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Abstract: The aim of this paper is to introduce a class of starlike functions that are related to Bernoulli’s

C: 2 0 é” BZ .. 2
) = Yoo =nrt, where the coefficients of B, are
Bernoulli numbers of the second kind. Then, we introduce a subclass of starlike functions F such that
¢r')

F ()
and inclusion relations. We also found sharp Hankel determinant problems of this class.

numbers of the second kind. Let ¢ps(&) = (

=< ¢ps(&). We found out the coefficient bounds, several radii problems, structural formulas,
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1. Introduction and Preliminaries

The Bernoulli numbers first appeared in the posthumous publications of Jakob Bernoulli
in (1713), and they were independently discovered by the Japanese mathematician Seki
Takakazu in 1712 [1]. We define the Bernoulli numbers of the k kind as follows:

k oo annpk
msd) = (755) - L5 M)

Bernoulli numbers of the k kind are denoted by BZ. The function defined in (1) for k = 11is
known as the Bernoulli function. The convexity of the function ¢pg given in (1), as well as
its reciprocal function (¢ — 1) /¢ are studied in [2,3]; see also [4].
Let H denote a class of analytic functions in E = [§ € C : || < 1]. Let A, C H
represent the functions / having the series expansion f (¢) = & +d,, 18" +d,, 28" 2 +
- in E. The class A; = A represents the function /* with a power series representation:

F(G)=¢+ ) dud", G€E. 2
n=2

The class S C A contains the univalent function F (i.e., F (1) = F ({2), which implies
that {1 = ¢> in E). Let F € A. Then, F is in the S* of univalent starlike functions if, and

only if
(@)
Re{ F©)

}>0, ¢ € E
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Let B C H represent a class of self maps @ (Schwarz functions) in E with @(0) = 0.
Assume that / and g are analytic (holomorphic) in E. Then, / < g and reads as /-, which
is subordinated by g such that F () = g(@(¢)) for ¢ € E and @ € B if the subordinating
function g is univalent. Then,

F(0) =g(0) < F (E) C g(E).
In [5], the authors have introduced a subclass of S* defined by

¢r' @)
F ()

The function ¢ is one-to-one in E, and maps E onto a starlike domain with respect to
¢(0) = 1, with ¢’(0) > 0 being symmetric about the real axis . We obtain subclasses of
S* by taking particular ¢. The functions in class S*[a,b] := S*((1 +ag)/(1 + b)) are
Janowski starlike functions [6]. Furthermore, S*(A) := S*[1 — 2A, —1] represents starlike
functions of order A € [0,1), whereas S$*(0) = S*. The class

5'(9) = {F e <00 .

SS*(B) :=S*[(1+¢)/(1—¢)]f = {FeA:|arg(Zr'(2)/F(2))| < Br/2}, € (0,1]

represents strongly starlike functions in E. The class SL* := $* (/T + ) contains starlike
functions related with a lemniscate of the Bernoulli; see [7]. The classes

S = S*<\/§_ (\6—1) ((1—6)/(1+2(\f2—1)g))1/2>

and S} := S*(e®) were studied in [8,9]. The class S% := S*(1+4¢&/3 +2¢%/3) repre-
sents starlike functions related with a cardioid [10]. The classes S} := S*(1 + sin¢) and
Slos := S*(cos ) are related with sine and cosine functions, respecitvely; see [11] and [12]
respectively. The class S} = S* <§ ++v1+ §2> is related with the lune, see [13], whereas
the class BS*(A) := S*(14¢/(1—Ag2)), A € [0,1] is related with the Booth lemniscate;
see [14]. The class Sj := S*(eeé — 1) is related to the Bell numbers; see [15]. The class
2

St =¢5" (e(‘:ﬂ‘%)) is related to telephone numbers; see [16]. The class Sgp = S* (i;’/eé —-1)
contains starlike functions related with Bernoulli functions’ see [17].

For some recent work, we refer to [18-23] and the references therein.

We now define the class S} associated with the Bernoulli numbers of the second kind.

Definition 1. Let f € A. Then, | € S if and only if

() ¢
F@><<£—1

In other words, a function F € Sj¢ can be written as

r@© = cen( [ 10 as), ©

where ¢ is analytic and satisfies ¢(¢&) < ¢ps(8) = (e,il)2 (& € E).

To give some examples of functions in the class Sg, consider

2
> = ¢ps(¢), G €E.

_5+42¢

¢
n@-1+5 mo-12% _3+ée g cos(¢)

¢3(¢) 3 @) =1+~
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The function ¢y(¢) = (eéé : )2 is univalent in E, ¢;(0) = ¢o(0) (i = 1,2,3,4) and ¢;(E) C

¢o(E); it is easy to conclude that ¢;(¢) < ¢o(&). The functions /; € S} corresponding to
every @;. respectively, are given as follows:

F1@) = @l F2<é>:é<1+§>,

Cexp<§_1>, @) = cow ().

2
In particular, if ¢y (&) = ( ¢ ) , then (3) takes the form

F3(g)

es—1
g _ 3 4
Foe) = coxp( [ ) — -2y T -2
377¢° 1126
1920 120 @)

The above function acts as an extremal function for Sj.
The following theorem gives the sharp estimates for ¢ps:

2
Lemma 1. The function ¢ps(&) = (e,;g 1) satisfies

‘rr‘1£nReq035(§) = g@ps(f) = ‘H‘UHVPBS@H

TnﬁxRe ¢Bs(£) ¢ps(—4) = ma)z|(PBS<‘:)|

whenever L€ (0,1).

2. Inclusion and Radius Problems

Theorem 1. The class S}q satisfies the following inclusion relations:
1. Ifo<A< = )2, then Sy C S*(A).

2. IfB> (%)% then S C RS*(1/B) C M(B).
3. S} C SS*(B), where By < B < 1, wherein By = 2h(y)/m ~ 0.6454469651m and h is
defined in (5).

Proof. (1) If F € Sjg, then @ ( ¢ )2. According to Lemma 1, we have

F () ef—1
minRe( ¢ >2 < RegF/(g) < maxRe( ¢ >2'
lgl=1 et —1 F()  a=1 e$—1/)"
therefore, -
gr' (g 1
*re T -7
(2) Similarly,

ZF'(2) ¢?
0 St

Thus, F € S* ((e—l) ) NM <( _1)2). Now, we have the following;:

ety > ()
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2
This implies that / € RS*(B) for g < (%) . Identically, F € RS*(1/p) for p > (ﬁ)z

Also, F € RS*(1/p) if and only if

EALRIY.
F@ 2 2
which leads to Re(ZF'(5)/F (§)) < B. Therefore, Sys C RS*(1/B) C M(B) whenever

2
B> ()"
(B) If F € Sk, then

Gr'() &)
| < pees(ah)
= Ogyui)énarcan<u>.
Let
h(y) = arctan(Z), ®)

where U and V are given as

(ec"s(y))2(cos(sir1(y)))2 —2¢°5) cos(sin(y)) + 1
2
— (e} (sin(sin(y)))?

+ sin(2y) (2 (ecos(y)>2 cos(sin(y)) sin(sin(y)) — 2 <) sin(sin(y))) ,

U = cos(2y)

(ecos(y)>2(cos(sin(y)))2 — 2¢c0s(y) COS(Sin(]/)) +1
2
— (eces)) (sin(sin(y)))?

—cos(2y) (2 (ecos(y))z cos(sin(y)) sin(sin(y)) — 26°08(¥) sin(sin(y))) .

V = sin(2y)

Here, h'(y) = 0 has y; ~ 1.409746460 and y, ~ 4.873438847 roots in [0,27]. In addition,
1 (y2) ~ —1.0988577. Hence, maxg<y<ax h(y) = h(y) ~ 1.013865722, and ‘arg Yo ‘ <

7P, that is, B > 0.645186552. This implies that S} C SSE. O

27

Now, we discuss some radii problems for the class Si¢. The following definitions and
lemmas are needed to establish the results. The class P represents the functions p of the
form

p(&) =1+ ) puc" (6)
n=1
that are analytic in E such that Rep(¢) > 0, ¢ € E. Let

P,la,b] := =1+ act < ——2, -1<b<a<1y.
,0) {p(@) Lo 0 < g : }

In particular, P, (A) := Py[1 —2A, —1] ,and P, := P,(0). Let S}[a,b] = A,, N S*[a,b], and
S;(A) :=S;[1—2A,—1]. Also, let

Son = AnNShs, Si(A):=A,NS*(A), Si,:=A,NS].

Additionally,
Sn = {F S An : F(C)/g S Pl’l}/
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and

- 1©) <)
CS,(A) == {F €A, NG €Py g€ Sn()\)},

see [24].
Lemma 2 ([25]). If p € P,(A), then for |&| = ¢,
@) 20w
p(@) |~ A=A+ (1-21)m)

Lemma 3 ([26]). Let p € P. Then,
it — kpip2 + Ipa| < 21j] +2[k — 2j| +2]j — k+1].

Lemma 4 ([27]). If p € Pyla,b], then for |E| = ¢,

1—abl®| _ (a—b)l"
”"(‘3) Tiope | S1-per
If p € Py(A), then for |G| = ¢,
(@@ =2a))er 2(1 = A"
‘p(g) 1 _ EZ” S 1 _ gzn :

In the following lemmas, we find disks centered at (v,0) and (1,0) of the largest and
the smallest radii, respectively, such that Upg := ¢ps(E) lies in the disk with the smallest
radius and contains the largest disk.

2
Lemma 5. Let (ﬁ) <y < (%1)2 Then,

e

2
{we(C:|w—v|<fu}CUBSC{WGC:|W_1|<<ei ) }’

1
where 5
1 1 241
— (= <rv <
0, = v (32—1 ! (6;1)2 s=V= 2(e71)2;
e e +1 e
(ET) -V 2(871)2 S v S (ET)

Proof. Let cos(y) = ¢ and sin(y) = ¢. Then, the square of the distance from the boundary
Ups to the point (v,0) is given by

A ’ B ’
P(y) = <(1 " 2elcos(c) + ()22 V> + <<1 — 2e%cos(g) + (eQ)Z)Z) ,

A = cos(Zy){l —2e%cos(g) + (e2)? cos(Zg)} + 2e%{e% cos(g) — 1} sin(g) sin(2y),

B = sin(Zy){l —2¢% cos(c) + (2)? cos(Zg)} —2¢%{e% cos(g) — 1} sin(¢) cos(2y).

To show that |w — v| </, is largest disk contained in Ugg, it is enough to show that
the Or<n<ir21 P(y) = ¢y. Since Y (y) = (—y), it is enough to take the range 0 < y < 7.
ST
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1 2
Case 1: When (= <v < 22 —8e19) e 17’

addition, ¢’(y) > 0 fory € (0, 7). Thus,

then ¢/(y) = 0 has 0 and 7 roots. In

min (y) = min{y(0), y(71)} = $(0).

o</<m
Hence,
0 — . \/7 \/7
Y Ogblgn e — 1
. e e (y) =
Case 2: When 22 8et9) 1 <v< = then ¢’ (y) = 0 has 0, y,, and 7t roots, where

yv depends on v. In addition, ¢'(y) > 0 fory € (0,y), and ¥'(y) < 0 wheny € (y,, 77).
. . gz —_—
Therefore, () has minima at 0 or 7r. We also see that (0) < () for 27 5e19) 1) <
1 241 2
v< 2(6 +1)2 and ¢(0) > () for 2(61:1)2 <v<(5)%
Thus, the first part of the proof is completed.
Now;, for the smallest disc that contains Ugg, the function 1(y) for v = 1 attains its
maximum value at 7t. Thus, the disk with the smallest radius that contains Ugg has a radius

2
of(e 1). O

Theorem 2. The sharp Rgy  for Sy is
1/
e —2e !
Vn2(e — 1)+ (€2 —2¢) +n(e —1)2 '

Proof. Consider a function %(¢) € P, such that 7(¢) = F (¢)/¢. Now, we have the
following:

ngs,n (Sn) = <

Q) )
Fe) hC)

From Lemma 2, we have

EF'(E) (& 2n0"
e 1 -5 = e

From Lemma 4, the map of |¢| <¢under F'/F lies in the Ugg if the following is satisfied:

2nf" 1
it gl [
1—02n — (e—1)2

This is equivalently written as
((e—1)>=1)2" +2n(e—1)2"+1— (e —1)*> <0.
Thus, the S -radius of the S, is the root £ €(0,1) of
(e—1)*=1)" 4 2n(e—1)*" +1— (e —1)*> = 0;

that is,

e(e—2) v
RSESn(S”)_< ne—1)72+ 1+ 2 +1)(e—1)* 2(6—1)2> .

Consider /¢(¢) = {(1+¢")/1—¢". Then, ip(¢) = Fo(¢) /&= (1+¢")/(1—¢") > 0.
Thus, F o € Sy, and &F {(&)/Fo(&) = 1+2ng" /(1 — ¢*"). This is beacuse at & = ngs’n, we
2ng" 1

have
G I e e
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Therefore, [ gives a sharp result. Hence, the proof is completed. [

Theorem 3. Let

( de —e% -1 )2”
Rl — 2 7
2e—1)"(1—-2A) +e2 +1
( (e—1)2—1 )'11
R2 - 7
(1+n—A)(e—1)2+/1+(2n(1—A) + A2+ n2)(e — 1)  —2(e —1)2A
(1+n—A)(e—1)2+/1+ (T +n—-A)2(e—1)%— (127t

Then, a sharp Sk  -radius for the class CSy () is

| Ry, if Ry <Ry,
Rsjs, (CSa(1)) = { Rs,  if Ry > Ry.

Proof. Define a function n(¢) = F({)/g(E), where ¢ € S;(A). Then, i € Py, and
¢g’'(€)/g(Z)€ Py(A). From the definition of /1, we have

o) _ e, @)
F (%) g6)  n(d)
From Lemmas 2 and 3, we see that
EF'E) T+ =200 2(1+n— A"
F@ — 1-er ST 1o @)

Now, we find the values R1, Ry and R3 for 0 < ¢ < 1and 0 < A < 1. Firstly, we find
R;. For ¢ < Ry, this can be found if and only if

1+ (1—21)¢%" - e?+1
L= 7 2(e—1)%

This implies that

g

_ 02 _
< ie e 1
2(e—1)7(1—2A) +e2+1

Now, we obtain R,. For this, we must have

2(1+n—A)e" _ T+(1-=20) 1
1—@2n = (e—1)2
This implies that
/< (e—1)2—1

(I4+n—A)(e—1)2+ /14 (—2nA+ A2+ 2n+n2)(e —1)* —2(e — 127

For Rz, we have

2L+n— A" _ (e 214+ (1-20)
1—¢2n e—1 1—¢2n

This implies that

2

0 < ¢ .
T (A+n—-A)(e—1)2+ 1+ (1T+n—-A)2(—1)4—(1-2A)e
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O
Theorem 4. The Sk , -radius for Sj[a, b] is

N [ min{1;4}, -1<b<0<a<l]l,
RSEs,n<S” [a,b]) = { min{1;¢,}, 0<b<a< 1,

1/n
2e -1
n=(—21 ),
(e —1)%a — be?

Proof. Let F € S} [a,b]. Then, from Lemma 3, we can write

gF'(2) (a —b)l"
o =

where

and

®)

where
1 abf

C_W/ gl =2

For b < 0, we see that C > 1. Also by using Lemma 4, f € SES,n if

L4 (a—b)0" —ab® _ &
1— p2een = (-1

2e-1 |
Y L Ry
(e —1)%a — be?

Furthermore, if b = 0, then C = 1. From (8), we have

which is equivalent to

Sr'@) 4| < g .
‘F@ 1‘g ", (0<a<1).

1/n
By using Lemma 4 with a = 1, this gives £ < <;((:12)>2> for F € Sjg,. We see that

C <1for0 < b < a<1. Thus, from Lemma 4 and (8), we have F € SES,n if

(a—b)e" < 1 — abf? 1
1—-0202" = 1-b20>  (e—1)%

ee—2) "
= (i) -

This completes the result. [J

or, equivalently, if

Theorem 5. Let —1 < b < a < 1. If either

(@ (1-b)<(e—1)2(1—a)and2(1—-b*) < (1—ab)(e—1)> < (1—-0b?)(1+¢€?)orif

(b) (a+1)(e—1)2 < e(1+b)and (1-b*)(1+¢€*) < 2(1—ab)(e—1)% < 2¢*(1—1?)
hold, then Sj;[a, b] C Sk ..
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Proof. (a) Let p(¢) = ¢F'(¢)/F (). From Lemma 3, f € S [a, b] if

1—ab a—b
— < .
"”@ 1-2| = 1-12
In connection with Lemma 4, f € S [a, b] if
a—b _1-—ab 1

< _
1-02 —1-02 (e—1)%
and
1 1—ab 1 1+¢€2
< <
(6—1)2_17b2_2( 1)2’

which, upon simplification, reduce to (a).
(b) Let p(&) = &F'(&)/F (&). Since F € S}[a, b], thus, in the view of Lemma 3,

a—>
- 1-0b?%

—ab
’p(g)_ 1_?)2

By using Lemma 4, we note that / € S;;[a, b] if the following is satisfied:

a—"> < ¢? 71—ab
1-b2 = (e—1)2 1-0b%

2 _ 2
1/ 1+e <1 ab< e ,
2\(e—1)2) = 1-0b%2 — (e—1)2

which reduced to the conditions (b). O

and

Theorem 6. The sharp radii for S;, Sgy, Se, and Sy, are

Re;(8) = 1 ~ 0.889,
w \ _ (5H4V2)(e—1)*+(—6v2-8)(e—1)24342v2 __
Ski) = (5+4v2) (e—1)4+(8+4v2) (e—1)2+2+2v2 ~ 0.87193,

S35 (
Rs* (S) =2—2In(e —1) ~ 0.917350,
(Sty) = Y22 ~ 0591174,

RSBS

Proof. (1) For F € S, we have

14+ @(8).

By the Schwarz Lemma |@(¢)| < |¢|, we thus have ‘\/1 +@(¢) — 1’ <1-+/1—{. Thus,
for || = ¢, we have

’CF’(C) _1’ <1-Vih

F (&)
By Lemma 4, we have 1 — /1 — ¢ <1 — ﬁ Consider f o(¢) = % m which

isin Sf and éFO((g)) V14§ = = )2 at Rgx (Si)- Hence, the sharpness is verified.




Axioms 2023, 12, 764

10 0of 18

(2) Let F € Sy Then, for |¢| =¢, we have

gr'(@) N | 1+l
F(¢) 1‘§1 V2+(v2-1) 1-2(v2—-1)¢

1
<1l-—
T (e—1)2

provided that

c 5+4v2)(e—1)*+(-6V2-8)(e =1 +3+2V2 _
(5+4v2)(e—1)4+ (8+4v2)(e—1)2+2+2v2

Consider the function /| defined by

@ =cen( [ 20 ar),

S35 (SRL)-

where

@o(8) = V2 - (\[—1) H—Z;\kg—l)@f

At¢ = Ry (Sk), we have

@) _ 5 m /
Fi@ (v2-1) 3—1

Hence, the sharpness is verified.
(3) F €S}, so we have

gF'(%)

—1‘§e¢—1§

The result is sharp for f 5 such that ‘:Fz(@)) = ef.

(4) Suppose that /- € (S};,,,); then ':? © <14 V28 + %2 Thus, for |&| =¢, we can it

©)
write as , (C) 62 2 .
cF
1= +V2E+E 1<V <1 ——,
‘F@ ‘ ’*f“d ‘—“ 2 =1 emp
which is satisfied for ¢/ < ‘/Ee(ff) . Consider
4428 + &2
Fa@) = goxp VETE

Since g;fé? =1+ 26+, it follows that f 5 € (Sfim) and at § = Rs: _(Sf;,), so we have
¢rs@) _ 1 O

F3(%) (e=1)2"

Consider the families:

F, = {F eA”:Re<';<(§))) >0 and Re(g(g) >0, geAn},
¢)

F, = {f €A, :Re (Tg) >0 and Re((§> >1/2, gEAn},
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and

I (¢ ‘ (g(§)> }
F3:=<F eA,:|—=—1/ <1 and Re(=2~) >0, ¢€ A, ;.
’ { " ‘ 5(0) ¢ 8=
Theorem 7. The sharp radii for functions in the families ¥1, ¥, and F3 respectively, are:

1/n
_ (e=2)
Rs’és,n(Fl) o <2n(e1)2+\/1+(4n2+1)(61)42(61)2) !

1/n
. _ 2e(e—2)
RSBSM(FZ) - (Sn(e1)2+\/(9n2+4n+4)(el)44(n+2)(el)2+4) !

1/n
o 2¢(e—2)
Rsjs, (Fa) = <3n(e—1)2+\/(9n2+4n+4)(6—1)4—4(n+2)(e—1)2+4) ‘

Proof. (1) Let / € Fy and define p, i : E — Cby p(¢) = £& and () = % Then,
clearly, p, h € Py, since F ({) = ¢p(&)h(¢). By Lemma 2, and by combining the above

inequalities, we have

1< —<1—- — .
SToen =T o1

‘éF’(é‘) B ‘ 4nl" 1 1
After some simplification, we arrive at

(F1).

1/n
< ( e(e —2) ) _ Re.
2n(e —1)24 /1+ (4n2 +1)(e — 1)* —2(e — 1)2 BSm

To verify the sharpness of result, consider the functions defined by

Fa(%) 25(14:22)23“0180(5) =§(T_r§:>

Then, clearly Re(’; :((g))) > 0, and Re(gT(g)) > 0. Hence, F ¢ € F;. We see that at

{=Rs; (F1)e'™/" as follows:

TG
A0 T T e

Hence, the sharpness is satisfied.

(2) Let F € Fp. Definep, h : E— Cby p(¢) = @ and 1(§) = % Then, p € Py,

and h € P,(1/2). Since F (§) = ¢p(&)h(E), then according to Lemma 2, we have
ZF'(g) 3nl" + nf?" 1
I R e T
which implies that
1/n
< 2e(e —2) = Rg;. (F2).
3n(e—1)2+ /9n2(e — 1)  +4[(n+1)(e — 1)2 — 1][e(e — 2)] BSn

Thus, F € Si , for £ < Rg: (Fa).
For sharpness, consider the following:

¢a+¢") ¢

F5(§) = (1 _é-n)z andgl((:) - 1 _gn'
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Then clearly Re(’;((g))) > 0, and Re(glé‘:)) > % Hence, F € F,. Now, at ¢ = RSEs ) (Fp)

EHH(E) e e 1
75 = e

Hence, the sharpness is satisfied.
(3) Let € F. Define p, 1 : E — Cby p(¢) = &€ and h(¢) = $& Then, p € P, and

¢ Fg)”
‘h(lg) - 1‘ <1 < Re(h(g)) >1/2;
therefore, i € P,,(1/2). Since F (&)(E) = ¢p(E), then according to Lemma 2, we have
ZF'(2) 3nl" 4 nl?" 1
<t rE e

This implies that

(F3).

( 2e(e —2) )Un
< = Rg:
3n(e—1)2+ /(M2 +4n+4)(e—1)* —4(n+2)(e—1)2+4 BSm

Thus, F € Sgg , for £ < Rs;, (F3). For sharpness, consider the following:

n\2 n
ro@ = 8  ana i) - LD
We see that © . .
82 _ z
w(EH) re(mm) > >
and

CORNEI

Therefore, [ ¢ € F3. A computation shows that at { = RSEs } (F3)e™ ™", which comes

out to
ZF4(2) _ 3ng" +ng* 1

Fe(%) 1= (e— 1)
Hence, the sharpness is satisfied. [

3. Coefficient and Hankel Determinant Problems for the Class Sj¢

Pommerenke [28] was the first to introduce the gth Hankel determinant for analytic
functions, and it is stated as follows:

dy dyst oo dnigo
dor1 duia oo dpsg

Hyu(F)=| . " : : ©
dn+q—1 dn+q dn+2q72

where 1, g € N. We note that
Hyi(F) =ds—d3, Hya(F) = dody — d3.

In this section, we focus on obtaining sharp coefficient bounds and bounds on Hy 1 (F)
and HZ,Z(F ).
We will use the following results related to the class P.
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Lemma 6 ([5]). Let p € P and be of the form (6). Then for v, a complex number
|p2 —vp3| < 2max(1, |20 —1]).
Lemma 7 ([29,30]). Let p € P and be of the form (6) such that |p| <1, and |n| < 1. Then,

2, = pi+pd—rph), (10)
dps = pi+2(4—phpip— (4 —ppip+2(4—pD) (A — /P, (11)

Lemma 8 ([31]). Let @ € B be given by @(z) = Y ¢,¢", and thus
n=0

$(u,v) = |c3 + prc1c2 + Vzc‘;”-

Then, ¥(u,v) < |v|if (u,v) € D¢, where

— . Lo
D6{(u,v).2§|y§4, VZE(” +8)}.

Lemma 9 ([32]). Let E:= {p € C: |p| < 1}, and, forj, k,and | € R, let

Y(j, k1) := max{|j+kp—|—lp2| +1—p)*:p€ E}. (12)
Ifjl >0, then
Gk { i+ el 11, [kl = 2(1 1),
Y(j k1) = . k
T+ il + s, Tkl <2(1=11)).
i+ gy K <201
Ifjl <0, then
. 2 . 2 2
1—|]|+m, —4jl(I7% = 1) <K Alk| <2(1— 1)),
Y(],k,l) = . k2 2 . 2 Ai -2
1+|]|+47(1+|l|)’ k> < min{4(1+|I|)?, —4jl(I 1)}
R(j, k1), otherwise.
In such as case,
i+ 1l = 111, (Il +4[j]) < [jkl,
k
1+l + =, ikl < [1[(|k] —4lj]) < |jk|.
R — 4 VU gy UK < 0K =41 < Uk
. k> ,
11+ j 1_47l' otherwise.

Theorem 8. Let F € Sig and be of the form (2). Then,

17 29
< < — < —.

These bounds are the best possible.

Proof. If /' € Sgg, then

EF'E) (@@
F@e (e‘@@)l) ’
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where @ € B. The class B consists of Schwarz functions @ that are analytic in E, with
@(0) =0, and |@(&)| < |€]. Let p be of the form (6). Then,

_re)-1
TR,
Now by using (2), we can write out the following:

+(4ds — 2d% — 4dody + Adads — d3)EH + - - - (13)

In addition,

n@ N\ 1 2 2, —109 1 1 3

L (o1, 215 +25 8.2 1 S (14)
9216071 ~ 576721 T 9P1P3 10377 8p4 '

From (13) and (14), we obtain

1
dy = FPu (15)
29, 1
d3 = %Pl szr (16)
o -109 5 13 1
dy = ﬁpl‘F%Ple g3 (17)

From (15), we have |d| = %|p1| < 1. From (16), we can write out the following:

29

ld3| = < |p2 — 24171

An application of Lemma 6 for v = % gives the required bound.
The function @ € B can be written as a power series:

=) 2", z€E (18)
n=1

Since p € P, therefore,
14+ w(z)
p(Z) - 1 —CO(Z).

By comparing the coefficients at powers of z in

[1-a(2)]p(z) =1+ @(2),
we obtain
p1=2c1, p2 =2+ ZC%, p3 = 2c3 +4c1c0 + ZC?.
By putting these values in (17), we obtain

1

dy = 3 (Ca + pic1cp + Mzc‘;’),
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where M1 = 3, and Ho = Now, by using Lemma 8, we have 2 < |u1| < 4, and
m— 15 (2 +8) = 355 therefore,

1 29
4] < 3lhal = =

The equalities in each coefficient |dy|, |d3|, and |d4| are respectively obtained by taking the
following:

Fl(«:):éexp</f(“fldt>:§—¢2+Z¢3—§§c4+-~. 19)
O
Theorem 9. Let | € Sig and have the series representation given in (2). Then,
45— 3l < 5. 0)

Theorem 10. Let | € S} and have the series representation given in (2). Then,

521
Hop(F) = |dody — d3] < =g (21)
The equality is obtained by the F 1 given in (19).
Proof. Using (15)—(17), we obtain
571 191 1 1
_ 2 4 _ 2
HZ,Z(F) - d2d4 d3 3072 P1 + 576 plpz 2p1p3 16 Pa- (22)

As we can see that the functional Hy>(F ) and the class Sj are rotationally invariant, we
may therefore take p := p; such that p € [0,2]. Then, by using Lemma 7, and after some
computations, we may write out the following:

571y 107 5 51 N\ 2

1 2 2
P4 —p )(1 —lpl )77/
where p and 7 satisfy the relation |p| < 1and |y| < 1.

2‘ < 1. Next, we

Firstly, we consider the case when p = 0. Then, |Hy»(F )| = |—3
assume that p = 2; then, |Hp»(F )| = 22L. Now suppose that p € (0,2); then,

(oo )| < ggpd — p)®(i kD),

where _
<I>(j,k,l)=\J’+kp+l:02]+1—lplzf pEE,

521p3 107p (12-7p%)
8

Wlth] = m,k = T 48 and ] =

521p? (12 — 7p?) /12
= > R .
3072(4— PZ) >0, for p e - ,2 (23)

; then clearly,
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In addition,
_ 23p* —96p + 144 12
k| —2(1—|I|) = 18 >0 pe [ 7,2)
so that |k| > 2(1 — |I|), and by applying Lemma 9, we can obtain
1 ;
[Ho(F)| < 5gp(4 =) (lil + K[+ [1]) = 8(p),
where 1 o4 1
_ 4, =% o 1
Clearly, ¢'(p) > 0, and so
521

maxg(p) =8(2) = ==
We also see from (23) that

. 521p* (12— 7p?) /12
jl = 307204 = p2) <0, for pe (0, - |-

2 4af—2 1\ _ 1 p*(889p* —20280) 12
k 4;1(1 1)_576 12 <0 Pe0y7 )

Thus,

—
N

This shows that —4jI (172 — 1) < k* A [k| < 2(1 — |I|). In addition,

@ (p) 401+ |l|)2+4jz(r2 - 1)

(7p — 6) (1295p° — 4266p* + 2688p> + 2073p> + 2304p — 13824)
p*(12-7p?)

We see that ®(p) > 0 for p € (0,0.76032) U (9, \ /172), and ®(p) < 0for p € (0.76032, 5).

Hence, we conclude that
_4il(172 _ 6 12
min{4(l+|l|)2,—4jl(172—1>} _ 4jl(1 1), p € (0,0.76032) U (7,1/ 7),
4(1+ |1])? (0.76032, §).
As a result,

(23p? — 96p + 144) (191p? + 96p — 144)
2304

K —4(14+ 1)) = > 0 for <0.76032, g)

In addition,
R a1+ ) = p?(78365p* — 96828) <ot /96828 /12
T 115272 —12) T\ V783’ V7 )

This shows that k2 < min{4(1+ |I|)?, —4jI(I72—1)} hold for p € (\/ 26828 \/172>. By
applying Lemma 9, we arrive at the following:

2
Haal)] < g =) (141014 g1 ) =910
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References

where
p(127p* — 1364p> — 1728p — 8064p + 6912)

g1(p) = 6912(6 — 7p)

This attains its maxima at p = 4/ % Hence,

V21 (—4413 + 3034@) s
148176 + 4939221 576

|Hap(F)| <

We are left with the case p € (0, \/%) . We also see that

. _, 4171p* — 55392p% 4 246528 /96828

We conclude that |I|(|k| 4 4]|j|) < |jk|. By applying Lemma 9, we arrive at the following:

[Hoa(F)] < 5zp(d— )il + [k~ 1) = 8(p),

where g is given in (24), this giving us the required result. The function given in (19)
belongs to the S}, as dy = —1,dy = —29/72, and d3 = 17/24, which yields the sharpness
of (21). Hence, the proof is done. O

4. Conclusions

We have introduced a subclass of S* associated with Bernoulli numbers of the second
kind and studied some geometrical properties of the introduced class. These results include
radii problems, inclusion problems, coefficient bounds, and Hankel determinants. The new
defined class can further be studied for determining the bounds of Hankel and Toeplitz
determinants, and the same can also be found for logarithmic coefficients and for the
coefficients of inverse functions.
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