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1. Introduction

Naturally, questions of why and how occur in the mind when defining new concepts
in different fields of science and engineering. These same questions were raised in the
sixteenth century about derivatives/integrals of fractional orders. Ultimately, these ques-
tions led to a new field of fractional calculus based on integral and derivative operators
of different kinds. Now, in this era, almost all subjects of science and engineering are
studied with the help of fractional calculus. This field of fractional calculus has not only
generalized the classical concepts of ordinary calculus but has also solved long-lasting
unsolved real-world problems. For a detailed study, we refer the readers to [1-4].

Besides the fractional derivatives and fractional integrals, in the last two decades,
g-derivatives and g-integrals have been studied very extensively. Subjects of diverse fields
of sciences have been investigated in the sense of g-derivatives and g-integrals. For instance,
g-difference equations are studied in [5,6], and g-analogues of special functions and Taylor
series are studied in [7-9].

Fractional integral inequalities for convex functions published in the last decade
are directly related to classical integral inequalities. Similarly, g-integral inequalities are
generalizations of classical inequalities that hold for Riemann integrals. For a detailed
study of g-integral inequalities, we refer the readers to [10-13].

The aim of this article is to study the integral inequalities of the Hermite-Hadamard
type for various types of strongly convex functions via g-h-integrals. The results hold at
the same time for g- and h-integrals in implicit form. Inequalities for g-integrals can be
formulated explicitly and can also be deduced from g-h-integral inequalities.
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Strongly convex functions give a generalization and refinement of convex functions.
The established results present refinements of many published inequalities that hold for
g-h-integrals and convex functions of several kinds. In the following, we give definitions of
convex and strongly convex functions.

Definition 1. A function ¢ : I C R — R is said to be convex if
(tu+ (1 —t)o) < t&(u) + (1 - 1)¢(v), ©)

is satisfied for all u,v € I and t € [0, 1], where I is an interval in R. If the inequality (1) holds in
reverse order, then ¢ is said to be concave on interval I.

The above inequality (1) can be preserved in different ways, which makes room to
define new notions. In the recent literature of mathematical inequalities, such notions are
named as modified convex, strongly convex, exponentially convex, refined convex, etc.
Strong convexity is an extension of the inequality (1), which actually provides a refinement
as well as a generalization of the notion of convexity.

In [14], the definition of strongly convex functions and in [15] the definition of strongly
h-convex functions are given.

Definition 2 ([14]). Let D be a convex subset of X, and (X, ||.||) be a normed space. A function
¢ : D — Riis called strongly convex with modulus C > 0 if the following inequality

E(tu+ (1—t)o) < t&(u) + (1—1)&(0) — CH{1 —t)[lo —ul]?, 2
is satisfied for all u,v € D, t € [0,1].

Definition 3 ([15]). Let I be an interval in R, i : (0,1) — (0, 00) be a given function, and C be a
positive constant. A function ¢ : D — R is strongly h-convex with modulus C if

G(tu+ (1= t)o) < H(DE(u) +1(1 = HE(v) = CH1 — 1) [[u - v||?, ®)
is satisfied for all u,v € D and t € (0,1).

Two extensions of strongly convex functions are termed strongly (%-m)- and strongly
(a-m)-convex functions; these are given in forthcoming definitions.

Definition 4 ([16]). Let ] C R be an interval containing (0,1) and let i : ] — R be a non-
negative function. A non-negative function ¢ : [0,b] — R is called strongly (h-m)-convex with
modulus C > 0 if

E(tu+m(1 — t)o) < h(D)E(u) + mh(1 — £)&(v) — mCh(HR(1 — £) (1 —v)?, (4)
is satisfied for all u,v € [0,b], m € [0,1] and t € (0,1).

Definition 5 ([17]). A function ¢ : [0,b] — R is said to be strongly (a-m)-convex with modulus
C >0, for (x,m) € [0,1]% if

E(tu+m(1 — t)o) < & (u) +m(1 —t*)&(v) — Cmt*(1 — t*)|v — u/?, )
is satisfied for all u,v € [0,b] and t € [0, 1].

One can obtain the definition of a strongly convex function either by setting h(t) = ¢,
m =1in (4) ora =1, m = 1in (5). The above two definitions bring out the definition of
strong m-convexity defined in [18]. The objective of this article is to develop g-h-integral
inequalities by utilizing the above definitions of strongly convex functions. We give the
definitions of the g-derivative, g-integral, g-h-derivative and g-h-integral in upcoming
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definitions. In this section, we let [ := [a,b], where a,b € R, a < b, and C[a, b] denotes the
class of continuous functions defined on [a, b].

Definition 6 ([19]). Let { € C[a,b] and q € (0,1). Then, Dy (u), defined by the quotient

Dy&(u) = dii@;(uu) _ g(?;l)—lfiu)'

is known as the q-derivative of ¢ at point u € [a, b, provided that qu € [a, b].

u#0 (6)

Definition 7 ([19]). Let { € Cla,b] and q € (0,1). Then, the g-definite integral on I is defined by

ngk:

[ e syt = (1= )= 0) ¥ g"8(a"u+ (1= g")a), @)

n=0

forue L

Definition 8 ([20]). Let & € Cla,b], q € (0,1) and h € R. Then, C,Dy¢(u), defined by the
quotient

ndgl(u) _ &(qu+h) —E(u)

q
ndgu (g —1)u+gh 7 f ®)

I—q

Cthg( )
is known as the q-h-derivative of ¢ at point u € [a, b], provided that qu + h € [a, b].
By setting i = 0 in (8), one can obtain CoDy¢(u) = Dy (u).

Definition 9 ([20]). Let ¢ € Cla, b], g € (0,1) and h € R. Then, the following formulas

18w = [ 80 e ©)
= ((1—q)(u—a)+gqh) iq"é‘(q”a + (1 =q")u+nq"h), u>a,
B = [ e (10)

=((1—q)(b—u)+qh) Z E(q"u+ (1—g")b+nq"h), u<b,

are known as left and right q-h integrals.

Example 1. Let &(t) = (w + t)?, where w is a real constant. Then, I‘;’fhé(b) is calculated as
follows:

b o]
[ (4w gt = (1= q) (b~ a) + gh) 0" (1= g+ ngh )

_ ((1—q)(b—ﬂ)+qh)( (b—a)’
1—g 14+ g+ 42

+ (WU +2h(b +w)S —2(b = A)hT) (1 - )

z(b a)(b+w)
144

+(b+w)? —

where

S_ZqZI’ln T_Zq3nnu Zq3n2
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The rest of the paper is organized as follows: In the upcoming section, we derive
g-h-integral inequalities for strongly convex functions of various types. These inequalities
are formulated for symmetric and symmetric-like functions. Consequences of the main
results are discussed after completing their proofs. The later results are generalizations of
previous results.

2. Inequalities for g-h-Integrals via Strongly Convex Functions

First, we prove g-h-integral inequalities for strongly #i- and m-convex functions.
Second, we prove the compact forms of the presented results by using strongly (fi-m)-
and (&, m)-convex functions. All these results are proved by stating the symmetry and
symmetry-like conditions.

Theorem 1. Let ¢ be strongly hi-convex and h (%) # 0. Then, the forthcoming inequality for the

left q-h-integral holds when & is symmetric about *5*:

thé)g(“;“> = (1—61)(1u—qa)+qh1 [ et an
s <41(1+ﬁ:;2121(; - ZZ) + (WU +hs — 24T ) (1 - q))

< 2 (e [ h g+ €@ [ -0 dt) - Clu—a?
2

X (<1+q)(1"+q+q2) +(1—q)(2hT—hS—h2u)>,

where 0 < a < bu € (ab], h = (u—a)h, S = Y2 0¢*"'n,T = Y 7%"n and
U=y ,q9"n

Proof. A strongly fi-convex function satisfies the following inequality:

! g(””) < E(ta+ (1— ) + E(bu+ (1 — D) — C(“_)“)Z(l - t)z. (12)

O () 2

As a result, for g-h-integrals, one can obtain the upcoming inequality (13):

_ 1
hé)g(a—&z—u) < (1—1q)j-qh (/0 G(ta+ (1 —t)u) pdgt (13)

+/01§(tu+ (1—t)a) pdgt — C(:(_%)a)z/ol(t— ;)zhdqt)-

The function ¢ is symmetric about “3*. By using this fact, we obtain the resulting
inequality from (13) as follows:

¢(5) (14)

()

< (1—1q)iqh(/01 E(a+ Hu— a)) pdgt — W/OI (t— ;)2hdqt>.

1
2
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From Example 1, takinga =0,b =1, and w = —%, we have
1 1\? (1—q)+qgh( ¢®+29(1—¢q)+1
t— = d,t = 15
f (= 2) = SR (e s )
+ (WU +hs — 20T ) (1 - q)>.
By using Formula (15) in the inequality (14), we obtain
1 a+u 1—9q 1
g( )g /§a+tu—a ydat (16)
2n(1) "\ 2 Tq) i fo S0 D)l

u—a)? 3 _
_ C;h(%; <4tl—|——i_qq)'|(-121([11 - Zz) + (WU +hs — 20T ) (1 - q)).

The upcoming identity for the left g-h-integrals holds:

(1—q)+qh g
=G —a) P o S0 )

= ((1—q) +4qh) i 7'¢(q"a+ (1 —q")u+nq'h) = /O1 Gla+ (u—a)t) pdgt.

n=0

The last integral appearing in (17) can be estimated for strongly /i-convex function ¢
as follows:

1 1 1
/Og(a+(u—a)t) hdqtéﬁ(u)/o 0 hdqt+§(a)/o B(1— ) pdgt (18)
— C(u —a)? /0115(1—1&) gt

Therefore, the following inequality can be derived from (17) and (18):

T sa) iy SOt <200 [0 )

+&(a) /01 h(1 —t) pdgt — C(u — a)> /01 H(1 — £) ydgt.

It is possible to evaluate the g-h-integral present in the above inequality as follows:
2

1 ((1—¢q) +qh) q
fp 1=t = S5 ((1+q><1+q+qz> 20)

+(1 —q)(ZhT—hS—hzu)).

The required inequality (11) can be achieved by using (17), (19) and (20) in (16). O

A version of the above theorem for right g-h-integrals is stated in the next result. The
proof is left for the reader.
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Theorem 2. Under assumptions of Theorem 1, assuming that ¢ is symmetric about %, u € la,b)
instead of “5*, the forthcoming inequality holds for the right q-h-integral:

b — b
2hé§>g< > ) S age e SO .

. ; -
_ C;Z(;)‘) <4}1+fq;2121(; - Zg) + (WU +hs — 20T ) (1 - q))

_ 1 1
< %(é(b)/{) h(t) hdqt—i—é(u)/o h(1—t) hdqt> _C(b—u)?

2
x ((1+q)(f’+q+q2) +(1—q)(2hT—h5—h2u)>,

where hy = (b — u)h.

Corollary 1. The forthcoming inequality for the left g-h-integral holds for h-convex functions by
setting C = 0 in (11):

2h3%)g(u;u> =0 —q)(lu_—qa) +qh /aug(t) iyt 22
< 2 (e [ a0 ot + 2@ [ 800t

Remark 1. It is noted that the inequality (22) was proved independently in [21]; the multiplier

q . . . .
T=q1qn Appearing in the last term was missing.

Corollary 2. The forthcoming inequality for the left q-integral holds for h-convex functions by
setting C = 0and h = 0 in (11):

ZHE%)C(;M) < uia/aué(t)dqtﬁC(u)/olh(t)d,,t+§(a) /Olh(l—t)dqt

A version of the above Theorem 1 for strongly m-convex functions is stated and proved
in the forthcoming result.

Theorem 3. Let ¢ be a strongly m-convex function. Then, the following left q-h-integral inequality
holds when & satisfies the condition (i) ¢ (=) = &(x), x € (a,u)

atu A-@im o
5( 2 )Sz«l—q)(u—awhl)/u 60 gt @)

B oo 1+¢+29(1 —q)
Cm(u—a) (4(1+q)(1+q+q2

O o -0s) () (0 o)

2

—Cm(u—a)2<(1+q)(lq+q+q2) +(1—q)(2hT—h5—h2u)>.

+ (WU +hs —2nT) (1 - q)>

Here, hy, S, T and U are the same as those given in Theorem 1.
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Proof. The forthcoming inequality holds for strongly m-convex function ¢:

§<a42—u) < ;(C(a+t(u—a)) +m§<u—t(mu—a)) —2Cm(u—a)2<t— ;)2) (24)

The function ¢ satisfies the condition (7). By using this fact, we obtain the resulting
inequality from (24) as follows:

20(51) < U () [ttt a) 5)

—2Cm(u —a)? /01 (t — ;)2 hdqt).

The first integral of the right-hand side of the above inequality (25) is estimated by
using the definition of the strongly m-convex function for ¢ as follows:

[ e st st < 6 [ gt +me(2) [-ndp @o)
1
—Cm(u—a)Z/O H1— ) pdt.

From (17), (25) and (26), we constitute the following inequality:

dtu) . Q-qQim
() < o iy O @)

2Cm(1—q)(u—a)*> [ 1\2 1—9¢q 1
(- q) +agh /O(t_z) hdqt<1—q+qh(§(”)/o gt

+ m@(%) /01(1 — t) pidgt — Cm(u — a)z/o1 H1—t) hdqt).

One can easily have

! _(A—q)+qn( q
/Othdqt— - <1+q+(1—q)h5>, (28)
and
! _(A—q)+qh( q
| =) udyt = - <1+q—(1—q)h5>. (29)

By using (20), (28), (29) and (15) in (27), one can obtain the required inequality. O

A version of the above theorem for right g-h-integrals is stated in the next result. The
proof is left for the readers.

Theorem 4. Let  be strongly m-convex. Assuming that & satisfies the condition (ii) ¢ (“”%) =
¢(x), x € (u,b), then the forthcoming inequality holds for the right q-h-integral:
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b+u (1—g)(1+m) b
5( 2 )§z<1—q><b—u>+qhz/u 60 iyt 0)
2 1+ +2q9(1—9q)
— Cm(b — u) (4(1+q)(1+q+q2)+(h2U+hS—2hT)(1—q)>

< Ut (e (11 + - ) e () (5, — = as ) )

qz
‘Cm(b‘”)2<<1+q><1+q+q2>

+(1-9) <2hT—hS —hZLI)),
where hy = (b — u)h.

Corollary 3. The forthcoming left g-h-integral inequality for m-convex functions is obtained by
setting C = 0 in (23):

((“5) < st [ e e
< S (e (T s - ) e (2) (1 - (- s))

Corollary 4. The forthcoming left g-integral inequality for m-convex functions is obtained by
setting C = 0and h = 0 in (23):

§<a;u) = zzfn;) /aug(t)dqt = 2(11+q) (‘7‘5(”) +m§<%))'

A compact version of Theorems 1 and 3 is given by using the definition of strongly
(h — m)-convex function. This is stated and proved in the forthcoming theorem.

Theorem 5. Let { be a strongly (h — m)-convex function. Then, the following left q-h-integral
inequality holds when { satisfies the condition (i) of Theorem 3:

() = s e e o
— Cmh (;) (1+ m)z(a - u)2 (1+ql+qZ + (am — u)z
2(am —u)

ahe + (hzll + 2hS(am — u)? — ZhT) (1- ‘7))

< 1_‘7(;;(u)/1h(t) gt +mg () /1h(1—t) dot
= (1—q) +qh o M m) Jo ha
1
— Cm(mu — 0)2/ R(OR(1 — 1) hdqt>.
0
Here, hy, S, T and U are the same as those given in Theorem 1.

Proof. The forthcoming inequality holds for the strongly (#-m)-convex function:

h(i)g(‘“;”) <E(ta+(1—tyu) + mé(W) (32)
2

- thG) (1+m)?(a— u)2<t+ %)Z,t € [0,1].
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The above inequality holds for the g-h-integral as follows:
1 a+u 1—9q 1
g( >< (/gta+ 1— i) ydyt (33)
h(l) 2 (1—¢q)+gh \Jo (tat (1= £)u) ndg

+/ (tu+ —t)a >hdt—th< )(1+m)2(u—u)2

/0 (t+ my ndqt,t € 10,1].

The function ¢ satisfies the condition (7). By using this fact, we obtain the resulting
inequality from (33) as follows:

— 1
hé)g(a;u) = (1(—111)1)411 <(1+m)/0 C(a+ (u—a)t) ydgt (34)

_ cmh(i) (1+m)2(a — u)zfol <t+ %)2 hdqt>,t € [0,1].

In Example 1, takinga =0,b =1, and w = %, we obtain

! mu—a  \* . (=g Fqh)/ 1 2
/0<t+(1+m)(a—u)> ndgt = T4 (1+q+q2+(am—u) (35)

_ 2(am —
1+¢q

u (2U + 218 (am — u)? — 20T ) (1 — q)).

The first integral of the right-hand side of the above inequality (34) is estimated by
using the definition of strongly (h — m)-convex function for ¢ as follows:

1 1 a 1
[+ —apt) st < eu) [ ) gt +me(2) [Cn-0)udgt G6)
1
— Cm(mu — a)z/ R(E)R(1— t) pdt.
0
From (17), (34), (35) and (36), one can constitute the required inequality. [

Theorem 6. Let ¢ be a strongly (h — m)-convex function. Assuming that ¢ satisfies the condition
(ii) of Theorem 4, then the forthcoming inequality holds for the right g-h-integral:

b _
hé)g(u;r ) =T (—117 : jjmqh / ) ndat (37)
B thG) (14 m)*(u—b)° <1+ql+qz + (b= mu)?

2(b—mu)

S Era + (hzu +2hS(b — mu)? — ZhT) (1- 17)>

< (1_1;)117;1 (C(b) /Olh(t) hdqt—f'mér(%) /Olhu —t) pdgt

— Cm(b — mu)? /01 (DR(1 - t) hdqt>.
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Corollary 5. The forthcoming right q-h-integral inequality holds for  — m-convex functions by
setting C = 0 in (31):

_ h -
hé)g(a;u> <q —(;)(xqu)quth/a E(t) p,dyt

< o (e [ ) gt me () [T 1) gt ).

In the upcoming theorem, we give the g-h-integral inequality for another well-known
class of functions called the strongly («, m)-convex function.

Theorem 7. Let { be a strongly («, m)-convex function. Then, the following left q-h-integral
inequality holds when ¢ satisfies the condition (i) of Theorem 3:

wofa+u 1—g)(1+m2¥—=1)) [u
2o("5) < e SO 9

1+¢%4+29(1—9)
4(1+4g)(1+q+ g2

< (14 m@ 1) <§(u) <1Jlrj7r;“ FRP(1 - q)) + m‘f(l))

—2Cm(2“‘—1)(u—a)2< T+ (h2u+h5—2hT>(1—q))

Cm(u—a)’ (1L4+m2* = 1)1—q) M arr
_ e /O (1 — 1) dgt,

where hy is the same as in Theorem 1, and P = Zfzo(q”)lﬂn”‘.

Proof. The forthcoming inequality holds for strongly («, 1)-convex function ¢:

2“@(“2”) < §(ta+(1—t)u)+(2“—1)m§(w> (39)
—Cm(2% — 1) (u —a)*(1 — 2t)2
The above inequality holds for the g-h-integrals as follows:
a (0 tU < 1—q /1 —
2(;‘( > >_(1—q)+qh(o G(ta+ (1 —t)u) pdgt (40)

+ (2%~ 1)m /01 g(W) pdgt —2Cm(2% — 1) (u — a)?

x /01 (t— ;)zhdqt)t € [0,1].

The function ¢ satisfies the condition (i) of Theorem 3. By using this fact, we obtain
the resulting inequality from (40) as follows:

wofa+u 1—¢q N 1
zg( : >§(1q)+qh<(”m(2 —1))/0 Ela+ (u—a)t) ydgt  (41)

—2Cm(2* —1)(u — a)® /01 (t - ;)2 hdqt).

The first integral of the right-hand side of the above inequality (34) is estimated by
using the definition of the strongly (&, m)-convex function for ¢ as follows:
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1 1
| e+ —apt) st < eu) [ 1 0yt (42)
1 1
emg (L) [ 1) gt = Cm(u—a)? [ (1= 1) .

Hence, from (17), (31), (41) and (42), we obtain the following inequality:

dtu) L QEm@-1)1-g)
2("5) < e L, SOnnt 4

—2Cm(2* —1)(u — a)® /01 (t - ;)2 hdqt)

< (1+n(11(2_”‘£;1)27(hl—q) (C(u)/ol t hdqt+mé(%> Al(l—t“)hdqt

Cm(u—a)2(1+m(2“—1))(1—q) ! n o
_ e /Ot(l—t)hdqt>.

By the definition of the g-h-integral, we have

/thdt— (1—gq —|—th ") +nq"h)",
n=0
and by using (a +b)"* < a* + b* where 0 < a < 1, we have
1 )
Jy et = (=) k) 1 " (=) ")

< ((1—q)+gh) (Zq )+ h® i(q")”“na).

n=0
By using Bernoulli’s inequality, we obtain

/01 t* pdgt < ((1—q) +qh) ( i q"(1 —ag") +h" i (q”)””‘n“)
n=0

n=0

l—q—i—qh(l—i—q—a N )
= + h*P(1 — . 44
T—q T+4q (1—9) (44)

By using (44) and (15) in the inequalities (43), the required inequalities in (38) are
obtained. O

Theorem 8. Let § be a strongly («, m)-convex function. Assuming that ¢ satisfies the condition
(ii) of Theorem 4, then the following inequality holds for right g-h-integral:

b+u\ _ (1—q)(1+m@¥—1)) fb
ZC( )S 00T o (O 4
1+¢°4+29(1—9q)
—2Cm(2* — 1) (b — )2< (1+q)(1+q+q2)+(h2u+h8ZhT)(lq))

< (14 m2* 1)) (g(b) (W +HP(1— q)> +m§(:1)>

Cm(b_u)2(1+m(2a_1))(1_q) ! o o
_ e /Ot(l—t)hdqt.
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Corollary 6. The forthcoming inequalities for left q-h-integrals for («, m)-convex functions are
obtained by setting C = 0 in (38):

a+u 1-9)A+m2*—-1)) s«
25( 2 )S TG T J, SO nt

< m - 1) (e (SIS v - ) (5 ).

Corollary 7. The forthcoming inequalities for the left q-integrals for («, m)-convex functions are
obtained by setting C = 0 and h = 0 in (38):

2€<a—iz—u> < 14+m(2*—1) /au(:(t)dqt

u—a

< m@ =) (a0 () e (5) ).

3. Conclusions

The results proved in this article include g-h-integral inequalities for different types of
strongly convex functions. Inequalities for g-integrals were deduced from implicit forms,
which hold simultaneously for g- and h-integrals. All the results were proved for strongly
convex and symmetric functions. In establishing the results for strongly (a,m)- and (h-
m)-convex functions, some symmetric-like conditions were applied. Moreover, a strongly
convex function provides the refinement of convex function provided the modulus C # 0,
while for C = 0, the definition of convexity is recaptured. Hence, the provided results give
refinements of the inequalities that exist in the literature for convex functions.
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