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ABSTRACT: We consider various bulk fields with general dilaton couplings in the linear
dilaton background in five dimensions as the continuum limit of clockwork models. We show
that the localization of the zero modes of bulk fields and the mass gap in the KK spectrum
depend not only on the bulk dilaton coupling, but also on the bulk mass parameter in
the case of a bulk fermion. The consistency from universality and perturbativity of gauge
couplings constrain the dilaton couplings to the brane-localized matter fields as well as
the bulk gauge bosons. Constructing the Clockwork Standard Model (SM) in the linear
dilaton background, we provide the necessary conditions for the bulk mass parameters
for explaining the mass hierarchy and mixing for the SM fermions. We can introduce a
sizable expansion parameter € = e~ 3k for the realistic flavor structure in the quark sector
without a fine-tuning in the bulk mass parameters, but at the expense of a large 5D Planck
scale. On the other hand, we can use a smaller expansion parameter for lepton masses, in
favor of the solution to the hierarchy problem of the Higgs mass parameter. We found that
massive Kaluza-Klein (KK) gauge bosons and massive KK gravitons couple more strongly
to light and heavy fermions, respectively, so there is a complementarity in the resonance
researches for those KK modes at the LHC.
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Introduction

The Standard Model (SM) of particles physics has been tested well with precision experi-

ments and the consistency of its inner structure has been confirmed with the discovery of

the Higgs boson and new data from the Large Hadron Collider (LHC). Gauge symmetry



principle and quantum field theory, which are the core concepts for the SM, have pro-
vided the important guideline for extending the structure of the SM beyond the scales of
proximity to accessible energies in the current experiments. On the other hand, General
Relativity (GR) has provided the crucial tools for explaining the cosmological history in
the early Universe and all the way to the terrestrial phenomena of gravitation, becoming
a new arena for testing physics beyond the SM, after the discovery of gravitational waves
from the mergers of binary black holes at LIGO.

The hierarchy problem and the flavor problem in the SM call for new physics beyond
the SM, so new solutions to those problems have been main drivers for motivating direct
and indirect experimental programs in the last decades. Solutions to the hierarchy problem
require new particles and new symmetries close to the weak scale such as weak-scale super-
symmetry, composite Higgs models, large or warped extra dimensions, etc, but there have
been no convincing hints for them even after ten years of running at the LHC. Therefore,
new ideas for solving the hierarchy problem [1] without new light colored partners of the
SM at the weak scale have been suggested, such as neutral naturalness [2-4], relaxation
mechanism [5-7], clockwork models [8-12], four-form flux models [13-19], etc.

The clockwork models have drawn new attention as the solution to the hierarchy
problems in particles physics, not necessarily related to the hierarchy problem of the Higgs
mass parameter. The idea is based on the multiple copies of particles or symmetries with
nearest neighbor interactions in four dimensions, explaining the small couplings from the
localization of the lightest mode in the theory space even for order one coupling of each
copy. There is a counterpart of the continuum limit of clockwork models in the linear
dilaton background in five dimensions, where the zero mode of a bulk field has position-
dependent couplings in the extra dimension due to the warped factor. There is a mass
gap between the zero mode and a stack of massive Kaluza-Klein (KK) modes in clockwork
models and the continuum counterpart, becoming a smoking-gun signal at the LHC.

In this article, we consider various bulk fields with general dilaton couplings in the
linear dilaton background in five dimensions, so called the clockwork gravity, as an extension
of the GR, and discuss the particle spectrum and the effective couplings in each case in
the 4D effective theory as the continuum limit of clockwork models [8-12, 20-25]. The
hierarchy problem in the clockwork gravity can be solved due to the delocalization of the
massless graviton away from the brane where the Higgs field is localized. From the general
discussion on bulk fields including scalars, fermions, gauge bosons as well as graviton, we
identify the effective couplings between the zero mode of matter fields and the massive KK
modes of gauge bosons and graviton.

Based on the results of our general discussion, we construct the “Clockwork Standard
Model” where all the SM particles except the Higgs field propagate into the bulk. Investi-
gating the flavor structure of quarks and leptons from the localization of chiral zero modes
in this construction, we study the implications of the Clockwork SM as the simultaneous
solutions to the hierarchy problem and the flavor problem, and discuss the possibility for
complementary searches of massive KK modes at the LHC.

For the Randall-Sundrum (RS) warped background, a similar construction of the bulk
SM has been discussed in the literature [26-28] and the flavor issues associated with the



bulk SM were thoroughly investigated [29-34]. In the case of the linear dilaton background,
flavor or dark matter puzzles were also studied mainly in the context of four-dimensional
clockwork models [20, 35-47].

The paper is organized as follows. We begin with a brief review on the gravitational
action with a dilaton in five dimensions and discuss the linear dilaton background in con-
nection to the solution to the hierarchy problem of the Higgs mass parameter. Then, we
introduce bulk scalars with bulk mass only in Jordan frame and discuss the profiles of
the zero mode as well as the massive modes. We continue to extend our analysis to bulk
fermions with bulk mass parameters of kink type and show the nontrivial profiles of lo-
calization of the chiral zero mode, depending on the dilaton coupling and the bulk mass
parameters. When bulk matter fields carry gauge charges, it is necessary to let the corre-
sponding gauge bosons propagate into the bulk. Thus, we also introduce bulk gauge bosons
and identify the consistent dilaton couplings required for universality and perturbavitivity
as well as compute the couplings between the zero modes of matter fields and the massive
KK modes of gauge bosons. Next, we show the general couplings of massive KK gravitons
to the brane fields as well as the zero modes of bulk fields.

Putting the pieces of the obtained results together, we next construct the Clockwork
Standard Model and discuss the mass hierarchy and mixing for quarks and leptons from
the overlaps between the zero modes of matter fields and show the implications for the
effective couplings of the SM particles to the massive KK gauge bosons and gravitons.
Finally, conclusions are drawn. There is one appendix dealing with the transformations of
the Lagrangians for bulk and brane matter fields from Jordan to Einstein frames.

2 The clockwork gravity

We first review the warped geometry with the linear dilaton background in five dimensions.
The model is the counterpart of the continuum Clockwork(CW) models in four dimensions
where there are multiple copies of identical particles or symmetries with nearest neighbor
interactions [8-12, 20, 22, 23].

The five-dimensional gravity action with a dilaton S in Jordan (or string) frame [22,
23, 48-50] is given by

S = /d%\/é]‘gg es< ~R(G) — (OmS)? + 4k:2)

_/d%\FGeS(\/% AL+ 5\(/2%) A2> (2.1)

where M5 is the 5D Planck mass, k is the 5D curvature and Ao are the brane tensions.
Then, the scale symmetry with S — S+ and Gyny — e~ 2/3@ MmN is broken explicitly
by a nonzero k? as well as brane tensions. With a Weyl rescaling of the metric, Gyn =



e25/ 3Gf/[ ~» the above action becomes in Einstein frame

I M 1 2 2 _2g
S = d’x GE B) R(GE)+3(8MS) +4k“e” 3

(2.2)

1) 0(z —
— / dPz\/Gge 53 (2) Ay + (z — z) Ay | .
V=G5 V=G5
Then, in Einstein frame, there appear a dilaton potential in the bulk and dilaton-dependent
couplings to the branes.

Then, there exists a warped solution to the bulk Einstein equation, whose metric
satisfying the Zo symmetry, z — —z, is given by

ds? = (w(2))*(udztde” — dz?) (2.3)

2k\

with w(z) = 3%l together with linear dilaton background, S(z) = 2k|z|. The metric in

eq. (2.3) can be rewritten in another coordinate y = [w(z)dz as
ds? = e_QU(y)nuydx“dx” — dy?, (2.4)

with 0 = —1In (%k\y| + 1) and S(y) = 3ln <%k\y[ + 1) where we chose the warp factor

to unity at y = 0 without a loss of generality. Thus, we denote w? = 727 = €3S, Then,
the extra dimension is bounded to z € (—zc, z¢] or y € (—yc, yc|, and the tuning relations
between brane tensions in the linear dilaton background are required for the consistency
of the warped metric solution at the branes, as follows,

Ay = —Ay = 4kM3. (2.5)

Fom the relation between Jordan and Einstein frame metrics, Gyny = e25/ 3GJ\E/IN =
w‘2Gf4 N+ We note that the Jordan frame metric becomes nothing but the 5D Minkowski
spacetime, namely, Gy = -

The effective 4D Planck mass for the dilaton background is also given by

Zc Zc M3
M3 = M3 dzw’ = M3 dz e?H#l = 75 <62sz - 1). (2.6)

—Zc —2Zc
In terms of the proper length of the extra dimension,
Zec Zc 3
Ls = / dzw = / dzeskll = = (e%k'zﬂ - 1) = 2yc. (2.7)
e 2 k
we can rewrite the 4D Planck mass (2.6) as
1

M2 ~
P o7

M3K?L3. (2.8)
Therefore, the proper length of the extra dimension Lz can be much larger than the inverse
of the 5D curvature scale k due to the exponential factor, e%k‘zﬂ, so the result can make one
warped extra dimension and a small 5D Planck mass compatible with the phenomenological



constraints, unlike the case with one flat extra dimension [51, 52]. From eq. (2.8), the
relation between the 4D Planck scale and the length of the extra dimension looks like
the toroidal compactification of a 7D gravity. As a result, the linear dilaton background
differs from the warped extra dimension without a dilaton [53], because the 5D Planck
scale can be taken to a small value due to the exponentially large proper length of the
extra dimension in the former case. In the later discussion, we use the exponential warp
factor in the conformal coordinate z and the large proper length in the Gaussian normal
coordinate y interchangeably by keeping in mind the relation in eq. (2.7).

In the linear dilaton background, it is remarkable that M5 and k < M5 can be much
smaller than the Planck scale, thus addressing the hierarchy problem with the warped
extra dimension and allowing for the KK masses of order k as will be discussed in the later
sections. From eq. (2.6), we obtain the condition for the 5D curvature scale to satisfy

1 . 1 k 3 Ms
kze+-In(1—e %) =324 ~In( —es | — =1 : 2.
N +2n( ¢ ) 5 +2n<1TeV> 2n<1OTeV> (2:9)

Therefore, for the large 4D Planck mass or weak gravity, we only need a mild hierarchy

between the 5D Planck mass and the electroweak scale in the model with one extra di-
mension, thanks to the warp factor with kz. ~ 30. In this case, a mild hierarchy between
the 5D curvature scale k and the radius of the extra dimension z. can be guaranteed by
the stabilization mechanism for the dilaton field S [50]. For a small Ms, the expansion
parameter becomes € = e~k ~ 5 x 10~1°, which would be appropriate for explaining the
smallness of neutrino masses, as will be discussed in the later section.

Having in mind the application of the clockwork framework to the flavor problems in
the SM, we also rewrite eq. (2.9) for a large M3, as follows,

1 —okz\ 1 k 3 Ms

Then, in the case with a large M5, we can take a smaller value of kz. in the warp factor
such that the expansion parameter becomes ¢ = e~3kze ~ 0.12, which is appropriately
sizable for obtaining the realistic quark Yukawa couplings from the bulk fermions in the
later discussion.

3 Bulk scalars

The Lagrangian for a bulk real scalar field x with the general dilaton coupling in Jordan
frame [8-12] is given by

1 1
Ls=VGe™ <2GMN8MX(9NX — 2mix2> (3.1)
where c is a constant parameter for the dilaton coupling. In the case where a bulk complex
scalar field is charged under a gauge symmetry with bulk gauge boson Ays(z, z), we can
promote the derivative in the above Lagrangian to a covariant derivative as Dy = Oy —
iq 95D A with gsp being the 5D gauge coupling and ¢, being the charge of the complex



scalar field xy. We can also add a bulk potential as well as a brane potential, being consistent
with the symmetry.
Then, the Euler equation for the Lagrangian (3.1) is

1 cS ~MN cS, 2
ﬁ8M<\/§e G 8Nx)+e m2yx = 0. (3.2)

On the other hand, in Einstein frame with Gy = 6*25/3G1\E4N, we have the original
Lagrangian (3.1) in the following form,

1 (. -
Ls=+/Gg (2 eV GMN oy i Onx — 5 ele=3)s m§><2>. (3.3)
Then, the corresponding Euler equation is
1 5
wer aM(\/—GE ele=DS G%NaNX) + ey = 0. (3.4)

3.1 Scalar clockwork modes

For the flat metric in Jordan frame, Gyyny = nan, the equation of motion for the bulk
scalar in eq. (3.2) becomes

Ox — S'0.x — O2x + mix = 0. (3.5)

Then, taking x = e *l2l 3" () (2) £X(2) with (O4m2)x™(x) = 0, we can cast the above
equation into the equation for the mode function fx(z),

OZfX + (ml — K2 —m2) £ — 2ke(5(2) — 6(z — 20)) X = 0. (3.6)

Here, there appear Dirac delta terms due to the second derivatives of the Zs symmetric
factor in the redefined field.

First, for the zero mode solution, we have fJ o etVkI A tmiz , but there is no zero
mode solution satisfying the Neumann boundary conditions, d,x = 0 at z = 0 and =z,
unless m, = 0, as expected for a massive bulk scalar. Taking m, = 0, a constant zero
mode solution for y exists,

o = Ny eIl (3.7)
with
ke
NXO = erCZc 1 (3.8)

Here, the normalization factor Ny, is determined by 2 [ dz (f;)? = 1. In this case, the
wave functions for massive modes are given by

k
X =N,, <cos T2 4 5% Gin 7m|z]>, n ez, (3.9)
Ze ™m Ze

with the eigenvalues and normalization factors being

m2n?

2 _ 272
my, = ¢k + 2 (3.10)
1 ™
N, = . 3.11
o= (m) (3.11)



Therefore, we find that the KK masses depend on the dilaton coupling ¢ and the 5D
curvature scale k as well as the radius of the extra dimension z.. Taking ¢ = 1, we can
recover the results as a continuum limit of the 4D clockwork scalars. However, for ¢ # 1,
the mass gap between the zero mode and the first KK mode is given by ck.

We note that in the Gaussian normal coordinate y, related to the conformal coordinate

z by dy = ek dz, the zero mode solution for the bulk scalar field in eq. (3.7) becomes
X'= Ny, (Zkly| + 1)%c with N, = \/kc/[(%k‘Lg) +1)3¢ — 1]. Then, in the y coordinate,
the exponential warp factor is replaced by the power-law factor, but instead with a large

proper length, Ls, in the normalization factor. But, henceforth, we keep on working in the
conformal coordinate z for convenience.

On the other hand, for m, # 0, the eigenvalues and normalizations for massive modes

become
2. 2
2 2 2,2, TN
my, = my + k" + 2 (3.12)
1 ™
N,, = : (3.13)
VZe z, mi — mi

Therefore, the squared masses for the KK modes of the massive bulk scalar field are shifted
by the bulk mass.

3.2 Localized couplings of scalar clockwork

Suppose that a massless bulk scalar couples to the external operators localized on the
branes. Then, the effective couplings in four dimensions depend on the mode function
of the scalar as well as the dilaton coupling. For instance, we can introduce the scalar
coupling to the external operators Oj ext, O2ext localized at z = 0, 2. in Jordan frame,

Lo VG
S,int — €
V=G5

%S X<5(2> Ol,ext + (5(2' - Zc) O2,ext> . (314)

Then, for ¢ > 0 and €*** > 1, the normalization factor becomes Ny, =~ Vkee k% g0
the effective coupling to the zero mode x(©) is exponentially suppressed at z = 0, but not
at z = z.. We note that the couplings to the KK scalars x(™ at either branes are of
similar order at both branes. For instance, an axion-like scalar field can be introduced in
the bulk with the brane-localized coupling to the SM gluons by O1 ext = ﬁ GWG’W at
z = 0. In this case, the massless mode of the bulk axion has a large effective axion decay
constant [8-12], fy e = €% f, > f,, below the KK mass scale.

klelze . 1, the relative exponential suppression

We also note that even for ¢ < 0 and e
of the scalar coupling at z = 0 as compared to z = z. is maintained, even though the nor-
malization factor becomes N,, ~ /k|c|. But, in this case, we need the overall suppression

of the coefficients of the external operators for perturbativity at z = z..



4 Bulk fermions

We consider a bulk fermion with the dilaton factor in Jordan frame, similarly to the case
with a bulk scalar in eq. (3.1), as follows,

Lr=VGe® [wirM <aM + %wM@[rA, r])w — e35 m(y)y | . (4.1)

Here, the dilaton factor e®®

can be in principle different from the one for the bulk scalar
discussed in the previous section. But, in the later discussion on the clockwork SM, we
will assume that the bulk matter fields take the same dilaton couplings.

In the case where the bulk fermion is charged under a gauge symmetry with bulk
gauge boson Aj/(x,z), we can promote the derivative to a covariant derivative as Dy =
Om —1qypgspAn With gsp being the 5D gauge coupling and ¢, being the charge of the field
Y. Here, the bulk fermion mass is given by m(y) = vo’ where v the bulk mass parameter.
We have o/ = —%k e’ sgn(y) = —%k e_%ssgn(y), S10) e%Sm(y) = —%k sgn(y), resulting the
constant bulk mass term in Jordan frame, except at the branes.

Now going to the Einstein frame with Gy = 6_25/3Gf4N, we can rewrite the above

Lagrangian for the bulk fermion as
_ 1 _
Lp=+/Gge” [w’rM <aM + 3wm ABIpy,, r])y/ — m(y)¢’¢’] (4.2)

where we have rescaled the bulk fermion by ¢/ = ¢=25/34 in order to make the covariant
derivative invariant. This is similar to the bulk fermion Lagrangian considered for the
bulk RS model, except the dilaton factor [26-28]. Here, '™ = TI'dey M T4 = (v, i75),
I'a = (Y4, —%75), and {TA 1B} = 2p48 = 2diag(+, —, —, —, —). The vielbein e, relates

MeENGEMN = nap. The spin connection in

the curved metric to the flat metric by ea
5D is defined as
1

WMAEZi(eAPQMPﬁ_QEPQMPA_QAP‘fQQeQMQPQQ) (43)

with Qyya = Omena — Onvena. For the warped metric in Einstein frame, G uny =
diag(e=20, —e720, —e729 —¢729 1), given in eq. (2.3), the nonzero components of the
vielbein are e, # = €7 04 and e5® = 1, so the only nonzero components of the spin connec-
tion are

ab

w,** =o' e 705 (4.4)

Then, with e®® = e73¢ the bulk fermion Lagrangian (4.2) is further simplified to

Lrp = 6_3(C+1)JTZ/ [iv“@u —v5e 705 +e %0 (275 — u)} Y

= J{i’y“@u —v5e 705 +e 70 <;(1 —3¢)y5 — 1/)]7;5 (4.5)
with
B = e 3(etDoy (4.6)
As a result, the Euler equation for the redefined fermion is
i’y"a“z:/; —v5e 7050 +e 70 (;(1 —3¢)y5 — u)zz =0. (4.7)



4.1 Fermion clockwork modes

We impose the boundary condition on the bulk fermion by
Then, only the left-handed fermion has a massless mode by
o 1(1-3¢)4+v)o
Haw) = Mool @) fuly),  fuly) = B0 (49)

where i’y”auz/J(LO)(x) = 0 with 75¢(LO) (x) = —w(LO) (x), and Ny, is the normalization factor,
determined by 2N? fOL dy(fr(y))? = 1. If we impose an alternative boundary condition on
the bulk fermion by

only the right-handed fermion has a massless mode by

i L(1=3¢)—v)o

Ue,y) = Npufl @) in(w), Jaly) = 303977, (411)
where i'y’@uwg) () = 0 with 751/15;?) (x) = @ng) (), and Np is also deter-

mined by 2N3 fOL dy(fr(y))? = 1. With the normalizations in the z coordinate,
2N? i Joc dz (67%" fr.r(2))? = 1, the zero mode wave functions as the probability den-

sities are given by
1 1
e3 fy p(z) = eh BT (4.12)

and the normalization factors are

1
B L(—3c+20)k
Npg= \/ T I s (4.13)

Then, we find the localization behavior of the fermion zero modes with respect to the fixed
point z = 0: for v > 3¢ (v < 3¢), the left-handed zero mode is localized at z = 0(z = z); for
v > —3c(v < —3c), the right-handed zero mode is localized at z = z.(z = 0). Therefore,
if [v| < 3¢ for ¢ > 0 or |v| < 3|c| for ¢ < 0, either of chiral modes are localized towards
z=2z. lfv= :l:%c for the zero mode of a left-handed or right-handed fermion, we obtain
the normalization factors as Ny p = \/%70, which does not depend on the warp factor.

As in the bulk scalar case in the previous section, in the Gaussian normal coordinate
y, the zero mode solutions for the bulk fermion in egs. (4.9) and (4.11) become fr p =

1
(%My’ + 1)*(5(1730)il/) with NL,R — \/é(—?)C:l: ZV)k/ (1 _ (%kLg) + 1)(304:21/))' Thus, in

the y coordinate, the exponential factor is replaced by the power-law factor, but with a

large proper length of the extra dimension in the normalization factors. As will be discussed
in the later sections, the large hierarchy of the effective Yukawa couplings in 4D can be
attributed to the localization in the extra dimension with a large proper length.

Taking the KK decomposition of the bulk fermion as

() = 3 [0 @) + 05 @), (4.14)

n



the fermion Lagrangian (4.5) becomes

L =3 |6 i 0 + 6 i 0,5y — (my, 600 + e . (4.15)

n

Here, we used the normalizations,
/ dy e * TG (y)&m(y) = / dy e 70, (Y)0m(y) = S, (4.16)

and the wave functions, En = efg(cﬂ)”fn and 7, = 67%(”1)”17”, satisfy

—e 7 [85 — (;(1 —3c¢) + 1/> J,:| €n = M, s (4.17)
e ? [35 - (;(1 —3c) — l/) a’} M = m%g}. (4.18)

Then, redefining with
& = e(§(173c)+u)aam 5= e(%(lf?)c)fu)o 8,. (4.19)

egs. (4.17) and (4.18) become

50, = el Moap, By (4.20)

058, = e(1+2”)"m¢nan. (4.21)
Consequently, we find that «,, satisfies the following second-order differential equation,
[ag — (1= 20)0'05 +m2, > ], = 0. (4.22)

Then, the other mode function, f3,, can be obtained from eq. (4.21), so it is sufficient to
find the solutions for «,, from the above differential equation. But, for completeness, we
also present the differential equation for 3, as

[852 — (14 2v)0’05 + m?pn e* | B, = 0. (4.23)

We note that for the boundary conditions, ysv(z, —y) = —¢(z,y) and ¢(x,y + 2L) =
Y(z,y), and o(—y) = o(y), we have &,(—y) = —&,(y) or the Neumann boundary conditions,
056 (y = y;) = 0 with y; = 0, L on the orbifold. On the other hand, for vs¢(x, —y) =
Y(z,y), we have n,(—y) = np(y) or the Dirichlet boundary conditions, 1, (y = y;) = 0 with
y; = 0, L on the orbifold.

For dy = e %dz = e%kzdz, we can rewrite eq. (4.22) as

24
<§z2 — 3yk§z + m?,,n)an =0. (4.24)
Then, for a, = e 3vh Qn, we have
2
2
<8822 + (mfbn — n2)>an =0, K= §Vk’ (4.25)

~10 -



that is, the general solution for a,, is

a, = A, cos (\ /min — K2 z) + B, sin (, /mfﬁn — K2 z) (4.26)

Thus, for 05&,(y = y;) = 0 with y; = 0, L, we have the probability density functions of
massive modes with 2 fozc dz(e_%oén)2 =1, as follows,

eféagn = e(—%c—&-l/)ae%uk\ﬂan
1
= 4 /Z— M2l cos <n;rz>7 (4.27)
(& (&

2,2 4
mi, =+ K neZ (4.28)
Cc

and the mass eigenvalue is given by

As a result, the mass gap between the zero mode and the first KK mode depends on the
bulk mass parameter v as well as the 5D curvature scale k, but not on the dilaton coupling
¢, unlike the case with a bulk scalar and a bulk gauge boson, as will be discussed in the
next section. In the limit of a strong localization of the zero mode with |v| > 1, we find
that the KK fermions become decoupled, being consistent with the fact that the zero mode
becomes a four-dimensional field.

Similarly, the other mode functions, 7,,, have the same mass eigenvalues as in eq. (4.28),
but the corresponding probability density functions, with fOZC dz(e_%"ﬁn)2 = 1, satisfying
the Dirichlet boundary conditions at y; = 0, L, are given by

1 ( §_) 2
—s0~ c—v)o —:2vk|z
e 277, = e\ 2 e 3 ||an

1
= /= el sin <n7r|z]> (4.29)
Ze Zc

4.2 Localized couplings of fermion clockwork

We consider a Yukawa coupling between the Higgs field localized at z = 0 and two bulk
fermions, ¢ and ¢/, with bulk mass parameters, vy, and vy, respectively,

VG
VvV —=Gss

Then, we require the left-handed or right-handed zero modes for 1) and v’ to exist, that

ﬁw,int = —5(2) (yd, &LQMDLH + h.C.). (4.30)
is, vy < %c and vy > —%c for ¢ > 0. Thus, with NV, =~ \/5(30—21@)5%6_% and

Ny ~ \/§(30+ 2V¢/)€%C+VW for ¢ = e 3k <« 1, we get the effective Yukawa coupling
suppressed by the warp factor, as follows,

,Cwmt = —y¢ NwNwllﬁL’o’(ﬁ}z’OH-f-h.C. (4.31)
= —Ap YL ot oH +h.c. (4.32)

with 1
Ay & gk:yw \/(30 — 2uy) (3 4 2uy) 37T < 1. (4.33)
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We note that it is also possible to get a hierarchical Yukawa coupling without a large
warp factor, as far as the bulk mass parameters, vy, vy, are parametrically larger than
unity, namely, the condition £3*7"** < 1 would be sufficient.

5 Bulk gauge bosons

We consider a massless bulk gauge boson for either abelian or non-abelian gauge symmetry
in the linear dilaton background in five dimensions [20]. A gauge fixing term is required for
a massless gauge boson. In the following, we set A5 = 0, which is suitable for components
of the gauge boson containing a massless mode on orbifold S'/Zs.

The Lagrangian for a bulk gauge boson Ajs in Jordan frame is given by

1
£A == —\/aeas ZFMNFPQGMPGNQ (5.1)

where a is a constant parameter for the dilaton coupling, and Fyny = Oy AN — ONAnsr.
Then, the Euler equation is

O (\/Eeas FMN) —0. (5.2)

On the other hand, in Einstein frame, we can rewrite the bulk Lagrangian (5.1) in the
following,

1
La=—Gg e(afé)s ZFMNFPQGAE/IPGgQ (5.3)

Then, the corresponding Euler equation is
6M(\/GE ela=3)8 G}‘;”PGgQFpQ) —0. (5.4)

5.1 Gauge clockwork modes
For the flat metric in Jordan frame, Gy = nan, and in the gauge with A5 = 9, A* = 0,
the bulk equation (5.2) for the gauge field in Jordan frame becomes

OA, —aS'0.A, — 024, = 0. (5.5)

Thus, the above equation is the same as the one for a massless bulk scalar in the CW model
in eq. (3.5), up to the dilaton coupling. So, making a Fourier decomposition of the bulk
gauge field as A, (z,z) = e *alzl 3 A,(Zl) (z)f2(z) with (O + m%)A,&n) () = 0, we obtain
the similar eigenfunctions and eigenvalues as those for a massless bulk scalar, as follows,

fot = Nag e, (5.6)
k
=Ny, <cos T2 4 2% Gin 7m\z|>’ nez, (5.7)

Ze ™ Zc

'We can first choose As = 0 by a 5D gauge transformation with Ay — A+ Om e, and perform another
gauge transformation satisfying 95’ = 0 and 9, A" = 8, A* +0a’ = 0. For massless mode, we can perform
one more gauge transformation with (o’ = 0 to reduce the number of polarization states to two. But, for
massive modes, there remain three polarization states.
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with

ka

NAO egkazc o 17 (58)

1 ™
Na, = ( ) 5.9
\/Z ZcMmA,, ( )

and 5

m?, = a2k + (5.10)

z

Therefore, the KK masses of the bulk gauge boson depend on the 5D curvature scale k and
the radius of the extra dimension z. as well as the dilaton coupling a.

We note that in the Gaussian normal coordinate y, the zero mode solution for the bulk
gauge field becomes fg' = Na, (3k|y| + 1)%" with Ny, = \/ka/[(%kL5 + 1)3¢ —1]. Thus,
the exponential warp factor is replaced by the power-law factor as in the zero modes for

bulk scalar and fermion fields, but with a large proper length of the extra dimension in the
normalization factor.

5.2 Localized couplings of gauge clockwork

We can introduce a coupling of the bulk gauge field to the external charged fields, x;, ¥,
localized at z = z;(i = 1,2), with z; = 0, 22 = 2., written in Jordan frame,

LA brane = Neer Z 8(2 — z) JM () Ay, 2). (5.11)

i=1,2

Here, we have not introduced the dilaton couplings to the brane-localized charged fields by
imposing the universality of the zero-mode gauge couplings independent of the locations in
the bulk. Then, from the Fourier expansion of the bulk gauge field, we obtain the effective
gauge couplings in Einstein frame as

Lapmane = I (@)™ (£78(2) Auo(@) + £ (z) AL ()

= (=g a0"x; + b+ apbin™ i) (g0 Auo(@) + g0 AT (@) (5.12)

where the brane charged current is given by J*! = —1qygspXi0*X; +h.c. + gy g5 DUy,
and the mode functions of the bulk gauge field are given in egs. (5.6) and (5.7). Then, the
4D effective gauge coupling for the zero mode of the bulk gauge boson is given by

ka
90 = 95D\| “okaz, — 7’ (5.13)

and the effective couplings for the massive modes of the bulk gauge field depend on the
locations of the charged fields, given by

1 ™ 1, z=0
_ ) ’ 5.14
9n 95D /*ZC Zema, X { (_1)71 —kaz. ( )
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Therefore, the effective couplings of massive modes of the bulk gauge boson to the external
charged fields at z = z. are exponentially suppressed, relative to those at z = 0.

We remark on the dependences of the effective gauge couplings on the dilaton coupling
kla|zc

of the bulk gauge field a and the warp factor. First, for a > 0 and e > 1 as required
by the solution to the hierarchy problem, the zero-mode gauge coupling becomes gy =~
950/ k|al e klalze from eq. (5.13), which is too suppressed to be the observed value of the
gauge coupling in the SM, unless gsp is taken to a large value.

Second, for a < 0 and eklalz

> 1, the zero-mode gauge coupling becomes gy =~
95D \/W , from eq. (5.13), which can be chosen to the observed value of the gauge coupling
in the SM, without a need of taking a large value of g5p. However, in this case, the localized
charged particles at z = 2. have enhanced effective gauge couplings for the massive modes
of the bulk gauge field in eq. (5.14), due to the exponential factor, e¥l%/%. Then, the result
is questionable for perturbativity. Therefore, in order to maintain perturbativity being
compatible with the hierarchy problem, we would need to introduce the charged fields for
the bulk gauge field on the brane at z = 0. Otherwise, we need to take k|a|z. ~ 1 for |a| <

0.1. But, if |a| is sizable, we need to take kz. = O(1) for perturbativity throughout the bulk.

Lastly, for a = 0, which means that there is no dilaton coupling to the bulk gauge field,
we get the zero-mode gauge coupling as go = g5p/v/22. from eq. (5.13) as in the flat extra
dimension, and the massive-mode gauge couplings are given by |g,| = v/2go from eq. (5.14),
independent of the branes, and the KK masses become my, = mn/z.. In this case, the
masses of KK gauge bosons would be lighter than those of bulk gravitons or fermions at
least by the order of magnitude for kz. = O(10).

In the next subsection, we will give a more general discussion on the bulk gauge
couplings from the localized zero modes of bulk charged scalars and fermions.

5.3 Bulk couplings of gauge clockwork

The bulk gauge field also couples to the external scalar or fermion fields, x, v, living in the
bulk, whose gauge interactions are written in Jordan frame,

Lapuk = VG e JH(x,2)Au(z, 2) (5.15)

where the bulk charged current is given by J#(z,z) = —igygsp X" x* + h.c. + qugs Py .
Then, for the zero modes of the external fields, xg, %o, we obtain the following effective
gauge interactions to the KK modes of the bulk gauge field in Einstein frame,

Laeff = ( — iqy X00u X0 + h.c.) (QOA;(;O) + gx,nALn)>

+ay oy vo (004l + g AL (5.16)
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where

zZ
¢ _ ™z  kaz. . mn|z
Ixn = g5DNAnN§O/ dz ek2e—a)lzl <cos + € sin 2]
—Zc Zc

™ Ze

1 mn de(a— ¢)(kze)? (1 — (=" e_(a—Qc)kzc)

= 05D VZe zema, | |e2Fere — 1] g CESEH A (5.17)
Gpn = g5DNAnN%,R /_chc dz ekalzl g5 (=3cx20)klz] <cos W;ZZ + k;:;c sin FZLZ|>
1 wn 4] —3c£2v|(3a — 3c £ 2v)(kz.)?
= gs5D VZe Zema, 11— e—%(—fﬂc:t%/)k:zc‘
(1 (1) e*%(3a+2(73ci2u))kzc)
(5.18)

In?m2 + (3a — 6¢ + 4v)2(kze)2

We now discuss the impacts of the dilaton couplings, the warp factor and the bulk
mass parameter v on the obtained effective gauge interactions to the KK modes of the
bulk gauge field. First, taking a < 0 for a sizable gauge coupling for the zero-mode gauge
boson in eq. (5.13) and ¢ < %a for perturbativity, the charged scalar couplings to the

massive-mode gauge bosons in eq. (5.17) become for e #* <« 1,

1 m™ 4c(a — c)(kze)?
VZe Zema, n?r? 4 (a —2¢)?(kze)?

9x,n = 95D (5.19)
Thus, in this case, the massive-mode gauge bosons have mildly suppressed couplings by
the factor of (k‘zc)_?’/ 2 as compared to the one for the zero-mode gauge boson, which is
approximated to gy ~ gsp+/k|al.

Imposing a < 0, and |v| < 3¢ for ¢ > 0 (or |v| > 3|c| for ¢ < 0), the effective couplings
of the bulk charged fermion to the massive-mode gauge bosons in eq. (5.18) become

1w 4] —3c+2v|(3a — 3c+2v)(kz.)?

1)n+1
VZe zema,  In?m? 4+ (3a — 6¢ + 4v)?(kz.)?

- ePlalze (5.20)

Gy = (= 95D
Consequently, in this case, the charged fermion localized towards z = z. would have ex-
ponentially enhanced couplings for eFl*e > 1, unless |a| is small. Thus, the warp factor
would be bounded to kz. = O(1) by perturbativity or we would need to take a small |a|
such that |a| < 1/(kz.).

Finally, taking a < 0 and |v| > 3¢ for ¢ > 0 instead (or |v| < 2|c| for ¢ < 0) with
3a + 2(—3c + 2v) > 0, we can approximate the effective couplings of the bulk charged
fermion to the massive-mode gauge bosons in eq. (5.18) as

_ 1w 4] —3c+2v|(3a — 3¢+ 2v)(kz.)?
o 7= 95D VZe zema,  In?m?+ (3a — 6c £ 4v)?(kz.)?

(5.21)

which is mildly suppressed by the factor of (kz.)~%/2

as compared to the zero mode coupling,
9o =~ gsp+/kla|]. Thus, in this case, we can take a large warp factor as required for solving

the hierarchy problem without a problem of perturbativity.
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6 Bulk gravitons
We consider the bulk graviton G w(2,x) as the perturbation around the warped metric in
the Einstein frame,

ds® = w(z)? [(T]W + G (2, x))datdz” + sz] . (6.1)
Under the Fourier decomposition of the 5D metric as

Cuv(z,2) = 2M5 w2 [S ()G () (6.2)

v

with (O — m%n)G,(fL) (x) = 0, the bulk linearized Einstein equation leads to the equation
for the mode functions of the bulk graviton in the extra dimension [54],

1y =2 g8y + (m, - 22)

6.1 Graviton clockwork modes

& =o. (6.3)

3klz|

For the warp factor, in the CW model w(z) = e3"*!] we obtain the equation for the mode

functions from eq. (6.3) as

(Y = SR + (mb, — G4 )56 = S0 — ol — g =0 (64)

Then, making the field redefinition with f§¢ = e%klz‘wn, we get the above equation as
U+ (M, = K)yn — 2k(8(2) = 8(2 = 2e))thn = 0. (6.5)

For the range of the extra dimension to be z € [—z, 2|, the boundary conditions for the
mode functions are given by

=0, (6.6)

2z=0%1

= 0. (6.7)

2=z

(), — kn)

As a result, we obtain the solution for the massless mode with my = 0 satisfying the
boundary conditions, (6.6) and (6.7) as

Yo(z) = Co el (6.8)

/ k

On the other hand, the solutions to massive modes with m,, # 0 are

with

k
Yn(2) = Cn<cos 2 4 Eein 7m|z|>7 n e Z, (6.10)
Ze ™ Ze
with

1 ™m
C, = 6.11
" Vze ma,ze (6.11)

w2n?

m%;n = k> +

- (6.12)

Therefore, the KK masses of the bulk graviton has a mass gap determined by the 5D
curvature scale k.
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6.2 Localized couplings of graviton clockwork

We can introduce a coupling of the bulk graviton to the external fields, x;, ¥;, localized at
z=z;(i =1,2), with z; = 0, 20 = 2., written in terms of the energy-momentum tensors in
Einstein frame,

1
ﬁG,brane = _5\/EZ =
55 =4
1

= — | Tﬂu,i<1‘) <]WP G/(L?/) (x) + A GL@)($)> (6.13)

n

where TH"(x) are the energy-momentum tensors for the external fields localized at z = z;,
and the KK graviton couplings [22, 23, 46, 47| are given by

L = Mgs/zeszi L _m 0S (ani)

c
Ay VZe Mm@, Ze Ze
_k-z.
e ®% nm ™mz;
= 1 cos ( 7’>7 (6.14)
mag, Zc

normalized to the suppression scale for the first KK graviton at z = 0,
A = (Msz,)3/? G, (6.15)
T

Thus, the KK gravitons couple strongly to the external field localized at z = 0, but their
couplings to those localized at z = z. are exponentially suppressed by the order of the in-
verse Planck scale from Mgg/Qe*kZC/\/Z ~ 1/Mp/\/kz., which was obtained from eq. (2.6).

In view of the condition for solving the hierarchy problem with M5 ~ 10TeV and
e k% <« 11ineq. (2.9), we can infer the suppression scale for the KK graviton couplings as

1/2 3/2 1/2
A s (25 bze LTeV) = (6.16)
M; 10 TeV 32 K

6.3 Bulk couplings of graviton clockwork

The bulk graviton also couples to the external fields in the bulk, written in terms of the
energy-momentum tensors in Einstein frame,

Lo = 5 Vo T (2,2)(«2(:) Gy 2, 2)). (617)

Then, for the zero modes of the external fields, we obtain the following effective interactions
to the KK gravitons,

1 1
— MY pal(V) —am .
LG er = T(o) (z) <MP Gy () + AB G, (:z:)) : (6.18)
for scalar fields,
1 - s c— z Cx,n
AB M Ny, /_Z dz e VR, (2) = 7\ (6.19)
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with

s 20 1kzc
_ nmg, 4lc[(1 —c)(kz)? <1 1 (6.20)
for gauge bosons,
1 ~3/2 = - €A,
=5 Nio/ dz oG DRIy, () = A (6.21)
n —Zc
with
s (2a—1)kzc
_ nmg, 4la|(1—a)(kz)® <1 (F1"e (6.22)
n ma, |62l<:azC _ 1‘ n271'2 (1 _ 2(1) (k:zc)2 ) .
for fermions,
q Zc
LM, / dz e Hel =5 (BEMIEL () = o (6.23)
AT R A
with
) 1—(=1)" o~ 5 (3+2(—3c£2w))kzc
nmg, 4 — 3¢+ 2v|(3 = 3¢ + 2v) (k2) (6.24)
Cpn = ’ '
P, me., e —2(—3ct2w)kz In2m2 4 (3 — 6¢ £+ 4v)?(kz.)?

Here, Ny,,Na,,Npr are the normalization factors for zero modes, given in
egs. (3.8), (5.8), (4.13), respectively.

As a result, first, from eq. (6.19) that the KK graviton couplings to the zero mode of
the bulk scalar are exponentially suppressed for ¢ > 0, but they are comparable to those
to the fields localized at z = 0 for ¢ < 0, that is, Al in eq. (6.14). We note that for ¢ = 0
or ¢ = 1, the latter of which is the same as the one for the dilaton field in eq. (2.1), the KK
graviton couplings vanish identically. Second, from eq. (6.21), the KK graviton couplings
to the zero mode of the bulk gauge boson has a similar dependence on the dilaton coupling
a as for the bulk scalar field.

Finally, from eq. (6.23), the KK graviton couplings to the zero mode of the bulk
fermion are comparable to those to the fields localized at z = 0, that is, Al in eq. (6.14),
for [v| > 3¢ with ¢ > 0 (which corresponds to the localization towards z = 0), whereas
being exponentially suppressed, similarly to A2 in eq. (6.14), for |[v| < 2¢ with ¢ > 0 (which
corresponds to the localization towards z = z.).

7 The Clockwork Standard Model

In this section, we make use of the results for the mode functions and couplings of the bulk
fields in the linear dilaton background in the previous sections and construct the bulk SM
Lagrangian, which is regarded as the continuum limit of the Clockwork SM.

We assume that the electroweak symmetry is broken due to the VEV of the Higgs
doublet localized on the brane at z = 0. Then, in order to explain the mass hierarchy of
the SM fermions, we also assume that the SM fermions, in particular, the light fermions
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other than top quark and/or bottom quark, propagate into the bulk such that the effective
Yukawa couplings for them are suppressed.

The full Lagrangian for the Clockwork SM including the right-handed neutrinos ng
are then given in Jordan frame by

Wl

Lowsm = \/aecs[ > wr <DM + éwM@[FA, F])@ZJ —e

w:q7u7d7l7e7n

s mwl_ﬂl}]

1 1 1
—VG e [4BWBW + S Tr (W WH) + 2Tr(gwg"”)]

\/é ( 2 77 7
+6(2) —= | |D,H|*" = V(H) —yqqrdrH — yu GrurH — y. lprer H + h.c.

_ ~ 1 __
—yy lpnpH — §MRnCRnR + h.c.). (7.1)

where the Higgs potential is given by V(H) = m%|H|?> + Ay |H|*, the 5D covariant deriva-
tives for the SM fermions are given by Dy; = Oy — gy spY Bu(z, 2) — igrspWy(x, z) —
195,509, (T, z) with W, = %7_"' Wy, gy = %)\“gz and gysp,9r,5D,9s,5p being the bulk
gauge couplings for U(1)y, SU(2)z, SU(3)¢, respectively, and the mass parameters for
bulk fermions with my, = vyo’ can be independently chosen, and H = iT2H*. We note
(5. 5] = ie"F T as well as Tr(A*A%) = 26% and Tr(rir7) = 26%. We also note that the
dilaton couplings to the bulk fermions and gauge bosons are introduced universally as ¢

that A\® are Gell-Mann matrices and 7° are Pauli matrices, satisfying [’\—; )‘b] =1 f“bcg,

and a, respectively.

Some of the matter fermions and/or gauge fields in the SM can be localized on the
branes. In this case, we can consider the brane-localized kinetic terms for them in the
following form,

ﬁb = (5(2’ — Zl)

\/% <i1ﬁfy“D#wi - iGMPGVUFWFi,VU>. (7.2)
In this case, for the matter fermions localized on the branes, we don’t include the normal-
ization factors for them in writing the effective Yukawa couplings, unlike those for the zero
modes of bulk fermions.

In figure 1, we show the schematic bulk profiles of the zero modes and the first KK
modes for scalar, left-handed fermion, gauge boson as well as graviton, with arbitrary
common normalization. We have taken the bulk mass parameters for the bulk fermion to
v = %2 for solid and dashed blue lines, and the dilaton couplings are chosen to ¢ = —0.5 for
scalar and fermion and a = —0.3 for gauge boson, and the parameter for the warp factor
is kz. = 10, as illustration. In this case, the zero modes of scalar, gauge boson and left-
handed fermion with v = 2 (corresponding to heavy fermions) are localized towards z = 0,
whereas the zero modes of graviton and left-handed fermion with ¥ = —2 (corresponding
to light fermions) are localized towards z = z.. On the other hand, the first KK modes for
all the cases are distributed through the bulk.
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Figure 1. (Left) The bulk profiles of zero modes of bulk fields. (Right) The bulk profiles of the
first KK modes of bulk fields. The wave functions for scalar, left-handed fermion, gauge boson and
graviton are shown in black, (dashed) blue, red and purple lines, respectively. We took the bulk
mass parameters, v = +2, for solid and dashed blue lines, and the dilaton couplings, ¢ = —0.5 for
scalar and fermion, and a = —0.3 for gauge boson, and kz. = 10.

7.1 The Yukawa couplings for quarks and leptons

For a bulk fermion with the mass parameter vy, from egs. (4.9) and (4.11) with egs. (4.12)
and (4.13), the zero modes as the probability densities with 2 [ dz (e_%w?,bo)z =1 in the
z coordinate are given by

24y, 2) Ny, r,o(w) e (-8 2)bel, v=alb (7.3)
e 2%Yy(x,2) = .
Ny Yro(x) e_%(_3c_2”¢)k|z‘, Y =u,d,e,n
where
1
_ 3(=3c+2vy)k
Nd)L - \/1 _ e—%(—30+21’¢)kzc’ (74)

Nyp = \/ %(_?;C_ 2y )k (7.5)

1— 675(730721/1[,)]6,26 )

Then, for the mass hierarchy of fermions, the light fermions must be delocalized from the
brane at z = 0, so we need to choose vy, < %c for ¢ = q,1, and vy, > —%c for v = u,d, e, n.
On the other hand, the top quark must be localized on the brane at z = 0, so we need vy, >

%c and/or vy, < —%c. As a result, for e~ 3 (—Bet2my)hze 5 1, except the top quark, we can

approximate Ny, ~ 4/ %(3c — 2uy) e3(=3etvy)kze ynq Nyp =/ %(36 + 2vy,) e (—Be=2wy)hze
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As a consequence, after inserting the zero mode wave functions for the bulk fermions
in the Yukawa couplings in eq. (7.1), we derive the effective Yukawa couplings as follows,

—Ly = ya NgNgq qrodroH + 9y NgN, QL,O’U«R,OE[ + ye NiNe I 0eroH + h.c.
I | .
+yy NiNy IpngH + §N,% Mgn%ng + h.c.

= N qrodroH + Ay QL,OUR,OET + AelpoeroH + h.c.

_ O D
+XlponroH + §M1,Q”§z,onR,0 +he +--- (7.6)
with
N =yl NiNJ ~ kylnin), (7.7)
N = Y NgN3 = kyi ngnl,s (7.8)
A =yd NN =~ kydnnl, (7.9)
A =) NIN;, = kylning,, (7.10)
Mp ;i = NyNj Mpj = kMg ij n,m, (7.11)

Here, we define the small parameters as

4 1

y =\ 53¢ = 2v4) e3c v, (7.12)
1

ny = §(3c + 21y) 5%C+”d, (7.13)
7 1 §c+1/u

M = |/ 5 (8¢ +2wy) 277, (7.14)

; 1

N =1/ §(30 —2y;) ese, (7.15)
; 1

i = ,/§(3c+ 2u,) e2°Hve (7.16)
. 1 :

n, = 5(30 + 2vy) gaetn (7.17)

where £ = e~ 3k%. Here, the expansion parameter € = e~k g proportional to the inverse
of the proper length Ls by ¢ ~ (%kLg,)_l, so the small expansion parameter is attributed
to a large proper length of the extra dimension. Thus, for 77311 < 1, we need |vy| < %c for
left-handed fermions for ¢ > 0 and |vy| > %c for right-handed fermions for ¢ < 0. Then,

from eq. (4.28), the KK masses for bulk fermions are bounded by min = %VQk‘Z 4zt o

22

k% + %gz for left-handed fermions for ¢ > 0 or min = %V2k2 + %?2 > 2k? + %?2 for
right-handed fermions for ¢ < 0.

We note that the Yukawa couplings in the bulk SM Lagrangian have an inverse mass
dimension, due to the fact that the bulk fermions have a mass dimension two, so the
effective Yukawa couplings, A4, Ay, Ae, Ay, are dimensionless. On the other hand, the brane
Majorana mass Mp is dimensionless, but the effective Majorana mass, M, is dimensionful.
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Figure 2. The expansion parameter, ¢ = e_%k'ZC, as a function of the 5D Planck mass Ms. The
5D curvature scale is chosen to k = 0.1Ms, 1072 M5, 1078 M5, in solid, dashed and dotted lines.

We also note that the bulk mass parameters for fermions can be generation dependent, for
instance, mg, = Vg0’ with ¢ = 1,2,3. Then, we can have nontrivial Yukawa matrices as
will be discussed later.

As a consequence, even with comparable bulk mass parameters for bulk fermions, we
can explain the mass hierarchy and mixing of quarks and leptons, due to the exponential
factors. Moreover, in the case with lepton number conservation, setting Mg to zero, we
can explain the smallness of neutrino masses for v, + %c > 1 due to the exponential
suppression of the neutrino Yukawa couplings, thus requiring parametrically larger bulk
mass parameters than those for quarks and leptons.

In figure 2, we depict the small expansion parameter, € = 67%’“20, as a function of the 5D
Planck mass Ms. We have taken the 5D curvature scale to k = 0.1M5, 107°Ms, 1078 M5, in
solid, dashed and dotted lines, in order. For a small M5 ~ 10 TeV, the expansion parameter
¢ becomes as small as € ~ 1072, which would be suitable for explaining the small neutrino
masses, as will be discussed in the later subsection. On the other hand, for a large M3, the
expansion parameter € can be as large as € ~ 0.1, which is appropriate for explaining the
hierarchy of quark masses and mixings.

7.2 The mass hierarchy and mixing for quarks

In this subsection, we discuss the generation of the mass hierarchy and mixing for quarks
in the presence of the localizations.

Assuming that the brane-localized Yukawa couplings, y4 and y,, are flavor-diagonal,
that is, yzlj = yq0;; and yzj = yu 0i;, we want to generate the realistic flavor structure
from the localization of the zero modes of bulk fermions. In this case, after electroweak
symmetry breaking, from eq. (7.6), the mass matrices for up-type quarks and down-type
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quarks are given, respectively, by

3 1 o

My = 7 Ky v g3, (7.18)
g 1 .
i J

M;] = 7 kya v ngny. (7.19)

Then, assuming a mild hierarchy with 17&} < 7730 < 173} for ¢ = q, u, d, we can diagonalize the
quark mass matrices by the bi-unitary transformations [1, 57],

Vi, MV, = diag(my, me,mq) = mi, ;5 (7.20)
VdLMdVJR = diag(mg, ms, mp) = mY dijs (7.21)
where
z ] ) . ) )
Vi~ Vi~ mln(q q) ~ min(s‘”éH”fz‘,5|”§‘*|Vé|>, (7.22)
m
Vil ~ mm<% 77> ~ min (P11 b1l (7.23)
T
Vi~ m1n<n& nd) Nmin(e‘”oill*'”fi.' €|V§\*|V§|> (7.24)
dr j? n J )
Mg 'ld

and mi = ky, vnénu and md = kydvnqnu Here, we have ignored the quadratic terms for
the ratios, 772 /ny, ete, but they can be important for a precise matching to the measured
CKM matrix.

Thus, for ky, ~ 1 and nn; ~ 1 (that is, \1/3| + |v3| ~ 1), we obtain the correct top
quark mass. On the other hand, for ky; ~ 1 and 77q77d mlt’, we also get the correct bottom
mass. Moreover, the mass hierarchies for quarks are given by

Z’ .
M _ -l o b (7.25)
mi,
Mg _ - WL < (7.26)
m]

d

From eq. (7.22), the CKM matrix is also obtained as
Vi = Var V)i Z;’ ~elal=hal <, (7.27)
q

so the bulk mass parameters for the left-handed quarks are constrained by the CKM mix-
ings, as follows,

11_1,,2 21 1,,3 11,3
R S WA 7 DD C RN T 7 BB (7.28)

where A >~ 0.22 is the Cabibbo angle. Therefore, from eqs. (7.25), (7.26) and (7.27), the
bulk mass parameters for the right-handed quarks are constrained to satisfy the following

~ 93 -



relations,

i

i _ %‘ .. 71m . .
ehul=lml = (vZ D) —, i<, (7.29)
My
i j ij my . .
elal7bal = (Vi)' =4, i< (7.30)
My
Concretely, using the ratios of quark masses [58],
m m m
— N2 —< N2 — NS, (7.31)
Mme my my
m m m
i PSS S N2, =4\ (7.32)
Mg my my
we have
E‘V'lﬂ_lyﬁ' ~ >\32’ 5|Vz2t‘_|l’3‘ ~ )\1'2’ E‘V'lﬂ_lyﬁ' ~ >\45’ (733)
glval=Ival o elval=lval  \05, clval=Iv3l o \L5 (7.34)

Therefore, for instance, for € ~ A as in the case with a large M5 from figure 2, we can explain
the hierarchy of quark masses and mixings for the O(1) differences in the bulk mass param-
eters, without a fine-tuning. However, if ¢ < A, which is the case with a small M5, we would
need to fine-tune the bulk mass parameters to get the right quark masses and mixings.

In summary we can fix nine of the total eleven parameters, v?, v/ Vcil and vy, yq, from

q’ - w
six quark masses and the CKM mixings as above, up to the quark CP phase, so there are
two free parameters unfixed, namely, yf;’, v

7.3 Charged leptons and neutrino masses

Regarding the flavor structure of the leptons, there are a variety of options in our model,
depending on the Majorana mass terms for the right-handed neutrinos.

When the brane-localized Majorana mass terms for the right-handed neutrinos are
nonzero and larger than the Dirac neutrino masses, we can obtain the small Majorana
neutrino masses by see-saw mechanism, with suppressed Dirac neutrino masses due to the
localization of zero modes of bulk fermions, so the effective Majorana neutrino masses for
the right-handed neutrinos, that is, M}, can be much lower than in see-saw mechanism in
four dimensions. When M7, is comparable to or larger than the KK masses, which are of
order k, the level mixings between KK modes of the bulk neutrinos on the branes would
be important [29, 30]. But, we ignore the level mixings in following discussion by assuming
that My, < k.

On the other hand, when the brane-localized Majorana mass terms for the right-handed
neutrinos vanish by the accidental lepton symmetry, that is, Mpr = 0, we can also get the
small Dirac neutrino masses and mixing angles from the localization of zero modes of bulk
fermions.

Similarly to the case with quarks, assuming that the brane-localized Yukawa couplings
for leptons, vy, y,, are flavor-diagonal, that is, yéj = Ye 0ij, y,i,j =y, 0;;, we want to generate
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the realistic flavor structure for charged leptons and neutrino oscillations from the localiza-
tion of the zero modes of bulk fermions. In the presence of a nonzero M 4 , if flavor-diagonal,
that is, Mg = Mg ;;, we would get ng = Mg 17;77%, leading to a massless right-handed
fermion, which is not relevant for see-saw mechanism. So, in order to keep three right-
handed neutrinos massive, we need to take Mg to deviate from being flavor diagonal.

Then, after electroweak symmetry breaking, from eq. (7.6), the mass matrices for
charged leptons are given by

MY = = kycvainl (7.35)

Then, assuming that 7711;, < 171211 < 77132) with ¢ = [, e, we can diagonalize the charged mass
matrices by the bi-unitary transformations [1, 57],

Vo, M. V] = diag(me, m,, m;) = mi 6 (7.36)
where
.. @ 77j i J J i
Vi min(m’ zi> ~ min (&1 1=l (7.37)
nom
L o
Vil min<né., 77> ~ min (&=l =) (7.38)
T]é Ne

and m! = l-cyevnliné. Thus, for ky. ~ 1 and 1713172’ ~ % ~ 1072, we obtain the correct tau
lepton mass. Moreover, the mass hierarchies for charged leptons are given by

Me _ =1V glel=lvel 4 < 7, (7.39)
me
For instance, for |vj| = |1/lJ | for all 4,7, using the charged lepton masses [58], we can

determine the mass parameters for right-handed charged leptons in powers of the Cabibbo

angle as

1 2 2 3 1 3
6‘V€|_‘V€| ~ >\357 6'”&‘_|Ve‘ ~ )\64’ E‘Ve|_‘ye| ~ >\99 (740)

Therefore, for ¢ ~ A, similarly to the case with quark masses, we can explain the hierarchy
of lepton masses for the mild differences in the bulk mass parameters for leptons.
On the other hand, for M # 0, the Majorana masses for active neutrinos are generated
by see-saw mechanism as
M, = —Mp(Mp)~*ME. (7.41)

with Mg = % ky,,v'nl"nfl and ng = k;Mg 77;77%. Then, for Mgrn, > ny,v, the standard

(nj kyuv)

. 2 .
see-saw mechanism gives rise to small neutrino masses, m;, ~ =~ M for n; < 1, even for

ky, = O(1) and a relatively small kMp.
On the other hand, if Mz = 0, the active neutrinos have only Dirac masses, which are
given by

g g 1 .
M = M = = ky v, (7.42)
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In this case, we can achieve small neutrino masses for njn!, < 1, even for y, = O(1).
As "7; are constrained by the masses of the charged leptons from eq. (7.40), we can take
nt <6 x107Y from m, <

~

0.1eV and 77? < 107%. In this case, we would need the expansion
parameter to be e ~ 1079, which can be achieved being compatible with a low Mj to solve
the hierarchy problem as shown in figure 2.

Therefore, after diagonalizing the neutrino mass matrix in either case by

VVLM,,VVTL = diag(m1, ma, m3) =m’, &;j, Mg #0, (7.43)

or
VVLMVVJR = diag(ml, ma, mg) = mly (5,']‘, MR = 0, (7.44)

we can obtain both realistic masses and mixings for neutrino oscillations. Finally, in either
cases with or without Mg, the PMNS matrix is also obtained as

Vs = (Ve Vil )ig (7.45)

VL

so the bulk mass parameters for leptons are constrained by the PMNS mixings. As the
mixings for the charged leptons are naturally suppressed by elvil=171 with ¢ < j for ]yﬂ >
]1/{ |, the mixing angles in the PMNS matrix are determined mainly by VJL, which depends
on the neutrino mass matrix M,. In principle, we can obtain the realistic PMNS matrix
from neutrino data [59-61] by choosing the bulk mass parameters for leptons appropriately,
but we don’t go to the details on the phenomenological discussion any further in this work.

In summary, for Majorana neutrinos, there are twelve parameters in total, I/li, Vi vk
and ye, Y, Mg, eight of which are fixed from three charged lepton masses, Am?, and Am%3
for neutrino masses, and three neutrino mixing angles, 612,023, 613, up to the leptonic CP
phase, so there are four free parameters unfixed, that is, 1/13, v3 v3 and Mg. On the other

hand, for Dirac neutrinos with Mg = 0, there are eleven parameter in total, so there are

three free parameters unfixed, that is, z/l?’, v vl

7.4 KK gauge boson couplings

Taking a < 0, we can obtain the sizable gauge couplings for the zero modes of the SM gauge
bosons from go = gsp+/kla|/(1 — e~2Halz) in eq. (5.13), which become gy = gsp+/klal. In
this case, from eqs. (5.20) and (5.21), for ¢ > 0, we get the couplings of the charged SM
fermions to the KK modes of SM gauge bosons approximately as

1 _k|a|ze 3
gspmn 4] — 3¢ £ 2| (3a — 3¢ £ 2uy) (kz.)? (—)rttetlelze fuy| < 3e,
2Pmy, 9N 4 (3a — 6c £ dvy)? (kze)? 1,

(7.46)

Gyn ~ 3
’VT/}‘ > §C,

where 3a—|—2(—3c:|:21/¢,) > 0 is also assumed in the latter case and g5sp = gyv,5p, 91,50, 95,5D
for the SM hypercharge, weak gauge bosons and gluons, respectively. For ¢ < 0, we can
interchange the conditions on the bulk mass parameters in eq. (7.46).

As a result, for the zero modes of bulk fermions (light quarks and leptons) localized
towards the brane at z = z., have enhanced couplings to the KK modes of SM gauge
bosons as compared to those for the zero-mode gauge bosons, unless kz. is of order one or
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la| < 1/(kz.). On the other hand, the zero modes of bulk fermions (top and/or bottom
quarks) localized towards the brane at z = 0 have similar couplings to the KK modes of SM
gauge bosons, as compared to those for the zero-mode gauge bosons. Therefore, the KK
gauge bosons would be produced copiously from the fusion of light quark and anti-quark
at the LHC, and the dijet resonance researches for the KK gauge bosons are promising.
We remark that as noted in the previous sections, for |a| < 1/(kz.), the similar cou-
plings for all the zero modes of bulk fermions to the KK modes of SM gauge bosons are
obtained, independently of the localizations, but parametrically smaller than those for the

zero-mode gauge bosons. However, from my, = \/a2k? + 72n2/z2 ~ 7n/ 2., the masses of
the KK gauge bosons become parametrically smaller than the KK masses for bulk gravitons
or fermions, which are about k.
7.5 KK graviton couplings
We can parametrize the effective couplings to the SM particles in the following form [55, 56],

c 1 c 1
Lo = 3" (n)w<4’7WBApB*p + BB ) i XZGW<4UWW)‘PWAP + W )

03’ v 1 v — <—> — H
+ 3G <4nﬂygApgw + ging’ ) S G (Bt — muby DY)

+ij\”G ( (DH) D, H — 1,4, ((DPH)TDPH— V(H))). (7.47)
Here, we note that the effective coupling of the KK graviton is normalized to

—kzc (k;ZC)?)/Q

s

ma,zc

A =M%z, ~ Mpe (7.48)

where we used mg, ~ k for kz. > 1 and eq. (2.6), and assumed e¥% > 1.
Consequently, we obtain the partial decay rates of the first KK graviton G = G [5 [55
56], as follows,
2,3 2 .3

ct,m . m
T _ 99"°G r _ G
c(99) 107T A2 a(r7) 8% 2
I'e(Z22) = S0m A2‘/ —dry <CZZ + -2 4 ? (3cH —20cgczz — 9¢%y)
2% o o 2
-1—7 (7CH + 10cHczz + QCZZ) )
FG(WW) = 40 A2 V1— 47’W <CWW + E + ? (3CH — 2OCHCWW 9CWW)
2 2
+T (7cH + 10cgeww + 9cWW) )
2 .3 2
_ e 3 rz Tz
ro(z) = g -ra? (147 + ).
_ N.c? m%
La(yy) = qumg(l — dry)*? (14 8ry/3),
cm
La(hh) = 96%7r Xg (1= 4rp)5/? (7.49)
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where ¢, = 3302 + cgcl, Czz = CgCQ + sgcl, Czy = Spco(Ca — C1), Cgg = €3, Cww = 2¢2, With
c1 = c1,0, €2 = C20, ete, 1 = (mi/mg)2, and mg = my is the lightest KK graviton mass.
On the other hand, the decay rate of the nth KK graviton G(™ into a gluon pair

becomes - y
n‘m ccom n%m
G1 99 ""Gn Gn
| . = . = -T 7.50
G( )(gg) mQGn 107A2 me, G ( )

2
ma,
mg

widths of heavier KK gravitons are larger than the one for the first KK graviton.

etc. The overall factor, ™ , is approximated to n? for kz. > 1, so the partial decay

For the realistic masses and mixings for quarks and leptons, heavy quarks such as
top and/or bottom quarks tend to be localized towards the brane at z = 0, whereas light
quarks and leptons are localized towards the brane at z = z.. Therefore, the KK gravitons
can decay sizably into a pair of top or bottom quarks. On the other hand, the SM gauge
bosons propagate into the bulk, so the couplings between the zero modes of transverse SM
gauge bosons and the KK gravitons would have a mild suppression. But, as the Higgs field
is localized on the brane z = 0, the couplings between the longitudinal components of W
and Z bosons and the KK gravitons are unsuppressed.

From the general results in eqgs. (6.19) and (6.14), we can get the effective couplings
of the KK gravitons to the Higgs fields, the transverse polarizations of SM gauge bosons,
and top and bottom quarks, as follows,

Crp = G (7.51)

mag

n

4 1 9 1— (71)71 e(Qa—l)kzC
Cz-,n _ anl ’a’( a)(kzc) . < ) Z — 17 2’ 3’ (752)

ma, ’€2kazc — 1‘ n272 4 (1 — 2&)2(162’0)2’
. ~ nmg, 4| —3c+ 21/q3L‘(3 —3c+ 21/‘1314)(]{26)2 (7'53)
asL,™ ma, 9TL27T2 + (3 — 6c + 4Vq3L)2(kZC)2 ,
nme, 4| — 3¢ — 2vp,|(3 — 3¢ — 2vy,) (kze)? (7.54)

o me In2n? + (3 — 6c — v, )% (kze)?

n

with fr = tr,br. We note that the KK graviton couplings to top and bottom quarks are
comparable to those to the Higgs fields localized on the brane at z = 0 for |y, |, [vf,| > 3¢
for ¢ > 0 or |vgl,|vs,| < 3le| for ¢ < 0. Moreover, as we discussed in the previous
subsection, the perturbativity of couplings of the KK gauge bosons would require a small
la| <1/(kz.) for ef%e > 1. In this case, the couplings of the KK gravitons to the transverse
polarizations of SM gauge bosons are parametrically smaller than those for the Higgs fields
and top and bottom quarks. Consequently, the KK gravitons decay dominantly into the
Higgs fields and top and bottom quarks.

8 Conclusions

We introduced various bulk fields with general dilaton couplings in the linear dilaton back-
ground in five dimensions, and showed the bulk profile of the zero mode as well as the KK
spectrum in each case. In particular, the localization of the zero mode of a bulk fermion
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depends both on the bulk dilaton coupling and on the bulk mass parameter. Universal-
ity of the effective coupling to massless gauge bosons determines the dilaton couplings
to brane-localized matter fields while perturbativity of the effective couplings to massive
gauge bosons constrains the sign and magnitude of the bulk dilaton couplings to gauge
bosons. We also showed that the couplings of zero modes to the massive KK gravitons
depend on the localization in the extra dimension.

Constructing the Clockwork SM in the linear dilaton background, we provided the
general discussion on the effective Yukawa couplings between the zero modes of the SM
fermions on the brane, and showed the necessary conditions for the bulk mass parameters
for the mass hierarchy and mixing in the quark sector as well as in the lepton sector. We
can introduce a sizable expansion parameter, € = e_%]”c, or a small inverse proper length
Lgl, for the realistic flavor structure in the quark sector without a fine-tuning in the bulk
mass parameters, but at the expense of a large 5D Planck scale. On the other hand, we
can use a smaller expansion parameter or a larger proper length of the extra dimension for
realistic lepton masses, in particular, for Dirac neutrino masses, being compatible with the
solution to the hierarchy problem of the Higgs mass parameter. We found that massive KK
gauge bosons and massive KK gravitons couple more strongly to light and heavy fermions,
respectively, so there is a complementarity in the resonance researches for those KK modes
at the LHC.
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A Matter Lagrangians with dilaton couplings

We list the bulk and brane matter Lagrangians with or without dilaton factors in Jordan
frame and show the corresponding Lagrangians in Einstein frame.

Bulk matter Lagrangian. For massless bulk matter fields, the corresponding kinetic
terms in Jordan frame is given by

- 1
,CB = \@ (6CXSGMNDMXDNX* + ech 21/1’)/MDM1/1 — 4eaSGMPGNQFMNFpQ>. (A.l)

Under the scale transformation with S — S + § and Guny — e 29/3Gn, bulk scalar,
fermion and gauge fields transform as y — e~ (x=D/2y 4y — ef(%*%)‘s/%}, and Ay —
7(a71)6/2A

e 3 M-
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Going to the Einstein frame with Gy = 6*25/3G1\E4N, the above bulk matter La-
grangian becomes

_ 1
Lp=+Gg <e<0x1)5 GMN DDy e mp’fygDMw’—z ela=3)s G%PGgQFMNFPQ>

(A.2)
where v¥ are the gamma matrices defined for the Einstein frame metric and the redefined
fermion field is given by 1/ = e=25/34).

Brane-localized matter Lagrangian. For massless matter fields localized on the
branes, the corresponding kinetic terms in Jordan frame is given by

VG
V—=Gss

Going to the Einstein frame with Gy = e 2%/ 3GE , the above brane matter Lagrangian

— 1
Ly, =108z — 2) <G’“’Dunyx* + iy Dyp — 1 G“pG”UFMVFp(,). (A.3)

becomes
VGe

with the redefined fermion field being ¢ = e=5/24.

v * - 1 vo
Ly=0(z— z) <e—25/3(;g DuxDyX" + i vg Dy’ — 5 G G FWFPC,> (A.4)
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