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1. Introduction and Preliminaries

Assume that H is a family of analytic functions. For a natural j and a € C and let

H = {fe He f(@) =a+&+am@ T a0+, geE} (1)

be the subclass of H. Furthermore, we deduce that

, . (+1)
7—[{)::{f:f(g):§+aj+1gf+l+...,w:a]«H ek . (2)
For j = 1, we observe that
Hy=A:={f:fQ) =+ mP+a+..., (B} 3)

and Q = {s € A :s(0) = 0}. The family A is given by (3). For A € C, let¢(f,A) = a3 — Aa3
be a quadratic functional. The problem related to this function involves the derivation of
sharp estimates for the functional absolute values ¢(., A) for certain types of functions over
the class A. Keogh and Merks [1] showed that

max(%, - A|), fec

max(%,\l—)q), feS? @

9(f, 1) < {
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and these inequalities are best possible. In [2], it is shown that for the functions f such that
%e@ > %, ¢ € E, the following sharp result holds

[#(f,A)] = max(1, 1 - Af).
Consider the mapping f € A, defined by the limit given by
lim g — ut(g)

t—0t t

=f(8), t=0.

This mapping is called an infinitesimal generator of one-parameter family of a continuous
semi-group, if, for ¢ € E, the Cauchy problem,

{ S (u(E )+ f(u(t) =0, ()
u(g,t) =¢,t=0

has a unique solution u = u(¢, t) € E, t > 0. In this case, the solution u = u(g,t) € E, t >0
of (5) forms a semi-group of holomorphic or analytic self-mappings in E generated by f;
for details, see [3-5]. The family of all generators, known as a semi-complete vector field
on [E, is expressed by G. Another important form of the family G is studied by Berkson and
Porta [6] and can be restated below.

Theorem 1. For f € Awith f(&) # 0, f is a generator on E, if and only if Ja point T € Eand a
function h € A with Reh(&) > 0:

f(@) =h(@)(t=¢)(¢T—1), k.

In particular, f € A is a generator if and only if fe (Lg)) > 0. We express the family

of such a generator using G. The condition %e(%) > 0 seems simple, but often it is

hard to verify. The condition Re(f’(¢)) > 0, provided by Noshiro and Warschawski [4,7],
independently implies that a function f € A is univalent. It can be taken as sufficient for
f € Ato consider it a generator. All infinitesimal generators may not be univalent. Then,
Re(f'(&)) > 0 cannot ensure that f € G.

In recent years, many remarkable developments have been made in the study of the
generation theory of one parametric semi-group of analytic functions. This study not
only answers many diverse questions from different areas of mathematical analysis, but
also deals with significantly new developments in the initial and boundary value partial
differential equations, approximation theory and the theory of singular integrals. The
generation theory of semi-groups has been used in Markov stochastic processes and in the
theory of branching processes. This leads to its involvement in one-dimensional complex
analysis and is the main motivation of this work.

In this paper, our main task is to establish a connection between the Fekete-Szego
quadratic functional and the class of infinitesimal generators G. For this purpose, we define
a class MF = {fs;,s >0}, of all f € A, such that ¢(f,A) satisfies the sharp estimates
sup s v 79 (f, A)| = max(s, [1 — A[). Moreover, in the case of an invertible function f € A,
we have

sup |¢(f71A)| = sup ()]

feEMF

Definition 1. A filtration of G is a family MF = {gps:s € [c,d], ps C G}, where
c,d € [—oo,+co]l and ¢ < d : ps C i, whenever ¢ < s < t < d. Furthermore, a filtra-
tion is strict if ps C @, s < L.

We are focused on building a relationship between the family G of infinitesimal
generators and the Fekete-Szego functional ¢(f, A). Here, we establish a more generalized
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mechanism for f € A to be in the family G. Our task is to establish a connection between the
family of infinitesimal generators G and the Fekete-Szego functional ¢( f, A) by determining
a filtration {5, s > 0} such that sup . (#|¢(f, A)| = max(s,[1 — A[). Here, we assume a
more generalized condition for f € A tobe in G by:

Definition 2. Assume that h(¢) = Lg) is strongly starlike of order & = %, such that

arg(2711(@))| < % 0< ; <1,¢€E.

A function f € Aisin G if and only zf?)?e(%é)y >0and -1 <u<1

By using Definition 2, we now develop some new filtration families by using a nonlin-
ear differential operator

guw'(g)

U —a @ g w T
ohp(N@ = LE) o o i) + a g £

z (6)

where w(¢) = %, ,BeR A=1—a—-pB -1 <pu<1land( € E, and we establish

sharp bounds on the modulus of ¢(f, A) over these filtration classes.
For the sake of completeness, we are required to obtain the following important results
from Geometric Function Theory.

2. Preliminaries

LetY: C3 x E — Candleth € SinE. If p is analytic in E and satisfies the nonlinear
second order differential subordination

¥ (p(0),6p'(2), 8% (@):€) < h(@), )

then p is called a solution of (7). The function g € § is called a dominant of the solu-
tions of (7), or simply a dominant, if p(¢) < g(&) for all p satisfying (7). A dominant
q:49(&) < q(¢) for all dominants g of (7) is said to be the best dominant of (7).

Lemmal. Let B, T € Cand B # 0. Let hy € A and Re[Bh1(E) + | > 0. Then, the solution h of

O+ gt = (@)

satisfies Re[Bh(Z) + 1] > 0: h(0) =c.
For the details of Lemma 1, see [8].

Lemma?2. Let T € R, f € Aand Q C C. Then, Ref () > 7, ¢ € E if and only if the functional

is defined b
ety __fO-F@ ., ®
2t~ £(0) ~ £2)

Lemma 3. Suppose h: h(0) =1,Q C Cand ¥ : C3 x E — C satisfy

s(¢)

Y (ip,o,u+iv;¢) £ Q, (¢ €eE),

2
forp,o,u,0 €eR, o< —1% and o + u < 0. If, for the functional ¥, we have

‘I’(h, e, (;Zh”) @) € (€ €E),
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then Reh (&) > 0, ¢ € E.

For the proof of the both Lemmas 2 and 3, we refer to [9].

Lemmad4. Ifw € Aand w(f) = Ebj('jf, then |by| <1 — |by|and |by — sb?| < max(1, |s|) for
=1
s e C.

A detailed proof of Lemma 4 can be found in [1].
Lemma5. Let f € A:|f(C)| < 1.If|f ()| attains its highest value at ¢, then

&of'(8o)

= =m, m > 1.

f(%o) -

For detailed information of Lemma 5, see [10].

3. A Function as an Infinitesimal Generator

In the first Theorem, we drive some sufficient conditions on pz 8 (f) which ensure that
f is a generator.

Theorem 2. Forwa, B,y € Rand —1 < u <1, consider that
A = {s:x+iy:yﬁ—1x+1 > x; (x—l—ﬁy)z—ocz > azo},

and
A2:{s:x—|—iy:x>yﬁ—zx—l—1; V< (x—1—Bu)* —a% zx<0}.

For the image domain A C C such that

. (C\Al, a>0
A_{ (C\Az, a<0 ' (9)

if, for f € Aand @l 5(f) C A, then f € G.
' — (L@
Proof. For the mapping f € A and h(¢) 7 ) ,we see that

@) e @)
R M e

and

@\ /
k() oo @@y
t (i 1)

f@) (2h(g))
Thus, for A =1 —a — , we find that

|

'~

! 21.1 !/

o g(F)(&) = uB+ A +ah(§) + ﬁi’zé)@ A (fg:((;;))?
/ 21.1 !
e B )

By choosing r = h(&), s = ¢h'(¢) and t = ¢2h" (&), we study the admissibility conditions
as:
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For A =1 — B — a, consider that

Wl t58) =1t plu—1) +ar+ 5+ A2 5L
and ( 5 )/
a4 B ZH'(2) g°H'(¢)
T(h,ghrg h r‘:) =1 a+ﬁ(ﬂ 1)+D€h((§)+,3 h(é) +A (Ch(ér>)/ :

In view of Lemma 3, we prove that f € G. To establish this inclusion, it is enough to prove
that i maps E onto the right half plane. For this, we need to show that

1
Y(ip,o,u+io;&) € A, whenp, o, u, c € R, 0 < —E(l —|—p2), c+u<0. (10)
For A =1 —a — B, we see that

A
X =Re¥(ip,oc,u+io;¢) =1—a+p(p—1)+ m[(u+20)a+vp},

and
Y =ImY¥(ip,0,u+io;¢) = AW — ‘[:T + ap.
This implies that
Y“"P"‘%a o — (u+20)p
X—14+a—-pu—-1) (u+20)0+vp’
or we can write that
Y‘“P*’% o (u+20)(p*+ ac?)

X—Tta—P+p o plopt (ut20)o) h

Moreover, if weletx = X — 1+ a — Sy and

(u+20)(p* + 0?)
(vp+ (u+20)0)’

Tou —

then (11) becomes
_k+p

Y —ap+ ﬁ: = (k+pB) Yo 0,0

o
p
or

o K+
Y - pDC + KE - pﬁY(f,p,u.

Therefore, we have
Y #p {uc + K;TZ} = Yo p,u(x), where p € Rand o < —% (1 +p2).
Condition (10) holds if every point of QO = {s € A :5(0) = 0} is found on the graph of

Yo p,u, for some o and p. Next, we analyze the range of Y 5, (k).
Case I: For & > 0, if we take « > 0, then by letting

y=p{w+1<§2], (12)
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we see that ap? — py + ok = 0 implies that

Yy £y —daox (13)
N 2w '

P

_ 2
Furthermore, by using (12) for o < M, we have

(1+¢%) —y+£ VY2 — (k—2a)x

y=uap— KT, implies that p = 2(x—24)

Taking y?> — (x —2a)x > 0, we have y > /(x — 2a)x, where (x — 2a)x is taken to be

positive. Also,
1 2 (1+p%)
“—KZF)Q<1+P)|P|Z[‘X—K 202 lo|

> \Jix =20k = /(X1 p)? - a2

Hence Yy p,u(X) = \/(X —-1- ﬁy)z — a2 holds for all reals. For y € R, we can select a p
given by (13), so that (12) holds.
Case II: For k < 0, we have

Yo, 0u()| = 4/ (k —20)Kc = \/(K—O()Z—Oéz = \/(X—l—ﬁy)z—aZ,

(1+6%)

20?2

|Yopu(0)] =

Yoou(X)|?

assumes all values greater than or equal to (x —2a)x = (—1+ X — ,3;4)2 — &2, Therefore, if
x <0, then X <1 — a + By, and in this case the range of @Zﬁ is

where we minimize (a —K ) |o| inrespect to p. Thus, fora > 0and x < 0,

(C\A1:{s:x+iy:x§17a+ﬁy; yzz(xflfﬁy)z—zxz; aZO}.

Case III: Again, for ¥ < 0, we have

1+ p? 1+ p?
Yo pu(ic)| = —|a —x f lo| > |p|( x f —a) > /(k—2a)x
2p 20
= (=14 X — Bu)* — a2

For a < 0, x > 0, we observe that X > 1 —a + Bpand y2 > (x — 1 — Bu)* — a2 and, in this
case, the range for pZ g is

(C\Azz{s=x+iy:x>1—zx+ﬁy; 2> (x—1—pu)? —a% oc<0}.

Thus, for & < 0, the union of graphs of Yy, ,(x) lies in the set C\A; V p € R and
o< —% (14 p?).

Combining the above cases, as well as applying Lemma 3, we complete the proof of
the above Theorem. [

Remark 1. From the geometry of the regions A and Ay alongwith f € A, -1 <u <1l,a,BeR
and ¢ € E, ifa > 0; # >1—a+Bu:p> %:SZ’ then we obtain the results listed below.

Corollary 1. Leta,f e R, fe A a,f € R, -1 < pu<1land¢ € E. Ifeither a > 0; B < a and

Repl 5() () > ppu —a +1,
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ora <0; B> aand
Repl, 5() () < ppu—a+1,

then f € G.

4. Maximization of the Fekete-Szeg6 Functional

We define a new class MF" p in connection with the nonlinear operator o' 8 (f)-

Definition 3. For f € A, we have f € ./\/l]-"z g that is

Ree! (@) > 1,

where B > %jg’]"j or
1—a(l+pu)

%epg,ﬁ(f)(g) > (1 _ 2]4)

Thus, we note that
Fory=1landa+ B > 2,wehaveM}"zﬁ =Q.

Fora =1,f=0and —1 < p < 1, we have MF}, = G.
FOI'“:Oand*1Sﬂf1rwehaVeM}-zﬁZMl_ﬁoforderg,where‘BZﬁ_

Remark 2. Fora > 0,—-1 <y <1land < %:gg,wehave# > l—oc—i—[%‘uand/\/l}'zﬁ cg.

In the next Theorem, we work out the conditions of &, f and y, so that for ¢(.,A), we
obtain |¢(f, A)| < max(s, |1 — Al).

Theorem 3. Let f € A, a,p € R, =1 <y < 1and ¢ € E satisfy
a—2u—-3)p<2, (“B3u—2)a—Q2u+1)p<22u+1),

and
AM=(@+2B8)p+21—a—B)2u+1),

such that g = 4i(3]; J:16)%2 . If we denote the level set of function

(u )_ 2+ (2u—3)B—u
P\ap) = v 2B 2l —a—B)2pu+ 1)

>0,

then |¢(f,A)| < max(qo (Zﬁ) 11— )\|> for A € C, over the family M]-"Zﬁ.

Proof. Let f € Abe in the family MF Z,ﬁ' Then, pZ,ﬁ (f)(&) is obtained by using
# —1
zx(f(g)) = a+a;¢a2§+a{ya3+ Lyz )a%} &+,

By gj{(g) = Bu+ Buad + P (205 — a3) 2+ .,

and

Ji63) ) &l _
@

(1+ p)an + [ (1420203 = ( +1)°a3] &% + ..
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Pl p(N)@) =1 (1= w)B+ (n+ M)t + [Aoas — M3 |8 + ., (14)
where
A=1—-a—B, A= (-3u—2)a—2u+1)(+2)
and

A = (1—32“—/3);42— <ia+,8—2)y+A.
Now, consider that
o) = s =Ly
_2“""[0;‘,5(]()(0) + pZﬁ(f)(C)

By using (14), we see that

_ (At p)ard
S<€)72+#1ﬁ—20¢

(Ao + Ara3)as N (A+p)°a e,
24mp—a 2+ mP—a]

where iy = 2p — 3. If we take s(§) = ¥ b;¢/ and py = 2 — 3, then we note that
j=1

A+1u)a Ao + Aqa3)a A+ 2,2 ) .
2+mp—w 2+ mp—a 24 B —a =3
On comparison, we have
S ) N
b1_2+y1/5—0<a2_T0a2’
Ay Mle—2—mpl = (A+n)?* , )
b e — = —_ P
2 24+ mp—« [u 2+ 1B —afAo a3 T [ﬂg Tzﬂz}
= _ (-a—p+p) _ A _ M(e—2—mB)—(1—a—p+p)*
where jy = 210 =3, %0 = “Zpme T S mppe 2 = T Grapat, - and

T3 = 71 T2 Thus, with the help of Lemma 4, we obtain the following relation

‘b2 — sb%‘ = ‘Tl |:113 — Tza%} — sr&a%’ = ‘T1a3 — (T3 + srg)ag

7

or we see that
(+st3) ,

by, — b2’ = ———2a5].
‘ 2 — S0y 71| |as - a3
If we denote A = %1(13 +ST02),then we write
‘113 —Aa%‘ = L‘bz —sb?|,
kst
or 1
’a3 —Aag‘ = |T|’b2 — sb?|, where |T| = &
1

and the level set of functions is obtained from

(u )_[ Ao }1_ 2+ (2u—3)B—ua)
ap) = 2+ @u-3p—a)] ~ (Bu-2a—u+1)(p+2)
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On setting
a=24+2u—3)p and (—3pu—2)a—2u+1)(p+2) =0,
we obtain
B = 2(u+1)
4+ 3u—6pu?’

. . 2(u+1)(2u=3)  2(u+1)
Hence, the level sets are rays starting from the points (2 Rl W v iy and

lying under the linesa — (2y —3)f =2 and (—-3u —2)a — 2u+1)p=22u+1). O

5. Filtration Problems for Some Related Classes

In this section, we take &« = 0 and consider the class M F 6‘ B consisting of functions
f € A, that satisfy the inequality

L

or we see that

(1—p)udw'(%) B
%e{{1+ﬁ(ﬂ—1)}w(§)+‘u(<g)_l)+l} > 5 (15)

where w(¢) = ¢ Eg) . This can also be rewritten as:

Mfgﬁ _ {f cA: zéRepgﬁ(f)(C) > pforp > - —ZZV}'

Theorem 4. For § # 1, we have

/ 1-8
femrly e [1-p+ LB Tyt e st

Proof. From (15), we note that

g(@) = [1— p+puw(@] PlF(E) PP,

or we see that

8'() _ §w' (%)
S =1 p e pu@) + (- Pt
where w(¢) = g}r ((E,)) Thus, we obtain the desired conclusion. [

We also assume « = 0 and y = 1 to consider the class MF, (1)/ g, consisting of functions
f € A, satisfying

1 . 0 GF©) | e
/\/l]-“o,ﬂ{feA.é}%e{(l B Bf()} }

The function in this class is equivalent to the (1 — §)-convex function of order g, first
seen in [11] and then investigated by others. For more details, see [12-15]. Moreover, we
obtain the following result, as shown by Elin, see [9].
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Corollary 2. For § < 2and B # 1, we have

N

_2 2
fer@¢$a@=cV@ﬂuﬂﬁ?}ﬁey,

1 C B (g(s) % "
ﬂ@zll_ﬁésw({;) d4 .

Theorem 5. Let 0 < <1, -1 <u<1landf € M}'gﬁ, such that,

where

B W1 — B | _ p
%%%Mﬁ@%—%{ﬂ+ﬁw—DhM®+Vwﬁg_m+l}>2,

where w({) = % Then, WC}?S) > 1, €E, thatis, f € S;

Proof. Here, we use Lemma 2, which implies that e g}{gg) > %, if and only if the function

s is defined by (8), such that

_,_ L _ @)
@ =135 O = ) -
which, on differentiation, leads to the following.
; — w(é’), and 1 — w(@‘) + Cf,/<€) _ (—;S/(g) (16)

1-5(¢) @) 1-s)

Here, we make use of Jack’s Lemma 5 to achieve our task. We assume, on the contrary, that
s is not an analytic self-mapping of E. Then, for ¢y € E : |s(¢)| < 1 for all || < |Go| and
|s(¢o)| = 1. By Lemma 5, we have

Using notation s(§p) = a + ib, for some a,b € R : a?2 +b? =1, we have

oo 1 _ 1—a _1
1-s(&)) 1-2a+(a2+b2) 2
Hence, for0 < f < land —1 < pu <1, (16) yields

Regl 5()(G0)

1 m(1—Bus(Go) B
=Req S{1+B(u—1)} + -£
{2 ' (1-3n) (1 =s(20))? 2}
_1HB=1) (- B _,
2 2—u 2=

which contradicts our assumption. This completes the desired proof of the Theorem. [

For « = 0 and p = 1, we obtain the following corollary, as seen in [9,13].
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Corollary 3. If 0 < B <1, u=1land f € M]—"(l),ﬁ, that is,

w@ﬁw:w%g%)<—mf%?}>

N[

then we have the assertion &Eegjf(g) > %, thatis, f € S* (%)

Theorem 6. For p < 1 < 1, we have M]:H < Mfgﬁl

Proof. Let f € MF| ! .. Then,

0p°

%Epg,ﬁ(f)(‘:)>é ,3_1_22V —l<p<1

implies that there exists s(¢) € Q3 = {s € A : 5(0) = 0}, such that

g%ﬂﬂ@%—f:ff§ﬁ§*+ﬂ—ﬁ+ﬁww@” G“@‘éﬁgd

_1-Q(-wp (1-B)us(f)
1-s(%) [1=s(OI(1—p)(1—5(8)) +ul

1 -pA-w][A =) —s(@)) +ul+ (1—B)us(E)
1-5(8) p+(1—pu)(1-5(g)) '

Furthermore, by letting, A =14 By — B, B=1—puand C = u — By, we note that

v e 11 AB(=s()+u]+Cs(@)
PsNO =3P =15F " i+ B1—s(2)

1
-5 B
or we can write

_ 2A(B+p) —B(B+p) + [B(n +2B) — 2(AB = C)]s(8) — BBs*(¢) | 1
%osN(E) = 2(B + 1) + 2B%() — 2(2B + 10s(¢) L

L)) = o))
Po/ﬁ (f)(g) 2"°+@0 5(f) (O) ‘

That is,
1 ol s(F)(@) ~ (1—p)p

—0p())(@) —1+p+(1—u)p

Similarly for 81, we consider that

sp(¢) = (17)

@b g, (@) + (1 —p)pr—1
1= B — (1= mwp1+ gy, (F(E)

which is analytic in the disk or neighbourhood E and zero at origin. We rewrite (17) as

sp, (8) =

[sp@)][1-B— (1= WP+ (@] = 9bs (@ -1+p—p).  (8)

Similarly, we see that

(56, ()] [1 = B1+ (= D)1 + 5, (D] = b, (@) 1 (= 1pr. (19)
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Furthermore, we define the function

e (e
@g,%( )(C) = 2<§f)() 1+ (1 —n),
RS
or < )/
(e &)
h(@)=p———"L + (1 ,
(€)= n y+y¥&)+(+u)ﬂ@
where h({) = Zpg 1 (f)(Z). Then, (18) implies that

(B—1)[1-s5(@)]h()
— {(i- DB~ 1} + (1 - 261 - 55(8)] &

—{(—2)p+1}sp(). (20
We solve (20) to obtain the value of 1({) as

1 L1228, sl
(=p—s@]  1-8"f@) "1-5@) 1-

Furthermore, Equation (19) leads to

FE@ 1 = p)s (@)

@) 155 @ " 1=

h(¢) =

(1—p). @D

(1=B1)h(G) = (1 —2B1)p

+(1-pwp (22

From (21) and (22), we see that

1 B B\ . @ L u—1
(1—/5)[1—5;3(6)]+{1—/31 1—5}”f<¢>+1—s,5<¢> ﬁ<1—ﬁ>

—H Sﬁl(g) 1

ﬁlﬁl 1= s5,@) (1 p)[1—s55@)] ®3)

On the Contrary, we may assume that sg, (&) will not be a self-mapping of E. Therefore, 3
2o € E: |sp,(Z)| < 1for || < |&o| and |S/31 Zo)| = 1. Substitute ¢ = ¢o in (23) to have

sp(6) -1 11
T=5@) 2 15 2
and
B B Sof'(Go) 1 sp(So) p—1
{1—/31 1—;%}”%‘3 @) AP ] s PP
_ 1 sp, (o) -1
=B s @] T sp @) P (=)
Or, we see that
B B Zof'(%o) 1 1 u-1 11 1-p
{1—/81 1—ﬁ}”m fG) 2-2p 2 PiopTazap 2Tt

By using Theorem 5, we obtain
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B B Gof' (o) 1 p—1
{11ﬁ1‘1ﬁ}”§ﬁe fGo) Ta-2p 1-pF

1 B B 1 u—1 _ 1 u—1
>2{1—1ﬁl‘1—ﬁ}“+2—2ﬁ_1—ﬁﬁ‘2<1—ﬁ1>_1—131“

This leads to a contradiction to our assumption. Therefore, it is obvious that the family

{M}'gﬁ,l <u< 1} is a filtration. O

Corollary 4. If u = 1, then for B < B1 < 1, we have M}%,ﬁ - ./\/l]-"(l),ﬁl, where

©0,5(f)(E) = %/3 - (;B — 1> 1%%

For the reference of the above inequality, see [9].

6. Interpolation to Fekete-Szego Functional

In the next Theorem, we work out the interpolation result to estimate the Fekete-Szego
functional ¢(f, A), given by (4).

Theorem 7. If the family {M}"g,ﬁ, -1<u< 1} is a filtration of G such that M‘Fg,ﬁ CGis
satisfied, then

sup [¢(f,A)] < max(pog, |1 —Al), for A € C,
feMFgl/5

2+(2u—3)B

over the family MF g,ﬁ, where pop = B 2(1—B) 2 FT)”

Proof. In Theorem 6, we already proved that the family {M}" g plSp< 1} is a filtra-
tion of G. Moreover, applying Theorem 3 for « = 0 gives the desired result. [

As a special case, if we take « = 0, p = 1 and § € R, we obtain the following corollary,
as seen in [9].

Corollary 5. The family {M]:(l)lﬁ} is a filtration of G and satisfies M]:(l),/g CS* (%) Also,

sup [9(f, \)] < max(po |1 - Al),
fe/vl]-‘(l,,ﬂ

where A € Cand pog = %. In view of (4), the supremum is obtained; whenever p = 0 and
B = 1, this estimate is sharp for B € (0, 1) such that there exist two functions, fi and f, € MF, 3),ﬁ,

so that .
shatr@ = (1-5) 752+,

and 5
1+¢
ohat@ = (1-5) 175+
are constructed from (6) and satisfy the Briot—Bougquet differential equation. Hence, |¢p(f1,A)| <
1= Al A € Cand [p(fo, A)] < .
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7. Some Filtration Classes

Here, we investigate the case where § = —a + 1 for & < 2. The class M F g 1, contains
functions given by

; Q) L (@

CARGIGETIERE S +zx( . ) ,
and ,

Ml ={f e Asredl (0@ > 3}

For yu = 1, we obtain the known result of Marx-Strohhéicker given by

()3 w()}

and, hence, S*( ) - /\/l]-" , forany a < 2.

Theorem 8. For f € 5*(}), %e(%@)” >dand $*(3) c MFL, L, 1< p <1 The

w,l—o’

sharpness occurs for the function (1 —¢") *

Proof. Assume that

and

1 ¢n'(g) ¢f'(9)

ph(g)+1 f(@) -
Fors = ¢n'(¢), r = h(Z), ¥(r,s) = Gaon T 1 Y (ip,0) = e 2+1) +1,if p € Rand
o< y(p H) then Re[¥ (ip, 0)] = ?Re( + 1) < 0.Since f € S*(z),we write

+1=

sy
Re[¥ (h,¢H')(Z)] >
Therefore, Reh(Z) > 3, and this implies that %e( %) > 1. O

c MF*

0(11 ap”

Theorem 9. Let & < ay < 1. Then, we have M F"

o, l—n

Proof. Suppose that f € /\/l]:le Lfor =1 < < 1,¢ € E. Then, ?Repz,lflx(f)(@) > 1
proves the existence of a function s (&) so that we can write that

o1 (@) +2—p+ap—a

sp() = —T+p—ap+atph, (@)

Then, from the above functional equation, we see that

M
_(f) ”_ o 3 L Ef(9)
o(LE) -1-a-pa-w+a-opf e
Furthermore, we see that
o _ _ @) (@)
20t @) = —m(@) = 1)+ (L)) 25)
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By using (25) in (24), we observe that
VD" g VO @) _ 1o all @)

{a+p(1-a)}

gr gr f(©) 1—54(8) '
or ‘
O auirs@) o) ()
N (N [y T 20
where y11 = 1 — p. Similarly, in the case of &y, we have
p 1
s @ a1 (TE) o = a1 = )
OV D
= 1( z > + (1 —a)p £0) +p(l—ag) -1
e (1"
1= (1—m)m[l 450, ()] I Fami 7
e 3 B )
where y1 =1 — u. Equating (26) and (27), we observe that
(-l @) s ()
A=)l —5)] T~
(el @) ()
(=)l =g (9)] 1—a
or we write
ww O\ [(f@ON 1 _ o 1+s(8)
s o) SR e
_ 1 1+50¢1(§)
B {[1—%(6)](1—&1) NG —J
or, equivalently, we have
& fEON 1 om ps«(©)
i -0 e e e
_ 1 52, (6) 1
| T T e )

where y; = 1 — p. It is clear that s,, (0) = 0 and we assume, on the contrary, that s, (¢)
is not a self-mapping of E. Then, there exists o € E : [sq, ()| < 1V [§] < |Co| while
s, (Co)| = 1. We substitute ¢ = ¢p in (28) to have

M FON' 4.l tsa(d) 1
() e g e e

1({14« 15}
>—c|— - .
211—a 1—0q

Now, applying Theorem 5, we see that

e 1 | LTS () | 1 1
Gy —a) H [=sa@) | 1-sa@)  20—an)
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Hence, we find that

1({1+« o 1
_2[1a - 1&1} 720 —ay)
{1fa 1?m} (f?U +2w{4>>zuian
e () sl
This gives that

(1) <35

This is clearly contradictory to our assumption. Thus, the proof of our Theorem
is completed. O

These Theorems show that the class MF L 1_q With % < & < 2, constructs a fil-

tration for generators along with sharp estimates over the bounds of the Fekete-Szego
quadratic functional.

Theorem 10. Let f € M]:m Land 3 < a < 2. Then, M}"Zl « C G. Furthermore, for

l <as<lechfe M]:al o leads a Semz—group {pt, t > 0} C A, which satisfies
120y 1
(@) <e =g, a=1,5and ¢ €E.

Furthermore, the family {./\/l]: w1 a} is a filtration of G such that

sup  [¢(f,A)] < max{pu1-a, [1—A[} for A € C.
feMF

al—a

Proof. Suppose that f ¢ G : Re ( %) " > 0.and consider that s(¢) is as defined by (8) with
T = 0, such that

o @) =1
ANCTR)ESE
and
F@ON 1+5() @
(c) =T YO
Moreover,
@) _ @), Q) L

_|_
R T T
For some fixed ¢ € E,s(¢) € E <= Re (@) " > 0.In view of our supposition, there exists

a¢o € E such that %e(%) < 0:]¢] < |¢o| while ?Re(f(é‘))) < 0and, hence, |s(p)| = 1.

Therefore, by Lemma 5, there is m > 1, such that &os'(¢o) = ms(&o). A straightforward
calculation leads to

‘ _ iy S0f' @) f(Z0) "
PialN(G0) = (1 0= >+“(§o>
_ L+5(0) gos'(Go) , Gos'(8o) o
1—s(é) (1+5(§0) 1 s(@) +V)(1 :
~ 145(8) ms(&o) |, ms(Go) _
‘“Lﬂ@m+(vm@@+1—ﬂ@f”0“ e @
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Using s(¢p) =a+1ib,a,b e R: a% + b? = 1, we have

Toe 1 B 1—a _1
1-s(8)) 1-2a+a2+0b2 2

S(@) _ g @t —a)+ib) _a—(@+1) 1

el—s((;‘o)i 1-2a+b2+a> —  2(1—a) 2

1o (ta)—ib | (1+a) 1
§Re{l—i—s(éo)}_éRe{leZaerZJraz}_2(1—i-a)_2’

and, finally, we see that

R

s(€0) o (a+ib)(1+a)—ib) . a+1 1
R s~ it @ it 2

From (29), we note that

" _ 1+5(6o) ms(Go) ms(Go) B
Resfs-al60) = oy ZE0+ (e * Tt +#) 0 )

=(1—a)mu, m>1.

Since f € MF" and %epzll_a(f)(éo) = (1—a)p, we conclude that « < 3. Thus,

al—n
M]-"Z 1—x € G whenever a > % (by (9)). For &« = 1, we observe that

pﬁuxa=<ﬁ?Yﬂ_1gygl

and, when o« = %, we observe that

- 3[(8) 578

In both of these cases, f € MF Z (1-a) leads to a semi-group {gp;:t >0} C A, which
satisfies the Cauchy problem given by (5). The mapping f € A, defined by

o

TN

1
2

hmgﬂ%@rzﬁ@%ﬂﬂm%tzo

with () = exp(—at)&, a = 152 € C, such that

[lim (’,‘eXp(at)Cr — gﬂ[lim 16‘1’(”)}” = a' g = (F(EN, t>0,

0+ t t—0+ £

is obviously an infinitesimal generator for some one-parameter family of semi-group, and
for every ¢ € E, the problem from (5) clearly possess a unique solution u = u;(¢) € E,

t > 0 such that [p(¢)] < e%tm, a = 1,} and ¢ € E. Therefore, we take a € (1 1) .

- (18- (52)

fw' (@) _ Q)
oo+ () T

Suppose that

Then,
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o OV H®
m,(s(f)((f)—vc( )wf(g), (6=1-0)

w'(8) 2 6—a\"
= aw(f) + - +op" +a
@ , 1 (s—a)t 20
y+w(m>

From the above calculations and for § = 1 — &, we see that

)@ -7~ (T2) = wwie) +

gw' ()
1 1 (o—a\
W)+ 5 (027“)
Hence, from Lemma 1, we see that the solution w(§) = h(¢) of the above equation is

analytic in E and Reh (&) = %e(@)y > 1 >0, ¢ € E. Therefore, in this case PZ,1-a(f)(§)
(

1 “} is a filtration of G. Moreover, we

also generates a semi-group and the family {/\/l]:
leta €R, fe A —1<u<1land¢ € E such that
2+ 2u—-3)1—a) —u

Hal—a = (2 — DC)“M > 0.

Then, SUP e\ 7" | lp(f,A)] < max(pyi1—a|1—A]) for A € C, over the family
MF m

al—a"

8. Open Problems

Recall that, by Theorem 3, |¢(f, A)| < max(q) (Zﬁ) 11— /\|) for A € C, over the family
MF Z B where the level set of function denoted by

(V>_ 2+ (2u—3)p—u
P\ep) = @r2ppu+2—a—pyu+1)

>0,

wherea, f € R, -1 <y < 1and ¢ € E, satisfies
a—2u—=3)p<2, (-3u—2)a—Qu+1)p<22u+1)

and
M=(+28)u+2(1—a—-B)2u+1)

such that g = 4%}; t16);12' Therefore, the following open problems are raised.

Q1: Is this estimate sharp forall &, § € Rand —1 < u < 1, which satisfy
a—2u—-3)p<2, (Bu—2)a—Q2u+1)p<2(2u+1)

and
A= (@+28)p+2(1—a—pB)2u+1)

such that g = 4i(3p; t16)]42.

Q2: What values of «, § and p provide the class MF Z p In connection with the nonlinear

operator 8 (f), consisting of univalent functions?
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(The only cases we know the affirmative answer forarea =0,y = 1land g < 2.)

9. Conjecture

The filtrations constructed in Theorems 7 and 10 are strict by definition.

10. Conclusions

This research is avid to a systematic and comprehensive analysis of linearization
models for one-parameter continuous semi-groups, functional equations, different classes
of univalent functions and their applications to various problems of complex dynamics,
in order to establish a connection between the Fekete-Szego functional and the class of
infinitesimal generators.

Author Contributions: Conceptualization, M.N. and S.Z.H.B.; methodology, M.N. and S.Z.H.B.; soft-
ware, M.N. and S5.Z.H.B; validation, S.N.M.; formal analysis, S.N.M.; investigation, M.N. and S.Z.H.B.;
resources, ET.; data curation, ET.; writing—original draft preparation, M.N.; writing—review and
editing, S.N.M.; visualization, ].-S.R.; supervision, 5S.Z.H.B.; project administration, J.-S.R.; funding
acquisition, J.-S.R. All authors have read and agreed to the published version of the manuscript.

Funding: 1. The research work of the fourth author is supported by the researchers Supporting
Project Number (RSP2023R401), King Saud University, Riyadh, Saudi Arabia. 2. The research work
of the third author is supported by the National Research Foundation of Korea (NRF) grant, funded
by the Korean government (MSIT) (No. NRF-2022R1A2C2004874). 3. The research work of the third
author is supported by the Korea Institute of Energy Technology Evaluation and Planning (KETEP)
and the Ministry of Trade, Industry & Energy (MOTIE) of the Republic of Korea (No. 20214000000280).
4. The research work of the fifth author is supported by Project number (Ref No. 20-16231 /NRPU/
R&D/HEC/2021-2020), Higher Education Commission of Pakistan.

Data Availability Statement: No data is used in this study.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Keogh, ER.; Merkes, E.P. A coefficient inequality for certain classes of analytic functions. Proc Amer. Math. Soc. 1969, 20, 8-12.
[CrossRef]

2. Elin, M.; Jacobzon, F. Estimates on some functionals over non-linear resolvents. arXiv 2021, arXiv:2105.09582. [CrossRef]

3. Bracci, F; Contreras, M.D.; Diaz-Madrigal, S. Continuos Semigroups of Holomorphic Self-Maps of the Unit Disc; Springer:
Berlin/Heidelberg, Germany, 2020.

4. Elin, M.; Reich, S.; Shoikhet, D. Numerical Range of Holomorpic Mappings and Applications; Birkhduser: Cham, Switzerland, 2019.

5. Elin, M.; Shoikhet, D. Linearization models for complex dynamical systems. Topics in Univalent Functions, Functions Equations and
Semigroup Theory; Birkhduser: Basel, Switzerland, 2010.

6.  Berkson, E.; Porta, H. Semigroups of analytic functions and composition operators. Michigan Math. ]. 1978, 25,101-115. [CrossRef]

7. Thomas, D.K,; Tuneski, N.; Vasudevarao, A. Univalent Functions: A Primer; De Gruyter Studies in Mathematics, 69; De Gruyter:
Berlin, Germany, 2018.

8. Miller, S.S.; Mocanu, P.T. Univalent solutions of Briot—Bouquet differential equations. J. Diff. Equations 1985, 56, 297-309.
[CrossRef]

9.  Elin, M,; Jacobzon, F.; Tuneski, N. The Fekete-Szegt functional and filtration of generators. Rend. Del Circ. Mat. Palermo Ser. 2
2023, 72,2811-2829. [CrossRef]

10. Jack, I.S. Functions starlike and convex of order «. J. London Math. Soc. Ser. 2 1971, 3, 469—474. [CrossRef]

11.  Mocanu, PT. Une propriété de convexité généralisée dans la théorie de la représentation conformé. Mathematica 1969, 11, 127-133.

12.  Al-Amiri, H. Certain analogy of the a-convex functions. Rev. Roumaine Math. Pures Appl. XXIII 1978, 10, 1449-1454.

13.  Fukui, S. On a—convex functions of order B. Internat. J. Math. Math. Sci. 1997, 20, 769-772. [CrossRef]

14. Miller, S.S.; Mocanu, P.T.; Reade, M.O. All alpha-convex functions are starlike. Rev. Roumaine Math. Pure Appl. 1972, 17, 1395-1397.

15. Ravichandran, V.; Darus, V. On a class of a-convex functions. |. Anal. Appl. 2004, 2, 17-25.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://doi.org/10.1090/S0002-9939-1969-0232926-9
https://doi.org/10.48550/arXiv.2105.09582
http://dx.doi.org/10.1307/mmj/1029002009
http://dx.doi.org/10.1016/0022-0396(85)90082-8
http://dx.doi.org/10.1007/s12215-022-00824-w
http://dx.doi.org/10.1112/jlms/s2-3.3.469
http://dx.doi.org/10.1155/S0161171297001051

	Introduction and Preliminaries
	Preliminaries
	A Function as an Infinitesimal Generator
	 Maximization of the Fekete-Szegö Functional
	 Filtration Problems for Some Related Classes
	 Interpolation to Fekete-Szegö Functional
	Some Filtration Classes
	Open Problems
	Conjecture
	Conclusions
	References

