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1. Introduction

A set C C R is said to be convex, if

(1-8)wy+6wyeC, Vws,wyeC,6€(0,1].

Similarly, a function Z : C — R is said to be convex, if

E(1 - 8)ws + bwy) < (1 — 8)E(w3) + 65(wy), Vs, wy €C,6€(0,1].

Convex analysis is the branch of mathematics that revolves around the concept of convex sets and functions. It has a wide range of applications
in various fields of applied sciences, such as Economics, Optimization theory, Engineering, Functional analysis, Fixed point theory, Differential
equations, and Mathematical inequalities. Among these, Mathematical inequalities have gained significant attention from researchers in recent
decades, as it is a vast and notable area of analysis. Integral inequalities are particularly important due to their numerous applications, especially
in error analysis. The growth of this field owes much to the impact of convex mappings and their generalizations. Many well-known mathematical
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inequalities, including the Hemite-Hadamard inequality, Minkowski inequality, Holder-type inequalities, Young’s inequality, and others, are direct
consequences of convex mappings.

One can consider Jensen’s inequality as an alternative characterization of a convex function, which can be expressed as follows:
Let E be a convex function on [w3, w,], then for all x; € [w3, w,] and y; €[0,1],i=1,2,...,n, with Z:’zl u; =1, we have

= <Z /4,«x,»> < Z HE(X)).
i=1 i=1

For details, see [1]. In 2004, Mercer introduced another form of Jensen’s inequality through a distinct approach, which can be stated as follows:
Suppose E : [w3, w,] = R is a convex function, then

2 <w3 +wy - Z ﬂixf> < E(wj3) + E(wmy) — Z HE(X)).

i=1 i=1
For more details, see [2-4].
Presented below is the renowned Ostrowski’s type inequality which applies to a differentiable function E : [w;, w4] — R over the interval
(733,@4)

@, (x_ @y twy )2
- 1 - 1 2 -
Ex)— —— /.:(x)dx SNyt ——/——— (@ — T)IE ||
w, — W; 4 (w4 — w3)
@3

Vx € [w3, w,], where ||E||, = SUP (a3, ry) |Z/(x)| < 0.

Quantum calculus and analysis are extensively utilized in various domains, including special functions, combinatorics, number theory, geometric
function theory, difference equations, and integral inequalities, to discover fresh extensions of established discoveries. Nonetheless, Tariboon and
Ntouyas discovered that applying Jackson ¢ derivatives to impulsive difference equations has certain limitations. To overcome these limitations,
they proposed a g-derivative and integral operator defined over finite intervals, as demonstrated below:

Definition 1.1 ([5]). Assuming that = : [w;, w,] C R — R is a continuous function and u € J, the following statement holds:

E(e) —E(ge + (1 — @)m3)
(1-g)(e—3)

oy DyE(e) = ,u#Fm;,0<g<1.

If w3 Dq=(u) exists for all u € J, then we classify = as being wgq-differentiable on J. Moreover, the widely recognized g-number is defined as:

1-4"

=g =14+q+¢*+..+4¢"', q€(0,1).

[nl, =

Moreover, we will revisit the concept of the quantum g, -integral, which was initially proposed by Tariboon and Ntouyas in [5], and examine it
over a limited interval.

Definition 1.2 ([5]). Assuming that = : [w;, w,] — R is a continuous function, the following statement holds:
wy 1

/E(e)w3dqe =1 -q9)(wy —w3) Z q"E(q"wy + (1 — ¢")w3) = (w, — wS)/E((l —d0)ws + 6wy)d,é.
n=0 0

w3

The following theorem describes some essential features of the w;q integral operator in connection with the w;g-integral, which are significant
for our analysis.

Theorem 1.1 ([5]). If E : [w3,w,] — R is a continuous function and u € [w;, w,], then
z

oD, / EW) gy d = E(2).

w3

z

/ 7y D EW),d u=E(2) ~E(c).

c

Lemma 1.1 ([5]). For continuous functions Z, g : (w3, w,] = R, we have
c
/g(zS)w3 D E(Swy + (1 - §)w3)d, 6
0
_ 8(O)E(6wy + (1 - §)w3) e _

Wy — W3 0 Wy

c
I -
— / D,g(8)E(q5w, + (1 — g8)w3)d, 6.
0

2
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Bermuda et al. [6] introduced the concept of right quantum derivatives and definite integrals in [6], which are presented below:
Definition 1.3 ([6]). Let Z : [w3, w,] — R be a continuous function and e € [w;, @, ], then

E(ge+ (1 — q)wy) — E(e)
(1 =g)(wy—e)

@4 D E(e) = , e<y.

Definition 1.4 ([6]). Let E : [w3, w,] — R be a continuous function. Then, the g™4-definite integral on [w;, w,] is defined as:

wy oo 1
/E(&)w“dqé =(1 - q)(wy —w3) 2 q"E(q" w3+ (1 — ¢")wy) = (w, — wS)/E(5w3 + (1 =06)wy)d,6.
@ n=0 0

Now we rewrite some further results.

Theorem 1.2 ([6]). If E : [w3, w,] = R is a continuous function and e € [w3, w,], then
@y
™D, / E(e)™*d e = —E(2).

¥4
wy

/ 74D, E(e)™d e = E(wy) — E(2).

z

Lemma 1.2 ([6]). For continuous functions Z, g : (w3, w,] = R, we have

c

/ g(6)™ D,E(6w; + (1 - §)w,)d,5
0

g(O)E(w; + (1 —d)wy)|c

Wy — W3 o

c
1 =
=— / D,g(0)E(géw3 + (1 — g8)mw4)d, 6 —
w, — w3 /

In [7], Noor et al. demonstrated the quantum version of the Ostrowski inequality, which is expressed as follows:
Suppose that £ : [w;, w,] — R is a g-differentiable function. If |w; D,Z(x)| < M, then
A 2 2
M[(x —@3) + (wy — x
1 /E(u)mdquﬁq [( 3)” + (my )]'
3

Wy — W [Z]q(w4 — w3)
w3

B(x) —

Over the last few years, numerous researchers have contributed to the advancement and extension of Ostrowski and Hermite-Hadamard type
inequalities in diverse directions. Alomari et al. [8] introduced generalized convexity, while Basci and Baleanu [9] proposed fractional Ostrowski-like
inequalities employing Hilfer fractional operators. Yildiz and Cotrila [10] established Hermite-Hadamard type inequalities for Riemann-Liouville
fractional operators and Green functions. Zaheer et al. [11] studied well-known inequalities using majorization and strong convexity. Qurashi
et al. [12] derived Ostrowski type inequalities over fractal sets with applications, and Kashuri et al. [13] developed weighted Ostrowski’s type
inequalities. Wang et al. [14] established g-Fractional Ostrowski’s type inequalities involving generalized convexity, while Ogulmus and Sarikaya
[15] examined fractional Hermite-Hadamard type inequalities. In 2022 Du and Zhou [16] investigated the interval-valued fractional analogs of
Hermite-Hadamard type inequalities involving exponential fractional operators for two variables and coordinated interval-valued convexity. Budak
et al. [17] investigated the midpoint type inequalities involving generalized fractional operators to obtain the unified form of existing fraction
variants. Zhang et al. [18] derived the quantum integral inequalities through generalized convexity. IN 2023 Du and Peng [19] established the
trapezium-type inequalities by making use of the idea of fractional multiplicative calculus. Iscan et al. [20] proposed weighted Hermite-Hadamard-
Mercer type inequalities, and You et al. [21] investigated Hermite-Hadamard-Mercer type inequalities associated with harmonic convex functions.
In [22], the generalized Jensen-Mercer inequality and fractional concepts were used to derive new Hermite-Hadamard type inequalities, and Faisal
et al. [23] established new Hermite-Hadamard-Mercer type inequalities using majorization theory and generalized Mercer inequality. Bin-Mohsin
et al. [24] used strongly harmonic convexity to obtain some Hadamard-Mercer-type inequalities within the framework of fractional concepts.
Additionally, Butt et al. [25] presented Ostrowski-Mercer type inequalities involving generalized fractional operators with respect to a monotone
function y, and Sial et al. [26] evaluated new Ostrowski-Mercer type inequalities for differentiable convex functions and their applications. For
more information, please see [27-30].

The Montgomery identity is a well-established mathematical tool utilized to establish various classical integral inequalities. Over the last few
decades, substantial research has been conducted on this identity, leading to significant advancements in the field.

Lemma 1.3. If £ : [w3, w4] = R be a differentiable mapping on (w5, @,), then

Wy X wy
— 1 — X—w3 _, X—wy _,
BEx)— ——— [ Ex)dx= | ————E'(w)du+ | ———E" (w)du.
w4—w3 w4—w3 'W4—W3
TU3 TH3 X
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Equivalently, it can be transformed as: If E : [w3, w,4] — R be a differentiable mapping on (w3, w,), then:

@y

B(x)— _ / B(x)dx

Wy — W3y
w3
wy—x
Ty 1
= (w, — ;) / 2 (5w + (1 — 8)w,)ds + / (6 — DE (3w + (1 — 8)w,)ds |.
0 wy—x

e
Kunt et al. [31] proposed the quantum Montgomery identity for ., q differentiable function, which is given as:

Lemma 1.4. If E : [w3, w4] > R be a continuous and . q differentiable function on (w3, w,), then
w4

B(x) — % / ) gy Ay

Wy — W
w3
x—w3
wy—~w3 1
= (w, - @3) / 48 1y, DB, + (1 = 8)w3)d, 6 + / (48 = Dy, DyE (G, + (1 = )w3)d, 5 .
0 X—@3

w4—w3
In [32] authors have used the right quantum derivative as a tool to obtain a new Montgomery identity, which is followed as:

Lemma 1.5. If E : [w3, w4] > R be a continuous and . q differentiable function on (w3, w,), then

wy
= 1 =
.:(x)— m/d(x)w:;dqx
w3
wy—x
wy—~w3 1
= (w, — w3) / 46 ™ D E(Sw3 + (1 - §)wy)d,6 + / (@8 — D)™ D,EGws; + (1 - 8)wy)d, 8 |.
0 wy—x

W43

The Montgomery identity has gained recognition as a valuable tool for formulating classical integral inequalities, and it has been the subject
of extensive research in recent years. Butt et al. [33] utilized the generalized Montgomery identity to derive a range of new identities and used
these equalities to investigate Popoviciu and Ostrowski-like inequalities for higher-order convex mappings. Aglic [34] obtained fractional bounds for
Ostrowski-type inequalities using the Montgomery identity. Vivas Cortez et al. [35] derived a new generalized Montgomery identity and established
error bounds for the rectangular rule using preinvex functions. Ali et al. [36] explored the well-known Ostrowski inequality over rectangles in
the context of g-calculus associated with Montgomery equality and coordinated convex functions. Kunt et al. [31] employed quantum concepts to
develop Montgomery identity and related inequalities. Mehmood et al. [37] applied the Montgomery identity to obtain new extensions of Popoviciu-
type inequalities using new Green’s functions, while Kalsoom et al. [38,39] derived ¢ and (p, ¢) estimates using the Montgomery identity.

Chu et al. [40] introduced right p, q derivatives, and integrals and established some Ostrowski-type inequalities, and Ali et al. [41] estimated
new bounds for Ostrowski-type inequalities involving twice g-differentiable convex functions. In [42] authors obtained the rectified forms of Jensen
inequality and their applications through Montgomery identity.

Recently, Jensen-Mercer and related inequalities have been extensively studied using different approaches. In [43] authors computed some
Hadamard-Mercer-type inequalities via quantum calculus. Bin-Mobhsin et al. [44] employed a combined approach of majorization theory and quan-
tum calculus to establish some Jensen-Mercer and related inequalities.

The primary objective of this paper is to develop novel quantum results based on the Montgomery identities and associated general Ostrowski
inequalities. The study is divided into three main sections. The first section provides a brief overview of the research background and essential
terminologies required for further analysis. The second section presents the main findings of the research. Finally, the third section includes
numerical verification and graphical analysis. The techniques and ideas presented in this article are expected to pique the interest of curious
readers.

2. Main results

In the following section, we present our key findings, which are divided into two sub-sections. Firstly, we demonstrate two fundamental g-
identities of the Montgomery type. Secondly, we establish new approximations of general Ostrowski type inequalities and various general Hermite-
Hadamard type inequalities, which are regarded as particular cases of our primary theorems.

2.1. New quantum Montgomery identities

We now present our first g-Montgomery identity.
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Lemma 2.1. Let & : [w3, w,] = R be a g-differentiable function, then

w3 +wy—X
= 1 =
B(u) — y——x / :(z)w3+w4_ydqz

w3 +wy—y

u—(w3+wy—y)
y—x

=(—x) / qé w3+w4_quE(6(w3 + @, —x)+ (1 - 6)(w3 + @y —y)d,6
0

+ / @8 = 1) gy ey Dy E(6(wm3 + w4 = x) + (1 = 8)(w3 + 4 — 1) d,5 |

u—(w3+wy—y)
y—x

where w3+ w, — y< w3+ wy — x,u € (w3 + wy — y, w3 + wy —x) and 6 €[0,1].

Proof. Consider the right-hand side of (2.1),
u—(w3+wy—y)
ot
I=(y—x) / qo w3+w4_quE(5(w3 + @y —x)+ (1 = 6) (w3 +wy —y)d,06
0

+ / (@5 = 1) gy gy DyE(6(w3 + w4 = x) + (1 = 8)(w3 + w4 — )6

u—(w3+wy—y)
y—x

u—(w3+wy—y)
y—x

=(y—x) / qé 1173Jru,z‘_quE(é(zm +wy—x)+ (1 = 6) w3+ @y — V) dqé

(=1

1
+ / 46— 1) g 1,y D E(6(w3 + wy — X) + (1 - 6)(w3 + w4 — ¥))dy6
0
Uy twy—y)
y-x

- / (g6 — 1)w3+w4_quE(6(w3 + @, —x)+ (1 - 6)(w3 + @y —y)d,0

1
=(y—x) /(q6 — Doty DEO(w3 + w4 —x) + (1 = 6) (w3 + w, — y))d, 6
0
u—(w3+wy—y)
y-x

+ / oy tmy—y Dy EG(@s + @y = x) + (1 = 8)(w3 + @y — ) d,6
0

=y-x); + L]
Now g-integrating by parts, we get
1

I, = / (g6 — 1)w3+w4_quE(6(w3 + @, —x)+ (1 = 6)(w3 + @y —y)d,06
0

_ (- DE(w3 + @y —x) +E(w3 + @4 — )
y—Xx

1

/5(45(w3 + @y —x)+ (1 - g8) (w3 + @y — y)d 6
0

y—Xx

_ (g — DE(w3 + w4 —x) + E(w3 + @4 — )
y—x

Ain Shams Engineering Journal xxx (xxxx) xxx

2.1)

(2.2)
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1-—
(y z)nz() g EG @3+ @y =) + (1= ¢ (w3 + @y - )

:E(w3+w4—y) d-90- X)Zq B¢ (w3 +wy —x)+ (1 — ") w3 + @y — y)

y—x y x)2 n=0
w3 +wy—X
(w3 +wy —y) 1 _
= S - s / B(2) ey 1, —ydg 2-
W3+wy -y
And similarly,
u—(w3+wy—y)
y—x
I,= / B D E(6(w3 + @y — x) + (1 = 6) (w3 + w, — ))d 6
0
E(u) — E(wy + w4 —
_ WSy +wy—y) 23
y—x
Substituting the values of I; and I, in I, we conclude our required result. []
Now we give the Montgomery identity with respect to right ™4 g-derivatives.
Lemma 2.2. Let & : [w3, wy] — R be a P4 g-differentiable function, then
w3+wy—X
1 2(z) w3+w4_"dqz — 2(u)
y—x
w3+wy—y
(w3+wy—x)—u
y-x
=(Qy—-x) / qé w3+w4_xDqE(5(w3 + @, —y)+ (1 = 6) (w3 + wy —x))d,6
0
1
+ / (g6 = 1)™3*™4™ D B(8(wy + wy — y) + (1 — 6) (w3 + wy — x))d 6|, 2.4
(w3 +wy—x)—u
y=x
where w3+ w, — y< w3+ wy — x,u € (w3 + wy —y, w3+ wy —x) and 6 € [0, 1].
Proof. Consider the right-hand side of (2.4),
(w3 +wy—x)—u
y=x
1= / g6 T3t TTND B(8(wy + wy — y) + (1 - 8)(w;3 + @y — X)) d,6
0
1
+ / (g6 — 1) ™3*™4™¥ D B(8(w;3 + wy — y) + (1 — 6) (w3 + wy — x))d, 6
(w3+wy—x)—u
y=x
1
=(y—-x) / (g6 — 1)w3+w4_xDqE(5(w3 + @, —y)+ (1= 6) (w3 + wy —x))d,6
(m3 +wy—x)—u
y=x
+ / m3+w4_"DqE(6(w3 + @y — )+ (1 = 6) (w3 +wy —x))d,6
0
= -x + L] (2.5)

Now g-integrating by parts, we get
1

I, = / (@6 — 1) ™™D B(5(ws + wy — y) + (1 = 8)(ws + wy — x))d,6
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_ U -gE(w; +wy —y) - E(w; + w, —x)
y—x

1

I ﬁ . /5(‘15(W3 +wy—y) + (1 - g8) (w3 + @, — x))d 6
0

_ (1 - g@E(w3 + wy —y) — E(w; + w4y — Xx)

y—Xx
-9 . n+lme n+l n+1
+—— ) M E@ (@ + wy = ) + (1 - ")y + - X))
y=x n=0
E@yt+my=x)  (1=@0=%) " ;
-2 = Y "B (@5 + wy - )+ (1 - ¢") @3 + @y — X))
y—Xx (y - x) n=0
W3+ Wy —X
= _:(w3 @4 =) + ! / E(z)“’ﬁw—xdqz.
y-x (y—x)?
w3t+wy—y
And similarly,
(w3 +m4—x)—u
y—x
I, = / Wyt wmx D E(6(w3 + @y — ) + (1 = 6) (w3 + wy — x))d,6
0
) +wy —x)—E(u
_E@tw, O (2.6)
y—x

Substituting the values of I; and I, in I, we conclude our required result. []
2.2. General Ostrowski type inequalities
In this section, we employ the auxiliary results derived in the previous sub-section and the Jensen-Mercer inequality for convex functions.

Theorem 2.1. Let E : [w3, w,] = R be continuous g-differentiable function and if |
and r > 1 then,

B i i - -
@y +wy—yDgEl" is a convex function, where w3 + wy —y < w3+ Wy —x

w3t+wy—x
Z2(u) — 1 / Z(z)dz
y—x
w3 +wy—y

-1
<(y-x) [”’1 " (@3, Wy, X, Y, 4) <w1 (@3, D4, %, Y, | gy 4~y PgE @) + | gy 4y -y DgE(@I")

1
— (@3, @4, %, Y, Dl oy 4y -y DgECON” — w3 (w3, @y, x, 3, q)|m3+m4_quE(y)|’> ’
11
0, (@3, 04,5, .0) (043, T4 %, 3,0y, -y DyE@N + g,y DyE @)

1
_ws(w3,w4a X, Y, q)|1D3+W4_quE(x)|r - wﬁ(w:')s Wy, X, Y, q)|W3+W4—quE(y)|r> " :| 5

where

u—(w3+wy—y)
y-x

L(M)Z

wi (w3, @y, X, ,4) = / 96,0 = [2] y—x
q

0

u—(w3+wy—y)
y—x

Wy(w3, @y, X, y,q) = / q6°d,8=
0

u—(w3+wy—y)
y—x

L <u—(w3+w4—y)>3
(3], y—x '

w3 (w3, Wy, X, y,q) = / q6(1 = 8)d,6 = w (w3, @y, X, y,q) — Wy (W3, Wy, X, ¥, q).
0
Wy (w3, @y, X, ¥, q)
1
= / (1-gd)d,6=

u—(w3+wy—y)
y=x

1-9q <(w3+1m—x)—u>+ q ((w3+w4—x)—u>2

21, y—x 121, y—x
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ws(w3, @y, X, ¥, q)
1

2 3
- + - — + _
= / (1_q5)5dq5=;_i<M> +L<“ (w3 +wy y)) .
21,031, 2], y—x 31, V—x
u—(w3+wy—y)
lmstey )
1
We (w3, @y, X, y,4) = / (1= g8)(1 = 8)d,6 = wy(w3, Wy, X, y,q) — ws(W3, W4, X, Y, q).
u—(w3+wy—y)
y=x

Proof. By making use of Lemma 2.1, modulus property, power mean inequality and convexity property of |1n3 er4_yD f|" of the function, then
wW3+wWy—X
- 1 —
B(u) — y——x / z(z)w3+w4_ydqz
W3+ W=y

u—(w3+wy—y)
y—x

<(y-x) / 05 |y gy DyEE(@3 + 14 = %) + (1 = 6) (w3 + = )| 4,
0

1
+ / (1-g8) |w3+w4_quE(5(w3 +w,—x)+ (1= 6)(w; + wy — y))| d,s

u—(w3+wy—y)

y=x
l 1
u—(@3+wy-y) =3 [ u—my+my=p) 1
y=x =
,
<(y-x) / q6d,o / qé ‘mﬁm,quE(w_3 + @y = (x+(1-8)y)| d,6
0 0
-1 |
1 ’ | ;
,
+ / (1-¢6)d,6 / (1-gd) ‘W3+w4_quE(w3 +w,—(x+(1—-8)y)| d,é
y—x Vx
u—(@3+my-y) 1_% u—(@3+my-y)
y=x =
<b-x / 46d,6 / q6 (Iw3+w4,quE(w3)|’ sy Dy (@I
0 0

1
=6y 74y DB = (1 = Dy DyE (@) ) g8 ) + / (1-48)d,8

u—(w3+wy—y)
y—x

(1= 08) (I gy DB + |y DB
u—(w3+wy—y)

y=x

1
_5|W3+1H4—quE(x)|r - (1 - 5)|w3+w4_quE(y)|r) dqé) ! ] .
After simple computations, we obtain our required result. []

Now we discuss some special cases of Theorem 2.1.

- If |l173 fw,— yD,El <M with M >0 and r =1, then we obtain the following new Ostrowski-Mercer inequality:

w3+wy—x
= 1 =
) - —— / E(z)d,z
y—x
w3+wy—y
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< (y _A;)[z]q [q((w3 +wy—x) - u)2 + (0 =-g)(y—x)(w; +wy—x)—u)+qu— (w3 + w4y — x))2] )

« If we take r =1 in Theorem 2.1, then following bounds for Ostrowski-Mercer inequality hold:
W3 +wWy—X
E(z)d,z
— (2)d,

w3+wy—y

) —

<= @043, 4,530 + 043,515 7.0) (Lo, DB + |y gy Dy E(@)])
—(wy (@3, 4, X, ¥, q) + Ws(T3, @4, X, Y, D) ey 4.7y —y D B(X))
(W3, T4, %, 0) + Wo(3, T4 %, D) a7y DB

where w;(w3, @y, x,¥,9),i =1,2,3,...,6 are defined in Theorem 2.1.
- If we take u = w5 + @y — =2

W3+ Wy —X
Xty ) 1 2(z)dz
2 y—Xx

w3+wy—y

E(w3+w4—

1
<(p-x [lwl '@ (101 @ gty DyE@N + Ly DyE @)
=102l a7y 7y DB =1 03 gy DEDN)

-1
120, @ (104 1174y DE@N + |y 7y, DB @I

1
105Dl 417y DB =1 W@l sy DED) ] :

where
101(@) =, 0y(@) = . ws(@) = 10, (9) — 1 10,(9).
a1, 8[31,
_(-9 g __L __4a q
1W4(q) = 2, A, 105(9) (21,31, 4121, " 8[3],

1We(q) = 1wy (q) — jws(q).

Theorem 2.2. Let E : [w3, w,] = R be continuous g-differentiable function and if |
andr,s>1with%+§=1, then

w3+wy—X
Z(u) — 1 / Z(z)dz
y—Xx
W3+wy -y
1
u—(wy+wy—y\ '
<(-x|—1— ( 3ty )
1 y—x
[r+11;

2
u—(ms+wy—y) — - 1 u— (w3 +w,—y)
<y-—x<'vvs+w4—yDaﬂ<wS>'s e G

1
2 5
_ R s fu— (w3 t+wmy—y) 1 u—(wy+wy—Yy)
|u73+m4—qu‘:‘(x)|‘ - |u73+w4—,qu-:'(J/)|Y <y_—x - E (y——x

(w3 +wy—Xx)—u

+ / (1-q5Yd,6 (
y—x

u—(w3+wy—y)
y—x

| 1 (u—(m3+a,—-»\° o g w—(w3+w,—y)
Ao (/) )y DE®I = ( o - ——————
21, [, y—x 2], y-x

(|H73+uy4—quE(w3)|S + |w3+u74—quE(w4))|S

1

1 (u— (w3 +@y—-y)\° AT
o, <y—> >'wz+w4-y[’q=<”' ) '

Ain Shams Engineering Journal xxx (xxxx) xxx

> in Theorem 2.1, then following bound for general Hermite-Hadamard inequality holds:

wy+my—yDg Bl is a convex function, where w3 + wy —y < w3+ @, —x
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Proof. By making use of Lemma 2.1, modulus property, Holder’s inequality and convexity property of |, ,,_,D,f|* of the function, then

wW3+wWy—X
- 1 -
B(u) — y——x / :(z)w3+w4_ydqz
w3+ Wy -y

u—(w3+wy—y)
y—x

<(@y-x) / qé |m3+m4_quE(6(w3 +wy—x)+ (1 - 6)w3 +wmy — y))) d,o
0

1

+ / (1-g6) |w3+w4_ypqa(5(w3 + 1wy —x)+ (1= 8)(w; + 1wy — y))| d,s

u—(w3+wy—y)

y=x
1 1
u—(w3+w@y—y) r [ u—(w3+my-y) s
y=x y=x
<(y-x) / (g6 d,5 / ‘,Wm D E(w; + wy — (6x +(1 - 5)y))| d,é
0 0
1 1
r . S
+ / (1-q8) d,6 / |y DB + 74 = (8 + (1 = s
u— (m+n4 ) u—(w3+wy—y)
y=x
1
u—(w3+wy—y) r u—(w3+wy—y)
y=x y-x
< (y - X) / (qé)r d45 <|u73+m4—quE‘(w3)|S + |u73+u74—quE‘(w4)|S
0 0

=

1
6y gy DgEOI* = (1 = 5)|w3+w4_quE(w3)|5) dq6> [ / (1-g6) d,5

u—(w3+wy—y)
y=x

(|w3+w4—quE(w3)|S + |w3+w4—quE(w4)|S

u—(w3+wy—y)
y—x

1
=8y gy DB = (1 = 8l gy D) g5 ] .

After simplifying, we acquire our required result. []

* If |y 4y —y DgEl < M with M > 0, then we obtain the following new Ostrowski-Mercer inequality:
w3 +wy—X
B — — B(z)dz
y—x
w3+ wy—y

T

_ _ 2 N
<MO-| — 1<u (s y)> + (1-q8)d,6 <w>

1 y—x y—x
[r+ 1]‘; u—(w3+wy—y)
y—x
« If we take u = w3 + w, — XT” in Theorem 2.2, then the following bound for general Hermite-Hadamard inequality holds:
w3twy—X
- x+ 1 -
(w3 +wy — y) - / B(z)dz
- 2 y—x
w3+wy—Yy

10
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1+1
r 1 — —
<= (3Uems gy DE@I + |y gy DE @)

—~
=
~—

1
[r+11;

1 - - 1
_m|w3+W4—qu:‘(X)|s - |W3+w4—YDq:‘(Y)|S (5 -

T

1 — _
(5 Uiy DB + sy DE @I’

1
+ /(1 ~48)'d,s
1
2

1
L1 - (41, 1 =)
- <E - @) oy +4-y Dg= 00l <[2]q 2t 4[2]q> gty DB >

Theorem 2.3. Let = : [w;, w4] — R be continuous g-differentiable function and if |”3+™+=* D E|" is a convex function, where w; + @, —y < w; +wy — x
and r > 1 then,
W3 +wWy—X

L B(z)dz — E(u)

y—Xx

w3+wy—y

-1 e T
<(y-x) [w7 (@3, @y X, ¥, q) (w1(3, 04, x,y, )(| 347D E(w3)|" + |34 D E(wy)|")

1
—wo(w3, @y, X, y,q)| 73T DqE(XNr — wg(ws3, @y, X, Y, Q)|w3+w4_XDqE(y)|r) !

-1 e e
+w,, (@3, @y, %, ¥, q) (w1o(@3, @4, %, 5, )| 77D B (w3)|" + | 73D E ()|

1
—wip (w3, @y, %, , | YD EX)|" — wyy (w3, @y, X, 5,9 D ER)) ] .

where
(w3 +wy—x)—u

y=x

q
w7(w3,w4,x,y,q)= / L]&dq5= —_— <

(w3 +w4—x)—u>2
" (21, '

y—x
(w3 +wy—x)—u
y—x

q
wy (w3, @y, X, y,q) = / qaqu5=—(

(w3+w4—x)—u>3
" [3], .

y—x
(w3+wy—x)—u
y=x
wy(w3, @y, X, Y, q) = / q6(1 —5)dq5=w7(w3,w4,x,y,q)—ws(W3,W4,x,y,4)~
0
1
wo(@3, @y, X, y,q) = / (1—gd)d,6

(w3+wy —X)—u

y=x
_ (1-¢q) <u—(w3+w4—y)> L9 <u—(w3+w4_y)>2
2], y—x 2], y—x '
1
wy (@3, @y, X, y,q) = / (1-g6)5d,6
(w3 +wy—x)—u
Catta o
_ 1 _i<(w3+w4—x)—u>2+i((w3+w4—x)—u>3
(21,31, 2], y—x 3], y-x
1
W (w3, @y, X, y,q) = / (I-go)(1 —5)dq5=wlo(W3,W4,x,y,q)—wu(W3,1ﬂ4,x,y,q).
(w3 +my—x)—u
Eatteo

11
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Proof. By making use of Lemma 2.2, modulus property, power mean inequality and convexity property of |, ,,_,D,f|" of the function, then

W3 +wWy—X
1 - =
—x .:(z)w3+w4_ydqz —E(u)
w3+wy—y
(w3 +my—x)—u
y—x
<(-x) / g8 |+ ™D E(E(ws + w4 — 1) + (1 = )+, — )| dy8

0

1
+ / (1-g6) ‘w3+w4_" DqE(é(w3 +@,—y)+(1-6) (w3 +wy — x))‘ dq(S

(w3+wy—x)—u

y-x
1-1 1
(w3 +my—x)—u r  (w3rwy—x)—u r
y-x y-x
<(-x) / 5d,5 / 6 )wﬁm—xl)qa(m + - Gy+ (1 -o)x)| d,6
0 0

-1

+ / (1-g8)d,8| x

(m3 +wy—x)—u
y=x

(1-gd) (W3+W4—X0q5(w3 + @y -6y +(1-8)x)| d,6
(w3 +wy—x)—u

y=x

1
(w3+wy—x)—u 1- 7 (w3t+wy—x)-u

y—x y=x
<) / 46d,5 / 46 (|74 D E(ay)|” + |7+ D (w) I
0 0

1
~(1 = §)[™*+™=*D B(x)|" — 5[+ D E)[") d,8)7 + / (1-¢8)d,3

(w3+wy —X)—u
y=x

(1= g8) (| * ™7 Dy E(w3)|" + |73 T4~ D E(wy)|"
(w3+wy—x)—u
y—x

1
—5|™3* XD B(y)|” — (1 = 8)| ™™D, E(x)|")d,8) "

After simple computations, we obtain our required result. []

Now we discuss some special cases of Theorem 2.3.

o If |@3F@a—x D,E| <M with M >0 and r =1, then we obtain the following new Ostrowski-Mercer inequality:

1 W3+w4fxE(z)m3+m4fxdqz _ E(u)
y—x
w3+wy—y
< ﬁ [4((ws + @4 = ) =10 + (1 = )y = X)(@3 + @4 — x) = 1) + 4 — (@3 + w7, — )]

12
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« If we take r =1 in Theorem 2.3, then following bounds for Ostrowski-Mercer inequality hold:

W3+ Wy —X

! E(z)dqz

y—Xx
w3+wy—y

B(u) -

<(y—-x) [(W7(w3s Wy, X, ¥, q) + Wio(W3, Wy, X, ¥, q)) (|w3+w4_xDqE(W3)| + |w3+w4_xDqE(W4)|)

—(wy(m3, @4, X, ,9) + Wi (w3, @y, X, Y, q))|m3+m4_xDqE(X)|
—(wg(w@s3, @y, X,¥,q9) + Wy (w03, @y, X, y, q))|w3+w4_qu5(y)|] s

where w;(w3, @y, x,¥,9),i=7,8,9,10,11, 12 are defined in Theorem 2.3.

Ain Shams Engineering Journal xxx (xxxx) xxx

« If we take u = w3 + w, — XY in Theorem 2.3, then following bound for general Hermite-Hadamad inequality holds:

2

W3+ Wy —X

1

y—x
W3+ Wy -y

E(z)dqz—5<w3+w4— x+y)

_1
<G-x [1 Wy () (1107(@)(| ™D E )| + T D E ()

~ 1=

! w9(4)|w3+w4_xDqE(x)|r ! ws(4)|w3+w4_XDqE(J’)|r)
-1
+110,, " (@) (;wio@ (7D E(w)|” + 7™ D E(wy) |

1
=10 (@| ™3P D EX)|" =y wy (@ IDEWN) T

where
(@)= T wg(@) = e w0g(q) = 110, (T) — w0y (B).
anl, 83,
_(d-9 q __ 1 q q
1@ =Sy Ty, 9= o T, e,

1W12(q) = 1wip(g) — wq1()-

Theorem 2.4. Let E : [w3, w,] — R be continuous g-differentiable function and if |3 +w4"‘DqE|s is a convex function, where w; +w, —y < w3+ wy —x

andr,s>1with%+§=lthen,

w3+ wy—Xx
! E(z)dz — E(u)
y—x
’lU3+‘lU4—y
g [((m3+w,—x)—u 1+ (w3 +wy—X)—u
<(-x ’ ~ (|75 + ™ D E(ws)|*
[r+1], y—x y—x

_ _ 1 (w3 + @y —x)—u
+|3FPD B(wy)|*) — —— (—
L 21, y-x

1
2 5
_w3+w4—xDqE(x)|s<(w3+;ﬂi;x)_“_ [21] <(w3+ywi;x)_"‘> >>
q

1

r

2
> |W3+W4—xDqE(y)|S

(w3 + @y —x)—u

+ / (1-q8Yd,5 <
y—Xx

(w3+wy—x)—u
y—x

) —u\2
_<ﬁ_ﬁ<(W3 ;Uixx) u> )|W3+u74—XDqE(y)|s

1
B L_(w3+w4—x)—u+L (w3 + @y —x)—u 2 |w3+w4_xD 200 i
21, y—x 121, y—x -

(|W3+W4—xDqE(w3)|s + |W3+w4—xDqE(w4))|s

Proof. By making use of Lemma 2.2, modulus property, Holder’s inequality and convexity property of |, ., _,D,f|" of the function, then

W3 +wy—X

1

y—Xx
w3+wy—y

B(2) ey 4y —ydgz — E@W)

13
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(w3 +wy—x)—u
y=x

<(y-x) / g8 |+ ™D (S + w4 — 1) + (1 = ) + 1wy — )| 48
0

1

+ / (1-q9d)

(w3+wy—x)-u

T3 B (S (ws + @y — y) + (1 = 8)(ws + wy — x))‘ d,é

y—x
1
(w3 +wy—x)—u r
y—x
<(y-x) / (g8)"dg8| x
0
(w3 +wy—x)—u %
y—x
/ |73 7D B + wy — (1= S)x + 6y)| d6
0

1

7

+ / (1-g8yds| x

(m3 +wy—x)—u

y=x

1
/ ‘m”""fxDqE(tm + @y — (1= 6)x+6y) ' dgd

(E'3 +wy—x)—u

y—x
1
(w3+wy—X)—U T (w3 +wy—X)—u
y—x y—x
<o-x) / (g6 d,6 / (1774~ D E(wy)|* + ™+ ™+ D E(w)I*
0 0

1
—(1=8)|"3+™+* D E(x)|* - 8|+ D,E)|*) d,6) " + / (1-¢8)d,6

(w3 +wy—x)—u
y=x

X (|m3+m4fxDqE(w.3)|s + |m3+w47xDqE(’lU4)|S

(w3+wy —X)—u
y=x
1
s

~(1 = 8)[T5*™4 ¥ D B(x)|* - 6| 7D E(y)]*)d,8) |-

After simplifying, we acquire our required result. []

Now we discuss some special cases of Theorem 2.4.

« If ["3+@4~X D E| < M with M >0, then we obtain the following new Ostrowski-Mercer inequality:

w3 +wy—X

! B(z)P3tP4~¥dz — B(u)

y—Xx
w3 +wWy—y

1

r

<SM(y—x) T —x (1-gé6)"d;6 <
[r + 1]qr (w3 +wy—x)—u
y=x

2

w3+ Wy —X)—U
q ((3 4 —X) >+
y—x

1
u—(w3+w4—y)>.x

14
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+ If we take u = w3 + @, — %V in Theorem 2.4, then the following bound for general Hermite-Hadamard inequality holds:

w3+wy—X
1 - - x+y
H(z)dz —E -—
o (Z) v4 (w3 +'W4 ) )
w3 +wy—y
q 1 1 1+1 1
<(v— r (1 Tt i ) s w3HT-X D 7 s
<= | (3) (30 E@)]’ +] E@)I*)
_L|W3+w4—xD E(y)ls _ |TD3+W4—XD E(x)ls l _ L ’
a2, a q 27 a2,

r

1
+ /(l—qﬁ)’dqé (%(|w3+w4_xDqE(w3)|S+|w3+w4_xDqE(w4))|s
3

_ L_ 1 W3+ Wy —X = s _ i_l 1 wW3+wy—Xx = s)°
(= ) ez = (G = 5+ g )17 pzcor)

3. Numerical examples and graphical analysis
In this section, we present our primary results through numerical examples and graphical representations.

+ Assuming Theorem 2.1, if we set u = w3 + w, — XT”, r=1,2(m)=m°, and w3 =1, w, =4, x=2,and y =3, then:

NS 1 (I=Dm=t+2m-1)) 1 8- 243
2) o — < - .
‘(2) [o], <l ]"( 2 2(1+q)+8(1+q)(1+q+z12)

U LHS

« For Fig. (a), we take g € (0,1) and U €[1,5] as variables to illustrate a graph between left and right hand side of Theorem 2.1.
« For Fig. (b), we take ¢q € (0, 1) as variables to illustrate a graph between left and right hand side of Theorem 2.1.
« For Fig. (c), we take g € (0,1) and O € [1, 5] as variables to illustrate a graph between left and right hand side of Theorem 2.1.

If we take ¢ = %, then we have
0.16667 < 0.702381.

+ Under the assumption of Theorem 2.2, if we take u = w; + w, — XT”,r =s=2 and Z(m) = m* with w; = 1, @, =4,x =2 and y =3, then

[¢)
() -m

0.35¢ 14222 (1+29)

<
Vi+g+q? 2 4(1+9)

41+q9)  8U+q(l+q+4> 2 X(+q)

\/2—q+q2_ 8¢+4*+4° ><\/1+22"-2_(2q—1)

- LHS
5

« For Fig. (a), we take ¢ € (0, 1) and O € [1,5] as variables to illustrate a graph between left and right hand side of Theorem 2.2.
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« For Fig. (b), we take g € (0, 1) as variables to illustrate a graph between left and right hand side of Theorem 2.2.

« For Fig. (c), we take g € (0,1) and O € [1, 5] as variables to illustrate a graph between left and right hand side of Theorem 2.2.
If we take ¢ = 3 then we have

0.16667 < 0.450694.

+ Under the assumption of Theorem 2.3, if we take u = w3 + w, — XT”J =s=2 and E(m) = m° with w3 =1,w,=4,x=2and y=3, then

1 _22(5—2 8_23
S[U]q< +1(=2) |_|(_1)2z;_2|< 1 q >>

1012, \O
- (3)

2(1+q)

20+q) 81 +q)(l+q+q)

ECUS

4 LHS - LHS
02 04 06 08 10 c) ! 2 3 4 5

« For Fig. (a), we take ¢ € (0, 1) and U € [1,5] as variables to illustrate a graph between left and right hand side of Theorem 2.3.
« For Fig. (b), we take g € (0, 1) as variables to illustrate a graph between left and right hand side of Theorem 2.3.

« For Fig. (c), we take g € (0, 1) and O € [1, 5] as variables to illustrate a graph between left and right hand side of Theorem 2.3.
If we take g = %, then we have

0.16667 < 0.702381.

+ Under the assumption of Theorem 2.4, if we take u = w3 + w, — XT”,

_1\0+2 1,0
- (3)

r=s=2 and E(m) = m°® with w3 =1, w; =4,x =2 and y =3, then

03%I0l, [J1+IC2P2 o) (L429)

<
Vi+g+q? 2 41+q)

— 2 2 3 —2)2n=2 —
4101, 2-g+q*>  8q+q°+g Y R () |_|(_1)2,,,2|(2q D}
41+ 81+ +g+4>) 2 41+q)

()

v LHS

« For Fig. (a), we take ¢ € (0, 1) and U € [1,5] as variables to illustrate a graph between left and right hand side of Theorem 2.4.
« For Fig. (b), we take g € (0, 1) as variables to illustrate a graph between left and right hand side of Theorem 2.4.

« For Fig. (c), we take g € (0, 1) and U € [1, 5] as variables to illustrate a graph between left and right hand side of Theorem 2.4.
If we take g = %, then we have

0.16667 < 0.396687.

4. Conclusion

The analysis of these integral inequalities using quantum calculus is an essential topic of research today due to its wide range of applications.
The g-analogues of various integral inequalities provide us with error estimates for well-known quantum quadrature rules such as Ostrowski,
Simpson, Newton, Maclaurin, and Milne type rules. Many researchers have attempted to find precise bounds involving the Montgomery identity,
Hermite-Hadamard inequality, Fink identity, Green functions, Taylor series, and other mathematical concepts. In this paper, we have obtained two
new g-Montgomery identities and derived new upper bounds for the general Ostrowski and Hermite-Hadamard inequalities by using the convexity
property of the functions and quantum calculus approach. These findings will aid in proving numerous mathematical inequalities involving different

classes of convexity, bounding properties of functions, Lipschitz mappings, and bounded variation. The present study is the first attempt regarding
the quantum Montgomery identities, and it is hoped that these identities will open new avenues for further research.
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