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Abstract. In this paper, we propose a novel 4-layer infrastructure of
wavelet network. It differs from the commonly used 3-layer wavelet net-
works in adaptive selection of wavelet neurons based on the input
information. As a result, it not only alleviates widespread structural re-
dundancy, but can also control the scale of problem solution to a certain
extent. Based on this architecture, we build a new type of wavelet net-
work for function learning. The experimental results demonstrate that
our model is remarkably superior to two well-established 3-layer wavelet
networks in terms of both speed and accuracy. Another comparison
to Huang’s real-time neural network shows that, at similar speed, our
model achieves improvement in generalization performance. abstract
environment.

Keywords: Wavelet network, neural network, sparse infrastructure,
Regression.

1 Introduction

As is well known, neural network that has widely used iterative searching method-
ology in the learning algorithms is marked with the shortcoming of slow conver-
gency speed, particularly in the case of large-scale observations and/or high
accuracy expectation .Hence, the real-time handling capacity is a great chal-
lenge as far as neural network is concerned. Recently,wavelet was introduced
into neural network to take the advantages of both the time-frequency property
of wavelets and the effective learning mechanism of neural networks [2,4]. The
resultant wavelet neural network has become a powerful tool for many applica-
tions. Typically, regarding function learning as a fundamental and vital problem
in many fields, Jun Zhang built an orthogonal wavelet network in order to solve
the redundancy and non-orthogonal problems of basis in Multi-Layer Perceptron
(MLP) and Radial Basis Function (RBF) neural network. It ultimately leads the
learning problem of model to solution to a set of linear equations. Therefore the
iterative searching methodology can be avoided in the construction of model.

However, there still exist at least two problems as far as Jun Zhang’s work
is concerned. Firstly, in [3], Jun Zhang pointed out that the solution of a set
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of linear equations may be computation intensive when the scale of problem
gets larger. For real-time applications, computation load has to be controlled in
solving the linear equations. Secondly, with respect to the whole function, we
can build the orthogonal wavelet network for approximation that does not have
any redundancy, just as [3] has done. Furthermore, aiming at a specific prob-
lem, we can employ certain algorithms for structural adaptation of the wavelet
network in order to eliminate unnecessary wavelons. Due to the sparseness of
large-dimensional training data, more specifically, wavelets whose supports do
not contain any data point can be eliminated in the training process [5]. But
concerning part of the function, the wavelet networks built by the above methods
still have structural redundancy. That is to say, not all the wavelons are needed
to handle part of the function.

Wavelet network model successfully maintains the favorable advantages of the
RBF neural network structure. Therefore most scholars are concentrating on the
algorithm improvement and pushing forward the study of the wavelet network
theory, yet few pay adequate attention to the structural redundancy. For the first
question mentioned above, more and more algorithms for wavelet networks have
been proposed. While for the second question generally existing in all kinds of
wavelet network models, restricted by the present structure of wavelet networks,
such redundancy is unavoidable.

Inspired by the idea of Huang et al [6] about the neuron quantizer for general
neural networks, in this paper, we propose a novel 4-layer wavelet network archi-
tecture for function learning that substantially differs from the previous wavelet
network models adopting the RBF architecture. Based on the input, this novel
architecture can adaptively select a subset of the wavelons by designing a group
of wavelon selectors. Under this architecture, not only the structural redundancy
widely existing in wavelet networks can be avoided as much as possible, but it
can also control the number of wavelons in each calculation with a view of reduc-
ing the scale of the problem solutions. Furthermore, based on this infrastructure,
we build a new wavelet networks and evaluates them with function learning. Per-
formance comparison has been made on its generalization ability and learning
speed with the aforementioned existing models in [2,4].

2 Orthogonal 3-Layer Wavelet Network Infrastructure

2.1 Wavelet Network for Function Learning

The wavelet decomposition of a function f(x) can be expressed as

f(x) =
∑

n

〈f, ϕm0,n〉ϕm0,n(x) +
∑

m≥m0

∑

n

〈f, ψm,n〉ψm,n(x) (1)

where ϕ(·) and ψ(·) denotes the scaling function and the wavelet function re-
spectively; 〈·, ·〉 represents the inner product and m0 is an arbitrary integer
representing the lowest resolution or scale in the decomposition. Given a set of
training data TN = (xi, f(xi))N

i=1, the purpose of function learning is to find
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Fig. 1. The 3-layer wavelet network [5]

an estimate f̂(x) that closely approximates f(x). For this purpose, a 3-layer
wavelet network model according to the wavelet theory can be built, as shown
in Fig.1. The hidden layer contains two kinds of nodes that we call ϕ set and ψ
set both containing countable numbers of nodes. All of these nodes are named
as wavelons in this paper. Lemma 2.1 gives the bias of each ϕ neuron and the
size of ϕ subset. The result is the same with ψ subset.

Lemma 2.1[5]. Without loss of generality, if the support of ϕ(x) is [0,μ] and
that of f(x) is [0,1], for the purpose of making {ϕm0,n = 2

m0
2 ϕ(2m0x − n)}

overlay f(x), the most neurons of ϕ set is (2m0 + μ− 1) and the corresponding
biases are bm0 = {−μ + 1, ..., 2m0 − 1}. m0 represents the lowest resolution or
scale in the decomposition.

As a matter of fact, the problem solution can be converted to solution of
a set of linear equations which has been discussed in [3]. When k is large, a
direct solution to (1), which involves the inversion of a large matrix, may be
computation intensive.

2.2 Shortcoming of 3-Layer Wavelet Network

As discussed above and Lemma 2.1, in the practical implementation of the
wavelet network, the number of hidden layer nodes is determined by integers
m0,m1, as well as the supports of both function f and scaling function ϕ(·)(or
wavelet function ψ(·)). For example, suppose the interval [0, α] is the support of
the function f and the support of scaling function is [0,μ], then the
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number of hidden nodes is (2m0α + μ − 1) and the corresponding biases are
bm0 = {−μ + 1, ..., 2m0α − 1}. However, for the part of the function f whose
interval is [c, d],(c > 0, d < α), the wavelet network only need the hidden nodes
whose corresponding biases are b

′
m0

= {2m0c−μ+1, ..., 2m0d− 1}. So, the num-
ber of hidden nodes is (2m0d− 1) − (2m0c− μ+ 1) + 1. In other words, it does
not entail so many hidden nodes as far as part of the function is concerned.

Without loss of generality, for d dimensional function f and distinct samples
TN = (xi, f(xi))N

i=1, where xi = [xi1, xi2, ..., xid]T ∈ Rd and f(xi) ∈ R, we
suppose the support of f is [0, α]d. As far as j-th dimension is concerned, the
sample set can be divided into L group as follows.

V q
j = {xij | (q − 1) · α

L
< xij <

q · α
L

},
1 ≤ q ≤ L, 1 ≤ j ≤ d, q, j ∈ Z (2)

and L can be set as any positive integer. Furthermore, regarding all the dimen-
sions, we can divide the sample set into Ld groups as follows.

GroupV p = {xi | (qj − 1) · α
L

< xij <
qj · α
L

, 1 ≤ j ≤ d,

j ∈ Z}, 1 ≤ p ≤ Ld, p =
d∑

j=1

(qj − 1) · L(j−1) + 1 (3)

We define a partition of function and its sub-functions as follows.

Definition 1: In view of d dimensional function f , a partition of function f
is given by f = f1 ⊕ f2 ⊕ ... ⊕ fLd , where fi represent the i-th sub-function of
f according to the supports being continuously and equally divided in all the
dimensions.

Remark: According to the above discussion, we know that the data belonging
to GroupV p are sampled from sub-function fp.

Therefore, if a model can adaptively select the necessary hidden nodes to ap-
proximate the sub-function according to the input information, then the redun-
dant wavelons for the sub-function can be eliminated accordingly. In the following
section, we will introduce a novel wavelet network architecture for this purpose.

3 Proposed 4-Layer Wavelet Network Infrastructure

Assuming x as a d dimensional input, we construct the novel 4-layer wavelet
network with two hidden layers and d additional wavelon selection units in the
first hidden layer. As shown in Fig.3, each selection unit consists of two neurons
named A-type neuron and B-type neuron. The neurons in the j-th selection
unit are denoted by Aj and Bj . Regarding an arbitrary input x ∈ [0, 1], wavelon
selection unit plays the role of correctly choosing one of the Ld outputs of the
second hidden layer as the final output. Such functionality is realized through
choosing the weights and biases of the wavelet selection units as follows.
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Fig. 2. Four layer architecture of wavelet network

1) The biases bqAj
and bqBj

of the two neurons in the j-th wavelon selection unit
for the p-th neuron in the second hidden layer, where 1 ≤ p ≤ Ld, j = 1, ..., d.,
is designed as follows.

⎧
⎪⎨

⎪⎩

bqAj
= −Tj(

q · α
L

)

bqBj
= Tj(

(q − 1) · α
L

)
(4)

where q =

⎧
⎪⎪⎨

⎪⎪⎩

p mod Ld−j+1 − p mod Ld−j

Ld−j
j = d

p mod Ld−j+1 − p mod Ld−j

Ld−j
+ 1 j �= d

1 ≤ j ≤ d 1 ≤

q ≤ L.
2) Denote ωAj and ωBj as the weights that link the j-th neuron in the input
layer to the j-th wavelon selection unit. Suppose ωAj = −ωBj = Tj,1 ≤ j ≤ d.
Lemma 3.1 and Theorem 3.1 can be given as follows.

Lemma 3.1: Given arbitrarily small positive value η < 0.5, there exists a con-
stant set

Tset = {T const
j |T const

j =
ln(1−η

η )

min1≤i≤N
1≤q≤L

(xij − q·α
L )

, 1 ≤ j ≤ d}.

When Tj ≥ T const
j , for ∀xij ∈ V k

j , k = 1, ..., L, the corresponding output
OutputAq

j
of neuron Aj for the p-th neuron of the second hidden layer satisfies

OutputAq
j
(xij) =

{
≤ η, if q ≤ k

≥ 1 − η, if q < k
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Theorem 3.1[1]: Give arbitrarily small positive value η < 0.5, there exists a set
Tset

T set = {T const
j |T const

j =
ln(1−η

η )

min1≤i≤n
1≤q≤L

(
∣∣xi,j − q·α

L

∣∣)
, 1 ≤ j ≤ d}

when Tj ≥ T const
j ,1 ≤ j ≤ d,for ∀xi ∈ GroupV p, p = 1, ..., Ld, the corresponding

Outputp
(A

j
+B

j
)
(xi), satisfies

Outputp
(A

j
+B

j
)
(xi) =

⎧
⎨

⎩

≤ 2η, xij ∈ V q
j

≥ 1 − 2η, xij /∈ V q
j

(5)

According to Theorem 3.1, ∀xi ∈ GroupV q,q = 1, ..., Ld, we can get η → 0,
thus making the inputs of the q − th neuron in the second hidden layer, which
come from the all of the wavelon selectors next to zero and the other neurons
in the second hidden layer at least have one input that come from the wavelon
selectors next to one.According to the orthogonality of wavelet, with respect to
each neuron in the second hidden layer, the weights linking it to wavelons from
different sub sets of ϕ set and ψ set can be determinated independently and suc-
cessively through a transformation to the solution of a set of linear equations.
The major advantage of this novel architecture is that the scale of each set of
linear equations can be well controlled through function partition. On one hand,
it reduces the structural redundancy as much as possibly to improve the gen-
eralization performance. On the other hand, the aim of controlling the model’s
computation load is achievable.

4 Experimental Results

In this section, a four-layer wavelet network (FWN) is constructed based on the
novel architecture.To construct the model, we can divide the data set into two
subsets, including training set TraSetN = (ti, f(ti))N

i=1 and test set TesSetM =
(ti, f(ti))M

i=1. In order to evaluate the proposed architecture of wavelet networks
for function learning, two examples shown in Fig.3 were given to demonstrate
the validity of the presented FWN. All simulations of FWN were run in matlab
6.5 environment on an ordinary PC with Pentium 1.7 GHZ processor and 256MB
memory. The measure used in [3] was taken as the performance index.

Error =

√√√√
n∑

i=1

[f̂(ti) − f(ti)]2/
n∑

i=1

[f̄ − f(ti)]2 (6)

where f̄ = 1
n

n∑
i=1

f(ti), and n is the number of sampled data. In Table 1, we

compare the performance of our FWN model with the existing well established
work in [2] [4] on the learning speed and generalization ability with the mea-
sure defined in (6). Obviously, both the two performance indexes of our model



A Sparse Infrastructure of Wavelet Network for Nonparametric Regression 353

Fig. 3. Function 1 and Function 2 as examples

are remarkably superior to the previous works. Although the number of nodes
has been increased, the weights and bias of most nodes can be determined at
first. Because the learning algorithms of our models are not gradient-based, the
approximation can be performed in a single “epoch”.

Table 1. Performance comparison

Function Model Hid-Nodes Epochs Test-Err Times(s)

Zhang[2] 7 10000 0.0506 1100

Pati[4] 31 800 0.0240 101.7
Function 1 BP 7 10000 0.1329 1150

FLWN 34 1 0.0024 0.172

Zhang[2] 49 40000 0.0339 21300

Pati[4] 187 500 0.0230 500
Function 2 BP 225 40000 0.2938 95640

FLWN 217 1 0.0085 3.2180

5 Conclusion

In this paper, we proposed a novel 4-layer architecture of wavelet network.
Through designing a group of wavelon selection units, it adaptively selects the
necessary wavelons based on the input information. The infrastructure can over-
come the structural redundancy often met in conventional 3-layer architecture
and bring the computation load into the effective control. Hence, it not only
effectively improves the generalization performance of the model but also has
faster learning capacity than the 3-layer architecture. Based on the experiment
results for function learning, compared with the existing wavelet networks, the
learning speed and the generalization performance of the new wavelet network
models have been greatly improved.
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