
Prog. Theor. Exp. Phys. 2024 053E01 (26 pages) 
DOI: 10.1093/ptep/ptae045 

A Superconducting Tensor Detector for 

Mid-Fr equency Gr a vitational Wa ves: Its 

Multichannel Nature and Main Astrophysical 
Targets 

Yeong-Bok Bae 

1 , 2 , †, Chan Park 

2 , 3 , †, Edwin J. Son 

4 , †, Sang-Hyeon Ahn 

5 , 
Minjoong Jeong 

6 , Gungwon Kang 

1 , Chunglee Kim 

7 , Dong Lak Kim 

8 , 
Jaewan Kim 

9 , Whansun Kim 

4 , Hyung Mok Lee 

3 , Yong-Ho Lee 

10 , 
Ronald S. Norton 

11 , John J. Oh 

4 , Sang Hoon Oh 

4 , and Ho Jung Paik 

11 

1 Department of Physics, Chung-Ang University, 84 Heukseok-ro, Dongjak-gu, Seoul 06974, Korea 

2 Par tic le Theory and Cosmology Group, Center for Theoretical Physics of the Universe, Institute for 
Basic Science (IBS), 55 Expo-ro, Yuseong-gu, Daejeon 34126, Korea 

3 Astr onom y Research Center, Research Institute for Basic Sciences, Seoul National University, 1 

Gw anak-ro, Gw anak-gu, Seoul 08826, Korea 

4 National Institute for Mathematical Sciences, 70 Yuseong-daero 1689 beon-gil, Yuseong-gu, Daejeon 

34047, Korea 

5 Kor ea Astr onom y and Space Science Institute, 776 Daedeok-daer o, Yuseong-gu, Daejeon 34055, Kor ea 

6 Supercomputing Center, Korea Institute of Science and Technology Information, 245 Daehak-ro, 
Yuseong-gu, Daejeon 34141, Korea 

7 Department of Physics, Ewha Womans University, 52 Ewhayeodae-gil, Seodaemun-gu, Seoul 03760, 
Korea 

8 Korea Basic Science Institute, 169-148 Gwahak-ro, Yuseong-gu, Daejeon 34133, Korea 

9 Department of Physics, Myongji University, 116 Myongji-ro, Cheoin-gu, Yongin 17058, Korea 

10 K orea R esearch Institute of Standards and Science, 267 Gajeong-r o, Yuseong-gu, Daejeon 34113, Kor ea 

11 Department of Physics, University of Maryland, College Park, MD 20742, USA 

� Email: gwkang@cau.ac.kr (G.K.); chunglee.kim@ewha.ac.kr (C.K.) 
†These authors contributed equally to this work. 

Recei v ed Nov ember 30, 2023; Re vised March 22, 2024; Accepted April 1, 2024; Pub lished April 2, 2024 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
Mid-frequency band gra vitational-wa ve detectors will be complementary to the existing 

Earth-based detectors (sensiti v e abov e 10 Hz or so) and the future space-based detectors 
such as the Laser Interferometer Space Antenna (LISA), which will be sensiti v e below 

ar ound 10 mHz. A gr ound-based super conducting omnidir ectional gr avitational r adiation 

observatory (SOGRO) has recently been proposed along with se v eral design variations for 
the frequency band of 0.1–10 Hz. For two conceptual designs of SOGR O (i.e. SOGR O 

and advanced SOGR O [aSOGR O]), we examine their multichannel natures , sensitivities , 
and science cases. One of the key characteristics of the SOGRO concept is its six detection 

channels. The response functions of each channel are calculated for all possible gravita- 
tional wave (GW) polarizations including scalar and vector modes. Combining these re- 
sponse functions, we also confirm the omnidirectional nature of SOGRO. Hence, e v en a 

single SOGRO detector will be able to determine the position of a source and polarizations 
of GWs, if detected. Taking into account SOGR O’ s sensitivity and technical r equir ements, 
two main targets are most plausible: GWs from compact binaries and stochastic back- 
grounds. Based on assumptions we consider in this work, detection rates for intermediate- 
mass binary black holes (in the mass range of hundreds up to 10 

5 M �) are expected to 

be 0.0065–8.1 yr −1 . In order to detect the stochastic GW background, multiple detectors 
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ar e r equir ed. Tw o aSOGRO detector netw or ks may be ab le to put limits on the stochastic 
background beyond the indirect limit from cosmological observations. 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
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1. Introduction 

Since the detection of GW150914 [ 1 ], the gra vitational wa ve (GW) frequency band between 20
and 2000 Hz has been shown to be fruitful in searching for coalescence of compact binaries
composed of stellar-mass black holes (BHs) or neutron stars (NSs). Observations of about 90
such GW e v ents up to the thir d observing run hav e been done, opening up a totally ne w way
of exploring the universe. All ground-based laser interferometers such as the advanced Laser
Interferometer Gra vitational-wa ve Observ atory (aLIGO) [ 2 ], adv anced V ir go [ 3 ], and KAGRA
[ 4 ] are optimized in this frequency bandwidth. 

To broaden the frequency bandwidth, se v eral eff orts are underwa y. These include the Pulsar
Timing Arrays (PTAs) [ 5–9 ] in the nanohertz GW frequency band, the Laser Interferometer
Space Antenna (LISA) in the 10 

−5 − 10 

−1 Hz range [ 10 ], and the Einstein Telescope (ET) [ 11 ]
underground that reaches down to 1 Hz. Different frequency bands are targeted to search for
different types of GW sources. 

Within the past decade, the mid-frequency band between 0.1 and 10 Hz has increasingly
drawn attention in the GW community [ 12 ]. As we expand the detection frequency down to
0.1 Hz, both the signal-to-noise and the signal duration are expected to be increased for the
same source mass. More importantly, this range makes it possible to search for more massi v e
compact binary coalescences in 0.1–10 Hz such as intermediate-mass black hole (IMBH) binary
mergers, in addition to providing early warning for stellar-mass binary merger signals. A num-
ber of detector concepts for this mid-frequency band have been proposed. They include Super-
conducting Omnidirectional Gravitational Radiation Observatory (SOGRO) [ 13 , 14 ], DECI- 
hertz interferometer Gra vitational-wa ve Observatory (DECIGO) [ 15 ], TOrsion-Bar Antenna 

(TOBA) [ 16 ], Matter wave-laser based Interferometer Gravitation Antenna (MIGA) [ 17 ], and
Big Bang Observer (BBO) [ 18 ]. 

In particular, the SOGRO concept is unique; it has maximally six detection channels measur-
ing all components of metric perturbations, which in principle enables more efficient removal
of the so-called Newtonian gravity noise (NN) that is one of the main technical challenges in
the mid-frequencies [ 19 ]. The multichannel detection of a single SOGRO detector in principle
makes it possible to localize a GW signal. 

A tunable “free-mass” GW detector, a predecessor of SOGRO with a single axis, was first
proposed with a r esonant L-C cir cuit [ 20 ], and a wide-band resonant-mass GW detector was
proposed with a resonant le v er [ 21 ]. To improv e the sensitivity, the quantum-limited supercon-
ducting quantum interference device (SQUID) [ 22 ] and the inductance-bridge transducer [ 23 ]
were introduced. Then, a superconducting gr avity gr adiometer (SGG), a miniaturized GW de-
tector with three axes, was de v eloped for sensiti v e gravity measurements [ 24 ] and it became the
most sensiti v e gr avity gr adient sensor [ 25 , 26 ]. The original concept of SOGRO, which is essen-
tially a large-scale version of this SGG, was proposed in Ref. [ 13 ]. Most bar-type GW detectors
use the resonant amplification of a bar material responding to passing GWs, and techniques
of measuring signals have evolved to using nearly quantum-limited SQUIDs at extremely low
temperatures. Interferometer-type detectors, on the other hand, use freely moving test masses 
2/26 
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Fig. 1. Perspecti v e vie w of SOGRO. Motions of six levitated super conducting TMs ar e combined to 

measure all six components of the GW strain tensor. 
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(TMs) whose “elati v e” motions ar e measur ed by the interfer ence of laser lights. SOGRO also
uses freely moving TMs, but its relati v e motions are measured by SQUID devices mounted on
a rigid platform at a cryogenic temperature. 

Se v eral SOGRO designs have appeared since then. The SOGRO proposed in 2016 [ 13 ] has
a 30 m arm length of the platform at T = 1.5 K. The possibility of constructing a higher-
sensitivity SOGRO has been considered by increasing the arm length to 50 m and cooling the
antenna to lower tempera tures: SOGRO a t T = 4.2 K and advanced SOGR O (aSOGR O) at
T = 0.1 K [ 27 ]. Even a 100 m arm length was considered in Ref. [ 14 ]. Previous works pre-
sented detailed specifications of various SOGRO concepts. Howe v er, studies on data analysis
and target science for the proposed SOGRO detectors remain limited. In this work, ther efor e,
we investigate those aspects applied to two different designs, i.e. SOGR O and aSOGR O, in
detail. 

In Sect. 3 , various properties of the SOGRO in data analysis have been in vestigated, f ocusing
on the tensorial nature. It includes the response of each channel to GWs, source localization as
a single detector, and features of detecting stochastic GW backgrounds. In Sect. 4 , the target
science of SOGRO has been studied. Detection rates of binary black hole (BBH) mergers and
correlations for stochastic GW background are estimated for sensitivities of various SOGRO
designs. Finally, we gi v e conclusions with a brief discussion in Sect. 5 . 

2. Ov ervie w of SOGRO 

Figure 1 shows a perspecti v e vie w of SOGRO. Six TMs are le vita ted a t both ends of three
orthogonal arms and move freely in any direction. The differential modes of TMs read all six
components of the GW strain tensor, which implies the omnidirectional nature of SOGRO,
and their common modes (CMs) ar e r ejected by superconducting circuitry [ 13 ]. In more detail,
in the SOGRO frequency band with 0.1–10 Hz, the wavelengths of GWs are (3–300) × 10 

4 

km. Since the distance between TMs is less than 100 m, the wave can be regarded as being
3/26 
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uniform over the detector, e.g. L / λGW 

≤ 10 

−5 ≤ 1. Then, in the laboratory frame, the coordinate
position of a TM does not move under GWs, but the proper lengths among TMs vary in time.
The diagonal component of the wave h xx , for instance, causes oscillation of the proper length
between two TMs located on the x -axis, namely, at + x and −x , respecti v ely. The off-diagonal
component h xy , on the other hand, causes a scissor-like rotational oscillation of four TMs on
the xy coordinate plane. Such physical motions of TMs can be combined together to measure
GWs as follows [ 13 ]: 

h ii (t) = 

2 

L 

[ x + ii (t) − x −ii (t) ] , (1) 

h i j (t) = 

1 

L 

{[
x + i j (t) − x −i j (t) 

]− [x − ji (t) − x + ji (t) 
]}

, i � = j. (2) 

Here h ij is the GW strain tensor, L the separation of two TMs on each axis in the absence of 
GWs, and x ±ij ( t ) denotes displacement of the TM on the ±i -axis along the j -axis measured in
the so-called Locally Lorentz (LL) frame at the center of the platform. 

We note that CM motions of two TMs along each coordinate axis are subtracted out, re-
sulting in no effect on measuring the diagonal component of the wave. Only the differential
motions along each coordinate axis can be measured in the diagonal channels. This feature
makes the detector very insensitive to seismic noise causing CM linear motion along the axis
because sensors mounted on the rigid axis feel such noise as a CM motion of the two TMs.
Similarly, differencing between two pairs of TMs in the off-diagonal channel rejects seismic
noise causing rotational CM motion of four TMs on the corresponding coordinate plane. 

In SOGRO, the tiny motion of TMs induces an electrical signal which is measured by a nearly
quantum-limited SQUID amplifier. To avoid the 1/ f noise appearing in such dc SQUIDs below
se v eral kHz, a superconducting capacitor bridge transducer [ 28 ] is proposed to be employed in
Ref. [ 13 ]. This capacitance bridge is dri v en at pump frequency f p well above the 1/ f noise corner
frequency of the SQUID. Then the output signal comes out at two sidebands f p ± f with the
GW frequency f � f p . 

The detector noise power spectral density (PSD) of the h xy channel of SOGRO was
shown [ 13 ] to be 

S h,xy ( f ) = 

16 

ML 

2 ω 

4 

[ 
k B 

T ω D 

Q D 

+ 

| ω 

2 − ω 

2 
D 

| 
ω p 

(
1 + 

1 

β2 

)1 / 2 

k B 

T N 

] 
, (3) 

where M and L are the mass of each TM and the arm-length of the detector, respecti v ely; T
is the temperature; ω D 

and Q D 

are the differential-mode (DM) (angular) resonance frequency
and Q , respecti v ely; and β and T N 

are the energy coupling constant of the transducer and the
noise temperature of the SQUID, respecti v ely. The energy coupling constant β is gi v en by 

β = 

2 CE 

2 
p Q p 

M 

∣∣ω 

2 − ω 

2 
D 

∣∣ 1 √ 

1 + (2 Q p ω/ω p ) 2 
, (4) 

where C is the equilibrium value of each sensing capacitor, E p is the amplitude of the driving
electric field at ω p , and Q p is the electrical Q of the transducer. The detector noise PSD of the
h xx and h yy channels is twice that gi v en by Eq. ( 3 ) due to the fact that displacements of only
two TMs are combined to produce those channels, as opposed to the h xy channel for which
displacements of four TMs are combined [ 14 ]. 

The design values for detector parameters and the expected detector noise for SOGRO and
aSOGRO are gi v en in Tab le 1 [ 14 ]. Both SOGR O and aSOGR O are constructed with TMs of 
4/26 
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Table 1. Design parameters for SOGRO detector concepts. 

Parameter SOGRO aSOGRO Main feature 

Individual TM M (kg) 5000 5000 Multiple-layer Nb shell 
Arm length L (m) 50 50 Rigid platform 

Antenna temperature T (K) 4.2 0.1 LHe/He 3 –He 4 dilution refrigerator 
Pla tform tempera ture T pl (K) 4.2 4.2 Large cryogenic chamber and cooling system 

Platform quality factor Q pl 10 5 10 6 Al platform structure 
DM frequency f D 

(Hz) 0.01 0.01 Magnetic levitation (horizontal only) 
DM quality factor Q D 

10 7 10 8 Surface polished pure Nb 
Pump frequency f p (kHz) 50 50 Tuned capacitor bridge transducer 
Amplifier noise no. n 20 5 Two-stage dc SQUID cooled to 0.1 K 

Detector noise S 

1 / 2 
h ,xy ( f ) (Hz −1/2 ) 1.9 × 10 −20 4.2 × 10 −21 Evalua ted a t 1 Hz 
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M = 5 tons and with an arm length of L = 50 m. For SOGRO, the antenna and the platform
are cooled to 4.2 K, and a DM quality factor of 10 

7 and a SQUID noise of 20 � are assumed.
For aSOGRO, the antenna is cooled to 0.1 K, and a DM quality factor of 10 

8 and a SQUID
noise of 5 � are assumed. The resulting detector noise S 

1 / 2 
h,xy ( f ) at f = 1 Hz is 1.9 × 10 

−20 Hz −1/2 

and 4.2 × 10 

−21 Hz −1/2 for SOGRO and aSOGRO, respecti v ely. 
In addition to the intrinsic detector noise, the platfor m ther mal noise could also limit the

SOGRO sensitivity. To estimate the platform thermal noise for each tensor channel, the thermal
displacement noise PSD for each mode was computed and then summed over hundreds of 
modes that couple to that particular tensor channel [ 14 ]. We will discuss how the platform
thermal noise affects the sensitivity of SOGRO and aSOGRO in Sect. 4 . 

3. Tensorial nature of SOGRO 

In the previous w ork, a tw o-channel GW antenna was studied in a cylindrical shape [ 29 ]. It
has been extended to an omnidirectional GW antenna in a spherical sha pe [ 30 , 31 ]. Recentl y,
TOBA has been extended from its original design of a single-channel detector [ 16 ] to have
three channels to measure three off-diagonal components of the strain tensor in the detector
frame [ 32 ]. It has been shown that these additional channels can improve GW detection and
parameter estimation. SOGRO uses six detection channels, similar to the spherical antenna
that uses fiv e channels; thus it is an omnidirectional detector, capable of measuring GWs from
any direction. The fiv e channels of the spherical antenna are the combinations of the spherical
harmonics, whereas the six channels of SOGRO are the six components of the strain tensor.
These two types of omnidirectional detectors are complementary to each other in the sense that
the frequency band of SOGRO is mid-frequency, 0.1–10 Hz, and that of the spherical antenna
is high frequency, � 2 kHz. 

Note that combining two diagonal channels, e.g. xx and yy channels, gi v es a LIGO-like in-
terferometer detection channel. Thus, SOGRO is equivalent to a set of six small-size interfer-
ometers at the same place, three along the coordinate axes and the other three along the axes
45 degrees rotated about the coordinate axes. In addition, scalar polarizations such as breath-
ing and longitudinal modes of GWs, which may appear in alternati v e gravity theories, can be
measur ed dir ectly by using diagonal channels. (See Ref. [ 33 ] for mor e details.) 

As pointed out in Ref. [ 14 ], howe v er, a terrestrial SOGRO is affected by Earth’s gravity. As ver-
tical motions of TMs are restricted by the Earth’s gravity, the sensitivity for the zz -component
of SOGRO is expected to be very poor. This results in only fiv e components of the GW strain
5/26 
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tensor being observable by SOGRO. Thus, these fiv e components will be obtained only from
horizontal motions of TMs. 

SOGRO is capable of localizing a source as a single detector. Because SOGRO can measure
each component of the GW strain tensor separately, it has practically se v eral nonidentical GW
channels. The data then can be used to find the direction toward the source. In this section, to
see the omnidirectional and tensorial nature of SOGRO, we calculate the response function of 
a terrestrial SOGRO and briefly show the feasibility of source positioning. Then, the represen-
tati v e sensiti vity of a multichannel GW detector is suggested and the noise correlation between
channels is considered to estimate the minimum measurable stochastic GW background with 

a single and multiple SOGRO detectors. 

3.1. Response function 

The tensorial data obtained by a terrestrial SOGRO are of the form 

s i j (t) = h i j (t) + n i j (t) , (5) 

where n ij is the noise. The observed data s ij and noise n ij are assumed to be symmetric as the
strain tensor is. 1 Note that we will not consider s 33 in the analysis due to the gravity bias. The
strain tensor in Eq. ( 5 ) is simply written as h i j (t) = h i j (t, � x = 0) at the location of the detector,
� x = 0 . The strain tensor can be written as 

h i j (t, � x ) = 

∑ 

A =+ , ×
e A 

i j ( ̂  n ) h A 

(t − ˆ n · � x /c ) , (6) 

where ˆ n is the direction of propagation and h A 

the plus- and cross-polarized GW modes. The
polarization tensors e A 

i j are gi v en by 

e + 

i j = ˆ u i ̂  u j − ˆ v i ̂  v j , e ×i j = ˆ u i ̂  v j + ˆ v i ̂  u j , (7) 

where two unit vectors ˆ u and ˆ v are orthogonal to ˆ n and to each other. These three unit vectors
are explicitly given in terms of the polar and azimuthal angles ( θ , φ) of the propagating direc-
tion ˆ n , respecti v el y, and the polarization angle ψ as in Eq. ( A1 ) in the A ppendix . We choose
the polarization angle ψ = 0 f or con venience in what follows unless it is explicitly written. Note
that, in this convention, the direction of ˆ u with respect to which the polarizations are defined is
determined once the propagation direction ˆ n is gi v en, as the intersection between the perpen-
dicular plane to ˆ n and the x - y plane at a detector. 

Recall that the laser interferometer observes scalar data s ( t ) = D 

ij h ij ( t ) + n ( t ) with D 

i j =
1 
2 

(
ˆ x 

i ˆ x 

j − ˆ y 

i ˆ y 

j 
)
, where ( ̂  x , ˆ y , ˆ z ) = R z ( −ψ ) R x ( θ ) R z ( π/ 2 − φ) ( ̂  u , ˆ v , ˆ n ) are the basis vectors in the

detector frame and the two arms of the laser interferometer are located in the directions of the x
and y axes. Then, the response of the laser interferometer is gi v en by F A 

= D 

i j e A 

i j = 

1 
2 

(
e A 

11 − e A 

22 

)
for the polarization A . Explicitly, the full response functions are gi v en by: 2 
1 If the observatory observes asymmetric data, then we can use a symmetrized version of Eq. ( 5 ), s ( ij ) ( t ) 
= h ij ( t ) + n ( ij ) ( t ), where x (i j) = 

1 
2 (x i j + x ji ) with x = s , n . 

2 At first sight, these formulae look slightly different from those in the literature; e.g. they are different 
from those in Refs. [ 33 , 34 ] in the overall sign. In addition, those in Refs. [ 35 , 36 ] agree with ( −F + 

) and F ×
in this paper (equivalently, F + 

and ( −F ×) in Refs. [ 33 , 34 ]). These mismatches come from the differences 
in the coordinate system in the source frame, and all the formulae in this paper and the literature agree 
with each other up to some rotations. For example, we use the z-x-z rotation to obtain the coordinate 
system in the sour ce frame, wher eas the z-y-z rotation is used in Ref. [ 33 ]. The z-x-z rotation is used in 

Ref. [ 34 ] but ˆ n is rotated by ( −π /2) with respect to the z -axis, and so on. 

6/26 
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F + 

(θ, φ, ψ ) = −1 

2 

(
1 + cos 2 θ

)
cos 2 φ cos 2 ψ + cos θ sin 2 φ sin 2 ψ, (8) 

F ×(θ, φ, ψ ) = 

1 

2 

(
1 + cos 2 θ

)
cos 2 φ sin 2 ψ + cos θ sin 2 φ cos 2 ψ. (9) 

Then the signal observed at the laser interferometer, ignoring the noise, becomes 

h (t) = D 

i j h i j (t) = F + 

(θ, φ, ψ ) h + 

(t) + F ×(θ, φ, ψ ) h ×(t) . (10) 

Note that the polarization angle can be set to be ψ = 0 without loss of generality. In order to
fully determine the four unknowns (i.e. two direction angles and two polarization amplitudes of 
the GW), ther efor e, one needs at least three different interfer ometers fr om which three outputs
h ( t ) and two independent time delays can be obtained. 

Since a SOGRO observes tensorial data ( 5 ), the response of each component of the data is
simply gi v en by | e A 

i j | for polarization A and the total response of a SOGRO is obtained as a
quadrature sum of the responses from each component. The response of a SOGRO is depicted
in Table 2 . The response of the diagonal components—h 11 and h 22 —is the same as the response
of the cylindrical bar detector up to some rota tions. Note tha t the SOGRO has multiple detec-
tion channels. Thus, the signal data measured at each detection channel can be written as 

h C 

(t) = D 

i j 
C 

h i j (t) = 

∑ 

A 

D 

i j 
C 

e A 

i j h A 

(t) = 

∑ 

A 

F 

C 

A 

(θ, φ, ψ ) h A 

(t) . (11) 

Her e D 

i j 
C 

ar e the detector tensors for the detection channels C = (11), (22), (12), (23),
(31), respecti v el y. Namel y, the channel C = (11) implies the detection for differential mo-
tions of the TMs at the ends of the x -axis of the SOGRO, and so D 

i j 
11 = ˆ x 

i ˆ x 

j = δi 
1 δ

j 
1 . Simi-

larly, D 

i j 
22 = ˆ y 

i ˆ y 

j , D 

i j 
12 = 

1 
2 

(
ˆ x 

i ˆ y 

j + ˆ y 

i ˆ x 

j 
)
, D 

i j 
23 = 

1 
2 

(
ˆ y 

i ˆ z j + ˆ z i ˆ y 

j 
)
, D 

i j 
31 = 

1 
2 

(
ˆ z i ˆ x 

j + ˆ x 

i ˆ z j 
)
. Then the

response functions F 

C 

A 

(θ, φ, ψ ) = D 

i j 
C 

e A 

i j = e A 

C 

become 

F 

C 

+ 

( ̂  n ; ψ ) = F 

C 

+ 

( ̂  n ) cos 2 ψ + F 

C 

×( ̂  n ) sin 2 ψ, 

F 

C 

×( ̂  n ; ψ ) = −F 

C 

+ 

( ̂  n ) sin 2 ψ + F 

C 

×( ̂  n ) cos 2 ψ. (12) 

Here F 

C 

A 

( ̂  n ) ≡ F 

C 

A 

(θ, φ, ψ = 0) are gi v en by 

F 

(11) 
+ 

( ̂  n ) = 1 − (1 + cos 2 θ
)

cos 2 φ, F 

(11) 
× ( ̂  n ) = cos θ sin 2 φ, 

F 

(22) 
+ 

( ̂  n ) = 1 − (1 + cos 2 θ
)

sin 

2 
φ, F 

(22) 
× ( ̂  n ) = − cos θ sin 2 φ, 

F 

(12) 
+ 

( ̂  n ) = −1 

2 

(
1 + cos 2 θ

)
sin 2 φ, F 

(12) 
× ( ̂  n ) = − cos θ cos 2 φ, 

F 

(23) 
+ 

( ̂  n ) = 

1 

2 

sin 2 θ sin φ, F 

(23) 
× ( ̂  n ) = sin θ cos φ, 

F 

(31) 
+ 

( ̂  n ) = 

1 

2 

sin 2 θ cos φ, F 

(31) 
× ( ̂  n ) = − sin θ sin φ. (13) 

The magnitudes of some of them are shown in Table 2 . Note that F 

C 

A 

and h C 

can be simply
written as F 

C=(i j) 
A 

= e A 

C=(i j) = e A 

i j and h C = ( ij ) = h ij with the help of the symmetry in e A 

i j . The

responses of the off-diagonal channels, F 

(i j) 
+ , × with i � = j , are equivalent to those of the three

channels of TOBA [ 32 ]. 
Notice that, in principle, a single SOGRO detector can determine all four unknowns be-

cause its single measurement with fiv e channels could produce fiv e outputs as in Eq. ( 11 ). Note
also that the off-axis channel of SOGRO essentially has the same response as LIGO’s, e.g.
F 

(12) 
A 

(θ, φ + π/ 4 , ψ ) = F 

LIGO 

A 

(θ, φ, ψ ) . It follows because the motion of end masses in scissor
7/26 
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Table 2. Responses of each channel in the SOGRO detector for plus ( + ), cross ( ×), x , y , breathing ( b ), and 

longitudinal ( � ) polarization modes. The + and × polarizations correspond to tensor modes, the x and 

y are vector modes, and the b and � polarizations are relevant to scalar modes. The responses of the (22) 
and the (31) channels are the same as with the (11) and the (23) channels, respecti v ely, up to π /2 rotation 

along the z -axis. The (33) channel is not shown as this is not used in sensitivity calculation. Combined 

(total) responses of all fiv e channels are also depicted. The total responses show the omnidirectional 
nature of SOGRO; howe v er, the total response of a terrestrial SOGRO to the � mode vanishes in the 
direction of the z -axis. In the last column, the general responses of a laser interferometer such as LIGO, 
V ir go, or KAGRA are presented for comparison. 

SOGRO Interferometer 

Modes (11) (12) (23) total 

+ 

×

unpolarized tensor 

x 

y 

unpolarized vector 

b 

� 
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modes is equivalent to the oscillation of mirrors in either the x - or y -arm in the interferometer.
Putting this in another way, one can see that the rotation of the laser interferometer by π /4
with respect to the z -axis yields its detector tensor D 

i j ′ = R z ( π/ 4) 1 2 

(
ˆ x 

i ˆ x 

j − ˆ y 

i ˆ y 

j 
)

R 

−1 
z ( π/ 4) =

1 
2 

(
ˆ x 

i ˆ y 

j + ˆ y 

i ˆ x 

j 
) = D 

i j 
(12) . Similarly, the SOGRO channels (23) and (32) with appropriate rota-

tions and the combination of SOGRO channels such as 1 
2 

(
D 

i j 
(11) − D 

i j 
(22) 

)
can produce a re-

sponse identical to that of the laser interferometer. It should be pointed out that these antenna
patterns of fiv e detection channels in total make the SOGRO omnidirectional, as can be seen
8/26 
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by the total response function in the column second from the right in Table 2 . Namely, at least
some of the fiv e channels can measure a nonvanishing signal r egardless of the sour ce dir ection
and polarization of a GW. This omnidirectional nature of SOGRO is similar to the spherical
resonance detectors such as TIGA and mini-GRAIL [ 30 , 31 ], but SOGRO can cover a much
broader frequency band of 0.1–10 Hz. 

In alternati v e gravity theories, in addition to the plus- and cross-polarizations in general rel-
ati vity, there e xist more polarization degrees of freedom such as vector ( x and y ), breathing ( b ),
and longitudinal ( � ) polarizations [ 33 , 37 ]. The polarization tensors for the vector and scalar
modes are gi v en by e x i j = ˆ u i ̂  n j + ˆ n i ̂  u j , e 

y 
i j = ˆ v i ̂  n j + ˆ n i ̂  v j , e b i j = ˆ u i ̂  u j + ˆ v i ̂  v j , and e � i j = 

√ 

2 ̂  n i ̂  n j . The
response functions of the laser interferometer for GWs having such polarizations are gi v en
by Eqs. ( A2 ) in the Appendix . For SOGRO channels, on the other hand, they are gi v en by
Eqs. ( A3 ) in the Appendix . One can easily see that detections by the laser interferometers can-
not distinguish the breathing and the longitudinal modes whereas they are not degenerate for
the SOGRO detections. In the presence of general polarizations, howe v er, at least two SOGRO
detectors a t dif fer ent sites ar e necessary because we have four more unknowns associated with
the amplitudes of four extra polarizations. 

3.2. Combined noise spectral density 

A single SOGRO can be considered as a network of detectors because each channel plays the
role of a GW detector, which has its own noise spectral density (NSD). To find a r epr esentati v e
NSD of a SOGRO as a single GW antenna, in this section, we try to combine NSDs of channels
in a SOGRO. 

Firstly, we recall that the optimal matched filter signal-to-noise ratio (SNR) for an interfer-
ometer detector such as LIGO, V ir go, or KAGRA is gi v en by 

ρ2 = 4 

∫ ∞ 

0 
df 

∣∣∣˜ h ( f ) 
∣∣∣2 

S n ( f ) 

= 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

2 

∫ ∞ 

0 df 

∣∣∣˜ h + ( f ) 
∣∣∣2 + 

∣∣∣˜ h ×( f ) 
∣∣∣2 

S n ( f ) , (optimal direction) 

4 
5 

∫ ∞ 

0 df 

∣∣∣˜ h + ( f ) 
∣∣∣2 + 

∣∣∣˜ h ×( f ) 
∣∣∣2 

S n ( f ) , (random direction) 

(14) 

where S n ( f) is the single-sided NSD of the interferometer. The optimal direction in Eq. ( 14 )
r epr esents that the GW under consideration is coming from the z -direction (e.g. the vertical
direction to the interferometer plane) with a random polarization, where the antenna response
of the interferometer becomes maximum. The expected SNR for the optimal direction is cal-
culated by adopting the polarization averaging. The random direction in Eq. ( 14 ), on the other
hand, r epr esents that the GW is coming from a random direction with a random polarization.
Hence, the expected SNR for the random direction is calculated by adopting the total angle av-
eraging. Then, one can define two different versions of the NSD for the interferometer, namely,
the optimal NSD, S n , and the angle-aver ag ed NSD, (5/2) S n . These NSDs are used to define the
sensitivities of the interferometer GW detector. 

For the SOGRO detector having multiple channels, if we assume that the noise n ij is stationary
Gaussian and each component is uncorrelated with the others, then we have the combined
9/26 
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matched filter SNR [ 38 ], 

ρ2 = 

∑ 

C 

⎡ 

⎢ ⎣ 

4 

∫ ∞ 

0 
df 

∣∣∣˜ h C 

( f ) 
∣∣∣2 

S n,C 

( f ) 

⎤ 

⎥ ⎦ 

= 

∑ 

C 

⎡ 

⎢ ⎣ 

4 

∫ ∞ 

0 
df 

F 

2 
+ ,C 

∣∣∣˜ h + 

( f ) 
∣∣∣2 + F 

2 
×,C 

∣∣∣˜ h ×( f ) 
∣∣∣2 

S n,C 

( f ) 

⎤ 

⎥ ⎦ 

, (15) 

where S n , C 

is the single-sided NSD of the channel C . Note that, considering GWs with identical
waveforms coming in different directions, the combined SNRs in Eq. ( 15 ) are not the same in
general. It depends on the direction of the GW source. The combined SNR is expected to have
its maximal value when a GW is coming from the z -direction, because the maximum response
occurs at the z -direction as seen in Table 2 . 

Now, one can define two kinds of combined NSDs as in the case of the interferometer: one
obtained from the maximum SNR and the other from the angle-averaged SNR. Namely, for
the maximum SNR, the optimal NSD will be defined as 

S 

(optimal) 
n = 

[ 
S 

−1 
n, (11) + S 

−1 
n, (22) + S 

−1 
n, (12) 

] −1 
. (16) 

This optimal NSD will be used to denote the sensitivities (i.e. 
√ 

S 

(optimal) 
n ) for different SOGRO

designs in Sect. 4 . Next, for the angle-averaged SNR, the angle-averaged NSD is defined as 

S 

(averaged) 
n = 

[ 
8 

15 

∑ 

C∈D 

S 

−1 
n,C 

+ 

2 

5 

∑ 

C∈D 

′ 
S 

−1 
n,C 

] −1 

, (17) 

where D = { diagonal channels } and D 

′ = { off-diagonal channels } . For a terrestrial SOGRO,
assuming that S n , (11) = S n , (22) ≈ 2 S n , (12) ≈ S n , (23) = S n , (31) , we have S 

(optimal) 
n ≈ 1 

2 S n, (12) ≈
(2 / 3) S 

(averaged) 
n . 

3.3. Source localization 

In this section, we show a simple visualization of the source positioning by a single SOGRO. For
accurate source localization, we may adopt the localization algorithms for the LIGO–V ir go–
KAGRA (LVK) network (see, e.g. Ref. [ 39 ] and r efer ences ther ein) because a SOGRO, having
multiple channels, can be regarded as a network of detectors. This is out of the scope of the
present paper though. Obviously, the triangulation cannot be used for a single SOGRO; how-
e v er, the response functions of all channels guide us to obtain the position of the source. 

Since we observe the tensorial data of Eq. ( 5 ), we can find the position of the source e v en with
a single SOGRO. Considering a simulated GW signal propagating in the direction ˆ n 0 = (θ0 , φ0 ) ,
the position of the source is in the opposite direction, − ˆ n 0 . In order to find ˆ n 0 , we first start
with the signal h ij without noise for simplicity. Eq. ( 6 ) can be rewritten as ⎡ 

⎢ ⎣ 

h + 

h × 0 

h × −h + 

0 

0 0 0 

⎤ 

⎥ ⎦ 

= R x ( θ ) R z ( π/ 2 − φ)[ h i j ] R z (φ − π/ 2) R x (−θ ) , (18) 

where R k is the rota tion ma trix with respect to the k -axis. Since h ij is symmetric and traceless
and its determinant vanishes, we have four linearly independent equations: 

h + 

= h 11 sin 

2 
φ − h 12 sin (2 φ) + h 22 cos 2 φ, (19) 
10/26 
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h × = (h 23 cos φ − h 13 sin φ) sin θ

+ 

(
1 

2 

( h 11 − h 22 ) sin ( 2 φ) − h 12 cos ( 2 φ) 
)

cos θ, (20) 

tan θ = 

h 11 + h 22 

h 13 cos φ + h 23 sin φ
, (21) 

tan 2 φ = 

2[ h 12 (h 11 + h 22 ) + h 13 h 23 ] 
h 

2 
11 − h 

2 
22 + h 

2 
13 − h 

2 
23 

. (22) 

Gi v en the fiv e measured values of h ij from SOGRO channels, the four unknowns such as θ , φ,
h + 

, and h × can be found by solving the four equations abov e. Note, howe v er, that these four
equations are invariant under θ → π − θ , φ → φ ± π , and h × → −h ×. Hence, we cannot dis-
tinguish ˆ n from − ˆ n in the solution, which is originated from the symmetry of a single SOGRO.
To break this degeneracy, we need at least two detectors at separate locations. 

By solving Eq. ( 22 ), we find four degenerate solutions φ = φp + n π /2 in the range of −π < φ

≤ π , where φp is a particular solution. We then obtain a solution of θ for each φ from Eq. ( 21 ).
Now, h + 

and h × are obtained from Eqs. ( 19 ) and ( 20 ), respecti v ely. Note that, among the four
solution pairs, only two satisfy h i j = 

∑ 

A 

e A 

i j h A 

. The directions gi v en by these two solutions are
exactly opposite to each other, ˆ n 1 = − ˆ n 2 ; i.e. one is the direction to the source and the other
to the GW propagation. Note also that fiv e channels, instead of four, are needed to determine
the four unknowns, which was already pointed out in the case of spherical resonant-mass GW
detectors [ 40 ]. 

Next, considering noise, a pair of direction vectors, ˆ n (t 0 ) and − ˆ n (t 0 ) , can be obtained at t =
t 0 by solving Eqs. ( 19 )–( 22 ) with h ij replaced by s ij = h ij + n ij . The noise background is expected
to shift the solution vectors from the dir ection of the sour ce, but we can take the average to find
the correct direction. As a simple realization, we consider a sine-wave signal, h + 

= a + 

cos ( ω 0 t )
and h × = a ×sin ( ω 0 t ), over a Gaussian noise background of distribution N (0 , σ 2 ) . The position
( θ0 , φ0 ) of the simulated signal is marked by a star in Fig. 2 . The estimated positions are plotted
as “×” at e v ery time step. The amplitudes are set a + 

= a × = 1 and the standard deviation of 
the noise background is σ = 0 for Fig. 2 (a), σ = 0.1 (SNR 167.9) for Fig. 2 (b), σ = 0.2 (SNR
83.94) for Fig. 2 (c), σ = 0.3 (SNR 55.96) for Fig. 2 (d), σ = 0.4 (SNR 41.97) for Fig. 2 (e), and
σ = 0.5 (SNR 33.57) for Fig. 2 (f). 

3.4. Correlation for multidetectors with multichannels 
In this section, we consider the data analysis r equir ed for the detection of a stochastic gravi-
tational wave background (SGWB) using SOGRO detectors. In particular, the dimensionless
spectral energy density �gw 

( f) = ( d ρgw 

/ d ln f)/ ρcr has been analyzed, taking into account the
multichannel nature of SOGRO. Recall that the minimum detectable value of �gw 

( f) in a sin-
gle interferometer is gi v en by [ 41 ]: [

�gw 

( f ) 
]

min = 

4 π

3 H 

2 
0 

f 3 S n ( f ) 
ρ2 

F 

, (23) 

where the angular efficiency factor is gi v en by F = 〈 F 

2 
+ 

〉 + 〈 F 

2 
×〉 = 2 / 5 for terrestrial interferom-

eters. H 0 = h 0 × 100 km / s / Mpc is the Hubble constant today. Since the off-diagonal channels
in a single SOGRO detector have the same angular efficiency factor, each detection channel
gi v es the same minimum detectable value for �gw 

( f). One might think of a SOGRO as multiple
11/26 
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Fig. 2. Localization for a simulated sine-wave signal over a Gaussian noise background. We assume all 
fiv e channels are working at the design sensitivity. Standard deviations of the noise are assumed to be 
(a) zero, (b) 1/10 of the amplitude of the signal (SNR 167.9), (c) 1/5 of the amplitude of the signal 
(SNR 38.94), (d) 3/10 of the amplitude of the signal (SNR 55.96), (e) 2/5 of the amplitude of the sig- 
nal (SNR 41.97), and (f) 1/2 of the amplitude of the signal (SNR 33.57). The position of the synthetic 
source signal is marked with a star. The calculated positions at e v ery t are shown as “×.” The degener- 
acy of two positions in all panels is expected due to the symmetry of the response function of a single 
SOGRO. 
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interferometers at the same location, from which we may have some gain. Howe v er, the ov erlap
reduction functions between any two of the off-diagonal channels defined by 

�( f ) = 

∫ 
d 

2 ˆ n 

4 π

∫ 
dψ 

2 π

[ ∑ 

A 

F 

(1) 
A 

( ̂  n )F 

(2) 
A 

( ̂  n ) 

] 
exp ( 2 π i f ˆ n · �� x /c ) (24) 

ar e vanishing, wher e �� x = 

� x (2) − � x (1) = 0 f or this case. As f or the diagonal channels, on the
other hand, the angular efficiency factors are gi v en by F = 8/15 and the overlap reduction func-
tions between two of three diagonal channels are calculated as � = −4/15. Since we have two
independent pairs of the diagonal channels, the minimum value of �gw 

( f) in a single SOGRO
is gi v en by 
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[
�gw 

( f ) 
]

min ∼
5 π2 

H 

2 
0 

f 3 ρ2 

(2 T � f ) 1 / 2 
[ S n, 11 ( f ) S n, 22 ( f ) ] 1 / 2 (25) 

� 8 . 78 × 10 

−3 
(

0 . 73 

h 0 

)2 ( f 
1 Hz 

)3 (ρ
5 

)2 

×
(

1 yr 
T 

10 Hz 
� f 

)1 / 2 ( S n, diag 

1 × 10 

−36 Hz −1 

)
, (26) 

where T is the integration time and �f the frequency band of the detector, assuming that the
sensitivity is flat in the band. The NSDs of diagonal channels are assumed to be the same,
S n , ii = S n , diag with i = 1, 2. In this derivation, noises of different channels are assumed to be
independent, i.e. uncorrelated. The Brownian motion for each channel comes from thermal
noise in different combinations of modes and the SQUID noise comes from different SQUIDs.
Hence, they are generally uncorrelated. The platform noise may be correlated between some
channels. The Newtonian noise coming from seismic or atmospheric density fluctuations in the
surround may also gi v e correlation. These correlated noises will not be suppressed by the time
integration and so the upper bound of �gw 

( f) measured by a single SOGRO should be limited
by these noises. 

We now consider a network of two identical SOGRO detectors which are loca ted a t some dis-
tance d from each other, but in the same orientation f or con venience. We assume that their sepa-
ration is far enough that the noises of two detectors are uncorrelated, but still close enough that
the exponential factor in the overlap reduction function in Eq. ( 24 ) approximates to 1. Then, the
overlap reduction functions between two detectors simply reduce to 8/15 for the diagonal chan-
nels in the same direction, −4/15 for the diagonal channels in the different direction, and 2/5
for the off-diagonal channels in the same dir ection, r especti v ely. The NSD of the x - y channel is
roughly half of the NSDs in other channels, i.e. S n , ii ≈ S n , i 3 ≈ 2 S n , 12 with i = 1, 2 in SOGRO.
For two SOGRO detectors, finally, the minimum detectable value of �gw 

( f) approximates to 

[
�gw 

( f ) 
]

min ∼
4 π2 

3 H 

2 
0 

f 3 ρ2 

(2 T � f ) 1 / 2 

[
32 

45 

S 

−2 
n, diag + 

4 

25 

(
S 

−2 
n, 12 + S 

−2 
n, 23 + S 

−2 
n, 31 

)]−1 / 2 

(27) 

� 1 . 81 × 10 

−3 
(

0 . 73 

h 0 

)2 ( f 
1 Hz 

)3 (ρ
5 

)2 

×
(

1 yr 
T 

10 Hz 
� f 

)1 / 2 ( S n, diag 

1 × 10 

−36 Hz −1 

)
. (28) 

As mentioned abov e, howe v er, the correlation between noises of different channels at the same
detector may not be remo ved completely. Hence, the netw ork of different channels at the same
detector has not been taken into account in this formula. 

For the SOGRO network of N identical detectors, with the same orientation and the same
assumption that they are still close enough to keep the overlap reduction functions unchanged,
the minimum detectable value of �gw 

( f) becomes 
√ 

2 /N(N − 1) times Eq. ( 27 ). It should be
noted here that N is restricted not to be a large number because of the strong assumptions—
the same orientation and close locations. 
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4. Target science of SOGRO 

Previous papers on SOGRO [ 13 , 14 ] have primarily focused on detection principles and instru-
ment sensitivity, and have not much discussed the astrophysical targets observ able b y using
SOGRO. In this section, we compare the sensitivities of SOGRO and GW signal expected from
IMBH binaries, which are considered to be the main observation targets of SOGRO, and cal-
culate the horizon distances and detection rates. We also discuss the detectability of stochastic
GW backgrounds with the SOGRO network, assuming several cosmological and astrophysical 
models. 

4.1. Coalescence of BBHs 
Since the first detection of GW150914 by aLIGO [ 1 ] in 2015, about 90 compact binary coales-
cences have been observed [ 42–45 ]. They include stellar-mass BH–BH, NS–NS, and NS–BH
binaries. The detectable mass range for LVK detectors is less than a few hundred solar masses
because their most sensiti v e frequency band is about 20–2000 Hz. 

More massi v e BBHs are the prime target for SOGRO, gi v en its cov erage of the frequency
band between 0.1 and 10 Hz. The highest GW frequency in the inspiral phase—innermost
stable circular orbit (ISCO)—is inversely proportional to the binary’s total mass as follows
[ 46 ]: 

f GW , ISCO 

= 

1 

π

(
1 

6 

)1 . 5 c 3 

GM 

∼ 4396 

M/M �
[ Hz ] . (29) 

Hence, SOGRO can observe only the inspiral phase of compact binaries with masses less
than a pproximatel y 440 M �. Conversel y, for binaries with masses exceeding 44,000 M �,
only the merger and ringdown phases are observab le. Ev en when considering the merger
and ringdown phases, the observable mass range with SOGRO is limited up to roughly
10 

5 M �. 
BHs with masses in the range ∼10 

2 –10 

5 M � are termed IMBHs. The mass range of the tar-
geted compact binaries of SOGRO overlaps with that of the IMBHs. The existence of IMBHs
can be inferred from the straightforwar d e xtrapolation of the well-known correlation between
a galaxy bulge’s stellar velocity dispersion and the mass of its supermassi v e BH [ 47–51 ]. Al-
though se v eral observations support the e xistence of IMBHs [ 52–56 ], their e xistence still re-
mains a topic of debate [ 57 ]. 

In this section, we evaluate the detectability of IMBH binaries (IMBHBs) by consid-
ering SOGR O’ s sensitivity and estima te their detection ra tes based on an assumption
of their formation in star clusters. We utilize analytical waveforms encompassing inspi- 
ral, merger, and ringdown phases with nonprecessing BH spins [ 58 ]. Furthermore, we
adopted the cosmological parameters from the Planck mission [ 59 ] to compute the distance
scale. 

Figure 3 displays the sensitivity curves of SOGRO and aSOGRO obtained from Table 1 and
Eq. ( 16 ), r epr esented by orange dashed and blue solid lines, r especti v ely. 3 Here the plot is the
sum of the antenna thermal, amplifier, and platform thermal noises, and the noise models in-
troduced in Ref. [ 14 ] are used with the design parameters in Table 1 . The platfor m ther mal noise
3 It should be pointed out that the definition of the detector sensitivity in Eq. ( 16 ) differs from that in 

Ref. [ 14 ], which is simply the sum of all fiv e channels. The definition in Ref. [ 14 ] is neither the optimal 
NSD nor the direction-averaged one. Here, the platform quality factors of SOGRO and aSOGRO Q pl 

= 10 

6 , 10 

7 are used, respecti v ely, for the reason explained in Ref. [ 14 ]. 
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Fig. 3. Combined NSDs ( 16 ) of SOGRO and aSOGRO are overlaid with the amplitude spectral densities 
(ASDs) of the expected signal from BBHs with different masses. The inclinations of BBHs are assumed 

to be zero (face-on). GW150914 signal is based on its observed masses and distance as gi v en in the 
literature [ 42 ]. For the BBHs with IMBHs, the masses and distances are assumed to be as indicated in 

the figure. 
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critically depends on the structural design and Q of the platform. In the tentati v e design inves-
tigated, the amplitude spectral densities (ASDs) of SOGRO and aSOGRO were dominated by
the platfor m ther mal noise in the frequency band of 1–10 Hz [ 14 ]. The seismic and Newtonian
noises are assumed to be suitably mitigated below the sensitivity curves. Black lines denote the
ASDs for BBHs with various masses and mass ratios. Gi v en the observed samples, aSOGR O’ s
sensitivity can reach the ASD of GW150914 within its detection frequency band, with a SNR
of ρ � 2.6. For IMBHs, we simplify the source models by assuming all BBHs are at 1 Gpc.
aSOGRO has the capability to detect all IMBHs considered in Fig. 3 . SOGRO can also detect
a 10 

4 –10 

4 M � and a 10 

3 –10 

3 M � binary at 1 Gpc with ρ � 10 and ρ � 5, respecti v ely. 
Figure 4 illustrates the horizon distances of SOGR O and aSOGR O as functions of the to-

tal mass of a BBH. Here, the horizon distance is defined as the maximum observable distance
when the BBH is loca ted a t the z enith of the SOGRO with z ero inclination for a gi v en SNR ρ =
8. The overall shape of the horizon distance is determined by the sensitivity curve’s shape and
the frequency range of GW signals from the BBHs. Since massi v e BBHs merge before reach-
ing 10 Hz, the horizon distance decreases in the regime of the large total mass. The optimal
total mass for detecting BBHs, corresponding to the e xpected sensiti vities, is roughly (2–5) ×
10 

4 M � for aSOGRO and about 10 

4 M � for SOGRO, respecti v ely, in the case of the equal-
mass BBHs. The maximum horizon distances of SOGRO and aSOGRO for equal-mass BBHs
are a pproximatel y z � 0.25 and 0.99, corresponding to a luminosity distance of roughly 1.3
Gpc and 6.7 Gpc, respecti v ely. These values match or surpass the distances of BBHs observed
by current interferometric GW detectors. We also calculated the horizon distance of IMBH–
IMBH binaries with a mass ratio of 10, and binaries of an IMBH with a 30 M � stellar-mass
15/26 
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Fig. 4. Horizon distances versus the total mass of BBHs based on the sensitivities of SOGRO (orange 
dashed lines) and aSOGRO (blue solid lines), respectively. We consider the cases where the mass ratios 
are m 1 / m 2 = 1 and 10, and additionally when the secondary mass is fixed to be 30 M �. All BBHs are 
assumed to be face-on and ρ = 8. The redshift z is also designated on the right-hand side. 
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BH (sBH), which yield smaller horizon distances than equal-mass IMBH–IMBH binaries due 
to their smaller chirp masses. The horizon distance of aSOGRO for the IMBH–sBH binary
extends up to z � 0.14. It should be noted that the mass ratio in the IMBH–sBH plot is depen-
dent on the horizontal axis. 

To estimate the detection rate of IMBHBs, we must first make assumptions regarding their
forma tion history. W hile se v eral formation mechanisms have been proposed [ 60 ], our under-
standing of them remains limited. In this study, we adopt the methodology of earlier r esear ch
[ 61 , 62 ]. These studies postulate that IMBHs originate from the collapse of a v ery massi v e star,
which itself forms via a runaway collision of massi v e main-sequence stars in a young dense star
cluster [ 63–67 ]. In this cluster, two independently formed IMBHs can be gravitationally bound
to become a binary, which subsequently merges in a short time. 

The overall process of estimating the detection rate is as follows. We use the star formation
rate in mass ( M SF 

) per unit comoving volume ( V c ) per unit time at the detector ( t 0 ) to find the
number of star clusters among which IMBHBs are formed and integrate it up to the detectable
volume which is calculated by using angle-averaged sensitivity ( 17 ). If we consider the distri-
bution function of the mass of the clusters f( M cl ) in calculating the number of clusters, the
detection rate R can be expressed as follows (Eqs. (2) and (4) in Ref. [ 61 ]): 

R = 

∫ z max 

0 

d 

2 M SF 

d V c d t e 

dt e 
dt 0 

g cl g 

∫ M cl , max (z ) 

M cl , min (z ) 

f(M cl ) ∫ 
M cl f(M cl ) dM cl 

d M cl 
d V c 

d z 
d z , (30) 
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Table 3. Estimated detection rates for equal-mass BBH mergers. The most conservati v e ( R low 

), r efer ence 
( R ref ), and the most optimistic ( R high ) estimates are presented with the model assumptions. We present 
the detection rates obtained for two values of the SNR for comparison: ρ = 8 (without parentheses) and 

ρ = 5 (within the parentheses). Details of model assumptions can be found in the main text. 

R low 

R ref R high 

ρ = 8 (5), equal mass, no spin, randomly oriented source 
M BBH, max = 2 × 10 

4 M � M BBH, max = 10 

5 M � M BBH, max = 10 

5 M �
Model g cl = 0.0025 g cl = 0.01 g cl = 0.1 

assumption g = 0.1 g = 0.2 g = 0.5 

R double / R single = 0.1 R double / R single = 0.5 R double / R single = 1 

Detection rate (yr −1 ) 0.0065 (0.018) 0.093 (0.24) 3.1 (8.1) 
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where t e is the local time at the source, and the parameters g cl and g are the fraction of the
mass included in the star cluster and the fraction of the clusters that can produce IMBHBs,
respecti v ely. 

We use three different models for the star forma tion ra tes [ 68–70 ] adopted in Ref. [ 71 ]. But
these models do not gi v e much difference in detection rates (about 10% at most), because their
differ ences ar e conspicuous out of the horizon distance of aSOGRO. Thus, we use the average
value of them. For the fraction parameters that are the most uncertain factors, we consider the
conservati v e and optimistic ranges from the literature as g cl ∼ (0.0025–0.1) [ 61 , 62 , 72 ] and g ∼
(0.1–0.5) [ 61 , 62 , 73 , 74 ], respecti v ely. In addition, we adopt the distribution function of the mass
of the cluster as f(M cl ) ∝ M 

−2 
cl from Ref. [ 75 ]. We assume the lowest mass of the IMBHB in

the mass distribution to be 200 M � [ 62 ], and the mass ratio between the IMBHB and the star
cluster to be M BBH 

/ M cl = 2 × 10 

−3 [ 67 ], which means the lower mass limit of the cluster that
can have IMBHBs is 10 

5 M �. The lower limit in the integration of the cluster mass in Eq. ( 30 )
is selected as the larger one between 10 

5 M � and the minimum cluster mass considering the de-
tector’s sensitivity and the distance to the source, since the detectable IMBHB’s mass is larger
than 200 M � when the source is far away. The upper limit of the integration is also chosen as
the smaller one between 10 

7 M �, which is the upper limit of the cluster mass considered in
Ref. [ 75 ], and the maximum cluster mass detectable at a given distance. Thus, the IMBHB’s
mass range used in the calculation of the detection rate is 2 × 10 

2 −2 × 10 

4 M �. But SOGRO
can detect the BH binaries with higher mass (Fig. 4 ), so the same trend of the mass distri-
bution is extended to the larger masses when the r efer ence and optimistic detection rates are
estimated. 

The above calculation assumes that the IMBHBs are formed in a single star cluster. How-
e v er, two IMBHs that are formed in different star clusters can merge by the collision of the star
clusters. It is known that about 10%–100% of the number of IMBHBs can be added through
this double cluster scenario [ 76 ]. Thus, the final estimation of the detection rate is presented
by m ultipl ying the above calculations by 1.1 and 2 for the conservati v e and the optimistic
estimations, respecti v ely. The estimations of the detection rate of SOGRO are presented in
Table 3 . 

We have categorized the estimated detection rate of aSOGRO into three cases—the most
conservati v e, the most optimistic, and a r efer ence value between them. The conditions for
each of these categories are detailed in Table 3 . Additionally, we considered cases with
17/26 
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ρ = 5, which are indicated in parentheses. In our estimations of the detection rates, we
assumed the averaged combined sensitivity of aSOGRO and the random orientation of 
BBHs. 

With aSOGRO, in the most optimistic scenario, we anticipa te approxima tely 3–8 detec-
tions per year. Howe v er, in the least favorab le scenario, the detection of IMBHs becomes
nearly infeasible. The most likely detection rates lie between 0.1 and 0.24 per year. As it
stands, the sensitivity of aSOGRO may need further enhancement for IMBHB detections. 
Howe v er, it is still pr ematur e to make a definiti v e conclusion due to the significant gap be-
tween the conservati v e and the optimistic estimates, stemming from the limited information on
IMBHs. 

We can also estimate the detection rate of IMBH–sBH binaries since their GW frequency
is dependent on their total mass (see Eq. ( 29 )). Howe v er, their horizon distances are signifi-
cantly shorter than those of IMBH–IMBH binaries because their chirp masses are dominated
by the sBH. Considering that the observable volume is proportional to the cube of the hori-
zon distance, this results in a significantly reduced detection rate. Moreover, considering that
only about 1% [ 77 ] of IMBHs are paired with a sBH, the rate would be e v en lower. Although
the formation scenario wherein IMBHs grow via successi v e mergers with sBHs could poten-
tially enhance the detection rate [ 78 , 79 ], it remains doubtful that it would lead to a substantial
increase in SOGR O’ s detection rates, because the mass of BBHs in the early growth stages is
small, implying a limited observable volume. 

SOGR O’ s frequency band encompasses the inspiral phase of binaries made up of two sBHs
or NSs, e v en though their mer ger and ringdo wn phases fall outside of this range. The inspi-
ral signals from these sources linger within SOGR O’ s frequency band for an extended pe-
riod. For instance, a 30–30 M � BBH remains in the 0.1–10 Hz range for a pproximatel y two
weeks, which is equivalent to roughly 10 

5 cycles [ 80 ]. Detecting such signals would be invalu-
able for accurately estimating source parameters and testing general relativity [ 77 ]. Moreover,
it could be beneficial for higher-frequency detectors and electromagnetic follow-ups by pro- 
viding early warnings. For a randomly oriented equal-mass 30–30 M � BBH considering the
averaged combined sensitivity of aSOGRO, the observable comoving volume is a pproximatel y
4.3 × 10 

−3 Gpc −3 at ρ = 5. Gi v en that the expected BBH merger rate in GWTC-3 is (17.9–
44) Gpc −3 yr −1 [ 81 ], the detection rate in aSOGRO can reach up to about 0.2 yr −1 . This
implies the potential for aSOGRO to play a certain role in the observation of stellar-mass
BHs. 

We can also explore the GWs emitted from the inspiral phase of subsolar-mass BBHs.
They are not formed through stellar evolution. Some theories suggest that early uni v erse
density fluctuations might spawn primordial BHs [ 82 ], while others hint at production by
nonbaryonic dark matter particles [ 83 ]. Figure 5 compares the ASD for a 1–1 M � with
those of detectors, and depicts the horizon distance of aSOGRO with respect to the to-
tal mass of the subsolar-mass BBHs. Due to their small chirp masses, aSOGR O’ s horizon
distance for subsolar BBHs is limited to se v eral Mpc. This corresponds to the size of the
Local Group which includes the Milky Way and M31. Constraints from the first half of 
aLIGO and V ir go’s third observing run imply a merging rate of about 1200 Gpc −3 yr −1 for
1–1 M � subsolar-mass BBHs [ 84 ]. Taking into account this merger rate at face value, we
anticipate aSOGR O’ s detection rate for subsolar-mass BBHs to be no more than roughly
2.5 × 10 

−3 yr −1 . 
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Fig. 5. (Left) Expected GW signal from an equal-mass (1 M �) BBH coalescence and the sensitivity curves 
of aLIGO, eLISA, and aSOGRO. (Right) Horizon distance with respect to the total mass of BBHs when 

the mass ratio is 1. The curve is based on the fixed SNR ρ = 8. 
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4.2. Stoc hastic bac kground 

In the two-detector correlation as in Eq. ( 27 ), let us assume the power-law model for SGWB
�gw 

( f) = �0 ( f/ f 0 ) α for real α. Then, the minimum detectable model with SNR ρ is given by 

�min 
gw 

( f ) = 

4 π2 

3 H 

2 
0 

ρ2 

√ 

2 T 

[∫ ∞ 

0 
df ′ f ′ 2 ( α−3 ) S 

−2 
n, cor 

(
f ′ 
)]−1 / 2 

f α, (31) 

where 

S n, cor ( f ) = 

[
32 

45 

S 

−2 
n, diag ( f ) + 

4 

25 

(
S 

−2 
n, 12 ( f ) + S 

−2 
n, 23 ( f ) + S 

−2 
n, 31 ( f ) 

)]−1 / 2 

. (32) 

Here, all detections by pairs of channels at the same detector are ignored due to the po-
tential noise correlation among nearby channels. Overlapping the curves of minimum de-
tectab le models ov er a certain range of α, we obtain the power-law integrated (PI) sensitivity
curve [ 85 ]. 

Figure 6 shows PI sensitivity curves for several SOGRO types in a frequency range of 
0 . 1 Hz ≤ f ≤ 10 Hz . As possible SGWB candidates near SOGR O’ s frequency band, we de-
pict rough le v els of a cosmological SGWB generated during the inflation era from Ref. [ 86 ]
and an astrophysical SGWB [ 87 ] generated by BBHs and binary neutron stars (BNSs). We
also plot the indirect limits [ 88 ], which is the upper bound of the SGWB reconciled with
the concordance cosmological model. For comparison, we show the sensitivity of LISA [ 89 ]
in 10 

−4 Hz ≤ f ≤ 1 Hz and the PI sensitivity for the 3-detector network consisting of two
aLIGOs and V ir go [ 87 ], labeled as Design HLV, in 10 Hz ≤ f ≤ 130 Hz . For all PI curves,
we use the power range −10 ≤ α ≤ 10, the observation time interval T = 2 yr , the SNR
ρ = 

√ 

2 , and the Hubble constant H 0 = 68 km / s / Mpc . The curve labeled as “Inflation” is
the strength of the SGWB from cosmological inflation [ 86 ] with the tensor-to-scalar ratio r
= 0.1 [ 90 ]. The curve labeled as “BBH + BNS” is the strength of the astrophysical SGWB
from BBHs and BNSs [ 87 ]. The curve labeled as “Indirect Limits” shows the upper bound
of the SGWB constrained by cosmological observations [ 88 ]. SOGR O’ s frequency band is
complementary with other detectors and/or constraints. We expect that LISA, aLIGO, and
aSOGRO can explore the SGWB beyond the cosmological indirect limits in their own frequency
range. 
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Fig. 6. PI sensitivity curves for different detectors for the SGWB. In addition, theor etical pr edictions and 

constraints are shown. The two-detector configurations with SOGRO (orange dashed line) and aSOGRO 

(blue solid line) are presented in a frequency range of 0 . 1 Hz ≤ f ≤ 10 Hz . 

Fig. 7. Expected sensitivities for SGWB observation by considering networks of multiple SOGRO or 
aSOGRO detectors. The SGWB is assumed to follow the power-law model with α = 0. 
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If we have multiple detectors of number N , the observational time T can be effecti v ely in-
creased to T × N ( N − 1)/2 by correlating all pairs of data from N detectors. Figure 7 shows
sensitivity behaviors of multiple SOGROs and aSOGROs for the power-law model parameter 
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α = 0. Orange and blue dots r epr esent the networks consisting of N SOGROs and N aSOGROs,
respecti v ely. The horizontal solid line shows the le v el of indirect limits gi v en in Fig. 6 for the
power-law model parameter α = 0. Although about 47 SOGRO detectors are required for the
equivalent performance of a tw o-aSOGRO netw ork, a relatively small number (about 6) of 
SOGRO detectors can touch the indirect limit. 

5. Discussion 

We have investigated the characteristics of the SOGRO detector concepts that can observe
GWs in 0.1–10 Hz and the plausible science cases with those. We consider two different
concepts labeled as SOGRO and aSOGRO depending on the size and their specification. Based
on the detector characteristics, we obtain response functions for all detection channels of a
SOGRO detector, gi v en GW polarizations including e v en v ector , scalar , breathing, and longi-
tudinal modes which may appear in alternati v e gravity theories. By combining responses from
all channels, we conclude that SOGRO is essentially an omnidirectional GW detector. Further-
mor e, the tensorial natur e of the SOGRO data makes it possible to localize the source position
from observation with a single detector. 

SOGR O and aSOGR O with the expected sensitivities can detect IMBHs with the total mass
range of about (10 

2 –10 

5 ) M �. aSOGRO can reach up to ∼6.7 Gpc for IMBHs with about (1.5
× 10 

4 –1.5 × 10 

4 ) M � BBHs. This implies a detection rate of (3.1–8.1) IMBHBs per year in
the most optimistic case. For the stellar-mass BHs, the GW signals can remain in SOGR O’ s
frequency band for days to months, which will help to estimate parameters more accurately.
Additionally, it can be a precursor to LVK observations due to its lower frequency band. For
the SGWBs, a SOGRO detector network would allow us to constrain different models of the
SGWB such as the cosmological indirect limits if multiple detectors based on the SOGRO or
aSOGRO design are to be realized. 

Ther e ar e many technical challenges in the de v elopment of SOGRO detectors. They include
Ne wtonian noise mitigation, highly-sensiti v e SQUID sensor de v elopment, ci vil engineering of 
large platforms underground, analyzing the bending effect of long arms, etc. It was shown in
Ref. [ 19 ] that Newtonian noises originated from seismic and atmospheric density fluctuations
can greatly be mitigated by optimally combining SOGRO channels with a modest number of 
seismometers and microphones. Howe v er, the subtraction of infrasound noise still does not
reach the required sensitivity limit. In addition, the finite size effect of the SOGRO detector
might be taken into account for more accurate modeling as mentioned in Ref. [ 19 ]. A dedicated
work to tackle the issue of Newtonian noise mitigation is strongly called for. In particular, the
Newtonian noise mitigation r equir es a deep underground construction at a scale larger than
( 50 × 50 × 50 ) m 

3 . 
The SOGR O or aSOGR O platform including six TMs weighs around 250 tons. According

to the proposed design, the weight should be suspended by a single string or multiple strings
at the center to form a pendulum as a whole. This r equir es that any vibrational noise produce
only common motions of the ideal rigid platform through the suspension. An optimal plat-
form design satisfying various r equir ements has been suggested in Ref. [ 14 ]. Howe v er, we note
that practical civil engineering issues about how to construct and suspend the platform should
further be investigated. 
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Appendix. Response functions for extra polarizations of GWs 
Alternati v e theories of gravity could allow extra polarization degrees of freedom for GWs in
addition to the plus and cross ones in general r elativity. Her e, the r esponse functions for such
extra modes are summarized for the laser interferometer and SOGRO detectors. First of all,
the three unit vectors mentioned in Sect. 3.1 are explicitly given by 

ˆ u = ( sin φ cos ψ + cos θ cos φ sin ψ, − cos φ cos ψ + cos θ sin φ sin ψ, − sin θ sin ψ ) , 

ˆ v = ( cos θ cos φ cos ψ − sin φ sin ψ, cos θ sin φ cos ψ + cos φ sin ψ, − sin θ cos ψ ) , 

ˆ n = ( sin θ cos φ, sin θ sin φ, cos θ ) , (A1) 

wher e θ and φ ar e the polar and azimuthal angles of the propagating dir ection ˆ n , r especti v ely,
and ψ is the polarization angle. 

For the laser interferometer, the response functions for GWs having vector, breathing, and
longitudinal polarizations are gi v en by 

F x (θ, φ, ψ ) = sin θ sin 2 φ cos ψ + 

1 

2 

sin 2 θ cos 2 φ sin ψ, 

F y (θ, φ, ψ ) = 

1 

2 

sin 2 θ cos 2 φ cos ψ − sin θ sin 2 φ sin ψ, 

F b (θ, φ, ψ ) = −1 

2 

sin 

2 
θ cos 2 φ, 

F l (θ, φ, ψ ) = 

1 √ 

2 

sin 

2 
θ cos 2 φ, (A2) 
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respecti v ely. For SOGRO channels, on the other hand, they become 

F 

(11) 
x = sin θ sin 2 φ cos ψ + sin 2 θ cos 2 φ sin ψ, 

F 

(22) 
x = − sin θ sin 2 φ cos ψ + sin 2 θ sin 

2 
φ sin ψ, 

F 

(12) 
x = − sin θ cos 2 φ cos ψ + 

1 

2 

sin 2 θ sin 2 φ sin ψ, 

F 

(11) 
y = − sin θ sin 2 φ sin ψ + sin 2 θ cos 2 φ cos ψ, 

F 

(22) 
y = sin 2 θ sin 

2 
φ cos ψ + sin θ sin 2 φ sin ψ, 

F 

(12) 
y = 

1 

2 

sin 2 θ sin 2 φ cos ψ + sin θ cos 2 φ sin ψ, 

F 

(11) 
b = sin 

2 
φ + cos 2 θ cos 2 φ, F 

(12) 
b = −1 

2 

sin 

2 
θ sin 2 φ, 

F 

(11) 
l = 

√ 

2 sin 

2 
θ cos 2 φ, F 

(12) 
l = 

1 √ 

2 

sin 

2 
θ sin 2 φ, (A3) 

respecti v ely. Response functions of a SOGRO detector were defined in Eq. ( 11 ). 
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