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ABSTRACT This paper investigates the problem of unknown virtual control directions in a state-quantized
adaptive recursive control design for a class of arbitrarily switched uncertain pure-feedback nonlinear
systems in a band-limited network. State quantization is considered for state feedback control in a band-
limited network. The primary contribution of this study is to provide a quantized state feedback adaptive
control strategy to address the unknown control direction and arbitrarily switched nonaffine nonlinearities.
Herein, a coupling problem between Nussbaum functions and quantization errors caused by quantized
state feedback control laws is considered in the Lyapunov-based design and stability analysis. A state-
quantized adaptive recursive control scheme using the function approximation is constructed without a priori
knowledge of the signs of the control gain functions, where the estimated parameters and Nussbaum-type
functions are adaptively updated via quantized states. Theoretical lemmas are derived to show that the
adaptive parameters and quantization errors of the closed-loop signals are bounded using the proposed
control scheme. The boundedness of the closed-loop signals and the convergence of tracking error to a
neighborhood of the origin are proved using the common Lyapunov function approach. Two simulation
examples are shown to illustrate the effectiveness of the proposed theoretical result.

INDEX TERMS State quantization, unknown control direction, switched pure-feedback nonlinear systems,
arbitrary switching, adaptive tracking.

I. INTRODUCTION

During the past few years, various control methodologies
have been developed for switched systems, which are a form
of common hybrid systems, because of their application
in the chemical industry, power control, mechanical oper-
ation, and other industrial productions ( [1]-[10] and ref-
erences therein). Among these methodologies, the common
Lyapunov function approach has been extensively studied
to control lower-triangular nonlinear systems with arbi-
trary switching. In [11]-[16], recursive and systematic
control strategies using the backstepping technique [17]
were presented for arbitrarily switched systems, where
unmatched nonlinearities were assumed to be known.
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Adaptive techniques [18]-[20] have been employed to
estimate system uncertainties in the nonlinear control
field. To deal with unknown switched nonlinearities,
approximation-based adaptive control problems of switched
nonlinear systems were studied in [21]-[25]. In [26], an adap-
tive neural fault-tolerant control problem was addressed
for uncertain switched nonstrict-feedback nonlinear sys-
tems with unmodeled dynamics and actuator faults. In [27],
a finite-time tracing problem was investigated for switched
nonlinear systems with backlash-like hysteresis and time-
varying delays. To consider control design problems in
a capacity-limited network, quantized control approaches
have been studied for uncertain switched nonlinear systems
with input quantization [28]-[34]. However, although con-
trol inputs were quantized, the reported design approaches
were based on continuous state feedback, namely, the state
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quantization problem in the sensor-to-controller channel
cannot be resolved in [28]-[34]. For the fully quantized
control of switched nonlinear systems, it is significant
to study the design and stability analysis methodologies
using quantized state feedback information, which is
discontinuous.

The signal quantization problem in the control design
and analysis of nonlinear systems is an emerging research
topic because of the increasing use of digital proces-
sors and communication networks with limited bandwidth
(see [35]-[37] and the references therein). In recent years,
function-approximation-based adaptive controllers have been
proposed to address uncertain lower-triangular nonlinear sys-
tems with input quantization [28], [38]-[41]. In these results,
input quantization was considered as one of input con-
straints and was compensated using the adaptive technique.
Contrary to input quantization, state quantization causes a
design difficulty owing to the discontinuously quantized state
feedback in the recursive design steps. To overcome this
difficulty, an adaptive backstepping control method was pre-
sented to stabilize systems with matched unknown param-
eters and known nonlinear functions [42]. By employing
the command-filtered backstepping technique [43], lower-
triangular nonlinear systems with state quantization were
considered to design adaptive trackers for dealing with var-
ious control problems such as unmatched parametric uncer-
tainties [44], state time delays [45], decentralization [46], and
switched nonlinearities [47]. Although these results [44]—[47]
provided several successful solutions to the state quantiza-
tion problems of uncertain lower-triangular nonlinear sys-
tems, there is scope for further improvement in the following
aspects. (i) The systems concerned in [44]-[47] have unity
control coefficients. That is, the virtual and actual control
gains are one and known. Thus, an unknown control direc-
tion problem remains open in the quantized state feedback
control field of lower-triangular nonlinear systems. (ii) The
systems discussed in [44]-[47] are in the strict feedback
form. Thus, an adaptive quantized state feedback control
problem for arbitrarily switched pure-feedback nonlinear sys-
tems with unknown nonaffine nonlinearities has not yet been
addressed.

The major design difficulty in dealing with these two
points lies in considering the coupling terms of Nussbaum
functions and quantization errors caused by the quantized
state feedback control laws in the Lyapunov-based design
and stability. To overcome this difficulty, technical lem-
mas for analyzing these coupling terms and a quantized-
state-based common adaptive control strategy for ensuring
the boundedness of the quantization errors should be
developed.

These observations motivate us to develop a state-quantized
adaptive tracking control strategy for arbitrarily switched
uncertain pure-feedback nonlinear systems with unknown
control directions in a capacity-limited network. It is assumed
that all states quantized by a uniform quantizer are only
accessible for feedback, and the pure-feedback nonlinear
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functions and signs of the control gain functions induced from
the mean value theorem are unknown. Compared with related
works in the literature, the primary contributions of this study
are as follows: (i) the unknown control direction problem
is first considered in the quantized-state-based recursive
control design field of lower-triangular nonlinear systems;
and (ii) pure-feedback systems with unknown switched non-
linearities are first considered in the state-quantized control
field. To this end, a state-quantized adaptive controller is
designed using the command filtered backstepping technique
and Nussbaum functions. The learning laws for the adap-
tive parameters and Nussbaum variables are derived using
quantized states. Then, by developing technical lemmas, it is
shown that the quantization errors of the virtual and actual
control laws with Nussbaum functions are bounded. Based on
the common Lyapunov function method and the boundedenss
of quantization errors, we prove that the tracking errors are
semi-globally asymptotically bounded and converge to a
neighborhood of the origin in the sense of Lyapunov stability
criterion. Simulation examples are included to demonstrate
the effectiveness of the proposed state-quantized control
methodology.

The rest of this paper consists of the following parts.
A state-quantized adaptive control problem in the pres-
ence of unknown control directions and arbitrarily switched
pure-feedback nonlinearities is formulated in Section 2.
In Section 3, the state-quantized adaptive tracker design
and the stability analysis strategy are derived. In Section 4,
two simulations are provided to verify the effectiveness of
the proposed approach. Finally, the conclusions are drawn
in Section 5.

Il. PROBLEM STATEMENT AND PRELIMINARIES

A. PROBLEM STATEMENT

Consider the following switched nonlinear pure-feedback
systems with arbitrary switching

5= PG+ a0, i=1,2,...,n-1
%y = fnp(l)()—cm M,O(l)) + dr/l)(l)(t)
y =X )

where X; = [x1,...,x]" € R, i = 1,...,n, are state
vectors, p(t) : [0, +00) - P = {1, 2, ..., p}isthe switching
signal, y € R is a system output, ' € R, VIl € Pisa
control input of the /th subsystem, fil (X, xix1) : R+ — R,

i = 1,...,n, VYl € P are unknown smooth functions of
the Ith subsystem with x,11 = u/, and d/ € R, i =
1,...,n, VI € P, denote unknown external disturbances of

the /th subsystem.

In this study, the system (1) and the controller are con-
nected through a capacity-limited network environment.
Thus, the measured state variables are quantized and trans-
mitted to the control part. Then, the quantized discontinuous
state variables are only available for the control design. For
state quantization, a uniform quantizer is employed as a state
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quantizer as follows:

) . _ A .
Ej, E-73=x
=<

<
X £q) =10, —3=sx<3 (©)

wherei=1,...,n, jeZT, A > Oisthe quantization level,
Ey = A, and Ejy; = E; + A. Then, the quantization error
Zxi = Xi — xiq satisfies the property |zx,,-| < A/2.

For the quantized state feedback design in the presence of
unknown switched pure-feedback nonlinearities, we need the
following assumptions and lemmas.

Assumption 1 ([22], [48]): M £ 0, i =
1, ,n, VIl € P, and there ex1st unknown real constants

h Af Gi,xi -
ﬁﬁ’o > 0 and hio > 0 such that hfo < |MiGix) | hfo

0xit1
.. . af! Xi\Xj
Additionally, the signs of f’(x—fl“) are unknown.

Remark 1: Assumption 1 indicates that the control gain
functions % of each subsystem are strictly positive or

negative. This is a sufficient condition for the controllability
of system (1) [22], [48]. The signs of M mean the vir-
tual and actual control directions 1nduced from the recursive
control design. Thus, this study considers a state-quantized
adaptive control design problem in the presence of unknown
control directions of switched pure-feedback nonlinear
systems.

Assumption 2 ([22]): There exist unknown constants
dil,o >0, i=1,...n, VI € P, such that Idil(l)l < dil,o-

Assumption 3 ([22], [49]): The reference trajectory y,
and its time derivative y, are bounded, and y, is only
available.

Assumption 4 ([42]): The state variables x; are not avail-
able for feedback. Instead, the quantized state variables xlq are
only available.

Remark 2: In this paper, the network control problem
under a band-limited network is considered for switched
nonlinear systems (1). Thus, the measured state variables
are quantized before network transmission to the controller.
Thus, Assumption 4 is given for the problem formulation of
the adaptive quantized state feedback control design.

Lemma 1 ([50]): For a Hurwitz matrix A € R™", H is
a symmetric positive definite matrix such that ATH + HA =
—21 with an identity matrix I € R"*". Then, it is ensured that
I < Bre " where i = /Amax(H)/Amin(H), and fp =
1/Amax(H). Here, Amax (H) and Apin (H ) are the maximum and
minimum eigenvalues of the matrix H, respectively.

Lemma 2 ([51]): For any constant § > 0 and ¢ € R,
it holds that 0 < |¢| — ¢ tanh(gp/8) < 0.27856

The objective of this paper is to design a common
state-quantized adaptive controller u! £ u, VI € P for
system (1) under arbitrary switching and unknown con-
trol directions such that the output y follows the desired
trajectory y;.
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Remark 3: Contrary to existing studies on quantized feed-
back adaptive control [44]-[47], a quantized state feed-
back control design problem in the presence of unknown
signs of control gain functions and unknown switched
pure-feedback nonlinearities is addressed in this paper. The
main difficulty of our study is to derive a state-quantized
control design and stability methodology for ensuring that
the quantization errors of Nussbaum-functions-based vir-
tual and actual control laws are bounded regardless of
unknown switched pure-feedback nonlinearities. This dif-
ficulty has not been solved in the existing control works
related to switched lower-triangular nonlinear systems with
input quantization [28]-[34] or quantized-state-based recur-
sive designs [44]-[47].

B. NUSSBAUM-TYPE GAIN
A continuous function N(§) : R — R is called a Nussbaum-
type function if it has the following properties [52]:

Llln sup — / N(E)dE = +o0
lim inf—/ N(&)d§E = —oo. 3)
§—>+00 s Jo

In this paper, the Nussbaum-type function N(§) = &
cos ((;r/2)&) is utilized to deal with the unknown control
direction problem under state quantization.

Lemma 3 ([55]): Let V(t) and £(¢) be smooth functions
defined on [0, #r) with V() > 0, V¢ € [0, r), and N(§) be
an even Nussbaum-type function. If the following inequality
holds

t
V(D) < co+ e /0 [N E) + 1E AT (4)

for Vt € [0, tr) where cg > 0 and c¢; > O are constants
and g(x(¢)) is a time-varying parameter that takes values in
unknown closed intervals L := [[~, "] with 0 ¢ L, then
V(t), £(t), and fé g(x(t))N(E)édt are bounded on [0, #).

C. RADIAL BASIS FUNCTION NEURAL NETWORKS

Radial basis function neural networks (RBFNNs) have been
widely used to approximate unknown nonlinear functions
derived from controller design procedures (see [53]-[58]).
Let us consider unknown continuous functions Fi(x;) €
Q; — R with compactsets ;andi = 1, ..., n. According to
the universal approximation property of RBFNN [53], if the
number of neural nodes is sufficiently large and the basis
functions are chosen appropriately, there exist ideal bounded
weight vectors W e R¥ such that

Fi(xi) = WrTBiOw) + &), xi € (5)

where x; = [xi1,---, )(,;Ml.]T are the input vectors, B;(x;) €
RNi are the Gaussian basis function vectors with network
nodes Nj, g; are the network reconstruction errors bounded
by |eil < & with constants &, and |W/| < W; are
satisfied with constants W;. Due to the inherent property
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of Gaussion functions, there exist constants B;." such that
1B:(x»)ll < B} [54], [56].

IIl. MAIN RESULTS
A. SYSTEM TRANSFORMATION
For recursive tracker design using the command-filtered
backstepping technique, system (1) is transformed into an
affine form. Using Assumption 1 and the implicit function
theorem [56], for Vx; € R, there exists a smooth ideal input
Xiy] = v;“l (X;) such that fil (X, v;kl ) = 0. From the mean value
theorem, it is obtained that [59]
F Gy xipn) = f1Gi v
1 arl(z. o
4 [ D i ) ©)
0 Oxipin

where i = 1,...,n, xit1) = Axiy1 + (1 — )L)v:.“l; A €10,1],

L% x:
VI € P, and x,4 = u. By defining il = [} Zelititin) gy

. 0xit1,1
system (1) is represented by [22]
%=l — B+ dle), i=1,2,...,n—1
%y = hu—hbv + dl@). @)

B. DESIGN OF STATE-QUANTIZED ADAPTIVE TRACKER
For the command filtered backstepping design of the pro-
posed state-quantized adaptive controller, the error signals are
defined as

S1 = X1 = Yr (3)

Sipl = Xip1 — Qi ©

a1 = Q1 — o (10)

wherei =1, ...,n — 1, s and s;; are error surfaces, «; are

intermediate signals, and &; ; and &; 1 are filtered signals and
filtering errors of the intermediate signals, respectively. The
command filtered signals are given by the following second-
order low-pass filters

Q1 = adip
X N 2, A
Qin = —25widin — i (A1 — o) (11)

with &; 1(0) = «;(0) and &;2(0) = 0, and positive constants
¢ and w;.

Remark 4: Because the quantized state variables that are
non-differentiable cannot be directly utilized in the recursive
design using the common Lyapunov function, we present the
state-quantized control design steps of switched nonlinear
systems with unknown control directions. In this subsec-
tion, we first derive intermediate signals «; using unquan-
tized state signals. Then, a state-quantized adaptive tracker
u is designed using the structure of the intermediate signals.
Thus, the errors between the unquantized and quantized sig-
nals (i.e., quantization errors) are analyzed for guaranteeing
closed-loop stability in the next subsection. In the proposed
state-quantized adaptive tracker, the dynamics of the Nuss-
baum variables using quantized states are designed to ensure
that the quantization errors are bounded. It is shown that
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the unknown control direction problem can be overcome by
quantized state feedback.

Step 1: Consider the first error surface s; = x; — y,.
From (7), (9) and (10), we have

§1= sy +hay g +hlay — v +dl =5, (12)
A common Lyapunov function is defined as Vi =
s2/(2hy ;) with hy ,, = maxjep{h} ;). For any [ € P, the
time derivative of V| is obtained as
. 1 - .
Vi = Fsl(hllsz + By + Bay — i+ dl - ).
,m
(13)

Adding and subtracting s‘l‘ into (13) yields

. 1 5
Vi = Fsl(hlﬂz +hbay g 4 Ry + by g +db) — st
\m
(14)

where g} = —(h} /h1m)Vi (x) + 57 = 3 /R -

Using Assumptions 1 and 3, and Young’s inequalities,
there exist a continuous function Fi(x;) and a constant
t1 > 0 such that [22]

sigh < siFi(x)+u, VieP (15)

where x1 = [x1, 5117 and Fi(x1) = (1/Qu))F{(x1))* +
(M/hl,m)z]sl + s?; Vitx) = max;ep{v’l‘l(xl)} and a constant
M satisfying |y,| < M. Using (5), it holds that Fi(x1) =
WI*TBl(Xl) + e1(x1) where W}, By, and &) are the ideal
weighting vector, the Gaussian basis function vector, and
the reconstruction error of the RBFNN, respectively. Using
Young’s inequality

K1
4

where 6; = (V_VlB’l")z//q with a constant k1 > 0, the
following inequality holds
I

y 1 ~ 4, Ki
Vi< —si(s2+ap1)—s7+—+1
him 4

siW; TB1(x1) < 5361 + (16)

+——s1(hhar 4 hyms1601 + hmer +db). (17)

1
hl,m

The first intermediate signal ¢ is given by
N ~ 52
ay =N(&y) | kis1 + 5161 + 5191 tanh 5—1 (18)
1

where N(&1) is a Nussbaum function, él and 1}1 are the
estimates of #; and a constant | to be determined later,
respectively, and k1 > 0 and §; > O are design parameters.
The tuning laws of &1, 61, and ¥ are designed using quan-
tized state feedback signals at the last step. Then, from (18),
the inequality (17) becomes

. 4

Vi < —kisT + ——s1(s2 +@1.1)

hl,m

1 K
+——s1(h1,me1 + df) — 5T+ AL {
h1m 4

78387



IEEE Access

S. G. Jang, S. J. Yoo: Quantized-State-Feedback-Based Neural Control for a Class of Switched Nonlinear Systems

K . R 2
+<_1N(51) + 1) |:k1S% + S%91 + S%‘ﬁl tanh (8—1>i|

him 1
- - 57 52
—s520; — s34 tanh <3—1> — 52y} tanh (a_l) (19)
1 1

where él = él — 91 and 1}1 = 1&1 — 1#]*
Step i (i = 2,...,n— 1): From (7), (9), (10), and (11),
we have

§; = hfs,'_,_l + hf&i,l + hfoti — hfv;-kl + dl-l - &1—1,2- (20)

For any / € P, the time derivative of a common Lyapunov
function candidate V; = sf /Q2h; ) with h; ,, = max;ep{hf o)
is represented by

. 1 .
Vi= Tsi(h55i+l + hla; y + hla; — v

i,m

+d! — ;1 2). (21)
Adding and subtracting sf into (21) yields

. 1 ! I~ ! N
Vi= }Tsi(hisi+l + hja 1 + oy + hi g +d;) — s
i,m

(22)

where g/(xi)) = =l /him)Vi' + 5} = &im1,2/him With i =
[Xi, i, @i—12]"

Then, there exist a continuous function F;(x;) and a con-
stant ¢; > O such that

sigh < siFi(x) + . VI €P. (23)

The nonlinear function F;(x;) is approximated by the RBFNN
as follows: Fi(x;) = Wi*TB,'(X,') + €i(x;) where Wl.*, B;, and
&; are the ideal weighting vector, the Gaussian basis function
vector, and the reconstruction error of the RBFNN, respec-
tively. Using Young’s inequality, we have siWi*TBi(X,-) <
sf@i + ki/4 where 6; = (W,-B;.*)2 /k; and k; > 0 is a constant.
Then, the following inequality holds
I
y i ~ 4, ki
Vi< —si(sip1 +ai1) —s; + -+
him 4

1
+h—s,~<h£a,~ + i $i0i + himei +d). (24)

i,m

The ith intermediate signal «; is designed as

2

N N S5
o = N(E,) (kisi + 5;0; + SiI//l' tanh (8—1)) (25)

1
where N (&;) is a Nussbaum function, é,- and 1/},- are estimates
of 6; and a constant 1//;‘ to be determined later, respectively,
and k; > 0 and §; > O are design parameters. Then,

substituting (25) into (24) gives
hl

. 2 e -~
Vi < _klsi + _Sl(sl-‘rl +al,l)

hi,m
! l 4, ki
+—si(himei +d;) —s; + — + i
hl,m 4
h! . . )
+ =N &) + 1) kis? 4 576; + s34 tanh | =
hi,m (Sl’
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. . 52 52
—526; — s74; tanh <5—’) — 7y} tanh (8—’> (26)
l 1
where é,’ = é,' — 9,' and Iﬁ,‘ = 1@,’ — Ipl-*.
Step n: Using (7) and (9), the time derivative of a common
Lyapunov function candidate V,, = s,% /Qhy, ) with by, =
max;ep{fzfl,o} is obtained as

Vn = sn(h;(u — o) + h,llan + hn,mg; + dylz) - Si 27

1
hn,m
where [ € P, oy is an intermediate signal, gf1( Xn) =
_(hil/hn,m)vzl‘i‘sg_anfl,Z/hn,m with x,, = [Xp, Sa, Olnfl‘Z]T-
Then, there exist a continuous function F,(x,) and a constant
ty > 0 such that

Sngfz < spFn(xn) +tn, VIeP. (28)

The nonlinear function Fj(x;) is approximated by the
RBENN as follows: Fj,(x,) = W:TB,L(X”) + &,(xn) Where
Wy, By, and ¢, are the ideal weighting vector, the Gaus-
sian basis function vector, and the reconstruction error of
the RBFNN, respectively.

Using Young’s inequality ann*TBn(Xn) < s%@n +
Ky /4 with 6, = (W,B%)? /i, and a constant «, it holds that

/

. 4 Kn
V, < hn”’m Sn(u — o) — s, + )

+

1
+h_sn(hf1an + hn,msnen + hn,mgn + d,i) (29)

n,m

The intermediate signal «, is selected as

2
oy = N(&n) (knsn + $u0 + suy tanh (;-)) (30)
n
where N(&,) is a Nussbaum function, é,, and Ian are esti-
mates of 6, and v to be determined later, respectively, and
k, > 0 and §, > 0 are design parameters.
Substituting (30) into (29) yields
. H
Vi < _knsi + Sp(u — o)

hn,m
! 1 4 , Kn
+h_sn(hn,m5n + dn) -5, + Z + 1,
n,m
H ) A 2
+( NG 1) sy + 5300 + s tanh (22
hn,m 5n
. _ 2
—Si@n - S%% tanh (_n)
On
S2
_sﬁgb: tanh <8—”) 31)
n

where 6, = 6, — 6, and 1}" = g@n — Y.

To design the state-quantized adaptive tracker u using
Nussbaum functions, we first define the quantized-state-
based error surfaces s; as

§ =l =y,
/ .9 i
Sie1 = Xip1 — % (32)
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where i = 1,...,n — 1 and & .1 are filtered signals of
virtual control laws o which are obtalned from the following
second-order command filters

f\/ Y
o1 =050
A/

Qin = _290)1 Uio

with @ ,(0) = «;(0) and &; ,(0) =
The common virtual control laws o/ and the actual control
law u using quantized state feedback signals are presented as

2
o) = N(&) (kisi» + 5i0; + sji tanh (2—)) (34)

i

— w}(@], —a)) (33)

u=a (35)

n

2
b=y ,<k 5P + 520, + 5P tanh <%)
1

—os,fs?sz) (36)
bi = vo.i (SEZ - Uf),is/‘zéi) 37
s’2 .
1/;, = Yy.i (s tanh ( 5 > — aw,isgzwi> (38)
1

where i =1, ..., nand yg i, vo,i, Vy.i» Ot,i> 09,i, and oy, ; are
the positive design parameters.

Remark 5: In the existing studies on quantized state feed-
back adaptive control [42], [44]—-[47], the signs of the control
coefficient functions were assumed to be known. That is,
the signs of nonlinear control gains were known in [42] and
nonlinear strict-feedback systems with unity control gains
were considered in [44]-[47]. However, in this paper, the
control directions (i.e., the signs of the control coefficient
functions hg) are assumed to be unknown. To deal with this
problem, the state-quantized adaptive tracking scheme using
Nussbaum functions is presented in (34)-(38). In (36)-(38),
the tuning laws of the adaptive parameters and Nussbaum
variables are derived using the quantized states.

C. STABILITY ANALYSIS USING QUANTIZATION ERRORS
Let us define the quantization errors of the recursively
induced closed-loop signals as

/ !/

Zs,i = Si— 8 la,j = Qj — Olj,
A i ~ ~l

2641 = %1 — O, 24,52 = Q2 — 0o,

=y —Uu=ay —a, (39)

wherei=1,...,nandj=1,...,n— 1.

Then, we derive the following lemmas to show the bound-
edness of quantization errors.

Lemma 4: For any constant § > 0 and any ¢1, ¢ € R,
it holds that

D) le1 tanh(f@/ri) ztanh(wzz/é)l <L 6017|<p1 <pz|
2) g7 tanh (97/8) — @3 tanh (¢3/8)| < 1.1997|pF — @3]

Proof: See Appendix 1. ]
Lemma 5: Consider the adaptive laws (36)-(38).
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(i) Forany initial conditions such that 6;(0) € Q; ,, it holds
that 6;(1) € Q5,, Vi = 0 where i = 1,...,
Q5= 16, 16:] < Aé,i} are compact sets with unknown
constants Aé,i-

(i1) For any initial conditions such that 1/~rl~(0) € SZI/;J,
it holds that ¥;(¢) € Q ¥Vt > 0wherei =1, N

and 27 ; = (il 1l < A
unknown constants A 7

(iii) For any initial conditions such that §i(0) € Q¢ ;,itholds
that &(t) € Q¢;, Vt > O wherei = 1,...,n and
Qg = (& 1&]| < Ag,;} are compact sets with unknown
constants Ag ;.
Proof: See Appendix II. [ ]

Remark 6: To analyze the closed-loop stability using the
state-quantized adaptive tracking scheme (34)-(38), we need
to prove that the quantization error term u — ¢, in (31) is
bounded by the proposed state-quantized control scheme.
To this end, we derive Lemma 5. Lemma 5 indicates that
the proposed adaptive laws (36)-(38) ensure the bound-
edness of the parameter estimation errors ;(r) and Iﬂi(t),
and the tuning parameter &;(¢#). Lemma 5 is used to prove
the closed-loop stability using the state-quantized adaptive
tracking scheme (34)-(38) in Theorem 1.

Lemma 6: Consider the quantization errors zs,, Za j» 24 j,1
Z4.j,2> Zu> and the uniform quantizer (2). There exist positive
constants Z; ;, Zo j, Z4 j» and Z,, such that |zs ;| < Zj j, |za,j| <

Zoj» Izajll < Zgj, and |z4| < Z, where i = 1,...,n,j =
1, ,n—1, andza} [Zotjl»z(xJZ]
Proof The recursive proof steps are derived to show the
boundedness of the quantization errors.

1) Since |zx,;| < A/2is ensured from the definition of the

quantizer (2), z,.1 is bounded as

|ze1] = lze1l < AJ2 £ Z . (40)
From (18) and (34), zo.1 is obtained as

n and

i} are compact sets with

Za1 = N(sn[kl(sl — ) +01(s1 — 5})

. §2 52
+v1 {sl tanh (—1> — 5} tanh <—1) }i| (41)
S1 S1

From Lemma 35, it is satisfied that
&l < A;i,

where i = 1,

Wil < A% @2)

n A = max {[§(0)], Agi}, A% =
max {|6;(0)], Ag ;} and A* = max {|wl(0)| Aw l} are
constants. From the boundedness of &;, there exists a
positive constant Ay ; such that

INE)I < AN,y i=1,...,n (43)

In addition, using Lemma 4-(i) and |z,,1| < Z,,1, we have
the inequality

|s1 tanh (s%/ﬁl) — s} tanh (s’12/51)|
< 1.6017 Zs.1 £ Zianh.1- (44)

9. < A*
6l < A,
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By substituting él = 6,46, and 1/}1 = 1/~f1+1//f‘ into (41),
it is obtained that

|21l < An,1[kiZs1 + (NS | +60DZ
+(A>&~/’1 + Ip]*)Ztanh,l] £ Za,l- (45)

From (11) and (33), the dynamics of the quantization
error z5 1 = [24.1.1 z&,l,z]T is given by

Za.1 =A124.1 + D121 (46)
whereA; = 0 ! is a stable matrix and D1 =
22
—w] —281w)

[0, a)%]T. The solution of the differential equation (46) is
represented by

za.1(t) = €*'z51(0)

t
+ /0 AOD L (Dde. (@)

Since the matrix A; is invertible and |z4,1] < Zg,1, it is
satisfied that for all ¢+ > 0,

lza. 1Ol < lle* [l1lzz,1 (0]
+Zaa IDUIAT T — M) (48)
According to Lemma 1, [|e?'|| < By e P12 is satis-
fied with constants B1;; > 0 and B;2 > 0. Owing

0 251,100 = z¢,1(0) and z5 ;,(0) = 0, we have
124.1(0)]| = |z,1(0)|. Then, it holds that

lza, 1O < B1,1z¢,1(0)]
+Za  IDLIAT I + B11)
£ Zi 1 (49)
for all ¢+ > 0. Thus, the inequalities lzg. 1,11 < Z4,1 and
|z3.1.2] < Z4 1 hold.
i) Using |zyi| < A/2, |zq,i—1,1] < Z4,i—1, (42), (43), and
Lemma 4-(i), z,,; and z,,; are bounded as
|Zs,il < lzx,il + 124,i-1,11
S A2+ 74 £ Zsi (50
|2a,il < Ani[kiZsi + (A5, +0)Zs,i
+(ATZ',!' + l/fi*)ztanh,i] = Za,i (51)

where i = 2,...,n — 1, and Z;; and Z, ; are positive
constants.
From (11) and (33), the dynamics of z5; = [z4.i1.
z&,i’z]T is given by

24,0 = Aiza,i + DiZa,i (52)

. 0o 1
where i = 2,...,n— 1, A; = [_wlz —ZCin’ and

D; = [0, wiz]T. Using the similar procedures
to (47)-(49), z5; is bounded as
lza, /(O = Zg; Vi =0 (53)
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where i = 2,...,n — 1 and Z;; = B1,lz5.:0)| +
Zy.il|Dill ||A171 (1 + B1.;) with a constant 81 ; > 0. Thus,
the inequalities |z4 ; 1| < Zg; and |z4 ; 2| < Z4 ; hold.

iii) Using z, = an — 05;,7 1zs,nl < Zsns 1Zan—1,11 < Zg,n—15
(42), (43), and Lemma 4-(i) yields

|Zu| < AN,n [ans,n + (As n + en)Zs,n

+(Aj;”f’n + 1/f;:()Ztanh,n] £ Zy (54)
with a constant Z,,.
This completes the proof of Lemma 6. [ ]
Consider an overall Lyapunov candidate V as
n n—1
V=> Vi+) & Ga (55)
i=1 i=1

where &; = [@;1, &i2] ;&2 = Qi 2.

Theorem 1: Consider uncertain switched nonlinear pure-
feedback systems (1) with the state quantizer (2) and
unknown control directions. For initial conditions satisfying
V(0) < p with a positive constant u, the state-quantized
adaptive controller (i.e., (34)-(38)) guarantees that all sig-
nals of the closed-loop system are semi-globally uniformly
ultimately bounded and the tracking error s; converges to an
adjustable compact set including the origin.

Proof: Let us define ;| = [@1,1,...,@1] and 5; =
[s1,...,s] forj=1,...,n—1landi=1,...,n. The time
derivative of &; is obtained as

i=1,...,n—-1 (56)

0

where A; = |:_‘Ui2 2ty

[1,0]7, and

i| are Hurwitz matrices, D =

El(gla 327 &1,11 Yr,yr» 611 WI)

IN . A A 52
= (gl)ijl <k1s1 + 5101 + s1Y| tanh (—1>>
&1 81

2
A A A K)
+N(§1)[k151 + 5161 + 5101 + 51 tanh (8_1>

1
2 52 57 . (52
+s1¢ptanh | — | +2—y sech” | —
81 81 81
Ei(&, 5ja1, @)1, Yry €12, éj 1@/)
2
ON(E)) . A ~ Sj
= —35] &\ kjsj + s;0; + s;¥; tanh (SL
J )j

2
A X A 83

+N () [kjb’“j +5i0; + 50 + 5 tanh <54>
7

. 52 52 52
+s;; tanh L)+ ZLW/ sech? [ L
o i & i
forj = 2,...,n — 1. For any positive definite matrix Q;,

the equation Al-TGi + G;iA; = —Q; is satisfied with a positive
definite symmetric matrix G;.
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Substituting (19), (26), (31), and (56) into the time deriva-
tive of V gives

V<Z[

! [ 4, Ki
+_Si(hi,m8i + di) —s5; + Z + ¢

i,m
. - 52 §2
—siz@i - sl-zl//i tanh { - ) — s?xp,-* tanh | -
S; 8;
hi 2, 25
H —NE) + 1)y | kisi + 570i
hi,m
2 3
(34
i YE.i

+Z|: —5i(Siy1 +0511):|

n—1
+ [-&' 0id; +2&] GiDE]. (57)
i=1

1 (i .
kist +—( —=NE +1)4
Ve, hi,m

l

—sp(u — o)
n,m

Then, by applying (36), we have

hf 2, 25 2.7 512 3
—NE)+ 1) | kisy +576; +s;yitanh | =) | — —
him di Ve.i

ht A
_ <h~_lN(§i) T 1) |:(k,- +0; — 05 iE)(s7 — 577)

i,m

A 52 s’2
+9;1s? tanh [ == ) — 57 tanh
Ji 5
I
hi 2
+ | ——NE) + 1) o is7&. (58)
hi,m
Lemma 4-(ii) leads to |s? tanh (s?/8;) — s/* tanh (s//8;)| <
1.1997|s? — 52| From 0 = 6+ 6, Ui = Ui + Y,
Lemmas 5 and 6, and sl. - s = 2(si — s)si — (i — s;)z,

there exist positive constants Al,, and Ao ; such that

K R
(h—’zv(a-) + 1) [(k,- + 6; — 0z iE)(sF — 57

i,m

) 57 ” 57
+; ys;tanh { — | — ;" tanh [ —
di di

[
Is? — 572 |(ki + 16i] + el

)+1

i,m
+1.1997|4:4])
< Aglsil + Ao (39

where Ay i = 2Zi(An.i + Dk + (A} +0) + 0ciAf; +
1'1997(ATZJ +¥*) and Ay = ZXZJ.(ANJ + D(k; + (A;J_ +
;) + og,iA;i + 1‘1997(1\*&,1' +v).

Using (58) and (59), (57) becomes

Vfg[
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1 h
zs + _(h_N(El) + 1)5

VE.i i,m

1 Ki
+h_—si(hi,m8i +d))— s} + Zt +
im

- . 57 52
—s576; — s7y; tanh [ == ) — s74* tanh | ==
di di

h
+A1lsil + Az + (h—lN(Ei) + l)Ug,iSizéi]

i,m
I
+ Z |: Sl(sl-‘r] + 051 1):| L sn(u — ay)
n,m
n— 1
+> [ — & Qi +2&, GiDE,-]. (60)

i=1

Since 9~l~, 1}1-, and &; are bounded from Lemma 5, there exist
positive functions E7] and EJ* such that

|:1(€1,§2,511 1 Yrs s 01, Y1)
< BiG2, @11, yr, 1)
|‘-‘j(§j1 Sj+15 Ol] 1, YVrs O‘j 1,2, 613 1/’])'
,(S]+1,<X,,1,yr,5tj—1,2) (61)

forj=2,...,
R 1 1

—Lsi(sip1 + @) < ST sh+ Sll@llt o 62)

h iBSi+1 1) =95 ) i+1 ) i

i,m

n — 1. Then, using Lemmas 5 and 6, we have

1 272 —
Z €
M — o) < 2wy L (63)
hn,m €1 4
=2 215012
ENGilI~ Mo
26 GiDE;| < ———— | ;” il +en (64
i1
A2 o
Aplsi| <~ G2 (65)
6,2 4
hf 2 1 4 2 *2
th(Ei)+1 0%.isi§i = o8 + (AN1+ 1207 A
i,m
(66)
2
~ S
—s7v; tanh (—’)
di
1 4 1 *2
< 59 + ZA'/” (67)
1 s.23.2 1 Ein
—si(himei +d) < =L 4 2412 4 Ci2
hi,mSl( i,m€i ,) = Zin g,‘,zh%m i )
(68)

where €; 1, €; 2, €1 and €; 2 are positive constants.
Applying these inequalities to (57) yields

n—1 3 1
V< —(kl—l)s%—Z(k,»—§>s%—(kn—i)sﬁ
=2
n—1 H*Z 2
IIGII lloill
—Z(%——) ||a,||2+Z —
"1 (K .
) — (h—’N@i)Jr 1)&-
- | i,m

—1 Ye.i
2
-5 1// tanh (8_l>j| + C (69)

n
+D | s
i=1
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where ¢; = Amin(Q), ¥ =
dlz/(éjz R)—6,j= L....n
&2 /énn + dl2/(en 22 ) — Oy + Z2, and C1 = YL,
[(1/2)(AN,1+1)2 of A ’l+(1/2)A*1/~/2i+A2,i+(Ki+€i,2)/4+
ul+ Y0 e + E2/2) + &1 /4. o
From Assumption 2 and the boundedness of 6;, v;, and &;,
it holds that

A%/ + €/ +
-1, ¥, = A%’n/én,Z +

w A=Y

Wil < AT /€0 + &7 60+ d7 )Gk ;

Wl < AT, /en2+ 65 fEnn + d:2/<en,zh,,,m) + Agyn
+Zp &y (70)

wherej=1,...,n—landd} = maxlep{dil,o}, i=1,...,n.
Then, from Lemma 2, we have the following inequality

§2

l

Is20] < s2yF < sP tanh( >+02785w 8 (71
fori=1,...,n.

Consider the compact sets ; € R2=D+1 i =1 .. n
and Qg € R? as ; = {s7/(2h1 ) + Z’ 1[5 +1/(2h,+1 m+
&jTGj&j] < u}and Qg = {y, + y, < R} with a positive
constant R. Since the sets €2; and Qg are compact, 2; x Qg
are also compact sets. Then, there exist constants éi such that
|E;.“| < éi on Q; x Qrfori=1,...,n—1.Setting the design
parameters ki = n1 + 1,k =0+ (3/2),j=2,...,n—1,
kn = il + (1/2), and q; = (1/2) + E2||Gil|*/ei1 + Giv | =
1,...,n — 1, with positive constants 71, 7j, 7y, and g;, it is
satisfied that

= —Zm
—Z(

+Z (—N(a>+1>é,~+cz (72)

quna,n

2 ~2 20212
O ) 221G &l

2
i

DY

€i,1

where C; = Cy + Y, 0.2785v5;. Since |E| < Z; on
Q; x Qp,fori=1,...,n— 1, the inequality (72) becomes

V<-nV+ Z (—N(&) + 1) E+C (73)

where n = mini=1,.._nj=1,....n—1{2hi,mMi> Gj/Amax(G))}.
Solving the above inequality, we have

t ﬂ h[ .
V() <e” f — | ——NE)+ 1) &e"ds + Cs
i—=1 VE.i hi,m

(74)
where C3 = V(0) + Cp/n. By Assumption 1, we have
|hf /him| < 1. Then, from Lemma 3, it is ensured that
V@), &(),i =1,...,n, and fo i lyl " N(&)éidc are
bounded for V¢ € [0 tf) According to Proposmon 2 in [60],
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it also holds that #; = oo. Thus, all the closed-loop signals
are bounded. This implies that s;, o, @j 1, @j2, and «,, are
bounded fori = 1,...,nandj = 1,...,n — 1. From
Lemma 6, s a Ol] 1> ] 5> and u are also bounded Thus,
there exist constants A such that > 1((hl /h, N (&) +
l)él/yg i/ < Aon€, x Qwherei=1,

Thus, the inequality (73) becomes
V<—-nV+Cy (75)

where C4 = Co+A. Thus, the time derivative of V is negative
for V.= pu when n > C4/p. This implies that V < u is an
invariant set. Moreover, the inequality (74) can be rewritten
as

V(1) < (V(0) — Ca/me™ " + Ca/n. (76)

Owing to (1/ (Zhlgm))s% < V, the tracking error s1 converges
to a compact set QLo = {s1| |s1| < +/2h1,,Ca/n}. By adjust-
ing 1, the compact set 2o can be made arbitrarily small. B

Remark 7: The design parameters presented in the proof
of Theorem 1 are sufficient conditions. The guidelines for
setting design parameters are provided as follows.

(i) Increasing k; helps to increase n. Thus, the conver-
gence bound /2h ,C4/n of the tracking error can be
reduced.

(ii) Setting oy ;, 09,i, and og; to be small constants and
increasing vy i, vo,i, and yg ; results in the faster learn-
ing speed of Vi, 6;, and & respectively.

(iii) As §; decreases, Cy4 also decreases. Thus, the conver-
gence bound of the tracking error can be reduced.

IV. SIMULATION EXAMPLE

A. EXAMPLE 1

Consider the following switched second-order nonlinear
system:

= {6 +a
i = G, ) + af(0)
y=x (77)

where p(t) : [0,+00) — P = (1,2}, f! = @2+
0.2cos (x))x2 + 0.2x7, f2 = (2 + 0.1€")x, + 0.5sin (x1),
£ =2+ 0.2c0s (x1x2)u, £ = (2 + 0.1e"2)u + 0.5x1x,
dl = d? = 0.1sin(nt), and dj = dj = 0.1cos (rt). The
nonlinear functions fll, f12, le, and f22, and the disturbances
dll, dlz, d21, and d22 are assumed to be unknown. For the
simulation, the initial conditions are set to x» = [0, O]T, the
quantization interval is given as A = 0.01, and the reference
signal is defined as y,(t) = 0.5 cos (0.5¢)+0.5 cos (1.1¢). The
proposed common quantized state feedback controller for this
simulation is given by

I / !'A /o S/lz
a; = N | kis| + 5101 + 571 tanh m

1
2

u = N(&) (kgs’z + 5h0> + shy tanh <;l)>
2
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FIGURE 1. Comparison of the simulation results for Example 1
(a) Switching signal p (b) Tracking result (i.e., x; and y;) (c) Control input
u (d) Tracking error s;.

. o N 572
& = yei | kis? + 526; + s/ tanh j — o¢.is17E;

1
A 2 24
0i = vo,i (Si — 09,iS; 9i>
S/2

i

lﬂl’ = Vy.i S;2 tanh — Uw’,‘sgzwi

i
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f and 2§

o 5 10 15 20

FIGURE 2. Quantized states of the proposed approach for Example 1.

FIGURE 3. Outputs of Nussbaum functions N(¢;) and N(&,) of the
proposed approach for Example 1.

0.5

0.4 [
03 8
<
0.2 R
0.1 4

0.6 1

0.4 4

0.2 4
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0.05

0.04 P14

_ 003
<
0.02 1
0.01 1

0.1

0.08 2

~ 0.06 T
=
0.04 T

0.02 1

oz 4 5 8 10 12 14 16 18 20
(W)

FIGURE 4. Estimates of ¢; and y; of the proposed approach for
Example 1 (a) 6; and 6, (c) ¥ and .

AL A/

a1 =01

&/ __2§ A 2(A/ _ /) (78)
12 = 110 5 — Wil | — O

where i = 1,2,k = 1.1, kp = 2,61 = § = 0.1,
vel =4ver = Lver = vo2 =1 yy1 = vy = 0.1,
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1 Yr ]
21 (Proposed)
-y [22]
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4o and 2
o
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u (Proposed)
w [22)

-15 8.08 8.1 8.12 8.14 8.16 8.18
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(©)
s1 (Proposed)
s1 [22]

051

(d

FIGURE 5. Comparison of the simulation results for Example 2
(a) Switching signal o (b) Tracking result (i.e., x; and y) (c) Control input
u (d) Tracking error s;.

Og] = 0g2 = 091 = 092 = Oyl = Oy2 = 0.01,
¢1 =0.707, and w1 = 30.

The simulation results using the proposed approach
are compared with the results obtained by the neural
network-based adaptive tracker designed without signal
quantization in [22]. The design parameters of the previ-
ous controller [22] are set to be the same as those for the
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f and 2§
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°
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FIGURE 6. Quantized states of the proposed approach for Example 2.

N (&)

o ]
<

-10
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FIGURE 7. Outputs of Nussbaum functions N(&;) and N(&,) of the
proposed approach for Example 2.

proposed controller. The switching signal is given in Fig. 1(a).
The tracking results, control inputs, and tracking errors are
compared in Fig. 1(b)-(d). Although the proposed tracker
is designed based on quantized state feedback, the tracking
performance of the proposed approach is comparable to that
of the unquantized state feedback controller [22] for switched
nonlinear systems. Fig. 2 displays the time responses of the
quantized states of the proposed approach. The outputs of the
Nussbaum functions for the proposed approach are plotted in
Fig. 3. The estimates of 61, 6, {1, and yr, for the proposed
approach are shown in Fig. 4. Based on these simulation
results, we can see that the tracking error converges to the
neighborhood of the origin. This means that the proposed
quantized feedback control strategy ensures good tracking
performance even if all the states are quantized for feedback
and the control directions and pure-feedback nonlinearities
are unknown under arbitrary switching.

B. EXAMPLE 2
In this simulation, we consider the tracking problem of the
Van der Pol oscillator that represents various types of electri-
cal circuits [61]. The following dynamics of the oscillator is
given by

=" +a’

i = H0 G, u? )+ df o)

y=x (79)

where p(t) : [0,+00) — P = {1,2,3}, f} = f} =
i = 0 fl = =267 = Dx — x1 + (2 + sin(x1x2))
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(b)

FIGURE 8. Estimates of 9; and y; of the proposed approach for
Example 2 (a) §; and 6, (b) ¥, and 9.

w + (/3w + sinw], ff = cos (xlxz) + 2 +
sin (x12))[(1/3)u® + cos )], and £ = sin(x3) + (2 +
cos (x1x2)[3u® + sin(w)], d| = d} = d} = 0.1cos(t) and
d21 = d22 = d; = 0.2sin (). Here, fl1 and le represent the
inherent nonlinearities of the Van der Pol oscillator. To con-
sider the switched pure-feedback nonlinearities, it is assumed
that the nonlinear function f21 is switched to f22 and f23. For the
simulation, the initial conditions are set to X, = [0, 0], the
quantization interval is given as A = 0.01, and the reference
signal is defined as y, () = 0.5 cos (0.5¢)+0.5 cos (1.1¢). The
design parameters for this simulation are chosen as k; = 1.1,
k=18 =8=01y1=3y2=1Lvwi=w2=1,
Yyl = Vy2 = 01,061 =052 =091 =092 = 0Oy,1 =
Oy = 0.01, ¢y = 0.707, and w; = 30.

A comparison of the simulation results is presented in
Fig. 5. It is observed that the performance of the proposed
quantized feedback tracker is similar to that of the unquan-
tized state feedback controller [22], regardless of state quan-
tization. Fig. 6 displays the time responses of the quantized
states of the proposed approach. The outputs of the Nussbaum
functions for the proposed approach are given in Fig. 7.
The boundedness of the estimated parameters 91, 02, 1//1,
and 1//2 for the proposed approach is illustrated in Fig. 8.
These figures demonstrate the effectiveness of the proposed
theoretical result.

V. CONCLUSION

We have addressed a state-quantized adaptive tracker design
problem for arbitrarily switched uncertain pure-feedback
nonlinear systems with unknown control directions. Contrary
to the related results in literature, our major contributions lie
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in the use of the quantized state feedback information and
the analysis of quantization errors to derive an adaptive track-
ing controller in the presence of unknown control directions
and switched nonaffine nonlinearities. The stability of the
closed-loop system has been proved by inducing bounding
lemmas and using the common Lyapunov function method,
Simulation results have successfully verified the proposed
theoretical approach. Further studies on the quantized-state-
based prescribed performance control problem [62]-[64] of
switched nonlinear systems can be recommended as future
work.

APPENDIX I: PROOF OF LEMMA 4
(i) Consider the function T1(¢) = ¢tanh ((p2 / 5) with a
constant § > 0 and any ¢ € R. Then, from the
straightforward algebraic manipulation, the derivative
of T1(¢) with respect to ¢ is bounded as

dT 2 2 2
0@ _ o (22 429 seen? (22
do b b )

< 1.6017. (80)

Using (80), we obtain the following inequality

T1(p1) — T1(p2)

®1 2 2 2
= / [tanh <¢—> + 2('0— sech? <(p—)i| do,
o ) ) )

IT1(e1) — Ti(p2)]

P1
/ 1.6017d¢‘
@2

1.6017|¢1 — @a|. (81)

A

The above inequality leads to

2 2
@1 tanh (%) — ¢y tanh (%)

= L.6017|¢1 — 2. (82)

(i1) Consider the function 7T2(¢) = ¢tanh(¢/§) with a
constant 6 > 0 and any ¢ € R. Then, the derivative
of T»(¢) with respect to ¢ is bounded as

dT’
ﬂ = tanh (£> + ¢ sech? (f)
do 8 8 )

< 1.1997. (83)

Then it holds that
2 2\ _
T2(</)1) - T2(§02) / tanh
@

3

; 2()]
+% sech do,

5 5199

/P¢
¥

1.1997|¢% — ¢3|. (84)

—

IT2(¢7) — Ta(3)

IA

1.1997d(p‘
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The above inequality leads to

01

— @3 tanh

2
¢} tanh %

< 1.1997|¢7 — ¢31. (85)

Then, Lemma 4 is proved.

APPENDIX II: PROOF OF LEMMA 5

®

(i)

(iii)

Let us define a Lyapunov function Vp ; = (1/(2ys, ,-))éiTéi.

Then, the time derivative of Vp ; is
Vi =07 (57 = 00.576))
=6 (séz — 00,157 (6; + éi)) i
Then, it holds that

(86)

Vo = W0ills? (1 + 00,6 — oualdill) . (87)

Vp,; is negative when [|0;]| > Aj, where Az, = (1 +
09,i0;)/09.i. Therefore, if éi(O) € Qé ;> itis en’sured that
Bi(t) € 5, V1 = 0. ’

Consider Vy,; = (1/Q2yy, )¥?. From tanh (-) < 1 and
Vi = ¥ + i, Vy,; satisfies

Vyi = 1005 (1 4+ oyt —oy.iliil) . (88)

From the inequality (88), VW is negative when |1/~f,-| >
Ay with Aj £ a0+ awp*)/aw Therefore,

Vi
if w,(O) € Q it is guaranteed that w,(t) e Qs

vt > 0.

Consider Vg; = (1/(2y¢,:))€?. The boundedness of 6;
and ; are shown in i and ii. Therefore, it holds that
Vei < l&ils? (ki + 6 + A% )

+W + A ) — oeiléil)

max ([GO)], Az} and A% | =
{10, A ) Then, by defining A ; = (k (O +
A )+(1//* A; ))/0¢.i» we have that if £(0) € Q¢ ;,
then &i(1) € Q¢ i, Vt > 0.

VR RE

(89)

where A"i = max
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