can introduce the constraint equation (2.14) as a Lagrange multiplier κ(x) in the
Lagrangian, in the following form,

∆L = −
√
−g κ(x)

4
(
f(σ, φi)

)2
. (2.15)

Then, we can recover the Lagrangian in eq. (2.12) by using the equation of motion for
κ(x). But, if the σ field is promoted to a dynamical field as in linear sigma models, then
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the Lagrange multiplier becomes a coupling parameter, and we obtain a UV model with
the sigma field included, with the following Lagrangian in the fixed gauge,

L =
√
−g

− 1
2

(
1− 1

6φ
2
i −

1
6σ

2
)
R+ 1

2(∂µφi)2 + 1
2(∂µσ)2

−λ4 (φ2
i )2 − κ

4

(σ +
√

6
2

)2

+ 3
(
ξ + 1

6

)
φ2
i −

3
2

2
 . (2.16)

In this case, as far as the non-minimal couplings, the kinetic terms and the Higgs quartic
coupling are concerned, the local conformal symmetry is respected. But, the conformal
symmetry is broken explicitly by both the Planck mass and the σ potential. Nonetheless,
we dub the chosen metric frame “the conformal frame”, because the scalar fields couple
non-minimally to gravity in a conformally invariant way.

From the sigma model Lagrangian in eq. (2.16), it is obvious that there is no unitarity
violation below the Planck scale, and the theory is perturbative, as far as the quartic
couplings for the sigma field and the Higgs quartic coupling are small, i.e.

κ . 1, λ+ 9κ
(
ξ + 1

6

)2
. 1, 6κ

(
ξ + 1

6

)
. 1. (2.17)

We note that the sigma-field potential in eq. (2.16) can be generalized to any function
of the constraint f(σ, φi, ), as far as there exists a local minimum with f(σ, φi) = 0. As
will be shown in the next section, the general sigma-field potential can be obtained from
higher curvature terms in Higgs inflation.

3 General linear sigma models from higher curvature terms

In this section, we derive the linear sigma model from the Starobinsky model with R2

term. Then, linear sigma models are generalized to the case with a general curvature
expansion. We give explicit examples for the cases where one or two terms are dominant
in the curvature expansion.

3.1 Starobinsky model as a linear sigma model

Suppose that an R2 term is added in the Lagrangian for Higgs inflation in eq. (2.1), as
follows,

LR2 =
√
−ĝ
[
− 1

2(1 + ξφ̂2
i )R̂+ 1

2g
µν∂µφ̂i∂ν φ̂i −

λ

4 (φ̂2
i )2 + αR̂2

]
. (3.1)

Then, in the conformal frame for the dual scalar field (scalaron) corresponding to the R2

term, the quartic coupling for the sigma field in eq. (2.16) can be identified as

κ = 1
36α. (3.2)

We present the details on the derivation of the above result below.
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First, we introduce a dual scalar field χ̂ for the R2 term and rewrite the Lagrangian (3.1)
as

LR2√
−ĝ

= −1
2R̂(1 + ξφ̂2

i + 4αχ̂)− αχ̂2 + 1
2(∂µφ̂i)2 − λ

4 (φ̂2
i )2 (3.3)

Then, performing the Weyl transformation by ĝµν = Ω−2gµν and the field redefinitions,
φ̂i = Ωφi and χ̂ = Ω2χ, we get

LR2√
−g

= Ω−4
[1

2Ω2
(
−R+ 6(∂µ ln Ω)2 − 6∂2 ln Ω

)
(1 + ξΩ2φ2

i + 4αΩ2χ)

− αΩ4χ2 + 1
2Ω2

(
∂µ(Ωφi)

)2
− λ

4 Ω4φ4
i

]
= −1

2(Ω−2 + ξφ2
i + 4αχ)R+ 3Ω−2

(
(∂µ ln Ω)2 − ∂2 ln Ω

)
(1 + ξΩ2φ2

i + 4αΩ2χ)

− αχ2 + 1
2Ω−2(Ω∂µφi + ∂µΩφi)2 − λ

4φ
4
i . (3.4)

Here, we note that the following derivative terms can be rewritten as

Ω−2(Ω∂µφi + ∂µΩφi)2 = (∂µφi)2 + (∂µ ln Ω)φi∂µφi + (∂µ ln Ω)2φ2
i

= (∂µφi)2 + φ2
i

(
(∂µ ln Ω)2 − ∂2 ln Ω

)
, (3.5)

up to a total derivative term. Thus, we can recast eq. (3.4) into

LR2√
−g

= −1
2(Ω−2 + ξφ2

i + 4αχ)R+ 3
(
(∂µ ln Ω)2 − ∂2 ln Ω

)(
Ω−2 +

(
ξ + 1

6

)
φ2
i + 4αχ

)
− αχ2 + 1

2(∂µφi)2 − λ

4φ
4
i . (3.6)

Now we choose the conformal factor by

Ω−2 =
(

1 + σ√
6

)2
(3.7)

with the following constraint for the sigma field σ,

Ω−2 + ξφ2
i + 4αχ = 1− 1

6φ
2
i −

1
6σ

2. (3.8)

As a result, from

Ω−2 +
(
ξ + 1

6

)
φ2
i + 4αχ = 1− 1

6σ
2, (3.9)

we can rewrite the part of the kinetic term as

3
(
(∂µ ln Ω)2 − ∂2 ln Ω

)(
Ω−2 +

(
ξ + 1

6

)
φ2
i + 4αχ

)
= 3√

6

(
1− 1

6σ
2
)

Ω∂2σ

= −1
2σ∂

2σ, (3.10)

up to a total derivative term. Finally, from eq. (3.6) with the above result, we obtain the
Lagrangian in the conformally invariant form, as follows,

LR2√
−g

= −1
2R
(

1− 1
6φ

2
i −

1
6σ

2
)

+ 1
2(∂µσ)2 + 1

2(∂µφi)2 − αχ2 − λ

4φ
4
i , (3.11)

– 6 –
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with

χ = 1
4α

1
2 −

1
3

(
σ +
√

6
2

)2

−
(
ξ + 1

6

)
φ2
i

 . (3.12)

Here, we have used eqs. (3.7) and (3.8) to express χ in terms of the other fields. As a result,
the above sigma field Lagrangian coincides with the linear sigma model derived from Higgs
inflation in eq. (2.16). So, from

U(σ, φi) = αχ2 = 1
16α

1
2 −

1
3

(
σ +
√

6
2

)2

−
(
ξ + 1

6

)
φ2
i

2

, (3.13)

we can identify the quartic coupling for the sigma field as in eq. (3.2). In this case, the
perturbativity conditions in eq. (2.17) become

1
36α . 1, λ+ 1

4α

(
ξ + 1

6

)2
. 1, 1

4α

(
ξ + 1

6

)
. 1, (3.14)

which are consistent with the unitary conditions in the mixed Higgs-R2 inflation [15–17].

3.2 General linear sigma models

Now we consider the general linear sigma models by taking the extension of the Higgs
inflation with Rk+1 curvature term with k > 0, as follows,

Lgen =
√
−ĝ
[
−1

2(1+ξφ̂2
i )R̂+ 1

2g
µν∂µφ̂i∂ν φ̂i−

λ

4 (φ̂2
i )2 +

∑
k

2(−1)k+1αk
k+1 R̂k+1

]
(3.15)

with αk being coupling parameters in the curvature expansion. Then, introducing a dual
scalar field χ̂k for each Rk+1 term, we obtain the dual-scalar Lagrangian as

Lgen√
−ĝ

= −1
2R̂

(
1 + ξφ̂2

i +
∑
k

4αkχ̂k

)
−
∑
k

2
(

k

k + 1

)
αk χ̂

k+1
k

k + 1
2(∂µφ̂i)2−λ4 (φ̂2

i )2. (3.16)

Following the similar steps with the field redefinitions, ĝµν = Ω−2gµν , φ̂i = Ωφi and
χ̂k = Ω2χk, with Ω−2 =

(
1+ σ√

6
)2, as in the previous subsection, we find the corresponding

Lagrangian in the conformally invariant form, as follows,

Lgen√
−g

= −1
2R

(
1− 1

6φ
2
i −

1
6σ

2
)

+ 1
2(∂µσ)2 + 1

2(∂µφi)2

−
∑
k

Ω−2+ 2
k

( 2k
k + 1

)
αk χ

1+ 1
k

k − λ

4φ
4
i (3.17)

where the constraint equation for χk is given by

∑
k

4αkχk = 1
2 −

1
3

(
σ +
√

6
2

)2

−
(
ξ + 1

6

)
φ2
i . (3.18)

– 7 –
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Then, we can introduce the above constraint equation as a Lagrange multiplier y(x),

∆Lgen√
−g

= y(x) ·

∑
k

4αkχk −
1
2 + 1

3

(
σ +
√

6
2

)2

+
(
ξ + 1

6

)
φ2
i

 . (3.19)

As a consequence, varying the full Lagrangian with respect to χk and y, we obtain the dual
scalar fields in terms of the Lagrange multiplier y as

χk = 2kΩ2k−2 yk (3.20)

where y satisfies the following equation,

∑
k

4αk 2kΩ2k−2 yk = 1
2 −

1
3

(
σ +
√

6
2

)2

−
(
ξ + 1

6

)
φ2
i . (3.21)

For k = 1, 2, · · · , N , the Lagrange multiplier y is the solution to the N -th order algebraic
equation, which is a function of σ and φi.

Finally, from eq. (3.17) with eq. (3.20), we obtain the sigma field potential in terms of
the Lagrange multiplier y as

U(σ, φi) =
∑
k

Ω−2+ 2
k

( 2k
k + 1

)
αk χ

1+ 1
k

k

=
∑
k

(
2k+2k

k + 1

)
αk(Ω(σ))2k−2(y(σ, φi))k+1. (3.22)

Then, the decoupling condition for the sigma field, ∂U∂σ = 0, gives rise to

0 = ∂U

∂σ
=
∑
k

2k+2kαk(Ω(σ))2k−2(y(σ, φi))k
(
∂y

∂σ

)

− 1√
6
∑
k

(
2k+2k

k + 1

)
αk(2k − 2)(Ω(σ))2k−1(y(σ, φi))k+1. (3.23)

Therefore, as far as k ≥ 1, there always exists an extremum for y = 0, which corresponds
to the constraint equation for the non-linear sigma model in eq. (2.14). As a result, after
integrating out the sigma field with y = 0 for the general higher curvature terms, we get
the same non-linear sigma model for Higgs inflation below the mass of the sigma field as
for Starobinsky model.

For consistent UV complete models, we need similar perturbativity conditions as in
eq. (3.14), which restrict the form of general higher curvature terms and the non-minimal
coupling for the Higgs field. We discuss the details on the UV complete models in the
following examples.

3.2.1 Example 1: a single higher curvature term

If only the Rp+1 term with the coefficient αp is nonzero and αk = 0 for k 6= p, the constraint
equation in eq. (3.18) becomes

χp = 1
4αp

1
2 −

1
3

(
σ +
√

6
2

)2

−
(
ξ + 1

6

)
φ2
i

 . (3.24)

– 8 –
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Then, we obtain the generalized scalar potential for the sigma field in the conformal frame,
as follows,

U(σ, φi) = Ω−2+ 2
p

( 2p
p+ 1

)
αpχ

1+ 1
p

p

= 1
3 · 2

−1− 2
p

(
p

p+ 1

)( 1
3αp

) 1
p (

1 + σ√
6

)2
(
1− 1

p

)

×

3
2 −

(
σ +
√

6
2

)2

− 3
(
ξ + 1

6

)
φ2
i

1+ 1
p

≡ 1
4κn(σ +

√
6)4(1−n)

[
−σ(σ +

√
6)− 3

(
ξ + 1

6

)
φ2
i

]2n
(3.25)

with n = 1
2
(
1 + 1

p

)
. We note that the overall constant κn in the scalar potential is propor-

tional to (αp)−1/|p| for p > 0 (or n > 1
2) but to (αp)1/|p| for p < 0 (or n < 1

2). Thus, as
will be discussed in the later sections, a large value of αp is favored for inflation with p > 0
whereas a small value of αp for dark energy with p < 0.

First, we note that the sigma model potential becomes singular at U = 0 for non-integer
1
p (or 2n) and αp > 0, so the field range is bounded as follows,

σ(σ +
√

6) + 3
(
ξ + 1

6

)
φ2
i < 0, (3.26)

in addition to φ2
i + σ2 < 6 for the positive effective Planck mass from eq. (3.17). For

non-integer 1
p (or 2n) and αp, the potential becomes negative, so it is not appropriate for

inflation. On the other hand, for integer 1
p (or 2n), the potential is bounded from below,

only if 1
p (or 2n) is odd.

Imposing ∂U
∂σ = 0 for the effective potential in eq. (3.25), we can identify the vacuum

manifold for the sigma model: for n > 1
2 (or p > 0),

σ(σ +
√

6) + 3
(
ξ + 1

6

)
φ2
i = 0 ; (3.27)

for n < 1
2 (or p < 0),

(σ +
√

6)
(
σ + 1

2n
√

6
)

+ 3(1− n)
(
ξ + 1

6

)
φ2
i = 0. (3.28)

In the former case, we can get the same vacuum structure with 〈σ〉 = 〈φi〉 = 0 (for ignoring
the electroweak scale) as in Starobinsky model, so we can recover the Higgs inflation in
the effective theory after integrating out the sigma field. On the other hand, in the latter
case, the vacuum structure is totally different from the one for Starobinsky model, namely,
〈σ〉 = −

√
6 or σ = −1

2n
√

6 for 〈φi〉 = 0. Therefore, we can regard the former case with
n > 1

2 (or p > 0) as being candidates for UV complete models for the Higgs inflation because
they have the same vacuum structure as in the Starobinsky model. On the other hand, the
latter case with n < 1

2 (or p < 0) is a distinct class of models, which are disconnected from
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the Starobinsky model, and it is subject to a further stability check. In the later section,
we will make a separate discussion on this class of models for dark energy.

We now consider the perturbativity constraints on the effective couplings derived from
higher curvature terms. As we discussed for the dual-scalar theory of Starobinsky model,
the pertubativity conditions are dominated by the Higgs self-interactions in eq. (3.14).
Assuming that the sigma field gets a nonzero VEV, 〈σ〉 = O(1), in the presence of an
extra higher curvature term, we can expand the sigma potential in eq. (3.25) for the Higgs
self-interactions, as follows,

Leff = −1
4κn(−1)2nσ2n(σ +

√
6)2(2−n)

∞∑
l=0

(
2n
l

)
3l(ξ + 1

6)l(φ2
i )l

σl(σ +
√

6)l
(3.29)

where the series is infinite for non-integer 2n. Therefore, the perturbativity on the extra
Higgs quartic coupling gives rise to κn(ξ + 1

6)2 . 1, while higher order terms for Higgs
self-interactions with l > 2 are suppressed by the Planck scale, under the conditions,
κn(ξ + 1

6)l . 1, which are stronger than the one for the Higgs quartic coupling. We note
that for integer 2n, the series in eq. (3.29) terminates at a finite order with maximum power
of (φ2

i )2n, so the strongest perturbative bound in this case becomes κn(ξ + 1
6)2n . 1.

3.2.2 Example 2: R2 + R3

If only R2 and R3 terms are nonzero, eq. (3.21) becomes

8(α1y + 2α2Ω2y2) = 1
2 −

1
3

(
σ +
√

6
2

)2
−
(
ξ + 1

6

)
φ2
i ≡ −

1
3f(σ, φi). (3.30)

Then, solving the above quadratic equation for y, we get the Lagrange multiplier for y>0 as

y = 1
4α2

Ω−2
(
−α1 +

√
α2

1 −
1
3α2Ω2f

)
. (3.31)

Here, we note that for the real solution for y to exist, the field space is bounded to
f(σ, φi) < 3α2

1Ω−2/α2. Therefore, from eq. (3.22), we obtain the dual scalar potential as

U(σ, φi) = 4α1y
2 + 32

3 α2Ω2y3

= 1
12α2

2
Ω−4

[
2
(
α2

1 −
1
3α2Ω2f

)√
α2

1 −
1
3α2Ω2f − α1(2α2

1 − α2Ω2f)
]
. (3.32)

Here, we used eq, (3.31) in the last equality.
For a sizable value of α2, we can expand the sigma potential in eq. (3.32), as follows,

U(σ, φi) = α3
1

6α2
2

Ω−4
[(

1− α2
3α2

1
Ω2f

) ∞∑
l=0

(
1
2
l

)(
− α2

3α2
1
Ω2f

)l
−
(

1− α2
2α2

1
Ω2f

)]

= α3
1

12α2
2

∞∑
l=2

√
π

Γ
(3

2 − l
)
(l − 1)!

(1
l
− 2

3(−1)l
)(

α2
3α2

1

)l
Ω2l−4

×
[
σ(σ +

√
6) + 3

(
ξ + 1

6

)
φ2
i

]l
(3.33)
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where we used eq. (3.30) in the last line. As a result, we find that the vacuum manifold is
given by f = 0 or σ(σ+

√
6)+3

(
ξ+ 1

6

)
φ2
i = 0 as for Starobinsky model. Moreover, from the

Higgs self-interactions at a given l in eq. (3.33), we can impose the perturbativity bounds
on (φ2

i )l with l ≥ 2 as 1
α1

(
α2/α

2
1
)l−2(ξ + 1

6)l . 1. For instance, for l = 2, we obtain the
perturbative bound, (ξ+ 1

6)2/α1 . 1, which is the same as in eq. (3.14). But, for l = m+ 2
with m ≥ 1, we need extra suppression factors for perturbativity by

(
α2/α

2
1
)m(ξ + 1

6)m .(
α2/α

2
1
)m
α
m/2
1 . 1. In this case, we can regard the derived sigma models coming from

R2 +R3 as being the UV completion of the Higgs inflation.
In the limit of a vanishing α2, we can recover the result for Starobinsky model in the

previous section, U(σ, φi) ≈ 1
144α1

f2, which coincides with eq. (3.13). Then, the same
perturbative constraints as in eq. (3.14) apply on α→ α1 and ξ.

4 Inflation in linear sigma models

We discuss the inflationary dynamics and model predictions in linear sigma models that
are derived from the R2 term. Conformal invariance becomes manifest in our approach.

We first choose the unitary gauge for the SM Higgs field such that φi = (0, 0, 0, h)T .
Then, considering the potential for the sigma field in eq. (3.25) from the R2 term derived
in the conformal frame, we consider the full Lagrangian,

L =
√
−g
{
− 1

2

(
1− 1

6h
2 − 1

6σ
2
)
R+ 1

2(∂µh)2 + 1
2(∂µσ)2 − λ

4h
4 − U(σ, h)

}
(4.1)

where the sigma field potential becomes

U(σ, h) = κ1
4

[
σ(σ +

√
6) + 3

(
ξ + 1

6

)
h2
]2
. (4.2)

Making a Weyl rescaling of the metric by gµν = gE,µν/Ω′2 with Ω′2 = 1 − 1
6h

2 − 1
6σ

2,
from eq. (4.1), we get the Einstein frame Lagrangian as

LE =
√
−gE

{
− 1

2 R(gE) + 3
4Ω′4 (∂µΩ′2)2 + 1

2Ω′2 (∂µh)2 + 1
2Ω′2 (∂µσ)2 − V (σ, h)

}
=
√
−gE

{
− 1

2 R(gE) + 1
2Ω′4

[(
1− 1

6σ
2
)

(∂µh)2 +
(

1− 1
6h

2
)

(∂µσ)2 + 1
3hσ ∂µh∂

µσ

]
− V (σ, h)

}
(4.3)

where the Einstein frame potential is given by

V (σ, h) = 1
Ω′4

(
λ

4h
4 + U(σ, h)

)
= 1(

1− 1
6h

2 − 1
6σ

2)2
[1

4κ1

(
σ(σ +

√
6) + 3

(
ξ + 1

6

)
h2
)2

+ 1
4λh

4
]
. (4.4)

Here, the perturbativity sets the limit on the effective running Higgs quartic coupling,

λeff = λ+ 9κ1

(
ξ + 1

6

)2
. O(1). (4.5)
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We remark that after integrating out the sigma field, the effective Higgs quartic coupling
is given by λ, which is smaller than the effective running coupling λeff , due to the tree-level
threshold correction [30]. Therefore, we can solve the vacuum instability problem in the
SM for the appropriate choices of κ1 and ξ.

4.1 Effective inflaton potential

In order to obtain the effective inflaton potential for the sigma field, we first integrate the
Higgs field by taking the minimization of the total scalar potential in Einstein frame in
eq. (4.4), ∂V∂h = 0. The minimum with h = 0 is stable as far as the effective Higgs quartic
coupling in eq. (4.5) is positive and the effective Higgs mass is large enough. Moreover, we
also get a nontrivial condition for h, as follows,

h2 =
κ1σ(σ +

√
6)
(
σ − 3

(
ξ + 1

6
)
(σ −

√
6)
)

λ(σ −
√

6)− 3κ1
(
ξ + 1

6
)(
σ − 3

(
ξ + 1

6
)
(σ −

√
6)
) . (4.6)

Here, we note that h2 goes to zero in the limit of σ → −
√

6 during inflation, so we can
ignore the kinetic term for h and the kinetic mixing term in eq. (4.3). Then, the kinetic
term for the sigma field is approximately the same as the one in pure sigma-field inflation
in the previous subsection.

Now plugging the condition (4.6) back to the total scalar potential in eq. (4.4), we find
the effective inflaton Lagrangian, as follows,

Leff√
−gE

= −1
2 R(gE) + (∂µσ)2

2(1− σ2/6)2 − Veff(σ) (4.7)

with

Veff(σ) = 9λκ1σ
2
[
λ(σ −

√
6)2 + κ1

(
σ − 3

(
ξ + 1

6

)
(σ −

√
6)
)2]−1

. (4.8)

Therefore, in terms of the canonical inflaton field χ related to the sigma field by

σ = −
√

6 tanh
(
χ√
6

)
, (4.9)

the effective inflaton potential becomes

Veff(χ) = 9κ1
4
(
1− e−2χ/

√
6
)2 [

1 + κ1
4λ
(
6ξ + e−2χ/

√
6
)2]−1

. (4.10)

Here, we note that from the minimization condition in eq. (4.6), the Higgs field during
inflation is given in terms of the canonical inflaton field in eq. (4.9) for χ� 1 by

h2 ' 72κ1ξ

2λ+ 3κ1ξ(1 + 6ξ) · e
−2χ/

√
6. (4.11)

Then, for λ ∼ κ1ξ
2 . 1 and ξ � 1, we can approximate h2 . 36κ1ξ

λ e−2χ/
√

6 � 6 − σ2 '
24 e−2χ/

√
6. Therefore, the Higgs field contributions to the kinetic terms in eq. (4.3) can

be neglected for inflation as argued previously.
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In this case, we can recover the pure sigma-field inflation for 9κ1ξ
2 � λ and the Higgs

inflation for 9κ1ξ
2 � λ, as follows,

Veff(χ) ≈


9κ1
4

(
1− e−2χ/

√
6
)2
, 9κ1ξ

2 � λ,

λ
4ξ2

(
1− e−2χ/

√
6
)2
, 9κ1ξ

2 � λ.
(4.12)

In general, during inflation for χ� 1, the inflaton vacuum energy is approximately given by

V0 = 9κ1λ

4(λ+ 9κ1ξ2) . (4.13)

Thus, the inflaton vacuum energy depends on Higgs and sigma quartic couplings as well as
the non-minimal coupling for the Higgs field. The results are consistent with refs. [15–17]
where conformal invariance was not manifest.

4.2 Inflationary predictions

For the sigma-Higgs inflation with eq. (4.10), we get the slow-roll parameters for χ � 1,
as follows,

ε = 1
2

( 1
Veff

dVeff
dχ

)2
= 1

3
(2λ+ 3κ1ξ(1 + 6ξ))2

(λ+ 9κ1ξ2)2 e−4χ/
√

6, (4.14)

η = 1
Veff

d2Veff
dχ2 = −2

3 ·
2λ+ 3κ1ξ(1 + 6ξ)

λ+ 9κ1ξ2 e−2χ/
√

6

+ 2κ1
3 · (−λ+ 12λξ + 18κ1ξ

2(1 + 6ξ))
(λ+ 9κ1ξ2)2 e−4χ/

√
6. (4.15)

On the other hand, the number of efoldings is given by

N =
∫ χ∗

χe

sgn(dVeff/dχ) dχ√
2ε

= 3
2 ·

λ+ 9κ1ξ
2

2λ+ 3κ1ξ(1 + 6ξ)
(
e2χ∗/

√
6 − e2χe/

√
6
)

(4.16)

where χ∗, χe are the inflation field values at the horizon exit and the end of inflation,
respectively. Then, for e2χ∗/

√
6 � e2χe/

√
6, we can rewrite the slow-roll parameters at

horizon exit in terms of the number of efoldings. Consequently, we get the spectral index
and the tensor-to-scalar ratio in terms the number of efoldings,

ns = 1− 6ε∗ + 2η∗

= 1− 2
N
− 9

2N2 + 3κ1
N2

(−λ+ 12λξ + 18κ1ξ
2(1 + 6ξ))

(2λ+ 3κ1ξ(1 + 6ξ))2 , (4.17)

and
r = 16ε∗ = 12

N2 . (4.18)

Here, we note that the 1/N2 terms are different from the pure sigma inflation or Starobinsky
inflation due to the Higgs quartic coupling, but the extra terms are not significant in the
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perturbative regime with λ ∼ κ1ξ
2 . 1. Thus, the predictions for the spectral index and

the tensor-to-scalar ratio are almost the same as in the pure sigma inflation or Starobinsky
inflation [2, 10].

Moreover, the CMB normalization constrains the inflation vacuum energy by

As = 1
24π2

V0
ε∗

= 2.1× 10−9, (4.19)

resulting in √
λ+ 9κ1ξ2
√
κ1λ

= 1.5× 105. (4.20)

Then, both the sigma and Higgs quartic couplings contribute to the CMB normalization as
in the sigma models of induced gravity type [8, 9]. For 9κ1ξ

2 � λ, we find ξ/
√
λ = 5× 105

as in the case for Higgs inflation. But, for 9κ1ξ
2 � λ, we just get the constraint on the

sigma field quartic coupling by κ1 = 4× 10−11.

5 Cosmology for general linear sigma models

When a single Rp+1 curvature term is added to Einstein gravity with conformal couplings,
the scalar potential for general linear sigma models is given by eq. (3.25). Then, in the uni-
tary gauge for the SM Higgs field, we replace the sigma-field scalar potential in eq. (4.2) by

U(σ, h) = κn
4 (σ +

√
6)4(1−n)

[
−σ(σ +

√
6)− 3

(
ξ + 1

6

)
h2
]2n

(5.1)

with n = 1
2
(
1+ 1

p

)
. In this section, we obtain the scalar potential for dark energy in Einstein

frame and analyze the tracker solutions for dark energy by both analytical and numerical
methods.

Our analysis focuses on the specific curvature term of Rp+1 and its dual description
with conformal invariance, but we note that there are more general discussions on modified
gravity theories and dark energy in the context of F (R) gravity in the literature [21, 22].
Nonetheless, in our case, the non-minimal coupling for the Higgs fields and the higher
curvature terms for dark energy can be formulated in a conformally invariant fashion and
the conformal breaking effects show up in the sigma model potential. Moreover, we identify
the interactions between dark energy and the Higgs fields directly from the sigma potential
and discuss the effects of the dark energy on the running Higgs quartic coupling and the
vacuum stability in the Standard Model.

5.1 Dark energy from the sigma field

We first consider the case where the SM Higgs is decoupled. Then, setting h = 0, we can
focus on the dynamics of the sigma field only, with the following Einstein-frame Lagrangian,

LE√
−gE

= −1
2 R(gE) + (∂µσ)2

2(1− σ2/6)2 − V (σ) (5.2)
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with

V (σ) = κn
4(1− σ2/6)2 · (−σ)2n(σ +

√
6)2(2−n)

= 9κn ·
(−σ)2n(σ +

√
6)2(1−n)

(σ −
√

6)2 . (5.3)

Making the sigma kinetic term canonical by the field redefinition with eq. (4.9), we
can rewrite the sigma field Lagrangian as

LE√
−gE

= −1
2 R(gE) + 1

2(∂µχ)2 − V (χ) (5.4)

with

V (χ) = 9κn
4n · e

−4(1−n)χ/
√

6
(
1− e−2χ/

√
6
)2n

= 9κn
4n · e

−2
(
1− 1

p

)
χ/
√

6
(
1− e−2χ/

√
6
)1+ 1

p ≡ V0(χ). (5.5)

Then, for n < 1 (in other words, p > 1 or p < 0), the inflaton potential is exponentially
suppressed due to the prefactor, so it is quintessence-like for dark energy [23, 24] rather
than for inflation. On the other hand, if n > 1 (in other words, p < 1), the overall factor
in eq. (5.5) becomes exponentially growing for a large χ. For n = 1 (or p = 1), the sigma
field potential in eq. (5.5) becomes

V (χ) = 9
4 κ1

(
1− e−2χ/

√
6
)2
, (5.6)

which corresponds to the h = 0 case in the previous section and coincides with the one in
the Starobinsky model with κ1 = 1

36α [2, 10]. This case is appropriate for inflation in the
early Universe as discussed in the previous section.

For a concrete discussion on dark energy, we take the following form of the potential
deviating from a single exponential,

V = V0 e
−c(χ)χ, (5.7)

with V0 being a constant and c(χ) being a varying parameter. For the evolution of the
Universe with dark energy, we need to solve the Friedmann equation together with the
scalar field equation, given as follows,

H2 =
( ȧ
a

)2
= H2

0

(
Ωm0

(a0
a

)3
+ Ωr0

(a0
a

)4
+ Ωχ0 ·

ρχ
ρχ,0

)
, (5.8)

0 = χ̈+ 3Hχ̇+ ∂V

∂χ
(5.9)

where H0 is the Hubble parameter at present, and Ωi,0 = ρi,0/(3M2
PH

2
0 ) with i = m, r, χ

are the fractions of the energy densities at present for matter, radiation and dark energy,
and ρχ,0 is the density for dark energy at present.
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Then, denoting the equation of state and the energy fraction for χ by w and Ωχ,
respectively, and the equation of state for matter by wm, we can determine the attractor
behavior for dark energy at late times by recasting eqs. (5.8) and (5.9) into the set of the
following equations [25],

w′ = (w − 1)
[
3(1 + w)− c

√
3(1 + w)Ωχ

]
, (5.10)

Ω′χ = −3(w − wm)Ωχ(1− Ωχ), (5.11)

c′ = −
√

3(1 + w)Ωχ (Γ− 1)c2 (5.12)

where the prime means the derivative with respect to ln a with a being the scale factor, and

Γ = V
d2V

dχ2

(
dV

dχ

)−2
. (5.13)

Here, a constant c leads to Γ = 1. In this case, there is a transition from the early period
with Ωχ = 0, the effective equation of state given by weff = wm but undetermined w,
towards the cosmic acceleration with Ωχ = 1 and w = −1 + c2/3 for c2 < 2 [23–25]. We
remark that there was a recent discussion on the lower value of the Hubble constant H0
in quintessence-like models as compared to ΛCDM [26, 27], which would make the tension
with the local determinations more serious.

In general, for a varying c, we need Γ > 1 for c to decrease in time, so the system can
evolve into the tracker solution at late times, the epoch of cosmic acceleration. From the
potential in eq. (5.5), we obtain the Γ parameter in eq. (5.13) as

Γ(χ) =
(n− 1)2 + 1

2(3n− 4)e−2χ/
√

6 + e−4χ/
√

6(
n− 1 + e−2χ/

√
6)2 , (5.14)

which depends on the χ field value. In this case, the tracking condition Γ > 1 is satisfied
for n < 0 or −1 < p < 0, independent of χ. That is, the effective curvature term Rp+1

with −1 < p < 0 would be appropriate for describing dark energy at present. In figure 1,
we depicted the sigma-field potential with arbitrary scales for n = −1,−2,−3 (or p =
−1

3 ,−
1
5 ,−

1
7) in black solid, blue dashed, and red dotted lines, respectively. We remark

that the fractional power of the higher curvature term, Rp+1, with −1 < p < 0, could
be attributed to the logarithmic running of the Einstein term. For instance, the loop
corrections to the Einstein term at the renormalization scale µ = R [28, 29] take αp[R −
ε(lnR)R] ' αpR1−ε for |ε| � 1, in which case we can identify p = −ε.

For the tracker solution with Γ > 1, the energy fraction Ωχ and the constant equation
of state ω∗ are given [25] by

Ωχ = 3(1 + w∗)
c2(χ∗)

, (5.15)

w∗ = wm − 2(Γ∗ − 1)
2Γ∗ − 1 (5.16)
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n=-1

n=-2

n=-3

-3.0 -2.5 -2.0 -1.5 -1.0 -0.5 0.0
0

50

100

150

200

χ

V(χ)

Sigma-field potential

Figure 1. The sigma field potential for n = −1,−2,−3 in black solid, blue dashed, and red dotted
lines, respectively.

where Γ∗ = Γ(χ∗) with χ∗ being the field value in the tracker solution. Here, the latter is ob-
tained from eqs. (5.11) and (5.12) for Ωχ � 1 during matter domination. Then, for wm = 0,
from eqs. (5.16) and (5.14) at χ = χ∗, we get the equation of state for dark energy as

w∗ = n e−2χ∗/
√

6

(n− 1)2 + (n− 2)e−2χ∗/
√

6 + e−4χ∗/
√

6
(5.17)

where we took the χ field value at χ = χ∗ at which our approximation with Ωχ � 1 is
valid. We note that at e2χm/

√
6 = 1

1−n < 1 with n < 0, the equation of state becomes
w = −1 whereas the Γ parameter blows up because dV

dχ = 0 at χ = χm. Therefore, in order
to satisfy the constraints on dark energy [3], we need to choose w∗ close to the value at
χ∗ = χm, so the equation of state at present depends on the initial condition in our model.

We drew the tracker condition for Γ as a function of χ on the left plot of figure 2 and the
equation of state for the tracker on the right plot of figure 2. Here, we took n = −1,−2,−3
in black solid, blue dashed, and red dotted lines, respectively, as in figure 1. The smaller
n, the χ field value required for w∗ = −1 moves towards a negative value.

In figure 3, we depicted the numerical solutions for the equation of state w on left and
the variation of the equation of state, −dw/da, on right, in each panel. They are shown as
functions of H0t. We took n = −1,−2,−3 in blue, red and green solid lines, respectively,
and chose the initial conditions, φi = −2MP , φ̇i = 0 for the upper panel (Initial Condition
I), and φi = −2.5MP , φ̇i = 0 for the lower panel (Initial Condition II). We also took the ini-
tial value of the scale factor ai = 3×10−6 at radiation domination for the numerical analysis,
but we can always choose a larger initial value of the scalar field for a smaller value of ai.

As compared to the parametrization of the time-varying equation of state,

w(a) = w0 + (1− a)wa (5.18)
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n=-1

n=-2n=-3

-3.0 -2.5 -2.0 -1.5 -1.0 -0.5 0.0
0

1

2

3

4

5

χ

Γ(χ)

Γ>1 tracker

-3.0 -2.5 -2.0 -1.5 -1.0 -0.5 0.0
-1.5

-1.0

-0.5

0.0

0.5

χ*

w*

Equation of state

Figure 2. (Left) The criterion for the tracker condition Γ as a function of χ. (Right) The equation
of state for the tracker solution as a function of χ∗. n = −1,−2,−3 are taken in black solid, blue
dashed, and red dotted lines, respectively.

where w0 = w(a = 1) and wa = −dw
da (a = 1), the constraints on w0, wa from Planck + SNe

+ BAO are given by w0 = −0.961± 0.077 and wa = −0.28+0.31
−0.27 [3]. Therefore, in figure 3,

we imposed those constraints at 1σ and 2σ levels within the purple and orange dashed
lines, respectively. As a result, we find that the cases with n = −2,−3 are consistent with
dark energy constraints within 1σ, but n = −1 is in tension with the data at 2σ or more.
We find that as the initial value of the χ field gets smaller, the results are more consistent
with the data. Furthermore, as n becomes more negative, that is, |p| gets even smaller,
the equation of state gets closer to w = −1, as can be seen from the tendency in the left
plots in the upper and lower panels in figure 3.

5.2 The effect of the Higgs field couplings

In the presence of the Higgs field, we need to consider the effect of the Higgs field for
the effective sigma-field potential. We recall the total scalar potential for a general n in
Einstein frame,

V (σ, h) = 1(
1− 1

6h
2 − 1

6σ
2)2
[
κn
4 (σ +

√
6)4(1−n)

(
− σ(σ +

√
6)− 3

(
ξ + 1

6

)
h2
)2n

+ 1
4λ(h2 − v2)2

]
(5.19)

where we have included the Higgs mass term and the cosmological constant in Jordan
frame. Then, for the canonical sigma field in eq. (4.9) and taking |σ2 − 6| � h2, the Higgs
interactions modify the potential for dark energy to

V (χ, h) = V0(χ) ·

1− 1
4

(
ξ + 1

6

)
h2 ·

e2χ/
√

6
(
1 + e−2χ/

√
6
)2(

1− e−2χ/
√

6
)


2n

+ 9
16λ e

−4χ/
√

6
(
1 + e2χ/

√
6
)4

(h2 − v2)2. (5.20)
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Initial Condition II
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-
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Initial Condition II

Figure 3. Equation of state w and variation of equation of state, −dw/da, as functions of H0t.
n = −1,−2,−3 are taken in blue, red and green solid lines, respectively. We chose the initial
conditions, φi = −2MP , φ̇i = 0 for the upper panel, and φi = −2.5MP , φ̇i = 0 for the lower panel.
The vertical gray line is when a = 1 so H0t ' 1.

Consequently, after electroweak symmetry breaking with 〈h〉 = v, the full scalar po-
tential is reduced to eq. (5.5), up to a small correction proportional to (ξ+1/6)v2/M2

P . On
the other hand, before electroweak symmetry breaking, the effective Higgs quartic coupling
can run with the sigma field,

λeff = 9
4 λ e

−4χ/
√

6
(
1 + e2χ/

√
6
)4
. (5.21)

In our case, as discussed in the previous subsection, the minimum value of the equation of
state, w = −1, appears for χ < 0, so the effective Higgs quartic coupling can get larger than
in the SM [30–35]. But, from eq. (B.5) in appendix B, the effective top Yukawa coupling
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also scales with the sigma field by

yeff = yt(
1− 1

6h
2 − 1

6σ
2)1/2

= 2yt e−χ/
√

6
(
1 + e2χ/

√
6
)
. (5.22)

Therefore, the effective top Yukawa coupling gets stronger for χ < 0, leading to the
field-dependent beta function for the Higgs quartic coupling, which grows negatively with
−y4

eff ∼ −y4
t e
−4χ/

√
6. Thus, the result is in contract to the case with the overall quintessence

coupling, motivated by the dS swampland conjecture [31–35], in which case the potential
is given by V (χ) = e−cχ

(1
4λ(h2 − v2)2 + Λ

)
, with Λ being the constant parameter for dark

energy and the top Yukawa coupling does not run with the quintessence field.

6 Conclusions

We have presented the general linear sigma models with conformal invariance as the UV
completion of the Higgs inflation and made a concrete realization of them in the context
with general higher curvature terms beyond Einstein gravity. Thus, we have identified the
dual-scalar theory for the higher curvature terms, Rp+1 with p > 0, as the UV complete
models for the Higgs inflation.

The successful inflation singles out a particular linear sigma model coming from the
R2 term among a class of general linear sigma models. In the basis where the Higgs field
and the dual scalar for the R2 term satisfy conformal invariance, we identified the effective
inflaton potential after the Higgs field is integrated out during inflation, and compared the
inflationary predictions to those in the literature.

We have also shown that as the outcome of the general dual-scalar formulation, the
higher curvature terms, Rp+1, with −1 < p < 0, which could be originated from the
logarithmic running of the Einstein term at loops, can provide dark energy with the tracker
behavior at late times as in quintessence models. In this case, we found that the model
predictions for the time-varying equation of state for dark energy can be consistent with
Planck, SNe and BAO data within 1σ. More precise measurements of the equation of state
for dark energy in the future experiments could narrow down the upper bound on p in these
models. We also discussed the implication of the Higgs-sigma interactions for the running
quartic coupling in the early Universe and the vacuum stability problem in the SM.
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A Relation to the induced gravity

We discuss the relation between Higgs inflation with R2 term and the induced gravity
model. Starting from the scalar-dual Lagrangian in eq. (3.3), we can make a field redefini-
tion by

σ = 1 + ξφ̂2
i + 4αχ̂. (A.1)

Then, the resulting Lagrangian is

LR2√
−ĝ

= −1
2σR̂−

1
16α (σ − 1− ξφ̂2

i )2 + 1
2(∂µφ̂i)2 − λ

4 (φ̂2
i )2. (A.2)

This belongs to the category of the induced gravity models for unitarizing Higgs inflation,
as discussed in refs. [8, 9]. But, in this case, the conformal symmetry is not manifest in the
derivative terms. With a Weyl rescaling by ĝµν = gµν/σ, we can get the Einstein-frame
Lagrangian,

LR2√
−g

= −1
2R+ 3

4σ2 (∂µσ)2 − 1
16ασ2 (σ − 1− ξφ̂2

i )2 + 1
2σ (∂µφ̂i)2 − λ

4σ2 (φ̂2
i )2. (A.3)

We note that there are a lot of possible field redefinitions for bringing the Higgs non-minimal
coupling to the sigma field potential and unitarizing Higgs inflation as far as the couplings
in the potential are perturbative. In the above case, the full Higgs quartic coupling is
given by

λfull = λ+ ξ2

4α. (A.4)

Thus, as far as ξ2/(4α) . 1, there is no perturbativity problem.

B From conformal frame to Einstein frame

We note that the original metric ĝµν , for which the Higgs non-minimal coupling in eq. (2.1)
is introduced, is related to the Einstein metric gE,µν by

ĝµν = Ω−2gµν = Ω−2
eff gE,µν (B.1)

where the effective conformal factor for the Weyl rescaling is given by

Ω2
eff = Ω2Ω′2 =

1− 1
6h

2 − 1
6σ

2(
1 + σ√

6
)2 . (B.2)

On the other hand, the original Higgs fields φ̂i defined in the original frame with ĝµν are
also related to those φi defined in the Einstein frame with gE,µν by

φ̂i = Ωφi =
(

1 + σ√
6

)−1
φi. (B.3)

As a result, after a rescaling of the fermion field ψ̂ in the original frame with ĝµν by

ψ̂ = Ω3/2
eff ψ, (B.4)
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under which the kinetic term for the fermion field remains unchanged, we can identify the
Yukawa coupling for the redefined Higgs by

LY =
√
−ĝ
(
− yf Ĥψ̂Lψ̂R + h.c.

)
=
√
−g
(
− yfΩ Ω−1

eff Hψ̄LψR + h.c.
)

=
√
−g
(
− yf (Ω′)−1Hψ̄LψR + h.c.

)
(B.5)

with

(Ω′)−1 =
(

1− 1
6h

2 − 1
6σ

2
)−1/2

. (B.6)
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