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1. Introduction

First, we give some recently published results which were given by using exponentially
(a, h-m)-p-convexity defined in [1]. In [2], authors have proved inequalities for Rie-
mann-Liouville (R-L) integrals which provide refinements of various fractional inequal-
ities hold for different types of convexities. This paper gives a compact generalization
of strongly convex functions (see Definition 2.1) by using a real-valued function, which
is applied to construct R-L fractional integral inequalities of Hermite-Hadamard type.
Convex functions, p-convex functions, exponentially convex functions, strongly convex
functions of different kinds are unanimously included in the following definition.
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Definition 1.1: Let ] C R be an interval containing (0,1) and let 4 : ] — R be a non-
negative function. Let I C (0, 00) be a real interval and p € R\ {0}. A functionf : I — R
is said to be exponentially (a, h-m)-p-convex, if

£ (004 ma1 = o)) < HEV@) | b= 2O "

echb

holds provided ((ta? + m(1 — t)bp)ll’) eIforte (0,1),¢ € Rand (a,m) € [0,1]%.

The left and right Riemann-Liouville (R-L) fractional integrals are denoted by I”, f and
I,_f respectively and represented in terms of equations by

r [ J(@®)
Ia+f(x) _/a —F(r)(x e dt, x> a, (2)

b
7 W R | O N
I f(x) —/x (== dp, x<b, (3)

where I'(.) is the gamma function and f € L[a, b].

By utilizing the above definitions of (R-L) fractional integrals and generalized convexity,
the following results give two variants of the well-known Hermite—-Hadamard inequality
for (R-L) fractional integrals.

Theorem 1.1 ([2]). Let v : [a,b] > R, 0 < a < bm, m € (0, 1] be strongly exponentially
(a, h — m)-convex function with modulus C > 0. If h(x + y) < h(x)h(y), then we have the
following inequality for (R-L) fractional integrals:

1 (bm-l—a) mCBh(1) I(b_a)2+z(b—a) (& — mb)

g\ 2 1b(f +2) VED)
2(g-mb)’| _ T+ "
T TBG D ]Swm—@ﬂpq() v (5)

N 1\ my® (1) v@
+h(ﬁ)LﬁWW@}Sﬁ [H(g) ST +h(§)ew]

/ h(z*)z" 1 dz + |: ( )m l//n(a_z (zia) m;éb)}
Cmh(1) [( —a)? + m b - —)2}

ﬁwW@+szq

1
X / H(z)z’~1dz —
0

with f > 0, where H(z) = h(1 — z%), g(y) = e,%for n <0andg(n) = e%for n > 0.
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Other variant of above inequality is stated in the following theorem.

Theorem 1.2. Under the suppositions of Theorem 1.1, we have

1 (bm+a)+ mCph(1) {(b—a)2+(b—a)(%—mb)(ﬁ+3)

g\ 2 2(f +2) b 2 B+1)
(& —mb) (B> +58+8]] 2/T(B+1) 1\ g a
" 28(B+1) = (bm — a)f " (5) e I(%)— v (;)

2 a
N 0 () ) me)
+ h (z_a) I(szm)w(mb)} <Py |H (5) B +h (27) et

1 Z\ A 1\ my (b) 1\ vw(a)
x/o H(Z) 1dz+|:H(§) z +h(2—a) em}

1 mCh(1) ((b —a)? +m (b - W)z)
x/ h(;)azﬂ_ldz—
0

B [en<a+b> n e"("hi‘z)]
with > 0, where g(n) = e%for n <0andg(n) = e%for n>0.

, (5)

In [1], the generalizations of above inequalities were also proved. Motivation in establishing
the above inequalities is the following well-known Hermite-Hadamard inequality:

b
f(a;rb)Slea/af(x)def(a);rf(b) (6)

where f is convex function on [a, b].

A convex function on [a, b] satisfies the inequality: f(tx + (1 — £)y) < tf(x) + (1 —
Nf ()t € [0,1],x,y € [a,b]. The inequalities stated in above are actually generaliza-
tions/extensions of the Hermite-Hadamard inequality given in (6). Trend of exploring the
Hermite-Hadamard inequality is very common, that is why a lot of articles and books have
been published on it, see [1,3-6].

In the upcoming section, we define a new class of functions and its consequent
definitions.

2. Auxiliary definitions

First, we are interested to give the definition of strongly (g, h; & — m)-convex function and
its consequences.

Definition 2.1: Let h be a non-negative functionon J C R, (0,1) C J, h # 0 and let g be
a positive function on I C R. A function f : I — R is said to be strongly (g, h; o — m)-
convex if it is non-negative and satisfy the following inequality:

f(Ax+m(1 = 2)y) < h(A*)f g(x) + mh(1 — A%)f g(y)
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— emh(A*)h(1 = 2*)g()g»)ly — I, (7)

where 4 € [0,1], x,y € L.

If we set g(x) = exp(—#x), # € Rin (7), we can the following inequality:

h(A%)f (x) n mh(1 — A%)f(y) _
elrx

f(Ax+m@ = 2)y) < oy 1 G+)

h(A*hA =A%) |y — x|%.

(8)
A function satisfying the inequality (8) is called strongly exponentially («, h — m)-convex
function, see [7, Definition 9]. By setting # = 0 in (8), the definition of strongly (o, h —
m)-convex function is obtained, while ¢ = 0 in (8) gives the (a, h — m)-convexity. Conse-
quently, one can get several kinds of strongly convexities as well as exponential convexities.
Next, we define a new class of functions for a strictly monotone continuous function F. We
set x = F(u) and y = F(v) in (7) and obtain the following inequality:

fGF@w) +m1 — DF(W)) < h(2%)f (F(u))g(F(w)) + mh(1 — 1%)
fEW)(FE)) — emg(Fu)g(F@)h(2*)h(1 = 2%)|F(v) — Fu)|*.
Now, replacing f with f(F~!) and g with g(F~!), in the above inequality we get
f(F7HGF@) + m(1 = DFW)) < h(A*)f )g(v) + mh(1 = 2%)f (v)g(v)
— g()gW)emh(i*)h(1 =A%)y — ul. )
A function satisfying the inequality (9) will be called strongly quasi F-(g, h; o — m)-convex
function. By setting F(u) = u?, p # 0 in (9), we get the following inequality:
£ (0 4+ mU = 9)7) < hGFE6) + mh(1 — 1) (1)g»)
— g()gW)emh (i1 =A%)y — ul. (10)

A function satisfying the inequality (10) will be called strongly (g, h; & — m) — p-convex
function. If g(x) = exp(—#x), # € R in (10), we can have the following inequality:

1 h(A% h(l — )@
f((/lup—f—m(l —,I)VP)P) MK 83{(“) L mha . )f ()

cm
efl(u+v)

h(A*)h(1 — A%)|v — ul. (11)

A function satisfying the inequality (11) is called strongly exponentially (a,h — m) — p-
convex function [8]. In the forthcoming section by applying inequality (7) along with
definitions of Riemann-Liouville fractional integrals, two variants of Hermite-Hadamard
inequality are presented. Some new inequalities are deduced as applications of these
variants.

3. Riemann-Liouville integral inequalities of Hermite-Hadamard type

First, we state and prove the following Hermite-Hadamard-type inequality for strongly
(g, h; & — m)-convex function.
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Theorem 3.1. Letf : I C (0,00) — R be strongly (g, h; & — m)-convex function as defined
in Definition 2.1. Also, let g satisfies the condition g(x) = g (%‘) Then the following
inequality holds:

a+mb 1 1 a2
f( 2 )+mch(2—a)h(1—2—a)(mb—;)
T(z+ DI g2mb) 2T (z +2)I5F'g?(mb)  T'(z 4 3)I' g% (mb)
(mb — a)? © K(mb— a)tt! + K2(mb — a)7t2

1\ T'(z + DI, f.g(mb) 20— 1\ I'(e + DI, _fg ()
0 (36) s () - 2)

a __ 1
< 1M|(h (zia)f(a)erh (2 T l)f(b))/o p"'h(p®)dp
1 2% —1 b «
+m(h(2—a)f(b)+mh( = )f(%))/o p (1= p )dp]
! 1
- mcg(b)f/o p! (h (z—a) g(@)(b —a)’g (pa+ m(1 — p)b)

s (50) 6 (5) (b= 25) e (o + 4= 2) Yo = %) 0.
(12)

mb

where M = max (g(x)), K = ﬁ.

Proof: By using (7), one can have the following inequality:

£(55™) <0 (50 ) e+ (20 e

—meggo (3 ) (1= 5 ) w—or 0o

where we have used 1 = %, in (7). For p € [0,1], letx = pa+ m(l — p)band y = pb +
(1= p)+. in (13), we get

b “_
f(“+2m ) < h(zia)f.g(pa+m(1 — p)b) + mh (2 — 1)f.g (ro+a-p2)

— mch (2%) h (1 — 2%) glpa+m(1 — p)b)g (pb + (1 - p)%)

x (pb +a=pnZ —(pa+m@— p)b))z. (14)
m

1

Multiplying the above inequality with p*~" on both sides and integrating over [0, 1], we

have

b\ [! 1 1 24 —1
f(a+2m )/O pldp < h(z_a)/o p’_lf-g(pa+m(1—p)b)dp+mh( 7 )
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1
7—1 _ i — i
x/op f.g(pb+(1 p)m)dp mch(za)h
1 a\2
x(l—z—a)(b—a+mb—z)
o mb— & 2
X/O “ (’D_b—a+mb—%)
a
x g(pa+m(1 = p)b)g (pb+ (1= p)--) dp. (15)

First, we evaluate the integral last integral in the above inequality as follows: Let K =
%, x = pa+ m(1l — p)b. Then by using the condition g(x) = (%), we
have

1 mb — & 2
/pr—l (p_b—m) g(pa+m(1—/))b)g(ﬂb+(1_p) )
0

a-+mb
:% amb(mb— 9IEE b= amh(Wlb—x)ng(x)d_x
+ ﬁ amb(mb —x)’ng(x) dx
- %Ié+ ?(mb) — %Iﬁfl *(m b)+(rb(r—+)2r)+212f2 2 (mb).

With same substitution, we also have

mb

a1
mb—a) /J, (mb —x)" " f.g(x) dx

- +. b
( )1— a fg(“l )

1
/0 P g (pa+m(1—p)b)dp =

Lety = pb+ (1 — p)+.. Then we have

/Olpf"lf-g (pb+ (1 —p)%) dp = m/;( - %)Hf-g(y)dx

- (br_(r))f ly-fg ( )

By using the above calculated integrals in (25), the following inequality can be obtained as

a+ mb 1\ TI() 2 1
‘f( )Sh( )(mb )f“*fg(mb”mh( 2 )

ot (2) e (£) (1 ) (w2
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2KT(z +1)

I'(r +2) 2
(mb — a)t+1 a*

2
b - @z
g (m ) + (mb _ a)r+2 at

KT(z) . ,
X (m%%’ (mb) —

g2<mb)) |
(6)

From the above inequality, one can obtain the first inequality of (23). On the other hand

by using Definition 2.1, one can obtain the inequality:

2% —1
a

2

h(zia)f.g(pa+m(l—p)b)+mh( )fg (pb+(1—p)%)

< (zi) ¢ (pa+m(1 = p)b) (h(p™)f-g(@) + mh(1 — p)f g(b)

+ mh (2 - 1)g (b + =2 (1o ) + b1 = po1 (-5))
— meg(b) (h (Zi) ¢@)(b— g (pa -+ m(1 - p)b)

+ mh (za . 1)g( ) (o= %) g (b + A= 2)) G~ 5. (17)

20 m?

t—1

Multiplying with p®~*, and then integrating over [0, 1], one can get

1
h (Zi) | it as ma = porap

+ mh (2(; 1) /01 pifg (pb +(1- p)%) dp

1
<h (Zi) (f.g(a)/ p* g (pa+m(1 — p)b) h(p*)dp
0

1
+ mf-g(b)/o p g (pa+m(1— p)b) h(1 —p“)dp)

+ mh (22; 1) (f.g(b) /01 P (pb+ (1= p) Y () dp + g ()
x /O g (po+a-p=)ha —p“)dp)

1
= mego) [ 7 (55 ) @6 - 0

x g (pa+m(l — p)b) + mh (22; l)g(%) (6- %)2g(pb+ (1 —p)%))

x h(p®)h(1 — p*) dp. (18)
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By substituting pa + m(1 — p)b = xand pb + (1 — p)+. = y on the left-hand side of the
above inequality (18), one can obtain

['(z +1) ] “1y .
m(’l() +(fg)(mb)+m+1h( - )Ih_(f,g)(;))

<rh(1)(fg(a)/ “lg(pa+m(1 — p)b) h(p®)dp

+ fnf-g(b)/0 pT'g (pa+m(1— p)b) h(1 —p“)dp)

a_

20 —1 1
ek (Z50) (re® [ o (o 1= 2) o dp 4+ mig ()
1
x [ g (b4 0= )2 bt =y dp)
1 1
— gy [ o (h (2—) ¢@)(b — a’g (pa+m(1 — p)b)
0

+ mh (2a2: l)g (%) (b - mi)2 (pb ra-pZ )) h(p“Yh(1 — p®) dp.
(19)

From the above inequality, one can get the second inequality of (23). |

Some implications of Theorem 3.1 are given in the forthcoming results.

Theorem 3.2. The following inequality holds for strongly quasi F-(g,h;a — m)-convex
function defined in (9):

F(u) + mF(v) 1 1 F(u)
() o () (1 55) (e T)

(r(r+1) Fu 8D mF()  20(z + 210 g (F) (mF ()

8 (mF(v) — F(u))* K(mF(v) — F(u))"1

+ I'(zr +3)

I1 2 g(F~H2(mF(v))
K2(mF(v) — F(u))"+?

3 h( ) ['(z + DI, P(mE®v)) - (2“ - ) I'(t + DIg,)- (%)
m
- \2¢ (mE(v) — F(u))* 20 (F(V) _ %)

<ot f(n (55 s+ (Z2)50) [0y 0
o (v (e prorsmn (55 ) (52)) [ o000 0]
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1
= megr [ (1 57) s FO) = FGE) (R + (1 = )

+ mh (22; 1)g (Fri”)) (F( ) — @) g(F™ (tF(v) +1 - t)M))

x h(p®)h(1 — p%) dt, (20)

where M and K are same as in above Theorem 3.1 and P = f.g(F~1).
Proof: The inequality (20) can be obtained, first by setting a = F(u), b = F(v), where F is

the strictly monotone function, in (23) and then replacing f with f (F~!) and g with g(F~!)
in the resulting inequality. |

In the continuation of above theorem, we have the following result.

Theorem 3.3. The following inequalities hold for strongly (g, h;a — m) — p-convex func-
tion:

(i) Ifp> 0, then we have

() e (@(e-3) (-2)

(F( 1) uP+g o w(mvP) ZF(r +2)I’+1g o w(mvP)
T+

(mvP — uP)® K(mvP — up)T+1

I'(t + 3)IT+2g o w(mvP)
K2(mvP — uP)e+2

- (i) Lz + DI, (fg)o w(mvP)

20 (mvP — uP)*®

a _\TG@+DI,_(fgow(s
+mh(22a1) T L,-0e W()

(w=)
< en{ (i (5 )50+ (54 500) [ o (o) dp
e Yn() v

1
- mcg(v)r/o p°t (h (2%) gw) (W — uP)’g o w(tu? + m(1 — £)»’)

uP ub \?
ceon(5) (- 35)
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X gow (tvP +m(1 — t)%p)) h(p®)h(1 — p*)dp, (21)

1
where w(x) = x?;x € [P, m/P].
(ii) Ifp <O, then we have

2
f (M) + mch (zia) h (1 - zia) (mvp - u—rj) T +1

I;erg2 ow(mP) 2I'(r + 2)IT+1g o w(mP)
(P — Pyt K(uP — myP)t+1
I'(t+ 3)1;;2g o w(mvp))

K2 (up — mvp)t-ﬁ-z

1\ 't + DIF,_(f.g) o w(mvP) 20 _ 1
< h(z—a) b +H1h( )

(uP — mvP)T? 2¢

L@+ DI, (g o w (%)
(&)
< oat[ (i (55 )+ i (B2) 1) [0 0
(2 () (Z)

1
- mcg(v)r/o ptl (h (zia) g — uP)?g o w(tu? + m(1 — t)v’)

+gow (ﬁ) (VP - m_) gow (tvp +m(1l — t)—))h(p“)h(l —p%)dp,

(22)

X

1
where w(x) = xP;x € [m?, uP].

Proof: By setting F(t) = t” in (20), one can easily obtain the required inequalities. |
Some connections of above theorems are summarized in the following remark.

Remark 3.1: (1) By choosing g(x) = exp (—#x) in Theorem 3.1 and using the con-
dition h(x + y) < h(x)h(y) and after some computation, one can obtain [2,
Theorem 3.1].

(2) Bysetting ¢ = 0, results for (g, h; & — m)-convex, quasi F-(g, h; & — m)-convex and
(g, h;a — m) — p-convex functions can be obtained. Also, results for almost all
convexities via Riemann-Liouville functions can be recovered from above.

In the next theorem, we state and prove another Hermite-Hadamard-type inequality
for Riemann-Liouville fractional integrals.
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Theorem 3.4. Under the assumptions of Theorem 3.1, we have

P o () (1= ) (o= )

(F(r + DILg*(mb)  T(z+2)I'Fg*(mb) T(r+3)I g 2(mb))

(mb — a)* K(mb — a)*+1 4K2(mb — a)7+2

I'(z+ DI N I'(z+DIT g (5
" DI, S . SRS
- (2_) (mb — a)* i ( 2 ) b=

< oar[ (i3 )@+ (Z ) 00) o ((2)) 00
on (1) s (P52 ) 1 G)) [0 () ) )
- [ (s (1) (0 -2)

(o= () e G (=5) ) () ) (- () ) o

where M = max (g(x)).

Proof: By settingx = £a+m(1 — §)bandy = b+ (1 — §) 4 in (13), we get
() <a(&)seGoeme- 210
w0 ) re (B0 (1-4) 2)
—meh (5 ) (1= 57 ) ¢ (Basm (1-2)0)
a(Go+ (1=5) ) Gor (1-5) 5= 5a-m(1-5)0)

(24)

Multiplying the above inequality with p?~1

have

f(a+2mb)/01pf—1dp
Sh(zla)/ P 1fg( a+m( —g)b)dp
e () [ G (= 5) o () (- )

on both sides and integrating over [0, 1], we
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4
x g(’z—)b+ (1 _ g) %) dp. (25)

mb+a—x
)

a\2
x(b—a—l—mb—ﬁ) /01 . zK)g( a+m( g)b)

The first inequality in (23) can be achieved by using the condition g(x) = g(
and substitutions x = £a + m(1 — £)b,y = £b+ (1 — §)£ in the integrals appearing on
right-hand side of the above inequality. By using Definition 2.1, one can have

() Goem(=)8) e (52 (o (-5) )

<h ()5 G (= 5)) (((5) )t s (= (5) ) s0)
con(5)s (o (-5) 2)

(5 ?“wgw( (5))s(3i)

— mcg(b) {g(a)(b — a)*h (2_(1) g (ga +m (1 - 'g) b)

o) - (55)
Qs (-9 G- &)

7—1

() [ o Gaem(=5)0) o
o (Z) [ G (-2) Do
<) (et | g (Latm (1 ’
curs [ o5 (Gaen(1=5)0)8 (- (5) ) )
(U5 (s [ o (e (-5) )
(5 ) () [ s (Gor (- 9) 2 (- (5)) )
g [[ (s -0 (5:) s Gt m (1 5))
s () (- )0 (5)

, and then integrating over [0, 1], one can get
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o (54 (1-2) D)) (- (5) o

Setting Sa + m(1 — £)b =x, and §b + (1 — §)£ = y, in integrals on the left hand side
of the above inequality (18), we get

zonrb(—f;)(h (5) a0 00 (5
<o () (55w [ o775 Garm (=99 (5))
+mfg(b)/ g (Satm(1=5)p)n(1- (%)a)d)
o (50) (o0 [ % G (1-9) )
<n((2))ar e () [ ot (Go+ (1-4
- merg(s) | l(g(a)(b_a)zh(zia) (Zatm(1-
w15 (- %) 0 (%5

(Bos (1=2) DY) ((2)") 1 (1 (8) ) or

By using M instead of g in first two terms of the right-hand side of above inequality, one
can get the second required inequality. |

(2 ))

i
2

)= (5)) )
)?)

Nl‘b

Some implications of Theorem 3.2 are given in the forthcoming results.

Theorem 3.5. The following inequality holds for strongly quasi F-(g, h;a — m)-convex
function defined in (9):

(P2 () ) o022 e

Ilf_(u)+g(F_1)2(mF(v)) I'(z +2)I (u)+g(F Y2(mF(v))
(mF(v) — F(u))* K(mF(v) — F(u)**!

I'(z +3)

T8 (F 1 (mF(v)
4K2(mF(v) — F(u))* 12
'+ +P (mF®v))

F(u)+mF(v) o
h(i) —— +mh(2 _1)

2% (mF(v) — F(u))*

IA
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T(z + DI P (M)

)
<M [ (h (zia)ﬂu) T mh (2:; 1)f(v))
L o one o () 2)
[ -]
~megtre [ (st - Fh (5) o) (SR +m (1= 2) F0)
+mg () (0 - F;i))z p(55 ) e (Srer+ (1-2) %))
A )

where M = max (g(x)).

Proof: The inequality (29) can be obtained, first by setting a = F(u), b = F(v), where F is
strictly monotone function, in (23) and then replacing f with f(F~!) and g with g(F~!) in
the resulting inequality. |

In the continuation of above theorem, we have the following result.

Theorem 3.6. The following inequalities hold for strongly (g, h; o — m) — p-convex func-
tion:

(i) Ifp>0, then we have

() ) o () o) (- 0)

T(z + D5 (gow)(m?)  T(r+ 2)1;;1@ o w)2(mvP)
8 ( (P — ub)? T R
L lrao w>2<mvp>)
4K2(mvP — up)T+2
['(z + DI} +(f-) o w(mP)

IA

() eon(%50)

2% (mvP — uP)®
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CE 4D - (f)ow (%)
(w-%)

er'(h(%)fuo+nm(2:;1)fwﬂ

L6 2)

< [0 €Y o]
x (g(@(vp_up) h( )gow(gup+m(1 = 2) )+ mg (55)
(e (3 0-9)9)
<n((5))(-(5))

where w(x) = xll’;x e [uf, mP].
(ii) Ifp <O, then we have

() -)e-2)

T(z+ DI, (go wym?) T(r+ 2)I;Ptl(g o w)2(mvP)
(WP — mvP)T B K(uP — mvP) T+

X

dp, (30)

+T(t+3)

' 12 (g o w)*(mP) )

X AKZ (b — by P2

I'(z + l)IE up+mvp}_(f.g) o w(mvP) o1
" _

() o (55)

P+ )0 (1)

<tM | (h (zia)f(u) + mh <2a — l)f(v))
oG ( e () ()
x/o "k 1—(§)a)dp}—mcg(b)r
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* /o1 (g(a)(vp — u')*h (zi“)go v (%up +m (1 - /2_)) VP) + mg (:TPZ)
(- ) () e (2 (0-9) ) ()
<n(1-(5)) (31)

1
where w(x) = x?;x € [mvP, uP].

Proof: By setting F(t) = t” in (29), one can easily obtain the required inequalities. [

Remark 3.2: (1) By choosing g(x) = exp (—#x) in Theorem 3.4 and using the con-
dition h(x + y) < h(x)h(y) and after some computation, one can obtain [2,
Theorem 3.2].

(2) Bysetting ¢ = 0, results for (g, h; & — m)-convex, quasi F-(g, h; & — m)-convex and
(g, h; 0 — m) — p-convex functions can be obtained. Also, results for almost all
convexities via Riemann-Liouville functions can be recovered from the above.
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