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The main objective of this paper is to analyze the Montgomery identities and Ostrowski like inequalities, within 
the framework of quantum calculus. The study utilizes 𝜛3

𝑞 and 𝜛4𝑞 differentiable functions to establish two new 
Montgomery identities, which are essential for the development of our main results which are new quantum 
estimates of general Ostrowski type inequality. The study involves numerous techniques, including 𝑞-identities, 
Hölder-like inequalities, and the Jensen-Mercer inequality for convex mappings, to derive the main outcomes 
of the paper. Additionally, the study presents special cases, numerical validation, and graphical illustrations to 
support the main results.

1. Introduction

A set  ⊂ℝ is said to be convex, if

(1 − 𝛿)𝜛3 + 𝛿𝜛4 ∈ , ∀𝜛3,𝜛4 ∈ , 𝛿 ∈ [0,1].

Similarly, a function Ξ ∶  →ℝ is said to be convex, if

Ξ((1 − 𝛿)𝜛3 + 𝛿𝜛4) ≤ (1 − 𝛿)Ξ(𝜛3) + 𝛿Ξ(𝜛4), ∀𝜛3,𝜛4 ∈ , 𝛿 ∈ [0,1].

Convex analysis is the branch of mathematics that revolves around the concept of convex sets and functions. It has a wide range of applications 
in various fields of applied sciences, such as Economics, Optimization theory, Engineering, Functional analysis, Fixed point theory, Differential 
equations, and Mathematical inequalities. Among these, Mathematical inequalities have gained significant attention from researchers in recent 
decades, as it is a vast and notable area of analysis. Integral inequalities are particularly important due to their numerous applications, especially 
in error analysis. The growth of this field owes much to the impact of convex mappings and their generalizations. Many well-known mathematical 
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inequalities, including the Hemite-Hadamard inequality, Minkowski inequality, Hölder-type inequalities, Young’s inequality, and others, are direct 
consequences of convex mappings.

One can consider Jensen’s inequality as an alternative characterization of a convex function, which can be expressed as follows:

Let Ξ be a convex function on [𝜛3, 𝜛4], then for all 𝑥𝑖 ∈ [𝜛3, 𝜛4] and 𝜇𝑖 ∈ [0, 1], 𝑖 = 1, 2, … , 𝑛, with 
∑𝑛

𝑖=1 𝜇𝑖 = 1, we have

Ξ

(
𝑛∑
𝑖=1

𝜇𝑖𝑥𝑖

)
≤

𝑛∑
𝑖=1

𝜇𝑖Ξ(𝑥𝑖).

For details, see [1]. In 2004, Mercer introduced another form of Jensen’s inequality through a distinct approach, which can be stated as follows:

Suppose Ξ ∶ [𝜛3, 𝜛4] →ℝ is a convex function, then

Ξ

(
𝜛3 +𝜛4 −

𝑛∑
𝑖=1

𝜇𝑖𝑥𝑖

)
≤ Ξ(𝜛3) + Ξ(𝜛4) −

𝑛∑
𝑖=1

𝜇𝑖Ξ(𝑥𝑖).

For more details, see [2–4].

Presented below is the renowned Ostrowski’s type inequality which applies to a differentiable function Ξ ∶ [𝜛3, 𝜛4] → ℝ over the interval 
(𝜛3, 𝜛4)|||||||Ξ(𝑥) −

1
𝜛4 −𝜛3

𝜛4

∫
𝜛3

Ξ(𝑥)d𝑥
||||||| ≤

⎡⎢⎢⎢⎣
1
4
+

(
𝑥− 𝜛3+𝜛4

2

)2

(𝜛4 −𝜛3)2

⎤⎥⎥⎥⎦ (𝜛4 −𝜛3)||Ξ′||∞,
∀𝑥 ∈ [𝜛3, 𝜛4], where ||Ξ′||∞ = sup𝑠∈(𝜛3 ,𝜛4) |Ξ′(𝑥)| <∞.

Quantum calculus and analysis are extensively utilized in various domains, including special functions, combinatorics, number theory, geometric 
function theory, difference equations, and integral inequalities, to discover fresh extensions of established discoveries. Nonetheless, Tariboon and 
Ntouyas discovered that applying Jackson 𝑞 derivatives to impulsive difference equations has certain limitations. To overcome these limitations, 
they proposed a 𝑞-derivative and integral operator defined over finite intervals, as demonstrated below:

Definition 1.1 ([5]). Assuming that Ξ ∶ [𝜛3, 𝜛4] ⊆ℝ →ℝ is a continuous function and 𝑢 ∈ 𝐽 , the following statement holds:

𝜛3
𝐷𝑞Ξ(𝑒) =

Ξ(𝑒) − Ξ(𝑞𝑒+ (1 − 𝑞)𝜛3)
(1 − 𝑞)(𝑒−𝜛3)

, 𝑢 ≠𝜛3,0 < 𝑞 < 1.

If 𝜛3𝐷𝑞Ξ(𝑢) exists for all 𝑢 ∈ 𝐽 , then we classify Ξ as being 𝜛3
𝑞-differentiable on 𝐽 . Moreover, the widely recognized 𝑞-number is defined as:

[𝑛]𝑞 =
1 − 𝑞𝑛

1 − 𝑞
= 1 + 𝑞 + 𝑞2 +…+ 𝑞𝑛−1, 𝑞 ∈ (0,1).

Moreover, we will revisit the concept of the quantum 𝑞𝜛3
-integral, which was initially proposed by Tariboon and Ntouyas in [5], and examine it 

over a limited interval.

Definition 1.2 ([5]). Assuming that Ξ ∶ [𝜛3, 𝜛4] →ℝ is a continuous function, the following statement holds:

𝜛4

∫
𝜛3

Ξ(𝑒)𝜛3
𝑑𝑞𝑒 = (1 − 𝑞)(𝜛4 −𝜛3)

∞∑
𝑛=0

𝑞𝑛Ξ(𝑞𝑛𝜛4 + (1 − 𝑞𝑛)𝜛3) = (𝜛4 −𝜛3)

1

∫
0

Ξ((1 − 𝛿)𝜛3 + 𝛿𝜛4)𝑑𝑞𝛿.

The following theorem describes some essential features of the 𝜛3𝑞 integral operator in connection with the 𝜛3𝑞-integral, which are significant 
for our analysis.

Theorem 1.1 ([5]). If Ξ ∶ [𝜛3, 𝜛4] →ℝ is a continuous function and 𝑢 ∈ [𝜛3, 𝜛4], then

𝜛3
𝐷
𝑞

𝑧

∫
𝜛3

Ξ(𝑢)𝜛3
d
𝑞
𝑢 = Ξ(𝑧).

𝑧

∫
𝑐

𝜛3
𝐷
𝑞
Ξ(𝑢)𝜛3

d
𝑞
𝑢 = Ξ(𝑧) − Ξ(𝑐).

Lemma 1.1 ([5]). For continuous functions Ξ, 𝑔 ∶ [𝜛3, 𝜛4] →ℝ, we have

𝑐

∫
0

𝑔(𝛿)𝜛3
𝐷𝑞Ξ(𝛿𝜛4 + (1 − 𝛿)𝜛3)d𝑞𝛿

=
𝑔(𝛿)Ξ(𝛿𝜛4 + (1 − 𝛿)𝜛3) ||𝑐 − 1

𝑐

𝐷𝑞𝑔(𝛿)Ξ(𝑞𝛿𝜛4 + (1 − 𝑞𝛿)𝜛3)d𝑞𝛿.
2

𝜛4 −𝜛3 |0 𝜛4 −𝜛3 ∫
0
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Bermuda et al. [6] introduced the concept of right quantum derivatives and definite integrals in [6], which are presented below:

Definition 1.3 ([6]). Let Ξ ∶ [𝜛3, 𝜛4] →ℝ be a continuous function and 𝑒 ∈ [𝜛3, 𝜛4], then

𝜛4𝐷𝑞Ξ(𝑒) =
Ξ(𝑞𝑒+ (1 − 𝑞)𝜛4) − Ξ(𝑒)

(1 − 𝑞)(𝜛4 − 𝑒)
, 𝑒 < 𝜛4.

Definition 1.4 ([6]). Let Ξ ∶ [𝜛3, 𝜛4] →ℝ be a continuous function. Then, the 𝑞𝜛4 -definite integral on [𝜛3, 𝜛4] is defined as:

𝜛4

∫
𝜛3

Ξ(𝛿)𝜛4𝑑𝑞𝛿 = (1 − 𝑞)(𝜛4 −𝜛3)
∞∑
𝑛=0

𝑞𝑛Ξ(𝑞𝑛𝜛3 + (1 − 𝑞𝑛)𝜛4) = (𝜛4 −𝜛3)

1

∫
0

Ξ(𝛿𝜛3 + (1 − 𝛿)𝜛4)𝑑𝑞𝛿.

Now we rewrite some further results.

Theorem 1.2 ([6]). If Ξ ∶ [𝜛3, 𝜛4] →ℝ is a continuous function and 𝑒 ∈ [𝜛3, 𝜛4], then

𝜛4𝐷𝑞

𝜛4

∫
𝑧

Ξ(𝑒)𝜛4d𝑞𝑒 = −Ξ(𝑧).

𝜛4

∫
𝑧

𝜛4𝐷𝑞Ξ(𝑒)𝜛4d𝑞𝑒 = Ξ(𝜛4) − Ξ(𝑧).

Lemma 1.2 ([6]). For continuous functions Ξ, 𝑔 ∶ [𝜛3, 𝜛4] →ℝ, we have

𝑐

∫
0

𝑔(𝛿)𝜛4𝐷𝑞Ξ(𝛿𝜛3 + (1 − 𝛿)𝜛4)d𝑞𝛿

= 1
𝜛4 −𝜛3

𝑐

∫
0

𝐷𝑞𝑔(𝛿)Ξ(𝑞𝛿𝜛3 + (1 − 𝑞𝛿)𝜛4)d𝑞𝛿 −
𝑔(𝛿)Ξ(𝛿𝜛3 + (1 − 𝛿)𝜛4)

𝜛4 −𝜛3

|||𝑐0.
In [7], Noor et al. demonstrated the quantum version of the Ostrowski inequality, which is expressed as follows:

Suppose that Ξ ∶ [𝜛3, 𝜛4] →ℝ is a 𝑞-differentiable function. If |𝜛3𝐷𝑞Ξ(𝑥)| ≤𝑀 , then|||||||Ξ(𝑥) −
1

𝜛4 −𝜛3

𝜛4

∫
𝜛3

Ξ(𝑢)𝜛3
d𝑞𝑢

||||||| ≤
𝑞𝑀[(𝑥−𝜛3)2 + (𝜛4 − 𝑥)2]

[2]𝑞(𝜛4 −𝜛3)
.

Over the last few years, numerous researchers have contributed to the advancement and extension of Ostrowski and Hermite-Hadamard type 
inequalities in diverse directions. Alomari et al. [8] introduced generalized convexity, while Basci and Baleanu [9] proposed fractional Ostrowski-like 
inequalities employing Hilfer fractional operators. Yildiz and Cotrila [10] established Hermite-Hadamard type inequalities for Riemann-Liouville 
fractional operators and Green functions. Zaheer et al. [11] studied well-known inequalities using majorization and strong convexity. Qurashi 
et al. [12] derived Ostrowski type inequalities over fractal sets with applications, and Kashuri et al. [13] developed weighted Ostrowski’s type 
inequalities. Wang et al. [14] established 𝑞-Fractional Ostrowski’s type inequalities involving generalized convexity, while Ogulmus and Sarikaya

[15] examined fractional Hermite-Hadamard type inequalities. In 2022 Du and Zhou [16] investigated the interval-valued fractional analogs of 
Hermite-Hadamard type inequalities involving exponential fractional operators for two variables and coordinated interval-valued convexity. Budak 
et al. [17] investigated the midpoint type inequalities involving generalized fractional operators to obtain the unified form of existing fraction 
variants. Zhang et al. [18] derived the quantum integral inequalities through generalized convexity. IN 2023 Du and Peng [19] established the 
trapezium-type inequalities by making use of the idea of fractional multiplicative calculus. İscan et al. [20] proposed weighted Hermite-Hadamard-

Mercer type inequalities, and You et al. [21] investigated Hermite-Hadamard-Mercer type inequalities associated with harmonic convex functions. 
In [22], the generalized Jensen-Mercer inequality and fractional concepts were used to derive new Hermite-Hadamard type inequalities, and Faisal 
et al. [23] established new Hermite-Hadamard-Mercer type inequalities using majorization theory and generalized Mercer inequality. Bin-Mohsin 
et al. [24] used strongly harmonic convexity to obtain some Hadamard-Mercer-type inequalities within the framework of fractional concepts. 
Additionally, Butt et al. [25] presented Ostrowski-Mercer type inequalities involving generalized fractional operators with respect to a monotone 
function 𝜓 , and Sial et al. [26] evaluated new Ostrowski-Mercer type inequalities for differentiable convex functions and their applications. For 
more information, please see [27–30].

The Montgomery identity is a well-established mathematical tool utilized to establish various classical integral inequalities. Over the last few 
decades, substantial research has been conducted on this identity, leading to significant advancements in the field.

Lemma 1.3. If Ξ ∶ [𝜛3, 𝜛4] →ℝ be a differentiable mapping on (𝜛3, 𝜛4), then

Ξ(𝑥) − 1
𝜛4 −𝜛3

𝜛4

∫ Ξ(𝑥)d𝑥 =

𝑥

∫
𝑥−𝜛3
𝜛4 −𝜛3

Ξ′(𝑢)d𝑢+

𝜛4

∫
𝑥−𝜛4
𝜛4 −𝜛3

Ξ′(𝑢)d𝑢.
3

𝜛3 𝜛3 𝑥
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Equivalently, it can be transformed as: If Ξ ∶ [𝜛3, 𝜛4] →ℝ be a differentiable mapping on (𝜛3, 𝜛4), then:

Ξ(𝑥) − 1
𝜛4 −𝜛3

𝜛4

∫
𝜛3

Ξ(𝑥)d𝑥

= (𝜛4 −𝜛3)

⎡⎢⎢⎢⎢⎣
𝜛4−𝑥
𝜛4−𝜛3

∫
0

𝛿Ξ′(𝛿𝜛3 + (1 − 𝛿)𝜛4)d𝛿 +

1

∫
𝜛4−𝑥
𝜛4−𝜛3

(𝛿 − 1)Ξ′(𝛿𝜛3 + (1 − 𝛿)𝜛4)d𝛿

⎤⎥⎥⎥⎥⎦
.

Kunt et al. [31] proposed the quantum Montgomery identity for 𝜛3
𝑞 differentiable function, which is given as:

Lemma 1.4. If Ξ ∶ [𝜛3, 𝜛4] →ℝ be a continuous and 𝜛3
𝑞 differentiable function on (𝜛3, 𝜛4), then

Ξ(𝑥) − 1
𝜛4 −𝜛3

𝜛4

∫
𝜛3

Ξ(𝑥)𝜛3
d𝑞𝑥

= (𝜛4 −𝜛3)

⎡⎢⎢⎢⎢⎣
𝑥−𝜛3
𝜛4−𝜛3

∫
0

𝑞𝛿 𝜛3
𝐷𝑞Ξ(𝛿𝜛4 + (1 − 𝛿)𝜛3)d𝑞𝛿 +

1

∫
𝑥−𝜛3
𝜛4−𝜛3

(𝑞𝛿 − 1)𝜛3
𝐷𝑞Ξ(𝛿𝜛4 + (1 − 𝛿)𝜛3)d𝑞𝛿

⎤⎥⎥⎥⎥⎦
.

In [32] authors have used the right quantum derivative as a tool to obtain a new Montgomery identity, which is followed as:

Lemma 1.5. If Ξ ∶ [𝜛3, 𝜛4] →ℝ be a continuous and 𝜛3
𝑞 differentiable function on (𝜛3, 𝜛4), then

Ξ(𝑥) − 1
𝜛4 −𝜛3

𝜛4

∫
𝜛3

Ξ(𝑥)𝜛3
d𝑞𝑥

= (𝜛4 −𝜛3)

⎡⎢⎢⎢⎢⎣
𝜛4−𝑥
𝜛4−𝜛3

∫
0

𝑞𝛿 𝜛4𝐷𝑞Ξ(𝛿𝜛3 + (1 − 𝛿)𝜛4)d𝑞𝛿 +

1

∫
𝜛4−𝑥
𝜛4−𝜛3

(𝑞𝛿 − 1)𝜛4𝐷𝑞Ξ(𝛿𝜛3 + (1 − 𝛿)𝜛4)d𝑞𝛿

⎤⎥⎥⎥⎥⎦
.

The Montgomery identity has gained recognition as a valuable tool for formulating classical integral inequalities, and it has been the subject 
of extensive research in recent years. Butt et al. [33] utilized the generalized Montgomery identity to derive a range of new identities and used 
these equalities to investigate Popoviciu and Ostrowski-like inequalities for higher-order convex mappings. Aglic [34] obtained fractional bounds for 
Ostrowski-type inequalities using the Montgomery identity. Vivas Cortez et al. [35] derived a new generalized Montgomery identity and established 
error bounds for the rectangular rule using preinvex functions. Ali et al. [36] explored the well-known Ostrowski inequality over rectangles in 
the context of 𝑞-calculus associated with Montgomery equality and coordinated convex functions. Kunt et al. [31] employed quantum concepts to 
develop Montgomery identity and related inequalities. Mehmood et al. [37] applied the Montgomery identity to obtain new extensions of Popoviciu-

type inequalities using new Green’s functions, while Kalsoom et al. [38,39] derived 𝑞 and (𝑝, 𝑞) estimates using the Montgomery identity.

Chu et al. [40] introduced right 𝑝, 𝑞 derivatives, and integrals and established some Ostrowski-type inequalities, and Ali et al. [41] estimated 
new bounds for Ostrowski-type inequalities involving twice 𝑞-differentiable convex functions. In [42] authors obtained the rectified forms of Jensen 
inequality and their applications through Montgomery identity.

Recently, Jensen-Mercer and related inequalities have been extensively studied using different approaches. In [43] authors computed some 
Hadamard-Mercer-type inequalities via quantum calculus. Bin-Mohsin et al. [44] employed a combined approach of majorization theory and quan-

tum calculus to establish some Jensen-Mercer and related inequalities.

The primary objective of this paper is to develop novel quantum results based on the Montgomery identities and associated general Ostrowski 
inequalities. The study is divided into three main sections. The first section provides a brief overview of the research background and essential 
terminologies required for further analysis. The second section presents the main findings of the research. Finally, the third section includes 
numerical verification and graphical analysis. The techniques and ideas presented in this article are expected to pique the interest of curious 
readers.

2. Main results

In the following section, we present our key findings, which are divided into two sub-sections. Firstly, we demonstrate two fundamental 𝑞-
identities of the Montgomery type. Secondly, we establish new approximations of general Ostrowski type inequalities and various general Hermite-

Hadamard type inequalities, which are regarded as particular cases of our primary theorems.

2.1. New quantum Montgomery identities
4

We now present our first 𝑞-Montgomery identity.
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Lemma 2.1. Let Ξ ∶ [𝜛3, 𝜛4] →ℝ be a 𝑞-differentiable function, then

Ξ(𝑢) − 1
𝑦− 𝑥

𝜛3+𝜛4−𝑥

∫
𝜛3+𝜛4−𝑦

Ξ(𝑧)𝜛3+𝜛4−𝑦d𝑞𝑧

= (𝑦− 𝑥)

⎡⎢⎢⎢⎢⎣
𝑢−(𝜛3+𝜛4−𝑦)

𝑦−𝑥

∫
0

𝑞𝛿 𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝛿(𝜛3 +𝜛4 − 𝑥) + (1 − 𝛿)(𝜛3 +𝜛4 − 𝑦)) d𝑞𝛿

+

1

∫
𝑢−(𝜛3+𝜛4−𝑦)

𝑦−𝑥

(𝑞𝛿 − 1)𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝛿(𝜛3 +𝜛4 − 𝑥) + (1 − 𝛿)(𝜛3 +𝜛4 − 𝑦)) d𝑞𝛿

⎤⎥⎥⎥⎥⎦
, (2.1)

where 𝜛3 +𝜛4 − 𝑦 <𝜛3 +𝜛4 − 𝑥, 𝑢 ∈ (𝜛3 +𝜛4 − 𝑦, 𝜛3 +𝜛4 − 𝑥) and 𝛿 ∈ [0, 1].

Proof. Consider the right-hand side of (2.1),

𝐼 = (𝑦− 𝑥)

⎡⎢⎢⎢⎢⎣
𝑢−(𝜛3+𝜛4−𝑦)

𝑦−𝑥

∫
0

𝑞𝛿 𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝛿(𝜛3 +𝜛4 − 𝑥) + (1 − 𝛿)(𝜛3 +𝜛4 − 𝑦)) d𝑞𝛿

+

1

∫
𝑢−(𝜛3+𝜛4−𝑦)

𝑦−𝑥

(𝑞𝛿 − 1)𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝛿(𝜛3 +𝜛4 − 𝑥) + (1 − 𝛿)(𝜛3 +𝜛4 − 𝑦)) d𝑞𝛿

⎤⎥⎥⎥⎥⎦
= (𝑦− 𝑥)

⎡⎢⎢⎢⎢⎣
𝑢−(𝜛3+𝜛4−𝑦)

𝑦−𝑥

∫
0

𝑞𝛿 𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝛿(𝜛3 +𝜛4 − 𝑥) + (1 − 𝛿)(𝜛3 +𝜛4 − 𝑦)) d𝑞𝛿

+

1

∫
0

(𝑞𝛿 − 1)𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝛿(𝜛3 +𝜛4 − 𝑥) + (1 − 𝛿)(𝜛3 +𝜛4 − 𝑦)) d𝑞𝛿

−

𝑢−(𝜛3+𝜛4−𝑦)
𝑦−𝑥

∫
0

(𝑞𝛿 − 1)𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝛿(𝜛3 +𝜛4 − 𝑥) + (1 − 𝛿)(𝜛3 +𝜛4 − 𝑦)) d𝑞𝛿

⎤⎥⎥⎥⎥⎦
= (𝑦− 𝑥)

⎡⎢⎢⎣
1

∫
0

(𝑞𝛿 − 1)𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝛿(𝜛3 +𝜛4 − 𝑥) + (1 − 𝛿)(𝜛3 +𝜛4 − 𝑦)) d𝑞𝛿

+

𝑢−(𝜛3+𝜛4−𝑦)
𝑦−𝑥

∫
0

𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝛿(𝜛3 +𝜛4 − 𝑥) + (1 − 𝛿)(𝜛3 +𝜛4 − 𝑦)) d𝑞𝛿

⎤⎥⎥⎥⎥⎦
= (𝑦− 𝑥)[𝐼1 + 𝐼2]. (2.2)

Now 𝑞-integrating by parts, we get

𝐼1 =

1

∫
0

(𝑞𝛿 − 1)𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝛿(𝜛3 +𝜛4 − 𝑥) + (1 − 𝛿)(𝜛3 +𝜛4 − 𝑦)) d𝑞𝛿

=
(𝑞 − 1)Ξ(𝜛3 +𝜛4 − 𝑥) + Ξ(𝜛3 +𝜛4 − 𝑦)

𝑦− 𝑥

− 𝑞

𝑦− 𝑥

1

∫
0

Ξ(𝑞𝛿(𝜛3 +𝜛4 − 𝑥) + (1 − 𝑞𝛿)(𝜛3 +𝜛4 − 𝑦))d𝑞𝛿

(𝑞 − 1)Ξ(𝜛3 +𝜛4 − 𝑥) + Ξ(𝜛3 +𝜛4 − 𝑦)
5

=
𝑦− 𝑥
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− (1 − 𝑞)
𝑦− 𝑥

∞∑
𝑛=0

𝑞𝑛+1Ξ(𝑞𝑛+1(𝜛3 +𝜛4 − 𝑥) + (1 − 𝑞𝑛+1)(𝜛3 +𝜛4 − 𝑦))

=
Ξ(𝜛3 +𝜛4 − 𝑦)

𝑦− 𝑥
− (1 − 𝑞)(𝑦− 𝑥)

(𝑦− 𝑥)2

∞∑
𝑛=0

𝑞𝑛Ξ(𝑞𝑛(𝜛3 +𝜛4 − 𝑥) + (1 − 𝑞𝑛)(𝜛3 +𝜛4 − 𝑦))

=
Ξ(𝜛3 +𝜛4 − 𝑦)

𝑦− 𝑥
− 1

(𝑦− 𝑥)2

𝜛3+𝜛4−𝑥

∫
𝜛3+𝜛4−𝑦

Ξ(𝑧)𝜛3+𝜛4−𝑦d𝑞𝑧.

And similarly,

𝐼2 =

𝑢−(𝜛3+𝜛4−𝑦)
𝑦−𝑥

∫
0

𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝛿(𝜛3 +𝜛4 − 𝑥) + (1 − 𝛿)(𝜛3 +𝜛4 − 𝑦)) d𝑞𝛿

=
Ξ(𝑢) − Ξ(𝜛3 +𝜛4 − 𝑦)

𝑦− 𝑥
. (2.3)

Substituting the values of 𝐼1 and 𝐼2 in 𝐼 , we conclude our required result. □

Now we give the Montgomery identity with respect to right 𝜛4𝑞-derivatives.

Lemma 2.2. Let Ξ ∶ [𝜛3, 𝜛4] →ℝ be a 𝜛4𝑞-differentiable function, then

1
𝑦− 𝑥

𝜛3+𝜛4−𝑥

∫
𝜛3+𝜛4−𝑦

Ξ(𝑧)𝜛3+𝜛4−𝑥d𝑞𝑧−Ξ(𝑢)

= (𝑦− 𝑥)

⎡⎢⎢⎢⎢⎣
(𝜛3+𝜛4−𝑥)−𝑢

𝑦−𝑥

∫
0

𝑞𝛿 𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝛿(𝜛3 +𝜛4 − 𝑦) + (1 − 𝛿)(𝜛3 +𝜛4 − 𝑥)) d𝑞𝛿

+

1

∫
(𝜛3+𝜛4−𝑥)−𝑢

𝑦−𝑥

(𝑞𝛿 − 1)𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝛿(𝜛3 +𝜛4 − 𝑦) + (1 − 𝛿)(𝜛3 +𝜛4 − 𝑥)) d𝑞𝛿

⎤⎥⎥⎥⎥⎦
, (2.4)

where 𝜛3 +𝜛4 − 𝑦 <𝜛3 +𝜛4 − 𝑥, 𝑢 ∈ (𝜛3 +𝜛4 − 𝑦, 𝜛3 +𝜛4 − 𝑥) and 𝛿 ∈ [0, 1].

Proof. Consider the right-hand side of (2.4),

𝐼 =

⎡⎢⎢⎢⎢⎣
(𝜛3+𝜛4−𝑥)−𝑢

𝑦−𝑥

∫
0

𝑞𝛿 𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝛿(𝜛3 +𝜛4 − 𝑦) + (1 − 𝛿)(𝜛3 +𝜛4 − 𝑥)) d𝑞𝛿

+

1

∫
(𝜛3+𝜛4−𝑥)−𝑢

𝑦−𝑥

(𝑞𝛿 − 1)𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝛿(𝜛3 +𝜛4 − 𝑦) + (1 − 𝛿)(𝜛3 +𝜛4 − 𝑥)) d𝑞𝛿

⎤⎥⎥⎥⎥⎦
= (𝑦− 𝑥)

⎡⎢⎢⎣
1

∫
0

(𝑞𝛿 − 1)𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝛿(𝜛3 +𝜛4 − 𝑦) + (1 − 𝛿)(𝜛3 +𝜛4 − 𝑥)) d𝑞𝛿

+

(𝜛3+𝜛4−𝑥)−𝑢
𝑦−𝑥

∫
0

𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝛿(𝜛3 +𝜛4 − 𝑦) + (1 − 𝛿)(𝜛3 +𝜛4 − 𝑥)) d𝑞𝛿

⎤⎥⎥⎥⎥⎦
= (𝑦− 𝑥)[𝐼1 + 𝐼2]. (2.5)

Now 𝑞-integrating by parts, we get

𝐼1 =

1

(𝑞𝛿 − 1)𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝛿(𝜛3 +𝜛4 − 𝑦) + (1 − 𝛿)(𝜛3 +𝜛4 − 𝑥)) d𝑞𝛿
6

∫
0
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=
(1 − 𝑞)Ξ(𝜛3 +𝜛4 − 𝑦) − Ξ(𝜛3 +𝜛4 − 𝑥)

𝑦− 𝑥

+ 𝑞

𝑦− 𝑥

1

∫
0

Ξ(𝑞𝛿(𝜛3 +𝜛4 − 𝑦) + (1 − 𝑞𝛿)(𝜛3 +𝜛4 − 𝑥))d𝑞𝛿

=
(1 − 𝑞)Ξ(𝜛3 +𝜛4 − 𝑦) − Ξ(𝜛3 +𝜛4 − 𝑥)

𝑦− 𝑥

+ (1 − 𝑞)
𝑦− 𝑥

∞∑
𝑛=0

𝑞𝑛+1Ξ(𝑞𝑛+1(𝜛3 +𝜛4 − 𝑦) + (1 − 𝑞𝑛+1)(𝜛3 +𝜛4 − 𝑥))

= −
Ξ(𝜛3 +𝜛4 − 𝑥)

𝑦− 𝑥
+ (1 − 𝑞)(𝑦− 𝑥)

(𝑦− 𝑥)2

∞∑
𝑛=0

𝑞𝑛Ξ(𝑞𝑛(𝜛3 +𝜛4 − 𝑦) + (1 − 𝑞𝑛)(𝜛3 +𝜛4 − 𝑥))

= −
Ξ(𝜛3 +𝜛4 − 𝑥)

𝑦− 𝑥
+ 1

(𝑦− 𝑥)2

𝜛3+𝜛4−𝑥

∫
𝜛3+𝜛4−𝑦

Ξ(𝑧)𝜛3+𝜛4−𝑥d𝑞𝑧.

And similarly,

𝐼2 =

(𝜛3+𝜛4−𝑥)−𝑢
𝑦−𝑥

∫
0

𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝛿(𝜛3 +𝜛4 − 𝑦) + (1 − 𝛿)(𝜛3 +𝜛4 − 𝑥)) d𝑞𝛿

=
Ξ(𝜛3 +𝜛4 − 𝑥) − Ξ(𝑢)

𝑦− 𝑥
. (2.6)

Substituting the values of 𝐼1 and 𝐼2 in 𝐼 , we conclude our required result. □

2.2. General Ostrowski type inequalities

In this section, we employ the auxiliary results derived in the previous sub-section and the Jensen-Mercer inequality for convex functions.

Theorem 2.1. Let Ξ ∶ [𝜛3, 𝜛4] →ℝ be continuous 𝑞-differentiable function and if |𝜛3+𝜛4−𝑦𝐷𝑞Ξ|𝑟 is a convex function, where 𝜛3 +𝜛4 −𝑦 <𝜛3 +𝜛4 −𝑥
and 𝑟 ≥ 1 then,|||||||Ξ(𝑢) −

1
𝑦− 𝑥

𝜛3+𝜛4−𝑥

∫
𝜛3+𝜛4−𝑦

Ξ(𝑧)d𝑧
|||||||

≤ (𝑦− 𝑥)
[
𝑤

1− 1
𝑟

1 (𝜛3,𝜛4, 𝑥, 𝑦, 𝑞)
(
𝑤1(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞)(|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛3)|𝑟 + |𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛4)|𝑟)

−𝑤2(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞)|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝑥)|𝑟 −𝑤3(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞)|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝑦)|𝑟) 1
𝑟

+𝑤
1− 1

𝑟

4 (𝜛3,𝜛4, 𝑥, 𝑦, 𝑞)
(
𝑤4(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞)(|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛3)|𝑟 + |𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛4))|𝑟

−𝑤5(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞)|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝑥)|𝑟 −𝑤6(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞)|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝑦)|𝑟) 1
𝑟

]
,

where

𝑤1(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞) =

𝑢−(𝜛3+𝜛4−𝑦)
𝑦−𝑥

∫
0

𝑞𝛿 d𝑞𝛿 =
𝑞

[2]𝑞

(
𝑢− (𝜛3 +𝜛4 − 𝑦)

𝑦− 𝑥

)2
.

𝑤2(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞) =

𝑢−(𝜛3+𝜛4−𝑦)
𝑦−𝑥

∫
0

𝑞𝛿2 d𝑞𝛿 =
𝑞

[3]𝑞

(
𝑢− (𝜛3 +𝜛4 − 𝑦)

𝑦− 𝑥

)3
.

𝑤3(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞) =

𝑢−(𝜛3+𝜛4−𝑦)
𝑦−𝑥

∫
0

𝑞𝛿(1 − 𝛿) d𝑞𝛿 =𝑤1(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞) −𝑤2(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞).

𝑤4(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞)

=

1

∫ (1 − 𝑞𝛿) d𝑞𝛿 =
(1 − 𝑞)
[2]𝑞

(
(𝜛3 +𝜛4 − 𝑥) − 𝑢

𝑦− 𝑥

)
+ 𝑞

[2]𝑞

(
(𝜛3 +𝜛4 − 𝑥) − 𝑢

𝑦− 𝑥

)2
.

7

𝑢−(𝜛3+𝜛4−𝑦)
𝑦−𝑥



Ain Shams Engineering Journal xxx (xxxx) xxxM.U. Awan, M.Z. Javed, H. Budak et al.

𝑤5(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞)

=

1

∫
𝑢−(𝜛3+𝜛4−𝑦)

𝑦−𝑥

(1 − 𝑞𝛿)𝛿 d𝑞𝛿 =
1

[2]𝑞[3]𝑞
− 𝑞

[2]𝑞

(
𝑢− (𝜛3 +𝜛4 − 𝑦)

𝑦− 𝑥

)2
+ 𝑞

[3]𝑞

(
𝑢− (𝜛3 +𝜛4 − 𝑦)

𝑦− 𝑥

)3
.

𝑤6(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞) =

1

∫
𝑢−(𝜛3+𝜛4−𝑦)

𝑦−𝑥

(1 − 𝑞𝛿)(1 − 𝛿) d𝑞𝛿 =𝑤4(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞) −𝑤5(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞).

Proof. By making use of Lemma 2.1, modulus property, power mean inequality and convexity property of |𝜛3+𝜛4−𝑦𝐷𝑓 |𝑟 of the function, then

|||||||Ξ(𝑢) −
1

𝑦− 𝑥

𝜛3+𝜛4−𝑥

∫
𝜛3+𝜛4−𝑦

Ξ(𝑧)𝜛3+𝜛4−𝑦d𝑞𝑧
|||||||

≤ (𝑦− 𝑥)

⎡⎢⎢⎢⎢⎣
𝑢−(𝜛3+𝜛4−𝑦)

𝑦−𝑥

∫
0

𝑞𝛿
|||𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝛿(𝜛3 +𝜛4 − 𝑥) + (1 − 𝛿)(𝜛3 +𝜛4 − 𝑦))

||| d𝑞𝛿

+

1

∫
𝑢−(𝜛3+𝜛4−𝑦)

𝑦−𝑥

(1 − 𝑞𝛿) |||𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝛿(𝜛3 +𝜛4 − 𝑥) + (1 − 𝛿)(𝜛3 +𝜛4 − 𝑦))
||| d𝑞𝛿

⎤⎥⎥⎥⎥⎦
≤ (𝑦− 𝑥)

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎜⎜⎜⎝

𝑢−(𝜛3+𝜛4−𝑦)
𝑦−𝑥

∫
0

𝑞𝛿 d𝑞𝛿

⎞⎟⎟⎟⎟⎠

1− 1
𝑟 ⎛⎜⎜⎜⎜⎝

𝑢−(𝜛3+𝜛4−𝑦)
𝑦−𝑥

∫
0

𝑞𝛿
|||𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛3 +𝜛4 − (𝛿𝑥+ (1 − 𝛿)𝑦))|||𝑟 d𝑞𝛿

⎞⎟⎟⎟⎟⎠

1
𝑟

+

⎛⎜⎜⎜⎜⎝
1

∫
𝑢−(𝜛3+𝜛4−𝑦)

𝑦−𝑥

(1 − 𝑞𝛿) d𝑞𝛿

⎞⎟⎟⎟⎟⎠

1− 1
𝑟 ⎛⎜⎜⎜⎜⎝

1

∫
𝑢−(𝜛3+𝜛4−𝑦)

𝑦−𝑥

(1 − 𝑞𝛿) |||𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛3 +𝜛4 − (𝛿𝑥+ (1 − 𝛿)𝑦))|||𝑟 d𝑞𝛿
⎞⎟⎟⎟⎟⎠

1
𝑟 ⎤⎥⎥⎥⎥⎥⎦

≤ (𝑦− 𝑥)

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎜⎜⎜⎝

𝑢−(𝜛3+𝜛4−𝑦)
𝑦−𝑥

∫
0

𝑞𝛿 d𝑞𝛿

⎞⎟⎟⎟⎟⎠

1− 1
𝑟 ⎛⎜⎜⎜⎜⎝

𝑢−(𝜛3+𝜛4−𝑦)
𝑦−𝑥

∫
0

𝑞𝛿

(|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛3)|𝑟 + |𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛4)|𝑟

−𝛿|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝑥)|𝑟 − (1 − 𝛿)|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛3)|𝑟) d𝑞𝛿
) 1
𝑟 +

⎛⎜⎜⎜⎜⎝
1

∫
𝑢−(𝜛3+𝜛4−𝑦)

𝑦−𝑥

(1 − 𝑞𝛿) d𝑞𝛿

⎞⎟⎟⎟⎟⎠

1− 1
𝑟

⎛⎜⎜⎜⎜⎝
1

∫
𝑢−(𝜛3+𝜛4−𝑦)

𝑦−𝑥

(1 − 𝑞𝛿)
(|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛3)|𝑟 + |𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛4)|𝑟

−𝛿|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝑥)|𝑟 − (1 − 𝛿)|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝑦)|𝑟) d𝑞𝛿
) 1
𝑟

]
.

After simple computations, we obtain our required result. □

Now we discuss some special cases of Theorem 2.1.

• If |𝜛3+𝜛4−𝑦𝐷𝑞Ξ| ≤𝑀 with 𝑀 ≥ 0 and 𝑟 = 1, then we obtain the following new Ostrowski-Mercer inequality:

||||Ξ(𝑢) − 1
𝜛3+𝜛4−𝑥

Ξ(𝑧)d𝑞𝑧
||||
8

||| 𝑦− 𝑥 ∫
𝜛3+𝜛4−𝑦

|||
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≤ 𝑀

(𝑦− 𝑥)[2]𝑞

[
𝑞((𝜛3 +𝜛4 − 𝑥) − 𝑢)2 + (1 − 𝑞)(𝑦− 𝑥)((𝜛3 +𝜛4 − 𝑥) − 𝑢) + 𝑞(𝑢− (𝜛3 +𝜛4 − 𝑥))2

]
.

• If we take 𝑟 = 1 in Theorem 2.1, then following bounds for Ostrowski-Mercer inequality hold:|||||||Ξ(𝑢) −
1

𝑦− 𝑥

𝜛3+𝜛4−𝑥

∫
𝜛3+𝜛4−𝑦

Ξ(𝑧)d𝑞𝑧
|||||||

≤ (𝑦− 𝑥)
[
(𝑤1(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞) +𝑤4(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞))

(|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛3)|+ |𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛4)|)
−(𝑤2(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞) +𝑤5(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞))|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝑥)|
−(𝑤3(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞) +𝑤6(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞))|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝑦)|] ,

where 𝑤𝑖(𝜛3, 𝜛4, 𝑥, 𝑦, 𝑞), 𝑖 = 1, 2, 3, ..., 6 are defined in Theorem 2.1.

• If we take 𝑢 =𝜛3 +𝜛4 −
𝑥+𝑦
2 in Theorem 2.1, then following bound for general Hermite-Hadamard inequality holds:

|||||||Ξ
(
𝜛3 +𝜛4 −

𝑥+ 𝑦
2

)
− 1
𝑦− 𝑥

𝜛3+𝜛4−𝑥

∫
𝜛3+𝜛4−𝑦

Ξ(𝑧)d𝑧
|||||||

≤ (𝑦− 𝑥)
[
1𝑤

1− 1
𝑟

1 (𝑞)
(
1𝑤1(𝑞)(|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛3)|𝑟 + |𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛4)|𝑟)

−1𝑤2(𝑞)|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝑥)|𝑟 −1 𝑤3(𝑞)|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝑦)|𝑟) 1
𝑟

+1𝑤
1− 1

𝑟

4 (𝑞)
(
1𝑤4(𝑞)(|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛3)|𝑟 + |𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛4))|𝑟

−1𝑤5(𝑞)|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝑥)|𝑟 −1 𝑤6(𝑞)|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝑦)|𝑟) 1
𝑟

]
,

where

1𝑤1(𝑞) =
𝑞

4[2]𝑞
, 1𝑤2(𝑞) =

𝑞

8[3]𝑞
, 1𝑤3(𝑞) = 1𝑤1(𝑞) − 1𝑤2(𝑞).

1𝑤4(𝑞) =
(1 − 𝑞)
2[2]𝑞

+ 𝑞

4[2]𝑞
. 1𝑤5(𝑞) =

1
[2]𝑞[3]𝑞

− 𝑞

4[2]𝑞
+ 𝑞

8[3]𝑞
.

1𝑤6(𝑞) = 1𝑤4(𝑞) − 1𝑤5(𝑞).

Theorem 2.2. Let Ξ ∶ [𝜛3, 𝜛4] →ℝ be continuous 𝑞-differentiable function and if |𝜛3+𝜛4−𝑦𝐷𝑞Ξ|𝑠 is a convex function, where 𝜛3 +𝜛4 −𝑦 <𝜛3 +𝜛4 −𝑥
and 𝑟, 𝑠 > 1 with 1

𝑟
+ 1

𝑠
= 1, then

|||||||Ξ(𝑢) −
1

𝑦− 𝑥

𝜛3+𝜛4−𝑥

∫
𝜛3+𝜛4−𝑦

Ξ(𝑧)d𝑧
|||||||

≤ (𝑦− 𝑥)
⎡⎢⎢⎢⎣

𝑞

[𝑟+ 1]
1
𝑟
𝑞

(
𝑢− (𝜛3 +𝜛4 − 𝑦)

𝑦− 𝑥

)1+ 1
𝑟

(
𝑢− (𝜛3 +𝜛4 − 𝑦)

𝑦− 𝑥
(|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛3)|𝑠 + |𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛4)|𝑠) − 1

[2]𝑞

(
𝑢− (𝜛3 +𝜛4 − 𝑦)

𝑦− 𝑥

)2

|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝑥)|𝑠 − |𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝑦)|𝑠( 𝑢− (𝜛3 +𝜛4 − 𝑦)
𝑦− 𝑥

− 1
[2]𝑞

(
𝑢− (𝜛3 +𝜛4 − 𝑦)

𝑦− 𝑥

)2
)) 1

𝑠

+

⎛⎜⎜⎜⎜⎝
1

∫
𝑢−(𝜛3+𝜛4−𝑦)

𝑦−𝑥

(1 − 𝑞𝛿)𝑟d𝑞𝛿

⎞⎟⎟⎟⎟⎠

1
𝑟 (

(𝜛3 +𝜛4 − 𝑥) − 𝑢
𝑦− 𝑥

(|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛3)|𝑠 + |𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛4))|𝑠

−

(
1

[2]𝑞
− 1

[2]𝑞

(
𝑢− (𝜛3 +𝜛4 − 𝑦)

𝑦− 𝑥

)2
)|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝑥)|𝑠 −(

𝑞

[2]𝑞
−

(𝑢− (𝜛3 +𝜛4 − 𝑦))
𝑦− 𝑥

+ 1
(
𝑢− (𝜛3 +𝜛4 − 𝑦)

)2
)|𝜛 +𝜛 −𝑦𝐷𝑞Ξ(𝑦)|𝑠)

1
𝑠 ⎤⎥ .
9

[2]𝑞 𝑦− 𝑥 3 4 ⎥⎦
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Proof. By making use of Lemma 2.1, modulus property, Hölder’s inequality and convexity property of |𝜛3+𝜛4−𝑦𝐷𝑞𝑓 |𝑠 of the function, then

|||||||Ξ(𝑢) −
1

𝑦− 𝑥

𝜛3+𝜛4−𝑥

∫
𝜛3+𝜛4−𝑦

Ξ(𝑧)𝜛3+𝜛4−𝑦d𝑞𝑧
|||||||

≤ (𝑦− 𝑥)

⎡⎢⎢⎢⎢⎣
𝑢−(𝜛3+𝜛4−𝑦)

𝑦−𝑥

∫
0

𝑞𝛿
|||𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝛿(𝜛3 +𝜛4 − 𝑥) + (1 − 𝛿)(𝜛3 +𝜛4 − 𝑦))

||| d𝑞𝛿

+

1

∫
𝑢−(𝜛3+𝜛4−𝑦)

𝑦−𝑥

(1 − 𝑞𝛿) |||𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝛿(𝜛3 +𝜛4 − 𝑥) + (1 − 𝛿)(𝜛3 +𝜛4 − 𝑦))
||| d𝑞𝛿

⎤⎥⎥⎥⎥⎦
≤ (𝑦− 𝑥)

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎜⎜⎜⎝

𝑢−(𝜛3+𝜛4−𝑦)
𝑦−𝑥

∫
0

(𝑞𝛿)𝑟 d𝑞𝛿

⎞⎟⎟⎟⎟⎠

1
𝑟 ⎛⎜⎜⎜⎜⎝

𝑢−(𝜛3+𝜛4−𝑦)
𝑦−𝑥

∫
0

|||𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛3 +𝜛4 − (𝛿𝑥+ (1 − 𝛿)𝑦))|||𝑠 d𝑞𝛿
⎞⎟⎟⎟⎟⎠

1
𝑠

+

⎛⎜⎜⎜⎜⎝
1

∫
𝑢−(𝜛3+𝜛4−𝑦)

𝑦−𝑥

(1 − 𝑞𝛿)𝑟 d𝑞𝛿

⎞⎟⎟⎟⎟⎠

1
𝑟 ⎛⎜⎜⎜⎜⎝

1

∫
𝑢−(𝜛3+𝜛4−𝑦)

𝑦−𝑥

|||𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛3 +𝜛4 − (𝛿𝑥+ (1 − 𝛿)𝑦))|||𝑠 d𝑞𝛿
⎞⎟⎟⎟⎟⎠

1
𝑠 ⎤⎥⎥⎥⎥⎥⎦

≤ (𝑦− 𝑥)

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎜⎜⎜⎝

𝑢−(𝜛3+𝜛4−𝑦)
𝑦−𝑥

∫
0

(𝑞𝛿)𝑟 d𝑞𝛿

⎞⎟⎟⎟⎟⎠

1
𝑟 ⎛⎜⎜⎜⎜⎝

𝑢−(𝜛3+𝜛4−𝑦)
𝑦−𝑥

∫
0

(|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛3)|𝑠 + |𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛4)|𝑠

−𝛿|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝑥)|𝑠 − (1 − 𝛿)|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛3)|𝑠) d𝑞𝛿
) 1
𝑟 +

⎛⎜⎜⎜⎜⎝
1

∫
𝑢−(𝜛3+𝜛4−𝑦)

𝑦−𝑥

(1 − 𝑞𝛿)𝑟 d𝑞𝛿

⎞⎟⎟⎟⎟⎠

1
𝑟

⎛⎜⎜⎜⎜⎝
1

∫
𝑢−(𝜛3+𝜛4−𝑦)

𝑦−𝑥

(|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛3)|𝑠 + |𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛4)|𝑠

−𝛿|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝑥)|𝑠 − (1 − 𝛿)|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝑦)|𝑠) d𝑞𝛿) 1
𝑠

]
.

After simplifying, we acquire our required result. □

• If |𝜛3+𝜛4−𝑦𝐷𝑞Ξ| ≤𝑀 with 𝑀 ≥ 0, then we obtain the following new Ostrowski-Mercer inequality:

|||||||Ξ(𝑢) −
1

𝑦− 𝑥

𝜛3+𝜛4−𝑥

∫
𝜛3+𝜛4−𝑦

Ξ(𝑧)d𝑧
|||||||

≤𝑀(𝑦− 𝑥)

⎡⎢⎢⎢⎢⎢⎣
𝑞

[𝑟+ 1]
1
𝑟
𝑞

(
𝑢− (𝜛3 +𝜛4 − 𝑦)

𝑦− 𝑥

)2
+

⎛⎜⎜⎜⎜⎝
1

∫
𝑢−(𝜛3+𝜛4−𝑦)

𝑦−𝑥

(1 − 𝑞𝛿)𝑟d𝑞𝛿

⎞⎟⎟⎟⎟⎠

1
𝑟 (

(𝜛3 +𝜛4 − 𝑥) − 𝑢
𝑦− 𝑥

) 1
𝑠

⎤⎥⎥⎥⎥⎥⎦
.

• If we take 𝑢 =𝜛3 +𝜛4 −
𝑥+𝑦
2 in Theorem 2.2, then the following bound for general Hermite-Hadamard inequality holds:

||||Ξ(𝜛3 +𝜛4 −
𝑥+ 𝑦 ) − 1

𝜛3+𝜛4−𝑥

Ξ(𝑧)d𝑧
||||
10

||| 2 𝑦− 𝑥 ∫
𝜛3+𝜛4−𝑦

|||
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≤ (𝑦− 𝑥)
⎡⎢⎢⎢⎣

𝑞

[𝑟+ 1]
1
𝑟
𝑞

(1
2

)1+ 1
𝑟
(1
2
(|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛3)|𝑠 + |𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛4)|𝑠)

− 1
4[2]𝑞

|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝑥)|𝑠 − |𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝑦)|𝑠(1
2
− 1

4[2]𝑞

)) 1
𝑠

+
⎛⎜⎜⎜⎝

1

∫
1
2

(1 − 𝑞𝛿)𝑟d𝑞𝛿
⎞⎟⎟⎟⎠
1
𝑟 (1

2
(|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛3)|𝑠 + |𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝜛4))|𝑠

−
(

1
[2]𝑞

− 1
4[2]𝑞

)|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝑥)|𝑠 −(
𝑞

[2]𝑞
− 1

2
+ 1

4[2]𝑞

)|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝑦)|𝑠) 1
𝑠
⎤⎥⎥⎦ .

Theorem 2.3. Let Ξ ∶ [𝜛3, 𝜛4] →ℝ be continuous 𝑞-differentiable function and if |𝜛3+𝜛4−𝑥𝐷𝑞Ξ|𝑟 is a convex function, where 𝜛3 +𝜛4 −𝑦 <𝜛3 +𝜛4 −𝑥
and 𝑟 ≥ 1 then,|||||||

1
𝑦− 𝑥

𝜛3+𝜛4−𝑥

∫
𝜛3+𝜛4−𝑦

Ξ(𝑧)d𝑧−Ξ(𝑢)
|||||||

≤ (𝑦− 𝑥)
[
𝑤

1− 1
𝑟

7 (𝜛3,𝜛4, 𝑥, 𝑦, 𝑞)
(
𝑤7(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞)(|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛3)|𝑟 + |𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛4)|𝑟)

−𝑤9(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞)|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝑥)|𝑟 −𝑤8(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞)|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝑦)|𝑟) 1
𝑟

+𝑤
1− 1

𝑟

10 (𝜛3,𝜛4, 𝑥, 𝑦, 𝑞)
(
𝑤10(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞)(|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛3)|𝑟 + |𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛4))|𝑟

−𝑤12(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞)|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝑥)|𝑟 −𝑤11(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞)|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝑦)|𝑟) 1
𝑟

]
,

where

𝑤7(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞) =

(𝜛3+𝜛4−𝑥)−𝑢
𝑦−𝑥

∫
0

𝑞𝛿 d𝑞𝛿 =
𝑞

[2]𝑞

(
(𝜛3 +𝜛4 − 𝑥) − 𝑢

𝑦− 𝑥

)2
.

𝑤8(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞) =

(𝜛3+𝜛4−𝑥)−𝑢
𝑦−𝑥

∫
0

𝑞𝛿2 d𝑞𝛿 =
𝑞

[3]𝑞

(
(𝜛3 +𝜛4 − 𝑥) − 𝑢

𝑦− 𝑥

)3
.

𝑤9(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞) =

(𝜛3+𝜛4−𝑥)−𝑢
𝑦−𝑥

∫
0

𝑞𝛿(1 − 𝛿) d𝑞𝛿 =𝑤7(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞) −𝑤8(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞).

𝑤10(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞) =

1

∫
(𝜛3+𝜛4−𝑥)−𝑢

𝑦−𝑥

(1 − 𝑞𝛿) d𝑞𝛿

= (1 − 𝑞)
[2]𝑞

(
𝑢− (𝜛3 +𝜛4 − 𝑦)

𝑦− 𝑥

)
+ 𝑞

[2]𝑞

(
𝑢− (𝜛3 +𝜛4 − 𝑦)

𝑦− 𝑥

)2
.

𝑤11(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞) =

1

∫
(𝜛3+𝜛4−𝑥)−𝑢

𝑦−𝑥

(1 − 𝑞𝛿)𝛿 d𝑞𝛿

= 1
[2]𝑞[3]𝑞

− 𝑞

[2]𝑞

(
(𝜛3 +𝜛4 − 𝑥) − 𝑢

𝑦− 𝑥

)2
+ 𝑞

[3]𝑞

(
(𝜛3 +𝜛4 − 𝑥) − 𝑢

𝑦− 𝑥

)3
.

𝑤12(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞) =

1

∫
(𝜛3+𝜛4−𝑥)−𝑢

(1 − 𝑞𝛿)(1 − 𝛿) d𝑞𝛿 =𝑤10(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞) −𝑤11(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞).
11

𝑦−𝑥
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Proof. By making use of Lemma 2.2, modulus property, power mean inequality and convexity property of |𝜛3+𝜛4−𝑦𝐷𝑞𝑓 |𝑟 of the function, then

|||||||
1

𝑦− 𝑥

𝜛3+𝜛4−𝑥

∫
𝜛3+𝜛4−𝑦

Ξ(𝑧)𝜛3+𝜛4−𝑦d𝑞𝑧−Ξ(𝑢)
|||||||

≤ (𝑦− 𝑥)

⎡⎢⎢⎢⎢⎣
(𝜛3+𝜛4−𝑥)−𝑢

𝑦−𝑥

∫
0

𝑞𝛿
|||𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝛿(𝜛3 +𝜛4 − 𝑦) + (1 − 𝛿)(𝜛3 +𝜛4 − 𝑥))

||| d𝑞𝛿

+

1

∫
(𝜛3+𝜛4−𝑥)−𝑢

𝑦−𝑥

(1 − 𝑞𝛿) |||𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝛿(𝜛3 +𝜛4 − 𝑦) + (1 − 𝛿)(𝜛3 +𝜛4 − 𝑥))
||| d𝑞𝛿

⎤⎥⎥⎥⎥⎦
≤ (𝑦− 𝑥)

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎜⎜⎜⎝

(𝜛3+𝜛4−𝑥)−𝑢
𝑦−𝑥

∫
0

𝑞𝛿 d𝑞𝛿

⎞⎟⎟⎟⎟⎠

1− 1
𝑟 ⎛⎜⎜⎜⎜⎝

(𝜛3+𝜛4−𝑥)−𝑢
𝑦−𝑥

∫
0

𝑞𝛿
|||𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛3 +𝜛4 − (𝛿𝑦+ (1 − 𝛿)𝑥))|||𝑟 d𝑞𝛿

⎞⎟⎟⎟⎟⎠

1
𝑟

+

⎛⎜⎜⎜⎜⎝
1

∫
(𝜛3+𝜛4−𝑥)−𝑢

𝑦−𝑥

(1 − 𝑞𝛿) d𝑞𝛿

⎞⎟⎟⎟⎟⎠

1− 1
𝑟

×

⎛⎜⎜⎜⎜⎝
1

∫
(𝜛3+𝜛4−𝑥)−𝑢

𝑦−𝑥

(1 − 𝑞𝛿) |||𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛3 +𝜛4 − (𝛿𝑦+ (1 − 𝛿)𝑥))|||𝑟 d𝑞𝛿
⎞⎟⎟⎟⎟⎠

1
𝑟 ⎤⎥⎥⎥⎥⎥⎦

≤ (𝑦− 𝑥)

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎜⎜⎜⎝

(𝜛3+𝜛4−𝑥)−𝑢
𝑦−𝑥

∫
0

𝑞𝛿 d𝑞𝛿

⎞⎟⎟⎟⎟⎠

1− 1
𝑟 ⎛⎜⎜⎜⎜⎝

(𝜛3+𝜛4−𝑥)−𝑢
𝑦−𝑥

∫
0

𝑞𝛿
(|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛3)|𝑟 + |𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛4)|𝑟

−(1 − 𝛿)|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝑥)|𝑟 − 𝛿|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝑦)|𝑟) d𝑞𝛿) 1
𝑟 +

⎛⎜⎜⎜⎜⎝
1

∫
(𝜛3+𝜛4−𝑥)−𝑢

𝑦−𝑥

(1 − 𝑞𝛿) d𝑞𝛿

⎞⎟⎟⎟⎟⎠

1− 1
𝑟

⎛⎜⎜⎜⎜⎝
1

∫
(𝜛3+𝜛4−𝑥)−𝑢

𝑦−𝑥

(1 − 𝑞𝛿) (|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛3)|𝑟 + |𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛4)|𝑟

−𝛿|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝑦)|𝑟 − (1 − 𝛿)|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝑥)|𝑟) d𝑞𝛿) 1
𝑟

]
After simple computations, we obtain our required result. □

Now we discuss some special cases of Theorem 2.3.

• If |𝜛3+𝜛4−𝑥𝐷𝑞Ξ| ≤𝑀 with 𝑀 ≥ 0 and 𝑟 = 1, then we obtain the following new Ostrowski-Mercer inequality:

|||||||
1

𝑦− 𝑥 ∫
𝜛3+𝜛4−𝑦

𝜛3+𝜛4−𝑥Ξ(𝑧)𝜛3+𝜛4−𝑥d𝑞𝑧−Ξ(𝑢)
|||||||

≤ 𝑀 [
𝑞((𝜛3 +𝜛4 − 𝑥) − 𝑢)2 + (1 − 𝑞)(𝑦− 𝑥)((𝜛3 +𝜛4 − 𝑥) − 𝑢) + 𝑞(𝑢− (𝜛3 +𝜛4 − 𝑥))2

]
.

12

(𝑦− 𝑥)[2]𝑞
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• If we take 𝑟 = 1 in Theorem 2.3, then following bounds for Ostrowski-Mercer inequality hold:|||||||Ξ(𝑢) −
1

𝑦− 𝑥

𝜛3+𝜛4−𝑥

∫
𝜛3+𝜛4−𝑦

Ξ(𝑧)d𝑞𝑧
|||||||

≤ (𝑦− 𝑥)
[
(𝑤7(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞) +𝑤10(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞))

(|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛3)|+ |𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛4)|)
−(𝑤9(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞) +𝑤12(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞))|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝑥)|
−(𝑤8(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞) +𝑤11(𝜛3,𝜛4, 𝑥, 𝑦, 𝑞))|𝜛3+𝜛4−𝑦𝐷𝑞Ξ(𝑦)|] ,

where 𝑤𝑖(𝜛3, 𝜛4, 𝑥, 𝑦, 𝑞), 𝑖 = 7, 8, 9, 10, 11, 12 are defined in Theorem 2.3.

• If we take 𝑢 =𝜛3 +𝜛4 −
𝑥+𝑦
2 in Theorem 2.3, then following bound for general Hermite-Hadamad inequality holds:|||||||

1
𝑦− 𝑥

𝜛3+𝜛4−𝑥

∫
𝜛3+𝜛4−𝑦

Ξ(𝑧)d𝑞𝑧−Ξ
(
𝜛3 +𝜛4 −

𝑥+ 𝑦
2

)|||||||
≤ (𝑦− 𝑥)

[
1𝑤

1− 1
𝑟

7 (𝑞)
(
1𝑤7(𝑞)(|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛3)|𝑟 + |𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛4)|𝑟)

−1𝑤9(𝑞)|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝑥)|𝑟 −1 𝑤8(𝑞)|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝑦)|𝑟) 1
𝑟

+1𝑤
1− 1

𝑟

10 (𝑞)
(
1𝑤10(𝑞)(|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛3)|𝑟 + |𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛4))|𝑟

−1𝑤12(𝑞)|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝑥)|𝑟 −1 𝑤11(𝑞)|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝑦)|𝑟) 1
𝑟

]
,

where

1𝑤7(𝑞) =
𝑞

4[2]𝑞
, 1𝑤8(𝑞) =

𝑞

8[3]𝑞
, 1𝑤9(𝑞) = 1𝑤1(7) − 1𝑤2(8).

1𝑤10(𝑞) =
(1 − 𝑞)
2[2]𝑞

+ 𝑞

4[2]𝑞
. 1𝑤11(𝑞) =

1
[2]𝑞[3]𝑞

− 𝑞

4[2]𝑞
+ 𝑞

8[3]𝑞
.

1𝑤12(𝑞) = 1𝑤10(𝑞) − 1𝑤11(𝑞).

Theorem 2.4. Let Ξ ∶ [𝜛3, 𝜛4] →ℝ be continuous 𝑞-differentiable function and if |𝜛3+𝜛4−𝑥𝐷𝑞Ξ|𝑠 is a convex function, where 𝜛3 +𝜛4 −𝑦 <𝜛3 +𝜛4 −𝑥
and 𝑟, 𝑠 > 1 with 1

𝑟
+ 1

𝑠
= 1 then,|||||||

1
𝑦− 𝑥

𝜛3+𝜛4−𝑥

∫
𝜛3+𝜛4−𝑦

Ξ(𝑧)d𝑧−Ξ(𝑢)
|||||||

≤ (𝑦− 𝑥)
⎡⎢⎢⎣

𝑞

[𝑟+ 1]𝑞

1
𝑟

(
(𝜛3 +𝜛4 − 𝑥) − 𝑢

𝑦− 𝑥

)1+ 1
𝑟
(
(𝜛3 +𝜛4 − 𝑥) − 𝑢

𝑦− 𝑥
(|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛3)|𝑠

+|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛4)|𝑠) − 1
[2]𝑞

(
(𝜛3 +𝜛4 − 𝑥) − 𝑢

𝑦− 𝑥

)2 |𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝑦)|𝑠
−|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝑥)|𝑠( (𝜛3 +𝜛4 − 𝑥) − 𝑢

𝑦− 𝑥
− 1

[2]𝑞

(
(𝜛3 +𝜛4 − 𝑥) − 𝑢

𝑦− 𝑥

)2
)) 1

𝑠

+

⎛⎜⎜⎜⎜⎝
1

∫
(𝜛3+𝜛4−𝑥)−𝑢

𝑦−𝑥

(1 − 𝑞𝛿)𝑟d𝑞𝛿

⎞⎟⎟⎟⎟⎠

1
𝑟 (

(𝜛3 +𝜛4 − 𝑥) − 𝑢
𝑦− 𝑥

(|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛3)|𝑠 + |𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛4))|𝑠

−

(
1

[2]𝑞
− 1

[2]𝑞

(
(𝜛3 +𝜛4 − 𝑥) − 𝑢

𝑦− 𝑥

)2
)|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝑦)|𝑠

−

(
𝑞

[2]𝑞
−

(𝜛3 +𝜛4 − 𝑥) − 𝑢
𝑦− 𝑥

+ 1
[2]𝑞

(
(𝜛3 +𝜛4 − 𝑥) − 𝑢

𝑦− 𝑥

)2
)|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝑥)|𝑠)

1
𝑠 ⎤⎥⎥⎦ .

Proof. By making use of Lemma 2.2, modulus property, Hölder’s inequality and convexity property of |𝜛3+𝜛4−𝑦𝐷𝑞𝑓 |𝑟 of the function, then|||| 1
𝜛3+𝜛4−𝑥

Ξ(𝑧)𝜛3+𝜛4−𝑦d𝑞𝑧−Ξ(𝑢)
||||
13

|||𝑦− 𝑥 ∫
𝜛3+𝜛4−𝑦

|||
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≤ (𝑦− 𝑥)

⎡⎢⎢⎢⎢⎣
(𝜛3+𝜛4−𝑥)−𝑢

𝑦−𝑥

∫
0

𝑞𝛿
|||𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝛿(𝜛3 +𝜛4 − 𝑦) + (1 − 𝛿)(𝜛3 +𝜛4 − 𝑥))

||| d𝑞𝛿

+

1

∫
(𝜛3+𝜛4−𝑥)−𝑢

𝑦−𝑥

(1 − 𝑞𝛿) |||𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝛿(𝜛3 +𝜛4 − 𝑦) + (1 − 𝛿)(𝜛3 +𝜛4 − 𝑥))
||| d𝑞𝛿

⎤⎥⎥⎥⎥⎦
≤ (𝑦− 𝑥)

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎜⎜⎜⎝

(𝜛3+𝜛4−𝑥)−𝑢
𝑦−𝑥

∫
0

(𝑞𝛿)𝑟 d𝑞𝛿

⎞⎟⎟⎟⎟⎠

1
𝑟

×

⎛⎜⎜⎜⎜⎝
(𝜛3+𝜛4−𝑥)−𝑢

𝑦−𝑥

∫
0

|||𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛3 +𝜛4 − ((1 − 𝛿)𝑥+ 𝛿𝑦))|||𝑠 d𝑞𝛿
⎞⎟⎟⎟⎟⎠

1
𝑠

+

⎛⎜⎜⎜⎜⎝
1

∫
(𝜛3+𝜛4−𝑥)−𝑢

𝑦−𝑥

(1 − 𝑞𝛿)𝑟 d𝑞𝛿

⎞⎟⎟⎟⎟⎠

1
𝑟

×

⎛⎜⎜⎜⎜⎝
1

∫
(𝜛3+𝜛4−𝑥)−𝑢

𝑦−𝑥

|||𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛3 +𝜛4 − ((1 − 𝛿)𝑥+ 𝛿𝑦))|||𝑠 d𝑞𝛿
⎞⎟⎟⎟⎟⎠

1
𝑠 ⎤⎥⎥⎥⎥⎥⎦

≤ (𝑦− 𝑥)

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎜⎜⎜⎝

(𝜛3+𝜛4−𝑥)−𝑢
𝑦−𝑥

∫
0

(𝑞𝛿)𝑟 d𝑞𝛿

⎞⎟⎟⎟⎟⎠

1
𝑟 ⎛⎜⎜⎜⎜⎝

(𝜛3+𝜛4−𝑥)−𝑢
𝑦−𝑥

∫
0

(|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛3)|𝑠 + |𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛4)|𝑠

−(1 − 𝛿)|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝑥)|𝑠 − 𝛿|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝑦)|𝑠) d𝑞𝛿) 1
𝑟 +

⎛⎜⎜⎜⎜⎝
1

∫
(𝜛3+𝜛4−𝑥)−𝑢

𝑦−𝑥

(1 − 𝑞𝛿)𝑟 d𝑞𝛿

⎞⎟⎟⎟⎟⎠

1
𝑟

×

⎛⎜⎜⎜⎜⎝
1

∫
(𝜛3+𝜛4−𝑥)−𝑢

𝑦−𝑥

(|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛3)|𝑠 + |𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛4)|𝑠

−(1 − 𝛿)|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝑥)|𝑠 − 𝛿|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝑦)|𝑠) d𝑞𝛿) 1
𝑠

]
.

After simplifying, we acquire our required result. □

Now we discuss some special cases of Theorem 2.4.

• If |𝜛3+𝜛4−𝑥𝐷𝑞Ξ| ≤𝑀 with 𝑀 > 0, then we obtain the following new Ostrowski-Mercer inequality:

|||||||
1

𝑦− 𝑥

𝜛3+𝜛4−𝑥

∫
𝜛3+𝜛4−𝑦

Ξ(𝑧)𝜛3+𝜛4−𝑥d𝑧−Ξ(𝑢)
|||||||

≤𝑀(𝑦− 𝑥)

⎡⎢⎢⎢⎢⎢
𝑞

[𝑟+ 1]
1
𝑟
𝑞

(
(𝜛3 +𝜛4 − 𝑥) − 𝑢

𝑦− 𝑥

)2
+

⎛⎜⎜⎜⎜⎝
1

∫
(𝜛3+𝜛4−𝑥)−𝑢

𝑦−𝑥

(1 − 𝑞𝛿)𝑟d𝑞𝛿

⎞⎟⎟⎟⎟⎠

1
𝑟 (

𝑢− (𝜛3 +𝜛4 − 𝑦)
𝑦− 𝑥

) 1
𝑠

⎤⎥⎥⎥⎥⎥
.
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• If we take 𝑢 =𝜛3 +𝜛4 −
𝑥+𝑦
2 in Theorem 2.4, then the following bound for general Hermite-Hadamard inequality holds:|||||||

1
𝑦− 𝑥

𝜛3+𝜛4−𝑥

∫
𝜛3+𝜛4−𝑦

Ξ(𝑧)d𝑧−Ξ(𝜛3 +𝜛4 −
𝑥+ 𝑦
2

)
|||||||

≤ (𝑦− 𝑥)

[
𝑞

[𝑟+ 1]𝑞

1
𝑟
(1
2

)1+ 1
𝑟
(1
2
(|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛3)|𝑠 + |𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛4)|𝑠)

− 1
4[2]𝑞

|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝑦)|𝑠 − |𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝑥)|𝑠(1
2
− 1

4[2]𝑞

)) 1
𝑠

+
⎛⎜⎜⎜⎝

1

∫
1
2

(1 − 𝑞𝛿)𝑟d𝑞𝛿
⎞⎟⎟⎟⎠
1
𝑟 (1

2
(|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛3)|𝑠 + |𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝜛4))|𝑠

−
(

1
[2]𝑞

− 1
4[2]𝑞

)|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝑦)|𝑠 −(
𝑞

[2]𝑞
− 1

2
+ 1

4[2]𝑞

)|𝜛3+𝜛4−𝑥𝐷𝑞Ξ(𝑥)|𝑠) 1
𝑠
⎤⎥⎥⎦ .

3. Numerical examples and graphical analysis

In this section, we present our primary results through numerical examples and graphical representations.

• Assuming Theorem 2.1, if we set 𝑢 =𝜛3 +𝜛4 −
𝑥+𝑦
2 , 𝑟 = 1, Ξ(𝑚) =𝑚℧, and 𝜛3 = 1, 𝜛4 = 4, 𝑥 = 2, and 𝑦 = 3, then:

|||||
(1
2

)℧
− 1

[℧]𝑞

||||| ≤ [℧]𝑞

((|(−1)𝑛−1 + 2𝑛−1|)
2

− 1
2(1 + 𝑞)

+ 8 − 2𝑞3

8(1 + 𝑞)(1 + 𝑞 + 𝑞2)

)
.

∙ For Fig. (a), we take 𝑞 ∈ (0, 1) and ℧ ∈ [1, 5] as variables to illustrate a graph between left and right hand side of Theorem 2.1.

∙ For Fig. (b), we take 𝑞 ∈ (0, 1) as variables to illustrate a graph between left and right hand side of Theorem 2.1.

∙ For Fig. (c), we take 𝑞 ∈ (0, 1) and ℧ ∈ [1, 5] as variables to illustrate a graph between left and right hand side of Theorem 2.1.

If we take 𝑞 = 1
2 , then we have

0.16667< 0.702381.

• Under the assumption of Theorem 2.2, if we take 𝑢 =𝜛3 +𝜛4 −
𝑥+𝑦
2 , 𝑟 = 𝑠 = 2 and Ξ(𝑚) =𝑚2 with 𝜛3 = 1, 𝜛4 = 4, 𝑥 = 2 and 𝑦 = 3, then

|||||
(1
2

)℧
− 1

[℧]𝑞

||||| ≤ 0.35𝑞√
1 + 𝑞 + 𝑞2

√
1 + 22𝑛−2

2
− (1 + 2𝑞)

4(1 + 𝑞)

+

√
2 − 𝑞 + 𝑞2
4(1 + 𝑞)

− 8𝑞 + 𝑞2 + 𝑞3

8(1 + 𝑞)(1 + 𝑞 + 𝑞2)
×

√
1 + 22𝑛−2

2
− (2𝑞 − 1)

4(1 + 𝑞)
.
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∙ For Fig. (a), we take 𝑞 ∈ (0, 1) and ℧ ∈ [1, 5] as variables to illustrate a graph between left and right hand side of Theorem 2.2.
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∙ For Fig. (b), we take 𝑞 ∈ (0, 1) as variables to illustrate a graph between left and right hand side of Theorem 2.2.

∙ For Fig. (c), we take 𝑞 ∈ (0, 1) and ℧ ∈ [1, 5] as variables to illustrate a graph between left and right hand side of Theorem 2.2.

If we take 𝑞 = 1
2 , then we have

0.16667< 0.450694.

• Under the assumption of Theorem 2.3, if we take 𝑢 =𝜛3 +𝜛4 −
𝑥+𝑦
2 , 𝑟 = 𝑠 = 2 and Ξ(𝑚) =𝑚℧ with 𝜛3 = 1, 𝜛4 = 4, 𝑥 = 2 and 𝑦 = 3, then||||| (−1)

℧+2

[℧ + 1]𝑞
−
(−1

2

)℧||||| ≤ [℧]𝑞
(
1 + |(−2)2℧−2|

2(1 + 𝑞)
− |(−1)2℧−2|( 1

2(1 + 𝑞)
− 8 − 2𝑞3

8(1 + 𝑞)(1 + 𝑞 + 𝑞2)

))
.

∙ For Fig. (a), we take 𝑞 ∈ (0, 1) and ℧ ∈ [1, 5] as variables to illustrate a graph between left and right hand side of Theorem 2.3.

∙ For Fig. (b), we take 𝑞 ∈ (0, 1) as variables to illustrate a graph between left and right hand side of Theorem 2.3.

∙ For Fig. (c), we take 𝑞 ∈ (0, 1) and ℧ ∈ [1, 5] as variables to illustrate a graph between left and right hand side of Theorem 2.3.

If we take 𝑞 = 1
2 , then we have

0.16667< 0.702381.

• Under the assumption of Theorem 2.4, if we take 𝑢 =𝜛3 +𝜛4 −
𝑥+𝑦
2 , 𝑟 = 𝑠 = 2 and Ξ(𝑚) =𝑚℧ with 𝜛3 = 1, 𝜛4 = 4, 𝑥 = 2 and 𝑦 = 3, then||||| (−1)

℧+2

[℧ + 1]𝑞
−
(−1

2

)℧|||||
≤ 0.35𝑞[℧]𝑞√

1 + 𝑞 + 𝑞2

√
1 + |(−2)2𝑛−2|

2
− |(−1)2𝑛−2| (1 + 2𝑞)

4(1 + 𝑞)

+ [℧]𝑞

√
2 − 𝑞 + 𝑞2
4(1 + 𝑞)

− 8𝑞 + 𝑞2 + 𝑞3

8(1 + 𝑞)(1 + 𝑞 + 𝑞2)
×

√
1 + |(−2)2𝑛−2|

2
− |(−1)2𝑛−2| (2𝑞 − 1)

4(1 + 𝑞)
.

∙ For Fig. (a), we take 𝑞 ∈ (0, 1) and ℧ ∈ [1, 5] as variables to illustrate a graph between left and right hand side of Theorem 2.4.

∙ For Fig. (b), we take 𝑞 ∈ (0, 1) as variables to illustrate a graph between left and right hand side of Theorem 2.4.

∙ For Fig. (c), we take 𝑞 ∈ (0, 1) and ℧ ∈ [1, 5] as variables to illustrate a graph between left and right hand side of Theorem 2.4.

If we take 𝑞 = 1
2 , then we have

0.16667< 0.396687.

4. Conclusion

The analysis of these integral inequalities using quantum calculus is an essential topic of research today due to its wide range of applications. 
The 𝑞-analogues of various integral inequalities provide us with error estimates for well-known quantum quadrature rules such as Ostrowski, 
Simpson, Newton, Maclaurin, and Milne type rules. Many researchers have attempted to find precise bounds involving the Montgomery identity, 
Hermite-Hadamard inequality, Fink identity, Green functions, Taylor series, and other mathematical concepts. In this paper, we have obtained two 
new 𝑞-Montgomery identities and derived new upper bounds for the general Ostrowski and Hermite-Hadamard inequalities by using the convexity 
property of the functions and quantum calculus approach. These findings will aid in proving numerous mathematical inequalities involving different 
classes of convexity, bounding properties of functions, Lipschitz mappings, and bounded variation. The present study is the first attempt regarding 
16

the quantum Montgomery identities, and it is hoped that these identities will open new avenues for further research.
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