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1 Introduction

The QCD axion has been proposed to solve the strong CP problem as a pseudo-Goldstone
boson appearing after an anomalous U(1) Peccei-Quinn (PQ) symmetry is broken sponta-
neously [1–5]. The QCD axion is also a good candidate for cold dark matter whose abundance
is generated by the misalignment mechanism [6–8]. If the axion was once in thermal equilib-
rium due to a relatively high temperature of the universe, it could be not only a dominant
component for dark matter, but also become a component for dark radiation [9–12], which is
testable in the future experiments for Cosmic Microwave Background (CMB) anisotropies.

Recently, the general initial conditions with a nonzero velocity for the QCD axion or
axion-like particles have been considered, under the name of the axion kinetic misalignment
mechanism [13]. At the onset of the axion oscillation, the kinetic energy for the axion
is comparable to the potential energy for the axion, so the axion abundance depends on
the axion velocity initially set by the Noether PQ charge in the early universe. The PQ
symmetry is broken explicitly by quantum gravity effects, so it naturally induces a nonzero
velocity for the axion. However, since the overall magnitude of the PQ violating potential
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is set by the modulus of the PQ field, we need to take into account the dynamics of the
PQ field in the early universe and make sure that the consistent picture with the axion
kinetic misalignment at a later stage emerges. We remark that the axion dynamics with
a nonzero initial velocity has drawn much attention for axiogenesis [14–16], gravitational
waves [17], axion fragmentation [18], etc. In this article, we consider the extension of the
SM with a PQ complex scalar field in the presence of the U(1) PQ symmetry. The angular
component of the PQ field is identified as the QCD axion and the radial component of
the PQ field is regarded as the saxion. The QCD anomalies are generated due to an extra
vector-like quark as in the KSVZ axion model [2, 3], providing the axion-gluon coupling
necessary for the dynamical solution to the strong CP problem. In this model, we pursue the
origin of the initial condition for the axion misalignment in the context of the PQ inflation
at the pole [19–21]. Then, in contrast to the previous studies on the PQ inflation with a
small non-minimal coupling [22–25], the saxion couples conformally to gravity, providing
a possibility of realizing the PQ inflaton near the pole of the kinetic term in the Einstein
frame, without relying on trans-Planckian values of the PQ field for inflation. The dynamics
of the saxion is dominated by the PQ conserving potential. On the other hand, we show
that the PQ violating potential sets the initial velocity for the axion during inflation, and an
approximately conserved Noether PQ charge is achievable at the end of reheating.

We compute a sufficiently large reheating temperature of the universe from the decays
and scattering processes of the saxion and identify the dark radiation component from the
axions produced by the saxion scattering. We show the condition for the successful axion
kinetic misalignment in the parameter space for the reheating temperature, the initial velocity
of the axion and the axion decay constant (or the axion mass).

The paper is organized as follows. We first present the model setup for the PQ inflation
and the interactions of the PQ field to the extra vector-like quark, the SM Higgs, and possibly
to the right-handed neutrinos. In this model, we discuss the Einstein-frame potential, the
bounds on the PQ violating potential from the axion quality and the axion-photon coupling.
Next we discuss the inflationary dynamics depending on whether inflation is driven by the PQ
conserving or violating potentials, and describe the post-inflationary dynamics of the inflaton
and the axion from the classical equations of motion. We continue to consider the reheating
period in the presence of the decays and scattering processes of the inflaton and determine the
reheating temperature as well as the dark radiation from the axions accordingly. From the
initial axion velocity given at the end of inflation, we show the evolution of the PQ Noether
charge at reheating and find the parameter space where the axion kinetic misalignment is a
dominant production mechanism for axion dark matter. Finally, conclusions are drawn.

2 The setup

We introduce a complex scalar field Φ, which is charged under the U(1) PQ symmetry. We
assume that the PQ field is conformally coupled to gravity [21], but the conformal symmetry
is broken by the mass term for the PQ field and the higher order interactions in the PQ
potential. Then, we consider the Jordan-frame Lagrangian for the PQ inflation as

LJ√
−gJ

= −1
2M2

P Ω(Φ)R(gJ) + |∂µΦ|2 − Ω2(Φ)VE(Φ) (2.1)
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where the non-minimal coupling function and the PQ potential are taken to

Ω(Φ) = 1− 1
3M2

P

|Φ|2, (2.2)

VE(Φ) = V ′
0 + βm

M2m−4
P

|Φ|2m − m2
Φ|Φ|2 +

( [n/2]∑
k=0

ck

2Mn−4
P

|Φ|2kΦn−2k + h.c.
)

. (2.3)

Here, V0 is the cosmological constant, βm is a PQ conserving dimensionless parameter, ck

are dimensionless parameters, parametrizing the explicit breaking of the PQ symmetry at
the Planck scale [26, 27] in the general form of order n > 4, and [n/2] is the largest integer
smaller than n/2. The PQ violating terms of order higher than n can be added, but we
assume that they are suppressed for the inflaton or axion potentials.

For m = 2, we can recast the PQ conserving part of the potential in eq. (2.3) into

VPQ = V0 + λΦ

(
|Φ|2 − f2

a

2

)2
(2.4)

where the parameters are redefined as βm = λΦ, m2
ϕ = λΦf2

a and V ′
0 = V0 + 1

4λΦf4
a .

In the KSVZ models [2, 3], it is necessary to introduce the Yukawa coupling of the PQ
field to a vector-like extra quark Q for the QCD anomalies, as follows,

LQ,int = −yQΦQ̄RQL + h.c. (2.5)

where QL, QR carries +1 and −1 and Φ carries −2 under the U(1)PQ symmetry. We can also
introduce a Higgs-portal quartic coupling between the SM Higgs and the PQ field, as follows,

∆VE = λHΦ|Φ|2|H|2. (2.6)

As a consequence, the Higgs-portal quartic coupling and the Yukawa couplings for the PQ field
are crucial for the decays or scattering of the saxion inflaton after inflation and determining
the reheating temperature, as will be discussed in the later section.

We also comment on the possibility that right-handed neutrinos, Ni(i = 1, 2, 3), carry
PQ charge +1, and they receive masses after the PQ symmetry is broken. In this case,
we can also introduce extra Yukawa couplings of the PQ field for the Majorana masses of
the right-handed neutrinos as

LN,int = −1
2λNΦN c

LNR + h.c.. (2.7)

Then, in order to generate neutrino masses by seesaw mechanism, we need to include
the Yukawa couplings between the right-handed neutrinos and the SM lepton doublets by
Lseesaw = −yN H̃l̄LNR + h.c., so we need to assign a PQ charge +1 to the lepton doublets.
But, we can assign the vector-like PQ charges for the SM charged leptons, so they do not
contribute to the electromagnetic anomalies for the PQ symmetry. If the right-handed
neutrinos are neutral under the PQ symmetry, the right-handed neutrinos couple to the PQ
field by non-renormalizable interactions or through the graviton exchanges.
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2.1 Einstein frame Lagrangian

After making a Weyl transformation of the metric by gJ,µν = gE,µν/Ω with Ω = 1− 1
3M2

P
|Φ|2,

we obtain the Einstein-frame Lagrangian as follows,

LE√
−gE

= −1
2M2

P R(gE) +
|∂µΦ|2(

1− 1
3M2

P
|Φ|2

)2

− 1

3M2
P

(
1− 1

3M2
P
|Φ|2

)2

(
|Φ|2|∂µΦ|2 −

1
4∂µ|Φ|2∂µ|Φ|2

)
− VE(Φ). (2.8)

We take the PQ field in the polar coordinate representation,

Φ = 1√
2

ρ eiθ (2.9)

where ρ, θ are radial and angular modes of the PQ field, respectively. Then, choosing m = 2
for the PQ conserving potential in eq. (2.3), we get the Einstein-frame Lagrangian for the
radial mode ρ and the angular mode θ as

LE√
−gE

= −1
2M2

P R + 1
2

(∂µρ)2(
1− 1

6M2
P

ρ2
)2 + 1

2
ρ2(∂µθ)2(
1− 1

6M2
P

ρ2
) − VE(ρ, θ) (2.10)

where

VE(ρ, θ) = V0 +
1
4λΦ(ρ2 − f2

a )2 + ρn

2n/2Mn−4
P

[n/2]∑
k=0

|ck| cos
(
(n − 2k)θ + Ak

)
, (2.11)

with ck = |ck|eiAk . Making the kinetic term for the radial mode canonically normalized by

ρ =
√
6MP tanh

(
ϕ√
6MP

)
, (2.12)

we rewrite the Einstein-frame Lagrangian in eq. (2.10) as

LE√
−gE

= −1
2M2

P R + 1
2(∂µϕ)2 + 3M2

P sinh2
(

ϕ√
6MP

)
(∂µθ)2 − VE(ϕ, θ), (2.13)

where
VE(ϕ, θ) = VPQ(ϕ) + VPQV(ρ, θ), (2.14)

with

VPQ(ϕ) = V0 +
1
4λΦ

(
6M2

P tanh2
(

ϕ√
6MP

)
− f2

a

)2
, (2.15)

VPQV(ρ, θ) = 3n/2M4
P tanhn

(
ϕ√
6MP

) [n/2]∑
k=0

|ck| cos
(
(n − 2k)θ + Ak

)
. (2.16)

We can also take the VEV of the PQ field in the true vacuum to satisfy 6M2
P tanh2 ( ⟨ϕ⟩√

6MP

)
≃

f2
a , so ⟨ρ⟩ ∼ ⟨ϕ⟩ ∼ fa for fa ≪ MP . After the angular mode gets a VEV ⟨θ⟩, we can get an
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observed tiny cosmological constant by tuning the bare cosmological constant V0 to cancel
the vacuum energy coming from the PQ breaking terms, as follows,

V0 ≃ −M4
P

(
fa√
2MP

)n [n/2]∑
k=0

|ck| cos
(
(n − 2k)⟨θ⟩+ Ak

)
. (2.17)

Moreover, the kinetic term for the axion in the true vacuum becomes 3M2
P sinh2 ( ⟨ϕ⟩√

6MP

)
(∂µθ)2 ≃

1
2f2

a (∂µθ)2, so we can take the canonical axial mode as a = fa θ, which is identified as the
axion solving the strong CP problem.

For a general PQ conserving potential, we note that it takes the following form for the
canonical radial mode in the Einstein frame,

VPQ(ϕ) = V ′
0 + 3mβmM4

P

[
tanh

(
ϕ√
6MP

)]2m

− 3m2
ΦM2

P tanh2
(

ϕ√
6MP

)
. (2.18)

In this case, for ϕ ≪
√
6MP , we can obtain the VEV of the PQ field in the true vacuum

from 2mβmϕ2m−1/(2mM2m−4
P ) = m2

Φϕ, that is, ⟨ρ⟩ ∼ ⟨ϕ⟩ ∼ fa = (m2
ΦM2m−4

P )1/(2m−2). For
instance, for m = 3, we get the VEV of the PQ field as fa =

√
mΦMP .

2.2 Axion quality problem

In the presence of the PQ anomalies, we get the effective gluon couplings violating the
strong CP, as follows,

Lgluons =
g2

s

32π2

(
θ̄ + ξ

a

fa

)
Ga

µνG̃aµν (2.19)

where ξ is the PQ anomaly coefficient, which is set to ξ = 1 in KSVZ models. Then, after
the QCD phase transition, there appears an extra contribution to the axion potential, in
the following form,

∆VE = −Λ4
QCD cos

(
θ̄ + ξ

a

fa

)
. (2.20)

After the radial mode settles down to the minimum of the potential, i.e. ⟨ρ⟩ ≃ fa, from
eqs. (2.14) and (2.20), the effective potential for the axion after the QCD phase transition
is given by

Veff(a)=V0−Λ4
QCD cos

(
θ̄+ξ

a

fa

)
+M4

P

(
fa√
2MP

)n [n/2]∑
k=0

|ck|cos
(
(n−2k) a

fa
+Ak

)
. (2.21)

In order to solve the strong CP problem by the axion, the axion potential needs to relax
the effective θ term dynamically [26, 27] to satisfy the EDM bound,

|θeff | =
∣∣∣∣θ̄ + ξ

⟨a⟩
fa

∣∣∣∣ < 10−10. (2.22)

Then, from the minimization of the effective potential for the axion in eq. (2.21), namely,
dVeff

da = 0, we obtain

aphys ≡ a + fa

ξ
θ̄ ≃ fn−1

a

2n/2Mn−4
P m2

a

[n/2]∑
k=0

|ck|(n − 2k) sin
(

Ak − n − 2k

ξ
θ̄

)
(2.23)
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where m2
a = ξ2

f2
a
Λ4

QCD is the squared mass for the axion due to QCD only, and we assumed
(n − 2k)aphys

fa
≪ 1 and (n − 2k)2|ck|fn−2

a /(2n/2Mn−4
P ) cos

(
Ak − n−2k

ξ θ̄
)
≲ m2

a for all k.
As a result, from eq. (2.23) with eq. (2.22), we can solve the strong CP problem if

ξfn−2
a

2n/2Mn−4
P m2

a

[n/2]∑
k=0

|ck|(n − 2k) sin
(

Ak − n − 2k

ξ
θ̄

)
< 10−10. (2.24)

Unless there is a cancellation between various contributions at the same order, each term
in the PQ violating potential is constrained by(

fa

MP

)n

≲
2n/2ξ

(n − 2k)|ck|

(ΛQCD
MP

)4
. (2.25)

Then, for a given axion decay constant fa, we can bound the order of the PQ violating
polynomial. For instance, for fa = 1012 GeV, ξ = 1 and |ck| = O(1), we need n ≳ 12 for the
axion quality. In general, the lower bound on the order of the PQ violating polynomial scales
by n ∝ 1/ ln(MP /fa). So, for fa = 106 GeV, we need n ≳ 6.

However, considering the bound from the CMB normalization in our model, as will be seen
in the later section, the coefficient of the PQ violating term is bounded by 3n/2|ck| ≲ 10−10 for
all k. Thus, it is sufficient to take n ≳ 10(5) for fa = 1012(106)GeV, ξ = 1 and |ck| ≲ 10−12.

2.3 Axion-photon coupling

In the presence of charged fermions with nonzero PQ charges, we also obtain the effective
axion-photon coupling below the PQ symmetry breaking scale, as follows,

Lphoton = 1
4gaγγ FµνF̃ µν (2.26)

with
gaγγ = α

2πfa/ξ

(
E

N
− 1.92

)
. (2.27)

In the minimal scenario where the QCD anomalies for the PQ symmetry are originated from
an extra heavy quark with zero electric charge, we get ξ = 1 and E/N = 0.

3 Inflationary dynamics

In this section, we discuss the inflationary predictions and bounds in the pole inflation
for the PQ field. We divide our discussion into two cases, depending on whether the PQ
violating terms are relevant for inflation or not: inflation with PQ conservation and inflation
with PQ violation. We note that there were similar proposals for the inflation scenarios
based on the PQ field, but with the non-minimal coupling taken to be different from the
conformal coupling [22–25].

3.1 Inflaton equations

First, from eq. (2.13), we obtain the equation of motion for the radial mode in the following,

ϕ̈ + 3Hϕ̇ −
√
6MP sinh

(
ϕ√
6MP

)
cosh

(
ϕ√
6MP

)
θ̇2 = −∂VE

∂ϕ
. (3.1)
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Thus, for a slow-roll inflation with ϕ̈ ≪ Hϕ̇ and θ̇ ≪ H, we simply get

ϕ̇ ≃ − 1
3H

∂VE

∂ϕ
= −

√
2ϵϕ MP H (3.2)

where ϵϕ is the slow-roll parameter for the radial mode, given by ϵϕ = M2
P

2V 2
E

(∂VE
∂ϕ

)2. Here,
the Hubble parameter is determined by

H2 = 1
3M2

P

(1
2(∂µϕ)2 + 3M2

P sinh2
(

ϕ√
6MP

)
(∂µθ)2 + VE

)
, (3.3)

which is approximate to H2 ≃ VE

3M2
P

during inflation.
Moreover, from eq. (2.13), we also obtain the equation of motion for the axial mode

during inflation as

6M2
P sinh2

(
ϕ√
6MP

)[
θ̈ + 3Hθ̇ + 2√

6MP

coth
(

ϕ√
6MP

)
ϕ̇ θ̇

]
= −∂VE

∂θ
. (3.4)

Then, taking θ̈ ≪ Hθ̇ and ϕ̇ ≪ H for a slow-roll inflation, we obtain the approximate
equation for the axion kinetic misalignment by

θ̇ ≃ − 1
3H

∂VE
∂θ

6M2
P sinh2

(
ϕ√

6MP

) = −
√
2ϵθ H

6 sinh2
(

ϕ√
6MP

) (3.5)

where ϵθ is the slow-roll parameter for the angular mode in the second equality, namely,
ϵθ = 1

2V 2
E

(∂VE
∂θ

)2. Therefore, as compared to the velocity of the radial mode in eq. (3.2), the
velocity of the angular mode has an extra suppression factor due to the non-canonical kinetic
term during inflation where ϕ ≫

√
6MP . We can set the initial kinetic misalignment of the

axion by using eq. (3.5) at the end of inflation.
For a slow-roll inflation, we need to take ρ ∼

√
6MP ≫ fa and ignore the bare cosmological

constant in eq. (2.14). Then, the potential for inflation is approximated to

VE(ϕ, θ) ≃ 9λΦM4
P tanh4

(
ϕ√
6MP

)
+ Vn(θ) tanhn

(
ϕ√
6MP

)
, (3.6)

with

Vn(θ) ≡ 3n/2M4
P

[n/2]∑
k=0

|ck| cos
(
(n − 2k)θ + Ak

)
. (3.7)

3.2 Inflation with PQ conservation

We take the inflaton potential in eq. (3.6) to be dominated by the PQ conserving term
in the following,

VE(ϕ) ≃ VI

[
tanh

(
ϕ√
6MP

)]2m

, (3.8)
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with VI ≡ 3mβmM4
P . Then, we first obtain the slow-roll parameters [21],

ϵ = M2
P

2

( 1
VE

∂VE

∂ϕ

)2

= 4
3m2

[
sinh

( 2ϕ√
6MP

)]−2
, (3.9)

η = M2
P

VE

∂2VE

∂ϕ2

= −4
3m

[
cosh

( 2ϕ√
6MP

)
− 4

][
sinh

( 2ϕ√
6MP

)]−2
. (3.10)

The number of efoldings is

N = 1
MP

∫ ϕ∗

ϕe

sgn(V ′
E)dϕ√
2ϵ

= 3
4m

[
cosh

( 2ϕ∗√
6MP

)
− cosh

( 2ϕe√
6MP

)]
(3.11)

where ϕ∗, ϕe are the values of the radial mode at horizon exit and the end of inflation,
respectively. Here, we note that ϵ = 1 determines ϕe. As a result, using eqs. (3.9), (3.10)
and (3.11) and N ≃ 3

8 cosh
(

2ϕ∗√
6MP

)
for ϕ∗ ≫

√
6MP during inflation, we obtain the slow-roll

parameters at horizon exit in terms of the number of efoldings as

ϵ∗ ≃
3

4
(
N2 − 9

16m2

) , (3.12)

η∗ ≃
3− 2N

2
(
N2 − 9

16m2

) . (3.13)

Thus, we get the spectral index in terms of the number of efoldings, as follows,

ns = 1− 6ϵ∗ + 2η∗

= 1− 4N + 3
2
(
N2 − 9

16m2

) . (3.14)

Moreover, the tensor-to-scalar ratio at horizon exit is

r = 16ϵ∗ =
12

N2 − 9
16m2

. (3.15)

As a result, from eq. (3.14), we obtain the spectral index as ns = 0.966 for N = 60
being insensitive to m, which agrees with the observed spectral index from Planck, ns =
0.967 ± 0.0037 [28]. Moreover, we also predict the tensor-to-scalar ratio as r = 0.0033 for
N = 60, which is again compatible with the bound from the combined Planck and Keck
data [29], r < 0.036.

The CMB normalization, As = 1
24π2

VI

ϵ∗M4
P

= 2.1 × 10−9, bounds the quartic coupling
for the PQ field by

3mβm = (3.1× 10−8) r = 1.0× 10−10 (3.16)

– 8 –
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where we took r = 0.0033, in the second equality. For instance, for m = 2, we have βm = λΦ,
so we need to impose λΦ = 1.1 × 10−11 during inflation. Moreover, the inflation with PQ
conservation sets the bound on the PQ violating terms, as follows,

Vn(θi)/M4
P = 3n/2

[n/2]∑
k=0

|ck| cos
(
(n − 2k)θi + Ak

)
< 1.0× 10−10. (3.17)

3.3 Inflation with PQ violation

We take the case where the inflaton potential is dominated by the PQ violating terms in
the following,

VE(ϕ, θ) ≃ Vn(θ) · Wn(ϕ), (3.18)

with
Wn(ϕ) ≡

[
tanh

(
ϕ√
6MP

)]n

. (3.19)

In this case, as far as the inflaton potential is positive definite during inflation, both the
radial and angular modes of the PQ field could serve as the inflaton, corresponding to a
multi-field inflation scenario [36]. Generically, the angular mode should not be located at the
minimum of the potential during inflation. The reason is the following. For instance, taking
Ak in eq. (3.6) to be the same for all k, Vn(θ) becomes always negative at the minimum of
the potential, so it would be not appropriate for inflation with PQ violation.

Even if the PQ violating terms can be dominant during inflation, they become sub-
dominant as the PQ field evolves after inflation, such that the PQ conserving term takes
over in determining the dynamics of the radial mode of the PQ field. Then, from the initial
condition that the axial mode is deviated from the minimum during inflation, the axion can
settle down safely toward the minimum of the potential after inflation.

For inflation with PQ violation, the slow-roll parameters are determined from the
derivatives of the PQ violating terms in the potential, so ϵϕ ≃ M2

P
2W 2

n

(∂Wn
∂ϕ

)2 and ϵθ ≃ 1
2V 2

n

(∂Vn
∂θ

)2.
In this case, the slow-roll parameter for the radial mode is still small for ϕ ≫

√
6MP , but the

slow-roll parameter for the angular mode is of order one. Nonetheless, the velocity of the
angular mode is sufficiently small for ϕ ≫

√
6MP due to its non-canonical kinetic term as

can be seen in eq. (3.5). For generality, we can introduce the effective slow-roll parameter
by taking into account the non-canonical kinetic term [36], as follows,

ϵ = gϕϕϵϕ + gθθϵθ (3.20)

with gϕϕ = 1 and gθθ = 1/
[
6M2

P sinh2 ( ϕ√
6MP

)]
.

When the inflation energy comes dominantly from the PQ violating terms and the
axion field value is set to θ = θi during inflation, we obtain the constraint from the CMB
normalization as

Vn(θi) = 3n/2
[n/2]∑
k=0

|ck| cos
(
(n − 2k)θi + Ak

)
= (3.1× 10−8) r (3.21)

where r = 16ϵ∗ with ϵ∗ being evaluated from eq. (3.20) at the horizon exit.
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Figure 1. (Left) Post-inflationary evolution of the PQ inflaton and the angular mode as a function
of ωt in black solid and blue dashed lines, respectively, with ω being the oscillation frequency of the
inflaton condensate. (Right) Post-inflationary evolution of the total PQ Noether charge, nθ = ϕ2θ̇, as a
function of ωt. We considered the quartic term for the PQ-invariant potential and took fa = 1011 GeV
and the parameters in the PQ violating potential to n = 10, c0 = 10−13, A0 = 0.5, and ck = 0
for k ̸= 0.

3.4 Post-inflationary evolution of the fields

After inflation, the radial mode takes a sub-Planckian field value with ϕ ≪
√
6MP so we can

approximate the equations of motion in eqs. (3.1) and (3.4), as follows,

ϕ̈ + 3Hϕ̇ − ϕ θ̇2 ≃ −∂VE

∂ϕ
, (3.22)

ϕ2(θ̈ + 3Hθ̇) + 2ϕϕ̇ θ̇ ≃ −∂VE

∂θ
(3.23)

where the Einstein-frame potential in eq. (2.14) becomes

VE ≃ V0 +
1
4λΦ(ϕ2 − f2

a )2 + 1
2n/2

(
ϕ

MP

)n

M4
P

[n/2]∑
k=0

|ck| cos
(
(n − 2k)θ + Ak

)
. (3.24)

We consider the case where the PQ conserving term is dominant for inflation. Then,
as the amplitude of the radial mode decreases until reaching the VEV, the PQ violating
terms become less important. When the PQ violating terms are sufficiently small during
the evolution of the fields, we have the total Noether charge for the PQ symmetry [13]
approximately conserved after inflation. Namely, for nθ = ϕ2θ̇, we get d

dt(a
3nθ) = 0 from

eq. (3.23). Thus, we can approximate the equation of motion for the radial mode in eq. (3.22)
for fa ≲ ϕ ≪ MP as

ϕ̈ + 3Hϕ̇ ≃ C2

a6ϕ3 − λΦϕ3 (3.25)

where C = a3
eϕ2

e θ̇e is the integration of constant given at the end of inflation. Therefore,
the centrifugal force term due to the angular motion decreases rapidly as the universe is
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expanding, so the radial mode undergoes a coherent motion around the vacuum dominantly
by the quartic term during reheating.

In figure 1, considering the PQ invariant quartic potential, we depict the time evolution
of the PQ inflaton and the angular mode on left and the total PQ Noether charge on right as
a function of ωt. We took fa = 1011 GeV, and the parameters in the PQ violating potential
to n = 10, c0 = 10−13, A0 = 0.5, and ck = 0 for k ̸= 0. We show that the PQ inflaton
undergoes a damped oscillation dominated by the PQ invariant potential from the left figure,
and the total PQ Noether charge oscillates but it approaches to the constant value, which
is set by the initial condition during inflation.

We also remark on the case where PQ violating terms are dominant for inflation. In this
case, the PQ violating terms are still important in the post-inflationary dynamics, so the
total Noether charge for the PQ symmetry evolves nontrivially during reheating, so we need
to solve two coupled equations of motion in eqs. (3.22) and (3.23), with VE ≃ Vn(θ) · Wn(ϕ),
for the post-inflationary evolution of the PQ field.

4 Reheating

We consider the inflaton condensate and the general equation of state during reheating. Then,
we first discuss the perturbative reheating from the decay or scattering of the PQ inflaton
into the extra fermions and the Higgs and determine the minimal reheating temperature.

4.1 Inflaton condensate

Suppose that the reheating dynamics is dominated by the radial mode of the PQ field. Then,
for |Φ| ≪

√
3MP , we can approximate the kinetic term for the radial mode of the PQ field

in Einstein frame in a canonical form, that is, ϕ ≃ ρ, so the Einstein-frame potential for
the pole inflation in eqs. (3.8) takes

VE(ϕ) ≃ αmϕ2m, (4.1)

with αm = βmM4−2m
P /2m. For m = 2, we get βm = λΦ. Thus, as the inflaton potential

becomes anharmonic for m > 1 during reheating, we get a general equation of state during
reheating. After the period of exponential expansion, the inflaton ϕ begins to oscillate about
the minimum of the potential. For the inflaton potential given in eq. (3.8), the inflation field
value at the end of inflation is determined by ä = 0 [21] to be

ϕend ≃
√

3
8MP ln

[1
2 + 2m

3
(
2m +

√
4m2 + 3

)]
. (4.2)

The condition ä = 0 is equivalent to ϕ̇2
end = VE(ϕend), so the inflaton energy density at

ϕend is ρend = 3
2VE(ϕend).

The averaged energy density and pressure for the inflaton becomes

ρϕ =
〈1
2 ϕ̇2

〉
+ ⟨VE(ϕ)⟩ = (m + 1)⟨VE(ϕ)⟩, (4.3)

pϕ =
〈1
2 ϕ̇2

〉
− ⟨VE(ϕ)⟩ = (m − 1)⟨VE(ϕ)⟩. (4.4)
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Then, the averaged equation of state for the inflaton during reheating is given by

⟨wϕ⟩ =
pϕ

ρϕ
= m − 1

m + 1 . (4.5)

For the PQ conserving potential with m = 2, we get ⟨wϕ⟩ = 1
3 for m = 2, so it is the

same as the one for radiation.
We take the inflaton to be ϕ = ϕ0(t)P(t), where ϕ0(t) is the amplitude of the inflaton

oscillation and it is constant over one oscillation, and P(t) is the periodic function. From
eq. (4.3) with the energy conservation, we obtain ρϕ = (m + 1)⟨VE(ϕ)⟩ = VE(ϕ0). Then,
we get ⟨P2m⟩ = 1

m+1 .
From the energy density for the inflaton,

1
2 ϕ̇2 + VE(ϕ) = VE(ϕ0), (4.6)

we obtain the equation for the periodic function P as follows,

Ṗ2 = 2ρϕ

ϕ2
0

(
1− P2m

)
=

m2
ϕ

m(2m − 1)
(
1− P2m

)
(4.7)

where we used the effective inflaton mass in the second equality,

m2
ϕ = V ′′

E (ϕ0) = 2αmm(2m − 1)ϕ2m−2
0 . (4.8)

Thus, from the integral of eq. (4.7), we get the angular frequency of the inflaton oscilla-
tion [21, 37] as

ω = mϕ

√
πm

2m − 1
Γ
(

1
2 + 1

2m

)
Γ
(

1
2m

) . (4.9)

As a result, we can make a Fourier expansion of the periodic function P by

P(t) =
∞∑

n=−∞
Pn e−inωt. (4.10)

4.2 Boltzmann equations for reheating

Including the effects of the Hubble friction and the inflaton decay/scattering, we find the
equation of motion for the inflaton, as follows,

ϕ̈ + (3H + Γϕ)ϕ̇ + V ′
E = 0 (4.11)

where Γϕ is the inflaton decay or scattering rate, given by

Γϕ =
∑

f

Γϕ→ff̄ + Γϕϕ→HH + Γϕϕ→aa. (4.12)

The above equation can be approximated to the Boltzmann equation for the averaged
energy density,

ρ̇ϕ + 3(1 + wϕ)Hρϕ ≃ −Γϕ(1 + wϕ)ρϕ. (4.13)
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Moreover, the Boltzmann equation governing the radiation energy density ρR is given by

ρ̇R + 4HρR = Γϕ(1 + wϕ)ρϕ. (4.14)

First, we recall that the PQ inflaton has a derivative coupling to the angular mode,
Lint = 1

2ϕ2(∂µθ)2. During the oscillation of the radial mode, ϕ, however, the angular mode
has a rapidly changing kinetic term, so it is not clear to see how to identify the axion quanta
produced from the scattering of the radial mode in this basis. So, instead, we choose a
Cartesian basis for the PQ field by Φ = 1√

2(ϕ + ia), for which the kinetic term for the PQ
field during reheating takes a canonical form, Lkin = 1

2(∂µϕ)2 + 1
2(∂µa)2, and the PQ invariant

potential gives rise to the interaction term between two real scalar fields, Lint = −1
2λΦϕ2a2,

where the inflaton condensate is ϕ = ϕ0(t)P(t). Then, over one oscillation for which the
PQ field oscillates with a large radial distance, we can take the real part to be the radial
mode and consider the imaginary part as being along the orthogonal direction to the radial
mode.1 Thus, the Cartesian form is appropriate for describing the axion quanta from the
inflaton scattering. As a result, we get the scattering rate of the inflaton condensate [21, 37]
for ϕϕ → aa, as follows,

Γϕϕ→aa = 1
8π(1 + wϕ)ρϕ

∞∑
n=1

|Ma
n |2(Enβa

n), (4.15)

with
|Ma

n |2 = 4λ2
Φϕ4

0|(P2)n|2, (4.16)

and βa
n =

√
1− m2

a
E2

n
. Here, for ϕ ≫ fa, m2

a = λΦϕ2 which is the effective mass of the axion

during reheating.2 From eq. (4.9), we get ω2 = 0.72λΦϕ2
0 for m = 2, so 2ω > ma, making

ϕϕ → aa open kinematically. We also note that (P2)n are the Fourier coefficients of the
expansion, P2 =

∑∞
n=−∞(P2)ne−inωt. For the PQ invariant potential with m = 2, the first

few nonzero coefficients are given by 2(P2)2 = 0.4972, 2(P2)4 = 0.04289, 2(P2)6 = 0.002778,
etc. Thus, the corresponding averaged scattering rate for the inflaton is given by

⟨Γϕϕ→aa⟩ =
λ2

Φϕ2
0ω

2πm2
ϕ

(m + 1)(2m − 1)Σa
m

〈(
1− m2

a

ω2n2

)1/2〉
(4.17)

with Σa
m =

∑∞
n=1 n|(P2)n|2.

Similarly, the Higgs-portal interactions of the PQ inflaton, LH−portal = −λHΦ|Φ|2|H|2,
give rise to the scattering rate of the inflaton condensate, as follows,

Γϕϕ→HH = 1
8π(1 + wϕ)ρϕ

∞∑
n=1

|MH
n |2(EnβH

n ), (4.18)

with
|MH

n |2 = 4λ2
HΦϕ4

0|(P2)n|2 (4.19)
1In the vacuum, we note that the axion in the leading order expansion of the field in the polar form gives

rise to Φ = 1√
2 fa eiθ ≃ 1√

2 fa(1 + iθ) = 1√
2 (fa + ia), which is identical to the cartesian form of the PQ field.

2As the inflaton condensate settles down close to the minimum of the potential, the quadratic term in the
PQ invariant potential becomes relevant. Then, the effective mass of the axion is corrected to m2

a = λΦϕ2−m2
Φ,

which vanishes in the vacuum with ⟨ϕ⟩ = fa, up to the PQ violating terms.
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and βH
n =

√
1− m2

H
E2

n
. Here, the effective masses for the Higgs fields are given by m2

H =
m2

H,0 + 1
2λHΦϕ2(t) where m2

H,0 is the bare Higgs mass parameter. Thus, the corresponding
averaged scattering rate for the inflaton is given by

⟨Γϕϕ→HH⟩ = λ2
HΦϕ2

0ω

πm2
ϕ

(m + 1)(2m − 1)ΣH
m

〈(
1− m2

H

ω2n2

)1/2〉
(4.20)

with ΣH
m =

∑∞
n=1 n|(P2)n|2. We remark that we need to take the Higgs-portal coupling to

be small enough in order to keep the running quartic coupling λΦ at the order of 10−11,
namely, |λHΦ| ≲ 10−5.

On the other hand, in order to solve the strong CP problem by the anomalous couplings
of the axion to gluons, it is necessary to introduce the Yukawa couplings to the extra fermions
such as extra heavy quarks Q in KSVZ axion models. Moreover, the PQ inflaton can be
responsible for the generation of masses for the right-handed neutrinos, Ni(i = 1, 2, 3), through
the Yukawa couplings. Thus, we consider the Yukawa couplings as Lint = − 1√

2yf ϕf̄LfR+h.c.,
where fL = QL and fR = QR for extra heavy quarks or fL = N c

i,L and fR = Ni,R for
right-handed neutrinos. Then, we obtain the decay rate of the inflaton condensate, as follows,

Γϕ→ff̄ = 1
8π(1 + wϕ)ρϕ

∞∑
n=1

|Mf
n |2(Enβf

n) (4.21)

where En = nω,

|Mf
n |2 = Ncy

2
f ϕ2

0|Pn|2E2
n(βf

n)2, (4.22)

with Nc being the number of colors for the extra fermion f , βf
n =

√
1− 4m2

f

E2
n

, and Pn are the
Fourier coefficients of the expansion, P =

∑∞
n=−∞ Pne−inωt. For the PQ-invariant potential

with m = 2, the first few nonzero coefficients are given by 2P1 = 0.9550, 2P3 = 0.04305, 2P5 =
0.001859, etc. Then, averaging over oscillations, we get

⟨Γϕ→ff̄ ⟩ =
Ncy

2
f ϕ2

0ω3

8π(1 + wϕ)ρϕ

∞∑
n=1

n3|Pn|2⟨β3
n⟩

=
Ncy

2
f ω3

8πm2
ϕ

(m + 1)(2m − 1)Σf
m

〈(
1−

4m2
f

ω2n2

)3/2〉
(4.23)

with Σf
m =

∑∞
n=1 n3|Pn|2. Here, if the extra fermions receive masses only from the Yukawa

couplings to the PQ inflaton, their masses are given by mf = 1√
2yf ϕ(t) = (mf,0/fa)ϕ(t)

where fa is the VEV of the PQ field and mf,0 is the fermion mass in the true vacuum. If
electroweak symmetry is unbroken during reheating, there is no mixing between the PQ and
Higgs fields, so there is no decay process of the PQ inflaton into the SM fermions. We also
remark that the Yukawa couplings to the PQ field must be chosen to be small enough in
order to make the running effects on the quartic coupling λΦ ignorable, namely, yf ≲ 10−3.

The same Yukawa couplings of the PQ field to the extra fermions also give rise to the
inflaton scattering, ϕϕ → ff̄ , with the corresponding scattering rate,

Γϕϕ→ff̄ = 1
8π(1 + wϕ)ρϕ

∞∑
n=1

|M̂f
n |2(Enβ̂f

n) (4.24)
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where

|M̂f
n |2 =

32Ncy
4
f m2

f ϕ4
0(β̂f

n)2

E2
n

(4.25)

and β̂f
n =

√
1− m2

f

E2
n

. Thus, the averaged scattering rate is given by

⟨Γϕϕ→ff̄ ⟩ =
4Ncy

4
f ϕ4

0
π(1 + wϕ)ρϕω

∞∑
n=1

n−1|(P2)n|2⟨m2
f (β̂f

n)3⟩

=
4Ncy

4
f ϕ2

0
πm2

ϕω
(m + 1)(2m − 1) Σ̂f

m

〈
m2

f

(
1−

m2
f

n2ω2

)3/2〉
, (4.26)

with Σ̂f
m =

∑∞
n=1 n−1|(P2)n|2.

The decay and scattering rates of the inflaton scale with the inflaton energy density
by Γϕ→ff̄ = γ1ρl

ϕ with l = 1
2 − 1

2m and Γϕϕ→HH = γ2ρn
ϕ with n = 3

2m − 1
2 [21, 37]. Thus,

taking m = 2 in our case, we obtain l = n = 1
4 , so both the decay and scattering rates are

comparable. However, for m > 2, we have l > n, so the decay rate becomes suppressed
as compared to the scattering rates.

4.3 Reheating temperature

For aend ≪ a ≪ aRH where aRH is the scale factor at the time reheating is complete, we
can ignore the inflaton decay/scattering rates and integrate eq. (4.13) approximately for
m = 2 to obtain

ρϕ(a) ≃ ρend

(
aend

a

)4
. (4.27)

This is due to the equation of state with ⟨wϕ⟩ = 1
3 during reheating, given in eq. (4.5). When

the reheating process is dominated by the perturbative decays and scattering processes of
the inflaton, we obtain the reheating temperature during reheating, as follows [21],

TRH =
( 30

πg∗(TRH)

)1/4 (4
3
√
3MP γϕ

)
, (4.28)

where we took the sum of the decay and scattering rates of the inflaton from eqs. (4.23), (4.17)
and (4.20) by γϕ ≡ (

∑
f Γϕ→ff̄ + Γϕϕ→HH + Γϕϕ→ff̄ )/ρ

1
4
ϕ .

For a general PQ invariant potential, the scaling of the inflaton energy density is
generalized to

ρϕ(a) ≃ ρend

(
aend

a

) 6m
m+1

, (4.29)

so we obtain the corresponding reheating temperature [21] by

TRH =



(
30

πg∗(TRH)

)1/4
[

2m
4+m−6mk

(√
3M

2(1−2k)
P γϕ

)] 1
2(1−2k)

, 4+m−6mk > 0,

(
30

πg∗(TRH)

)1/4[
2m

6mk−4−m

(√
3M

2(1−2k)
P γϕ

)
(ρend)

6mk−m−4
6m

] 3m
4(m−2)

, 4+m−6mk < 0.

(4.30)
Here, we parametrized the decay or scattering rates of the inflaton as Γϕ = γϕρk

ϕ/M4k−1
P .
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Taking the case with m = 2, we find that

γϕ|decay ≃ 3
√

πNc

2 y2
f λ

1/4
Φ

Γ
(

3
4

)
Γ
(

1
4

)
3

(0.5Σf
2R

−1/2
f ), (4.31)

γϕ|scattering ≃ 6√
π

Γ
(

3
4

)
Γ
(

1
4

)
max

[
λ2

HΦ

λ
3/4
Φ

ΣH
2 ,

4Ncy
4
f

λ
3/4
Φ

m2
f

ω2 (Σ̂f
2R̂

−1/2
f )

]
, (4.32)

for the inflaton decay and the inflaton scattering, respectively. Here, Σf
2 = 0.2406, ΣH

2 =
0.1255, Σ̂f

2 = 0.2282, and we approximated the averaged phase space factor for 2mf ≫ w by
Rf ≡ 4m2

f /w2 and R̂f ≡ m2
f /w2 [37]. Thus, we can determine the reheating temperature

by the inflaton decay into a pair of extra heavy quarks or the inflaton scattering into a pair
of the SM Higgs bosons, respectively, as follows,

TRH|decay ≃ 2.9× 104 GeV
( 100

g∗(Treh)

)1/4( yf

10−4

)(
λΦ

10−11

)1/4
, (4.33)

TRH|scattering ≃ 6.0× 1011 GeV
( 100

g∗(Treh)

)1/4
max

[
λHΦ,

√
4Ncy

2
f mf /ω

]
10−7

2 (10−11

λΦ

)3/4
.

(4.34)

Therefore, we find that the inflaton scattering with the Higgs-portal coupling is more efficient
for reheating.

4.4 Dark radiation from axions

Taking the ratio of the scattering rates in eqs. (4.17) and (4.20), we obtain

Γϕϕ→aa

Γϕϕ→HH
≃ λ2

Φ
2λ2

HΦ
. (4.35)

As a result, for λHΦ ≳ 1√
2λΦ, the inflaton scattering is dominated by ϕϕ → HH. However,

the produced axions can contribute to the effective number of neutrinos, ∆Neff .
When the produced axions remain out of equilibrium after reheating, the correction to

the effective number of neutrino species is given as follows [11],

∆Neff = 0.02678
(

Ya

Y eq
a

)( 106.75
g∗s(Treh)

)4/3
(4.36)

where Ya is the axion abundance produced from the inflaton scattering, Y eq
a is the axion

abundance at equilibrium given by Y eq
a = 45ζ(3)

2π4g∗s(Treh) , and we took NSM
eff = 3.0440 in the

SM [30–32]. In this case, for Ya ≳ 10Y eq
a , the excess in the effective number of neutrinos would

be in a tension with the current bounds from the Planck satellite, Neff = 2.99± 0.17 [33].
As discussed in the previous subsection, the ϕϕ → HH scattering is dominant for

λHΦ ≳
√
4Ncy

2
f mf /ω. In this case, we can compute the number density of the axions

produced from ϕϕ → aa, as follows,

na ≃ BR(ϕϕ → aa) ρϕ

ω
(4.37)
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where BR(ϕϕ → aa) = Γϕϕ→aa/(Γϕϕ→aa + Γϕϕ→HH) ≃ λ2
Φ/(2λ2

HΦ) for λHΦ ≳ 1√
2λΦ, and we

approximated the inflaton to the first Fourier mode with E = ω, ignoring the suppressed
higher Fourier modes. Thus, from ρϕ = ρR at reheating completion, we obtain the axion
abundance, Ya = na

s , at reheating as

Ya = BR(ϕϕ → aa) ρϕ

ωs
= BR(ϕϕ → aa) ρR

ωs
= BR(ϕϕ → aa) Treh

4ω
. (4.38)

Then, using ρR/s = 3Treh/4 and ω ≃ 0.85λ
1/2
Φ ϕ0 for m = 2, we get

Ya

Y eq
a

= 3λ
3/2
Φ g∗s(Treh)Treh
2.2λ2

HΦϕ0
. (4.39)

Therefore, from ϕ0 ≃ 1.5MP and λΦ = 1.1× 10−11, we obtain Ya ≳ Y eq
a , provided that

Treh ≳ 6.8× 1010 GeV
(

λHΦ
10−11

)2
. (4.40)

However, the axions would become thermalized with the SM plasma at a sufficiently
high reheating temperature [9–11],

Treh ≳ 1.7× 109 GeV
(

fa

1011 GeV

)2.246
≡ Ta,eq. (4.41)

Then, for Treh > Ta,eq, we can compute the contribution of the axions to the effective number
of neutrino species just from the abundance in thermal equilibrium Y eq

a , as follows,

∆Neff = 4
7

(
Ta,0
Tν,0

)4
= 4

7

(11
4

)4/3( g∗s(T0)
g∗s(Ta,eq)

)4/3
(4.42)

where Tν,0, Ta,0 are the neutrino and axion temperatures, respectively, at present, and
g∗s(T0) = 3.91. Thus, we get ∆Neff = 0.02678 for g∗s(Ta,eq) = 106.75; ∆Neff = 0.02229 for
g∗s(Ta,eq) = 122.5 (adding one charge-neutral heavy quark and three right-handed neutrinos
to the SM); ∆Neff = 0.02363 for g∗s(Ta,eq) = 117.25 (adding one charge-neutral heavy quark
to the SM). Therefore, the excess in the effective number of neutrinos can be tested in the
future CMB experiments such as CMB-S4 [34, 35].

Finally, for Treh < Ta,eq, the axions are never in thermal equilibrium. Using eqs. (4.39)
and (4.41), we find that the abundance of the axions produced from the inflaton scattering
is suppressed as

Ya

Y eq
a

= 0.025
(

Treh
Ta,eq

)(10−11

λHΦ

)2( fa

1011 GeV

)2.246
. (4.43)

We also remark on the effects of preheating for the axion production. As the effective
mass of the axion during reheating is field-dependent as m2

a = λΦϕ2, as discussed in the
previous subsection. Thus, the evolution of the axion becomes non-adiabatic, so the axion
production from the parametric resonance can occur. Then, the axions produced during
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preheating can also contribute to dark radiation. In our model, using the results in ref. [21],
the equation governing the rescaled axion perturbation, Ak = ω1/(1−m)ak, is given by

A′′
k +

(
κ2 + m2m2

a

ω2

)
Ak = 0 (4.44)

with
κ2 ≡ m2k2

ω2a2 . (4.45)

Here, the prime denotes the derivative with respect to z with dz = ω
m dt and the effective

mass term for the axion perturbation becomes m2m2
a

ω2 = 1.39m2P2(t). Then, for m = 2, the
axion perturbation in the range, 2.78 < κ2 < 3.21, can grow [43, 44], so the axions with
momentum k ∼ ω can be generated by preheating, so they can give rise to dark radiation.
The detailed study on the axion production during preheating is beyond the scope of our
work, so we postpone the related analysis to a future work.

5 Axion dark matter from the kinetic misalignment

We determine the axion abundance from the axion kinetic misalignment generated during
inflation and compare it with the observed relic density for dark matter. We focus on the
case where the inflation is driven dominantly by the PQ conserving term.

5.1 Evolution of the axion velocity

From eq. (3.5), we obtain the velocity of the axion at the end of inflation, as follows,

θ̇end ≃ −
√
2ϵθ,endHend

6 sinh2
(

ϕend√
6MP

) , (5.1)

so the PQ Noether charge at the end of inflation becomes

nθ,end = 6M2
P sinh2

(
ϕend√
6MP

)
|θ̇end| ≃ M2

P

√
2ϵθ,end Hend. (5.2)

Here, ϵθ,end, Hend, ϕend are evaluated at the end of inflation, given by

ϵθ,end = 1
2V 2

E

(
∂VE

∂θ

)2
≲ 1 (5.3)

where the PQ violating terms are taken to be smaller than the PQ conserving term.
After the end of inflation, the total Noether charge for the PQ symmetry is conserved

approximately, so we can take a3nθ = a3ϕ2θ̇ ≃ const. Then, during reheating, the inflaton
condensate is radiation-like, so the radial mode scales with the scale factor by ϕ ∝ a−1. Then,
the axion velocity decreases by θ̇ ∝ a−1. But, for a low reheating temperature for which
the reheating is delayed, the quadratic term in the PQ potential becomes dominant. In
this case, we need to take into account the early matter domination from the radial mode
during reheating. After reheating, the inflaton settles down to the minimum of the potential,
ϕ = fa, so the axion velocity scales by θ̇ ∝ a−3. Therefore, as the kinetic energy density
for the axion is given by ρθ = 1

2ϕ2θ̇2, its scaling with the scale factor changes from a−4 to
a−6, namely, from radiation to kination.
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As a result, the PQ Noether charge density from the axion rotation red-shifts at the
end of reheating by

nθ(TRH) = nθ,end

(
aend
aRH

)3
(5.4)

where aend, aRH are the values of the scale factor at the end of inflation and the reheating
completion, respectively. Then, suppose that the reheating temperature is sufficiently high
such that ϕ(aRH) > 3fa, namely, TRH > T c

RH, with

T c
RH ≡

( 90λΦ
8π2g∗

)1/4
2fa

=
(100

g∗

)1/4( fa

1011 GeV

)
(1.2× 108 GeV). (5.5)

In this case, using

aend
aRH

=
(

ρRH
ρend

)1/4
, (5.6)

with ρRH = π2

30 g∗(TRH)T 4
RH and ρend = 3

2VE(ϕend), we obtain the PQ Noether charge density
at the reheating temperature, as follows,

nθ(TRH) = nθ,end

(
π2g∗(TRH)T 4

RH
45VE(ϕend)

)3/4
. (5.7)

Here, g∗(TRH), g∗(T∗) are the number of the effective entropy degrees of freedom at the
reheating temperature and the onset of the axion oscillation, respectively. Thus, the PQ
Noether charge density at T = TRH is independent of the reheating temperature, so is the
axion abundance.

We also remark that when the reheating is delayed such that TRH < T c
RH, the energy

density of the inflation scales during reheating as

ρϕ = ρend

(
aend
ac

)4( ac

aRH

)3
(5.8)

where ac is the scalar factor when ϕ(ac) = 3fa such that the inflation becomes matter-like
for a > ac. Then, using

ac

aRH
=

(
ρRH
ρϕ,c

)1/3
=

(
TRH
T c

RH

)4/3
, (5.9)

we get the PQ Noether charge density at the end of reheating for TRH < T c
RH as

nθ(TRH) = nθ,end

(
aend
ac

)3( ac

aRH

)3

= nθ,end

(
π2g∗(TRH)T 4

RH
45VE(ϕend)

)3/4(TRH
T c

RH

)
. (5.10)
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Here, in eqs. (5.9) and (5.10), we took ρϕ(aRH) = ρRH at reheating completion, a = aRH, and
ρϕ,c is the energy density of the inflaton at a = ac, which is rewritten as ρϕ,c = ρend

(aend
ac

)4 ≡
π2

30 g∗(TRH)(T c
RH)4. Therefore, as compared to the case when reheating is complete during

the dominance of the quartic potential, the PQ Noether charge density is diluted by the
extra factor, TRH

T c
RH

, for a low reheating temperature. This is because the universe would have
been expanded more during the early matter domination due to a smaller Hubble expansion
rate. Accordingly, the PQ Noether charge density at the axion oscillation is suppressed
by the low reheating temperature.

5.2 Dark matter abundance from axions

After the QCD phase transition, the QCD instanton effects contribute to the axion potential,
so the axion is confined to one of the local minima when the kinetic energy of the axion is
comparable to the potential of the axion, namely, 1

2f2
a θ̇2(T∗) = 2m2

a(T∗)f2
a at the temperature

T = T∗. Thus, we need θ̇(T∗) = 2ma(T∗) and ma(T∗) ≥ 3H(T∗) for the axion oscillation [13].
Therefore, we obtain the condition for the axion kinetic misalignment as θ̇(T∗) ≥ 6H(Tosc).
Here, we remark that the axion kinetic misalignment delays the onset of oscillation, namely,
T∗ ≤ Tosc. Here, Tosc is the temperature of the standard axion oscillation determined by
ma(Tosc) = 3H(Tosc), which is given by

Tosc =
( 10

π2g∗

)1/12(
ma(0)MPΛ4

QCD

)1/6
(5.11)

where ma(0) is the axion mass at zero temperature whose precise value is given [38] by

ma(0) = 5.691(51)× 10−3 eV
(109 GeV

fa

)
. (5.12)

For instance, for fa = 109 GeV, ΛQCD = 150MeV and g∗ = 75.75, we determine the
temperature at the axion oscillation as Tosc = 3.05GeV.

For the axion kinetic misalignment to be a dominant mechanism for determining the
axion relic density, we obtain the axion relic abundance by

Ωah2 = 0.12
(109 GeV

fa

)(
Yθ

40

)
(5.13)

where Yθ is the abundance for the axion given by Yθ = nθ(TRH)
s(TRH) with nθ(TRH) and s(TRH) being

the Noether charge density and the entropy density at reheating, respectively. Here, we used
ρa

s = Cma(0)Yθ with C ≃ 2 to convert the PQ charge abundance to the relic density [13].Here,
we note that there is an uncertainty of order one in C due to the particle production from
the axion fragmentation [18]. So, we would need to rely on the lattice simulations for a more
precise calculation of the axion kinetic misalignment, which is beyond the scope of our work.

In the usual misalignment mechanism, we note that the axion abundance is determined
by Ya,mis = na

s at the onset of the axion oscillation at T = Tosc [39–42], namely,

Ya,mis = 0.11
(

fa

109 GeV

)13/6
. (5.14)

Then, the dominance with the axion kinetic misalignment, namely, Yθ > Ya,mis, requires
fa < 1.5 × 1011 GeV [13].
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Figure 2. Parameter space in the reheating temperature Treh vs ϵθ,end for axion dark matter with
kinetic misalignment. The correct relic density is obtained by the axion kinetic misalignment along
the red line. The kinetic misalignment is sub-dominant in orange region, and the axions produced
from the inflaton scattering were in thermal equilibrium, becoming dark radiation at a detectable
level in purple regions. We took fa = 108 GeV, 1, 5× 109 GeV on the left and right plots, respectively.

In figure 2, we depict the parameter space for the reheating temperature and the slow-
roll parameter for the axion, ϵθ,end, satisfying the correct relic density by the axion kinetic
misalignment in red lines. We show that the axions produced from the saxion scattering
becomes thermalized after reheating and provides a detectable dark radiation in purple regions,
whereas the kinetic misalignment is sub-dominant in the orange region. The correct relic
density is achievable even for a relatively small axion decay constant such as fa = 108 GeV
and 1.5× 109 GeV in the left and right plots, respectively. Here, for the axion relic density,
we used eq. (5.13) with eqs. (5.7) or (5.10), depending on whether TRH > T c

RH or not, and
took VE(ϕend) = 0.089VI with the inflaton potential energy VI being constrained by the
CMB normalization in eq. (3.16) and ϕend = 1.5MP .

It is worthwhile to remark that the reheating temperature corresponding to the correct
relic density is achieved from the inflaton decay with the Yukawa coupling yf in eq. (4.33),
and/or the inflaton scattering with the Higgs-portal coupling λHΦ in eq. (4.34). A low
reheating temperature below TRH ∼ 104 GeV can be obtained from the inflaton decay with
yf ≲ 10−4, but a high reheating temperature up to TRH ∼ 1011 GeV is possible due to the
inflaton scattering with λHΦ ≲ 10−7, being consistent with a small running quartic coupling
for the PQ field. We also note that eq. (4.42) is sufficient for computing the dark radiation
abundance in the parameter space explaining the correct relic density. This is because axions
are thermalized with the SM plasma, namely, TRH ≳ 310GeV, 1.4× 105 GeV is satisfied for
fa = 108 GeV, 1.5 × 109 GeV, respectively, and the dark radiation becomes independent of
the initial abundance produced from the inflaton scattering given in eq. (4.43).

In figure 3, we show the correlation between the reheating temperature and the axion
mass at zero temperature, accounting for the correct relic density from the axion kinetic
misalignment in red lines as in figure 2. We chose the slow-roll parameter of the axion at
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Figure 3. Parameter space in the reheating temperature Treh vs the axion mass ma(0) for axion
dark matter with kinetic misalignment. The correct relic density is obtained by the axion kinetic
misalignment along the red line. The kinetic misalignment is sub-dominant in orange regions and the
axions produced from the inflaton scattering were in thermal equilibrium, becoming dark radiation at
a detectable level in purple regions. We took ϵθ,end = 1, 0.1 on the left and right plots, respectively.

the end of inflation to ϵθ,end = 1, 0.1 in the left and right plots, respectively. We show the
corresponding axion decay constant with fa ≥ 108 GeV satisfying the correct relic density
for dark matter and the reheating temperature needs to be above Treh = 4 × 103 GeV for
ϵθ,end = 1, and above Treh = 104 GeV for ϵθ,end = 0.1, respectively. Here, the lower end of fa

is taken from the bounds from Supernova 1987A [45, 46], which is fa > (1− 4)× 108 GeV.
As in figure 2, the region with a detectable dark radiation is shown in purple regions and
the kinetic misalignment is sub-dominant in orange regions.

6 Conclusions

We have presented a consistent model of the PQ inflation for realizing the kinetic misalignment
of the QCD axion. The radial component of the PQ field drives inflation near the pole of
the kinetic term in the Einstein frame, leading to a successful prediction for inflationary
observables with a small quartic coupling for the PQ field during inflation. The angular
component of the PQ field, namely, the QCD axion, receives a nonzero initial velocity during
inflation, due to the PQ violating potential.

We performed the analysis of the perturbative reheating in the presence of the couplings
of the PQ field to the SM Higgs as well as the extra vector-like quark responsible for PQ
anomalies. We found that a sufficiently large reheating temperature is achieved from the
decays and scattering processes of the inflaton and the axions produced from the inflation
scattering can become dark radiation at a detectable level in the future CMB experiments
if they are thermalized. Thus, as the inflaton reaches the minimum of the potential at
reheating completion, the approximately conserved Noether charge for the PQ symmetry
survives until the time of the axion oscillation, making the axion kinetic misalignment to
be a dominant mechanism for axion dark matter.
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Taking the PQ violating potential to be sub-dominant during inflation and free from the
axion quality problem in the vacuum, we set the maximum value of the axion velocity at the
end of inflation and found the consistent parameter space for the axion kinetic misalignment
in the reheating temperature, the initial velocity of the axion and the axion decay constant.
For the fixed initial velocity of the axion, the larger the axion decay constant, the smaller the
maximum reheating temperature for the axion kinetic misalignment. To be consistent with
the astrophysical bounds on the axion couplings and the axion kinetic misalignment, we took
the axion decay constant above fa = 108 GeV to satisfy the bounds from Supernova 1987A,and
showed that the maximum temperature needs to be above Treh = 4× 103 GeV− 104 GeV, for
the slow-roll parameter for the axion at the end inflation, ϵθ,end = 0.1 − 1.
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