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Abstract—This paper presents a random-based dynamic
grouping strategy (RDG) for cooperative coevolution to deal
with large scale multi-objective optimization problems (MOPs)
by decomposing the whole dimension into several groups of
variables with an equal size. First, a decomposer pool containing
different group sizes is designed. Then, a group size is
dynamically selected with probability in the evolution process.
The probability of each group size in the pool is computed based
on the historical performance measured by C-metric, a common
metric in multi-objective optimization. Under the selected group
size, random grouping is executed to decompose the whole
dimension into groups. Through this, both the group size and
the group components are dynamic. Finally, combining RDG
with a traditional and famous multi-objective evolutionary
algorithm (MOEA) named MOEA/D, we develop
MOEA/D-RDG to cope with large scale MOPs. The efficacy of
the proposed MOEA/D-RDG is verified on two sets of MOPs
(UF1-UF10 and WFG1-WFG9) through comparing with two
MOEA/D variants.

I. INTRODUCTION

Multi-objective  optimization is an important and
challenging field in evolutionary computation. In recent years,
an increasing number of researchers have devoted their
attention to solving these optimization problems and many
remarkable multi-objective evolutionary algorithms (MOEAs)
have emerged [1-5], such as NSGA-II [2], and MOEA/D [1].

Even though these MOEAs have achieved great success on
the tested benchmarks [1, 2] and further have been applied to
solve real-world problems [6, 7], they would seriously lose
their efficiency in coping with large scale multi-objective
problems (MOPs) [8-10]. This dilemma is caused by the
exponentially  increased search  space when the
dimensionality grows, which is called “the curse of
dimensionality”. However, numerous real-world applications
are with high dimensionality in nature, which promotes the
urgent necessity of specially designed MOEAs to cope with
large scale MOPs.

To deal with high-dimensional problems efficiently, a
classical approach in single-objective optimization problems
is cooperative coevolution (CC) [11], which adopts a
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divide-and-conquer strategy to divide high-dimensional
problems into low-dimensional sub-problems. After the
decomposition, CC treats each sub-problem separately and
optimizes them independently. When optimizing a
sub-problem, the components of the other sub-problems are
usually fixed as the corresponding values in the global best
solution found so far, so that the function evaluation can be
executed.

For CC, one key step for obtaining satisfactory
performance is the decomposition strategy. Since CC
considers optimizing each sub-problem separately, a good
decomposition strategy should put interdependent variables
into the same group and place independent variables into
different groups. In our view, existing grouping strategies can
be classified into two categories: 1) fixed grouping strategies
[12-14] and 2) dynamic grouping strategies [15-17], which
will be reviewed in detail in next section.

Fixed grouping strategies [12, 13] usually consider the
dependency among variables as global information and thus
take a lot of function evaluations to detect such dependency.
After decomposition, the variables in each group remain
unchanged during the whole optimization process. On the
contrary, in dynamic grouping strategies [15-17], the
dependency among variables is taken as local information,
and thus the variables in each group are dynamically
determined. Generally, these dynamic strategies cooperate
with evolutionary optimizers in the evolution process, and
thus they cost no special function evaluations.

Utilizing the idea of fixed grouping strategies, Ma et al. [§]
proposed an MOEA/D variant named MOEA/DVA, which
combines CC with MOEA/D [1] to solve large scale MOPs.
Even though this algorithm is promising for large scale MOPs,
it drastically loses its feasibility when the dimensionality
increases up to 1000 [8]. The inefficiency is mainly caused by
the huge consumption of function evaluations in the grouping
process, especially when the number of objectives is large.
Different from single objective optimization [18-21,30]
where variable dependency exists in only one objective, in
MOPs, variable dependency lies in multiple objectives,
leading to the increased difficulty in the decomposition.
Under such an environment, considering the variable
dependency as global information is not that advisable for
large scale MOPs.

Therefore, from the perspective of dynamic grouping
strategies, in this paper, we propose a random-based dynamic
grouping (RDG) strategy for cooperative coevolution to cope
with large scale MOPs. In the proposed RDG, not only the
variables in each group but also the group size are
dynamically determined. First, a decomposer pool containing
different group sizes is designed. Then, before evolution, a
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group size is probabilistically chosen from the pool and then
random grouping is utilized to decompose the whole
dimensions into groups. Through this, RDG goes along with
the evolution process and thus no special function evaluations
are needed in the decomposition, which saves a lot of function
evaluations for evolution. Then, embedding RDG into a
famous MOEA, named MOEA/D [1], MOEA/D-RDG is
developed in this paper.

The effectiveness and superiority of the proposed
MOEA/D-RDG is verified by comparing with MOEA/D [1]
and MOEA/DVA [8], a state-of-the-art MOEA/D variant
dealing with large scale MOPs, on two widely used MOPs
benchmark sets (UF1-UF9 and WFG1-WFG9).

The rest of this paper is organized as follows. Section II
reviews some related MOEAs and grouping strategies for CC.
The detailed elaboration of the proposed MOEA/D-RDG is
presented in Section III. In Section IV, experiments are
conducted to verify the efficiency and effectiveness of
MOEA/D-RDG. Finally, Section V concludes this paper.

II. RELATED WORK
Without loss of generality, an MOP can be formulated as:

{minF(x) = (1,0, (), ... . [, (%)

subject to: x € Q

(M

where F(x) consists of m real-valued continuous objectives
(L), £, (), ... [, (%)), XERP is the decision vector with D
dimensions and € is the domain of decision vector x.
Generally, in multi-objective optimization, many optimal
solutions exist, which cannot dominate each other. The
dominance between two solutions (x and y) can be defined as:
Vie(l,2,...,M):F(x)<F(y)A @)
Fel2,....M): F(x)<F,(y)

if the above condition is satisfied, x dominates y, denoted by
x<y. A decision vector x that is not dominated by any other
vector is called Pareto optimal. The set of the Pareto optimal
solutions in the decision space is called Pareto set (denoted as
PS) and the corresponding set of objective vectors is called
Pareto front (denoted as PF).

In general, we cannot obtain all the Pareto optimal solutions
in © and all the objective vectors on PF. Thus, the aim of
multi-objective optimization lies in two aspects: 1) the
obtained PF should approximate to the true PF as much as
possible; and 2) the obtained objective vectors should be
distributed on the PF as diversely as possible.

A.  Multi-objective Evolutionary Algorithms

In recent years, multi-objective optimization has drawn
much attention and many remarkable MOEAs [1, 3, 10, 22]
have emerged. Generally speaking, MOEAs can be
categorized into two classes: 1) dominance-based MOEAs [2,
3]; and 2) decomposition-based MOEAs [1, 8].

As for the dominance-based MOEAS, the most popular one
is NSGA-II [2]. The algorithm uses a non-dominated sorting
approach along with an elitist learning strategy and a
crowding mechanism to preserve the diversity of the
population. After generating NP (NP is the population size)
offspring using GA operators, the parents and the offspring
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are combined together and the above three techniques are
adopted to select NP individuals to enter the next generation.
Following this algorithm, many variants [3, 5, 23, 24] were
proposed, such as NSGA-III [3], and 6-DEA [5].

In terms of decomposition-based MOEAs, the most
representative one is MOEA/D [1]. Its main idea is to
transform multi-objective optimization into single-objective
optimization by putting weights on each objective. Utilizing
the Tchebycheff approach, MOEA/D transforms an MOP into
NP single-objective problems. Then, NP individuals are
generated and evolved cooperatively with each individual
responsible for one problem. Subsequently, many researchers
have developed other new decomposition-based MOEAs,
such as MOEA/D-DI [22] and DMOGA-OBL [25].

Even though the above MOEAs are promising for MOPs,
they all are effective just in low dimensional space (less than
100 dimensions). When it comes to high- dimensional MOPs
(more than 500 dimensions), they would drastically lose their
performance [8,9]. This is mainly caused by the exponentially
increased search space when the dimensionality grows. On
one hand, the wide search space greatly promotes the
necessity of a diverse population, so that individuals can
explore all the promising space; On the other hand, usually
many local PFs exist in the high-dimensional space, leading
to easy stagnation or trapping into local areas. Both situations
challenge the existing MOEAs. Therefore, to deal with large
scale MOPs efficiently, special MOEAs should be designed.

B.  Grouping Strategies for Cooperative Coevolution

In this part, we review some grouping strategies for
cooperative coevolution, which have been frequently used to
deal with large scale single objective optimization so far.

Cooperative  coevolution (CC) [11] adopts a
divide-and-conquer strategy to decompose high-dimensional
problems into several low-dimensional sub-problems. Then,
it treats each sub-problem separately and optimizes them
individually.

Due to this mechanism, one key step for CC is the grouping
strategy, which divides dimensions into groups. In general, a
good grouping strategy should put interdependent variables
into the same group and meanwhile place independent
variables into different groups [12]. So far, to the best of our
knowledge, existing grouping strategies can be classified into
two categories: 1) fixed grouping strategies [12-14] and 2)
dynamic grouping strategies [15-17].

As for fixed grouping strategies, the most popular one is
differential grouping (DG) [12], which adopts Eq. (3) to
detect variable dependency between two variables and then
divides the dimensions into groups based on the detected
dependency.

InDG, x; and x; are interdependent if the below inequation
is satisfied:

S (X555, +é‘i”’xj’”xn)_f(xl’79xi”’x/7“xn) *

_f(xnnx,'+5*naxj+§'naxn)7 (3)

i J
S50 %00, X, +5,,,,%,)
where (5,-,5j E€R and 5i,§i#0. Originally, DG can only identify

decision variables that interact directly. Then, Sun et al.[14]
developed an extension of DG, named XDG, which improves
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the accuracy of grouping by identifying decision variables
that also interact indirectly. Another fixed grouping strategy
is the variable interaction learning strategy (VIL) [13], which
uses a small population to detect variable dependency. Once
these fixed grouping strategies divide the dimensions into
groups according to variable dependency, the components of
each group are fixed during the evolution and each group is
considered as a separated sub-problem to optimize.

Apparently, these fixed grouping strategies [12-14]
consider variable dependency as global information. Thus for
these methods, the key is to detect the variable dependency as
accurately as possible. However, usually, it takes a lot of
function evaluations to detect such dependency, resulting in
the reduced number of function evaluations used for
evolution.

In dynamic grouping strategies [15-17], on the contrary,
the variable dependency is taken as local information, and
thus the variables in each group are dynamically determined.
The representative one is random grouping (RG) [17], which
randomly divides the whole dimensions into groups with an
equal size. Following this idea, Yang et al. [15] proposed
multilevel cooperative coevolution (MLCC) to further
improve the performance of CC by letting the group size
dynamically determined according to the historical
information. Subsequently, Delta grouping [16] was proposed,
which computes the absolute difference (delta value) of each
dimension in two consecutive generations and sorts the
dimensions according to their corresponding delta values.
Compared with random grouping, this grouping method
utilizes the heuristic information, which can reflect the
variable dependency, to divide the dimensions into groups.

Generally, these dynamic strategies cooperate with
evolutionary optimizers in the optimization process and thus
no special function evaluations are needed in the grouping
process, which is beneficial for the evolution process.

Utilizing the idea of the fixed grouping strategies, Ma et al.
[8] proposed a decision variables analysis method (DVA) for
CC to deal with large scale MOPs. Combining DVA with
MOEA/D, they developed MOEA/DVA and showed the
superiority of MOEA/DVA to MOEA/D. In MOEA/DVA,
three stages exist. The first is the decision variable analysis,
where variables are divided into converged variables and
diverse variables and then converged variables is divided into
groups according to variable dependency. The second stage is
cooperative coevolution, where each sub-group is evolved
individually. The last stage is the uniform optimization,
where all variables including converged and diverse variables
are evolved uniformly using MOEA/D.

Even though MOEA/DVA is promising for large scale
MOPs, it drastically loses its performance when the
dimensionality increases to 1000. The inefficiency is mainly
caused by the huge consumption of function evaluations in
decomposition process. Specifically, MOEA/DVA needs
1/2XD(D-1)><3XNIA xm (m is the number of objectives, N/4A
is the maximum number of tries required to judge the
dependency between two variables and D is the dimension
size) function evaluations to divide dimensions into groups.

In addition, different from single objective optimization,
where the variable dependency exists in only one objective, in
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large scale MOPs, the variable dependency lies in multiple
objectives, which greatly increases the difficulty in
decomposition. Under such an environment, considering the
variable dependency as global information is not that
advisable for large scale MOPs.

Therefore, from view point of dynamic grouping strategies,
in this paper, we propose a random-based dynamic grouping
strategy for CC to deal with large scale MOPs, which will be
detailed in next section.

III. RANDOM-BASED DYNAMIC GROUPING STRATEGY

As aforementioned, in MOPs, variable dependency lies in
many objectives, which greatly enhances the difficulty in
grouping dimensions accurately. In addition, the variable
dependency in one objective may not be suitable for other
objectives. Furthermore, in single objective optimization,
detecting variable dependency accurately usually costs a
large number of function evaluations [12, 14]. Such situation
is much more serious in MOPs. Thus, considering the
variable dependency as global information as in fixed
grouping strategies [8] for CC, is not suitable for large scale
MOPs.

As a consequence, as far as we are concerned, viewing
variable dependency as local information is preferred in CC
for large scale MOPs. In this paper, enlightened by the
dynamic grouping strategies [15, 17] in single objective
optimization, we propose a simple random-based dynamic
grouping (RDG) strategy for CC to deal with large scale
MOPs. In RDG, not only the variables in each group are
dynamically determined, but also the group size is
dynamically selected from a group size pool.

A. RDG

Taking inspiration from a dynamic grouping strategy
named MLCC [15] in single objective optimization, we first
predefine a group size pool S={s,s,...,s;} containing k
different group sizes. Then, before each generation, we will
select a group size from the pool with probability. To make a
proper choice, we utilize the performance improvement that
is caused by the usage of one group size to determine its
probability, which in turn influences the selection of this
group size in the next generation.

To compute the probability of each group size, we define a
performance improvement list R={r;,r, ..., r;} with the ith
component corresponding to the ith group size in S. This list
R is used to record the relative performance improvement
caused by each group size. Initially, each element of R is set
to 1, indicating that each group size has the equal probability
to choose at the initial stage. Then, during the evolution, the
relative performance improvement of the used group size
(suppose it be s;) can be computed as:

[{ueB|IveA:v<u}l &)
NP

where NP is the population size, 4 and B are two

approximations to the PF of an MOP.

Here, C-metric, a metric in multi-objective optimization
introduced in [1], is utilized to calculate the relative
performance improvement. It is defined as the percentage of

r=C(A,B)=
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the solutions in B that are dominated by at least one solution
in 4 (4 and B are with the same size). Obviously, the value of
C(A,B) is within [0,1] and C(4,B)=1 means that all solutions
in B are dominated by some solutions in A and C(A4,B)=0
indicates that no solution in B is dominated by a solution in A.

On the basis of the calculated performance improvement R,
the probability of each group size P={p .p,,.p,} can be
computed as in [15]:

e’ . (5)
S i=1,2,,0)
S

=1

J
Subsequently, based on the calculated probability, the
roulette wheel selection method is utilized to select a group
size from S. Then, random grouping [17] is used to

pi =

Algorithm 1: RDG
Input: The group size pool: §={s,,s,,...,5;}; the relative performance
improvement: R = {r,1,, ..., 7. }.
1:  Compute the probability P of each group size according to Eq. (5);
2:  Use the roulette wheel selection method to select a group size (gs)
from S;
3:  Use random grouping to decompose the whole dimensions into
groups G
Output: Group size gs and the groups G

decompose the dimensions into groups.
Overall, the complete procedure of the proposed RDG is
presented in Algorithm 1.

B. Combination with MOEA/D

For simplicity, we also embed the proposed RDG into
MOEA/D [1] as in MOEA/DVA [8], so that fair comparison

Algorithm 2: MOEA/D-RDG
Input: The maximal number of function evaluations: max_FE; population
size: NP; the threshold to terminate CC: 4; group size pool: S;
1.  FE=0;
// first stage: decision variable analysis
2:  Divided variables into diverse variables and converged variables;
3:  Initialize diverse variables with uniformly random values;
4:  Initialize the population by initializing the converged variables;
// second stage: cooperative coevolution
50 wu=lg
6:  while (u>=h A FE <max_FE)
7:
8

Use Algorithm 1 to divide the converged variables into groups;
: for each group in G
9: Optimize this group using CC;
10: end for
11: Update R according to Eq. (4);
12: Update u according to Eq. (6);
13:  end while
// third stage: uniform optimization
14:  while (FE<max_FE)
15: Evolve the population with MOEA/D uniformly (including
diverse variables);
16:  end while
Output:Objective vectors of the population

between these two algorithms can be obtained. Thus, a new
MOEA/D variant named MOEA/D-RDG is developed,
whose complete framework is presented in Algorithm 2.

Similar to MOEA/DVA [8], the whole procedure of
MOEA/D-RDG can be divided into three stages: 1) decision
variables analysis; 2) cooperative coevolution; and 3)
uniform optimization.

The first stage (Lines 2 to 5) is the decision variables
analysis, where variables are divided into converged
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variables and diverse variables by analyzing variables’
control properties. This stage is the same as that in
MOEA/DVA [8] and can be viewed as the preparation for
cooperative evolution.

The second (Lines 6 to 13) is cooperative coevolution. In
this stage, converged variables are dynamically divided into
different groups using RDG and then each group are evolved
individually. The procedure of CC continues to optimize the
converged variables in this stage until the measurement
defined in Eq. (6) is below a predefined threshold or the
maximum function evaluations are exhausted.

zfi\old(i,j)fcur(i,j)\ (6)
i=l j=1 NP
where NP and m are the population size and the number of
objectives, respectively; old(ij) and cur(ij) are the jth
objective values of the ith individual in the last generation and
current generation, respectively. This equation measures the
accumulated difference of objective values between two
consecutive generations. If this indicator is smaller than a
predefined threshold (denoted as /), such as 0.01 adopted in
both MOEA/DVA [8] and this paper, it means that no
improvement can be afforded by CC.

The third stage (Lines 14 to 16) is uniform optimization.
This stage can be executed only when the above indicator is
smaller than the predefined threshold and the maximum
function evaluations are not exhausted. In this stage, all
decision variables including both converged and diverse
variables are evolved uniformly using MOEA/D until the
maximal number of fitness evaluations is exhausted.

Compared with MOEA/DVA, the ultimate difference
between MOEA/D-RDG and MOEA/DVA is that
MOEA/D-RDG adopts a dynamic grouping strategy in CC to
deal with large scale MOPs. Thus, no special function
evaluations are needed in grouping, leading to that more

TABLE 1
PARAMETERS SETTINGS IN MOEA/D-RDG
D UF1-UF7 [ UF8-UF10 _ [WFGI-WFGS|
NP=300 | NP=600 | NP=600
800 S={5, 10, 25, 50, 100, 200, 400}
max_FE=8.0E+6
NP=300 | NP=600 | NP=600
1000 S={5, 10, 25, 50, 100, 200, 500}
max FE=1.0E+7

function evaluations are used for evolution compared with
MOEA/DVA. This may give rise to the promising
performance of MOEA/D-RDG.

IV. EXPERIMENTAL STUDIES

A.  Experiments setup

To verify the promising performance of MOEA/D-RDG,
we conduct experiments on two widely used MOPs
benchmark sets: UF1-UF10 and WFG1-WFG9. The former
set contains 7 2-objective functions (UF1-UF7) and 3
3-objective functions (UF8-UF10), while the functions in the
latter set are all 3-objective functions. For details of these two
benchmark sets, readers are referred to [26, 27].

For fair comparison, in the experiments, we compare
MOEA/D-RDG with traditional MOEA/D [1] and its variant
MOEA/DVA [8], which deals with large scale MOPs.

Com, utation{CEC)
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TABLE Il
COMPARISON RESULTS WITH RESPECT TO IGD ON 800-D FUNCTIONS.
No. of
O e MOEA/D-RDG MOEA/DVA MOEA/D
mean  4.8401E-03 3.7674E-03 1.1025E-01 4
UF1  std 7.7090E-04 1.1931E-04 — 6.4854E-02
t-test - -7.4678E+00 1.2661E+01
mean  6.5093E-03 2.5434E-03 7.4046E-02 +
UF2  std 2.6243E-03 1.2316E-04 = 3.8394E-02
t-test - -8.1978E+00 1.3639E+01
mean  3.2771E-03 1.1328E-02 + 9.6626E-02 +
UF3  std 1.1403E-03 1.5403E-04 6.2979E-03
t-test - 3.7996E+01 1.1180E+02
mean  1.0669E-01 3.2929E-02 6.8618E-02
2 UF4  std 6.8523E-03 1.8726E-04 — 1.9041E-03 —
t-test - -5.8432E+01 -2.9782E+01
mean  8.9196E-02 3.2800E-01 e 1.7736E-01 +
UF5  std 3.3778E-02 4.7797E-03 3.0535E-02
t-test - 3.8014E+01 1.2041E+01
mean  2.6168E-02 2.4944E-02 3.4722E-01 +
UF6  std 8.1252E-04 1.0183E-03 ™ 1.1307E-01
t-test - -5.0989E+00 2.2120E+01
mean  5.0611E-03 3.9980E-02 o1 2.3463E-01 4+
UF7 std  7.0960E-04 1.8555E-04 1.3465E-01
t-test - 2.5854E+02 1.3282E+01
mean  1.3749E-01 1.9025E-01 2.2281E-01 e x
UF8 std 1.1064E-01 8.8073E-02 A 2.7423E-02
t-test - 2.0260E+00 4.1493E+00
mean  2.3423E-02 1.0222E-01 + 3.8768E-01 =
UF9  std 8.9158E-03 4.8500E-02 4.1556E-02
t-test - 8.6777E+00 6.5297E+01
mean  2.4460E+00 1.6657E+00 3.9263E-01
UF10 std 1.5270E-01 4.3533E-01 — 1.9145E-01 —
t-test - -9.1850E+00 -5.5164E+01
mean  9.0484E-01 1.2711E+00 <4 9.8819E-01 +
WFGI1 std 6.8579E-03 5.7191E-03 2.6776E-02
t-test - 2.2275E+02 2.2777E+01
mean  1.1710E-01 4.5901E-01 L 4.7508E-01 +
WFG2 std 1.8376E-02 1.2965E-04 1.2530E-01
t-test - 1.0104E+02 2.1786E+01
mean 1.5477E+00 1.5474E+00 1.4559E+00
WFG3  std 2.2854E-02 8.3238E-03 & 7.2498E-03 —
3 t-test - -7.8518E-02 -2.1425E+01
mean  8.8466E-02 4.0696E-01 + 1.2898E-01 +
WFG4  std 8.8600E-04 2.1696E-05 3.5547E-04
t-test - 1.9515E+03 2.4039E+02
mean  1.1678E-01 2.1981E-01 - 1.5346E-01 +
WFG5  std 1.8767E-04 3.0335E-05 2.1742E-04
t-test - 2.9431E+03 8.2844E+02
mean  8.8343E-02 9.8047E-02 50 1.2792E-01 4
WFG6  std 6.0161E-04 1.5948E-03 2.0785E-04
t-test - 3.0919E+01 3.4920E+02
mean  8.7107E-02 8.9486E-02 s 1.2727E-01 +
WFG7 std 1.1655E-04 2.7137E-04 2.9747E-04
t-test - 4.3744E+01 9.1824E+02
mean  1.0890E-01 1.1036E-01 + 1.4436E-01 . 3
WFG8  std 2.9620E-03 1.3518E-03 2.1921E-03
t-test - 2.4424E+00 5.8051E+01
mean  9.0770E-02 9.3986E-02 S 1.2738E-01 S
WFGY  std 8.5010E-04 2.8099E-03 1.0105E-03
t-test - 6.0021E+00 1.5186E+02
w/l/t - 12/5/2 16/3/0

To evaluate the performance of each compared algorithm,
two commonly used measurements: the Inverted
Generational Distance (IGD) [28] and Hyper Volume (HV)
[29] are utilized.

Generally, IGD can be computed as follows:

Y d0P) )
I[P

where P* is the real PF, while P is the approximated PF;

d(v,P) is the minimal Euclidean distance from v in P* to P,

and |. | is the size of a set. IGD reflects the average distance

from P* to P and the diversity of P. Generally, the smaller the

value of /GD, the better the performance of an algorithm.

Let y*=(y>;,y;,...,y;) be a reference point in objective
space which is dominated by all solutions in P. HV measures
the volume of the area in which any point is dominated by
solutions in P but dominates y*.The higher the value of HV,
the better one algorithm performs.

In the experiments, for the 2-objective functions (UF1-UF7)
in the first set, the reference point is set as y"=(5,5). For the

IGD =
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TABLE III
COMPARISON RESULTS WITH RESPECT TO IGD ON 1000-D FUNCTIONS.

ol MOEA/D-RDG MOEA/DVA MOEA/D

mean  4.6088E-03  7.4146E-03 + 13608E-01
UF1  std  87010B-04  1.3857E-04 6.7160E-02
ttest - 1.7443E+01 1.0721E+01

mean  5.4708E-03  4.7151E-03 8.8405E-02
UF2 st 2.5971E-03  1291SE-04 A 3.9920E-02
t-test - -1.5918E+00 1.1355E+01

mean  2.660SE-03  15868E-02 4 9.4917E-02 4
UF3  std  6.5686E-04  1.6444E-04 4.1921E-03
ttest - 1.0684E+02 1.1908E+02
mean  1.0796E-01  3.5739E-02 7.0967E-02

2 UF4  std  1.2308E-02  1.7990E-04 ~— 22074E-03
ttest - -3.2136E+01 -1.6205E+01

mean  1.0984E-01  37472E-01 4 1.8779E-01
UFS  std  1.3889E-01  3.9009E-03 2.8222E-02
test - 1.0442E+01 3.0125E+00

mean 2.4528E-02  3.7936E-02 4 3.7069E-01
UF6  std  9.5862E-04  1.4289E-03 9.7413E-02
test - 4.2680E+01 1.9463E+01

mean 5.3030E-03  42387E-02 4 2.1554E-01
UF7  std  7.2415E-04  22853E-04 1.3838E-01
ttest - 2.6749E+02 8.3214E+00

mean  1.6902E-01  22740E-01 4 22636E-01
UF8  std  1.1688E-01  7.2874E-02 1.7307E-02
ttest - 2.3216E+00 2.6582E+00

mean  2.6760E-02  1.5391E-01 4 3.6633E-01
UF9  std  1.6021E-02  7.3275E-02 7.7742E-02
test - 9.2853E+00 2.3432E+401
mean  2.5661E+00  2.0701E+00 4.1549E-01

UF10 std  2.0235B-01  1.8933E-01 — 18551E-01
test - -9.8040E+00 -42910E+01

mean 9.0189E-01  1297SE+00 - 9.8979E-01
WFGL std  12965E-02  4.2976E-03 3.3410E-02
test - 1.5866E+02 1.3434E+01

mean 1.2485E-01  48I37E-01 4 4.0122E-01
WFG2 std  2.4283E-02  3.1773E-04 1.4049E-01
test - 8.0410E+01 1.0617E+01
mean 1.5543E+00  1.5170E+00 1.4483E+00

WFG3 std  1.7457E-02  6.0402E-03 ~ 8.6273E-03
. test - -1.1068E+01 -2.9810E+01

mean 8.8967E-02  4.1518E-01 4 1.2937E-01 4
WFG4 std  1.4063E-03  1.1038E-04 1.9534E-04
test - 1.2666E+03 1.5587E+02

mean LI1670E-01  23881E-01 4 1.5345E-01
WFGS std  2.2352E-04  9.8514E-05 4.1166E-04
test - 2.7380E+03 4.2974E+02

mean 8.8139E-02  12884E-01 4 12788E-01
WFG6 std  5.1434E-04  4.6958E-03 2.5471E-04
test - 4.7189E+01 3.7920E+02

mean 87095E-02  1.1312E-01 4 12733E-01 4
WFGT std  1.I1S44E-04  2.6257E-03 2.5389E-04
test - 5.4226E+01 7.8663E+02

mean 1.0856E-01  1.2317E-01 4 1.4404E-01 4
WFG8 std  3.1555E-03  3.6351E-03 2.1181E-03
test - 1.6630E+01 5.1139E+01

mean 9.0841E-02  1.1299E-01 4 12741E-01
WFGY std  1.0489E-03  4.4261E-03 9.4187E-04
ttest - 2.6676E+01 1.4208E+02
wllt - 15/3/1 16/3/0

3-objective functions in the first set (UF8-UF10), y*=(5,5,5)
is used. While for the 3-objective functions in the other set
(WFG1-WFG9), y*=(7,7,7) is used.

In addition, to comprehensively validate the performance
of MOEA/D-RDG, we conduct experiments on the two
benchmark sets with different dimension sizes. In this
experiment, we set the dimension size as 800 and 1000.
Accordingly, the population sizes and the maximum number
of function evaluations for different functions with different
dimensions are set as shown in Table I. Other parameters,
such as mutation rate and crossover rate are set according to
[8], since MOEA/D-RDG and MOEA/DVA have the similar
framework in the evolution procedure.

Additionally, it is worth mentioning that all experiments
are conducted 30 runs for statistics. During the comparison
between two algorithms, the two-tailed t-test at significance
0=0.05 is conducted, at which the critical t-test value with 30
samples is 2.042. Based on the t-test results, in following
tables, the best results are highlighted in bold and the symbols
“4” “—> and “=7” indicate that MOEA/D-RDG is
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significantly better than, worse than and equivalent to the
compared methods. Specially, the row named “w///f” counts
the number of functions where MOEA/D-RDG is better than,
worse than or similar to the compared algorithms.

TABLE IV
COMPARISON RESULTS WITH RESPECT TO HV ON 800-D FUNCTIONS.
No. of
objectives MOEA/D-RDG MOEA/DVA MOEA/D
mean  2.4625E+01 2.4644E+01 2.3266E+01
UF1  std 8.6794E-03 4.4265E-03 —  6.5117E-01
t-test - 1.0863E+01 -1.1424E+01
mean  2.4620E+01 2.4651E+01 2.3854E+01 4
UF2  std 2.0461E-02 3.0316E-03 3.0370E-01
t-test - 8.2558E+00 -1.3785E+01
mean  2.4662E+01 2.4508E+01 4 2.3428E+01 4
UF3  std 1.9055E-03 9.3588E-03 3.1197E-02
t-test - -8.8195E+01 -2.1624E+02
mean  2.3608E+01 2.4088E+01 2.3497E+01 4
2 UF4  std 8.3342E-02 4.8877E-03 8.1340E-02
t-test - 3.1511E+01 -5.2150E+00
mean 2.3716E+01  22295E+01 4  2.2780E+01
UF5  std 5.6289E-01 7.1662E-02 4.0536E-01
t-test - -1.3723E+01 -7.3911E+00
mean  2.4320E+01 2.4256E+01 4  2.1189E+01
UF6  std 4.8282E-03 1.7113E-02 1.1033E+00
t-test - -1.9635E+01 -1.5544E+01
mean  2.4473E+01 2.4425E+01 4 2.1931E+01
UF7  std 4.2468E-03 4.1570E-03 1.3365E+00
t-test - -4.4458E+01 -1.0420E+01
mean  1.2362E+02 1.1941E+02 + 1.2128E+02
UF8 std 8.2446E-01 1.2938E+00 8.8907E-01
t-test - -1.5041E+01 -1.0595E+01
mean  1.2446E+02 1.2069E+02  + 1.0989E+02 4
UF9  std 1.3394E-01 1.8249E+00 1.0942E+00
t-test - -1.1300E+01 -7.2419E+01
mean  6.3419E+01 6.3199E+01 1.1317E+02
UF10 std  3.1101E+00 1.1189E+01 = L1062E+01 T
t-test - -1.0347E-01 2.3714E+01
mean  2.5615E+02 2.1324E+02 4 24780E+02 4
WFG1  std 7.2117E-01 5.4039E-02 1.2454E+00
t-test - -3.2504E+02 -3.1800E+01
mean  3.3422E+02 3.2282E+02 2.7538E+02
WFG2 std  3.7052E+00 9.1341E-02 2.4784E+01
t-test - -1.6848E+01 -1.2861E+01
mean  2.8370E+02 2.7565E+02 4 2.7293E+02
WFG3  std 1.2082E+00 2.6989E+00 7.4333E-01
3 t-test - -1.4908E+01 -4.1553E+01
mean  3.1569E+02 2.9992E+02 4 3.1371E+02
WFG4  std 4.1392E-01 1.0399E-02 1.1245E-01
t-test - -2.0862E+02 -2.5241E+01
mean  3.0930E+02 2.8044E+02 4  3.0791E+02
WFG5  std 3.1346E-02 7.2433E-03 5.7088E-02
t-test - -4.9125E+03 -1.1691E+02
mean  3.1581E+02 3.1284E+02 4 3.1424E+02
WFG6  std 3.9195E-01 3.6466E-01 6.0532E-02
t-test - -3.0391E+01 -2.1693E+01
mean  3.1644E+02 3.1519E+02 4 3.1475E+02
WFG7  std 1.6027E-02 6.1726E-02 9.1228E-02
t-test - -1.0760E+02 -9.9708E+01
mean  3.1097E+02 3.1058E+02 4 3.0955E+02 4
WFG8  std 5.1233E-01 2.1732E-01 4.4143E-01
t-test - -3.7741E+00 -1.1488E+01
mean  3.0759E+02 3.0471E+02 4  3.0261E+02 4
WFG9 std  3.2661E+00 2.0408E+00 4.0980E-01
t-test - -4.0940E+00 -8.2904E+00
w/l/t - 15/3/1 18/1/0

B.  Simulation Results
1) 1GD Comparison

Table II and Table III present the comparison results of the
compared algorithms with regard to IGD on the two
benchmark sets with 800 and 1000 dimensions respectively.

Obviously, from these tables, we can see that on both 800
and 1000-dimension MOPs, MOEA/D-RDG is much
superior to MOEA/D and MOEA/DVA. Specifically, on the
19 800-dimension MOPs, MOEA/D-RDG dominates
MOEA/DVA on 12 functions and beats MOEA/D down on
16 functions. When it comes to 1000-dimension problems,
MOEA/D-RDG is superior to MOEA/DVA on 15 functions
and succeeds in the competitions with MOEA/D on 16
functions.
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Together, in terms of IGD, MOEA/D-RDG is much
superior to both MOEA/D and MOEA/DVA no matter on
800-dimension MOPs or on 1000-dimension MOPs. Such
superiority demonstrates that the PF obtained by
MOEA/D-RDG is much closer to the true PF and the

TABLE V
COMPARISON RESULTS WITH RESPECT TO HV ON 1000-D FUNCTIONS.

No. of

objectives MOEA/D-RDG MOEA/DVA MOEA/D

mean  2.4625E+01 2.4615E+01 4 2.2980E+01 4
UF1  std 8.9533E-03 5.1916E-03 6.7942E-01
t-test = -5.3610E+00 -1.3263E+01

mean  2.4628E+01 2.4634E+01 2.3726E+01 4
UF2  std 1.7420E-02 2.9794E-03 =  2.7235E-01
t-test - 1.8172E+00 -1.8110E+01

mean  2.4663E+01 2.4462E+01 4  2.3445E+01 +
UF3  std 1.1893E-03 7.9464E-03 1.9788E-02
t-test - -1.3669E+02 -3.3653E+02

mean  2.3581E+01 2.4068E+01 2.3457E+01 4
2 UF4  std 9.8907E-02 3.5789E-03 8.5068E-02
t-test - 2.6960E+01 -5.2060E+00

mean  2.3598E+01 2.1998E+01 4  2.2707E+01 4
UF5  std 9.8902E-01 6.7876E-02 4.3170E-01
t-test - -8.8415E+00 -4.5194E+00

mean  2.4328E+01 24161E+01 4  2.0880E+01 4
UF6  std 5.8371E-03 2.0202E-02 1.1194E+00
t-test - -4.3609E+01 -1.6872E+01

mean  2.4470E+01 2.4395E+01 <4 2.2012E+01
UF7  std 4.2270E-03 4.2588E-03 1.3339E+00
t-test - -6.8375E+01 -1.0096E+01

mean  1.2348E+02 1I8ISE+02 4 1.2113E+02 4
UF8  std 8.7649E-01 8.1255E-01 6.7170E-01
t-test - -2.4465E+01 -1.1672E+01

mean  1.2445E+02 L1842E+02 4  1.0995E+02 4
UF9  std 1.6778E-01 2.6789E+00 1.6995E+00
t-test - -1.2310E+01 -4.6502E+01
mean  6.1669E+01 S.1404E+01 4  1.1424E+02

UF10  std  4.9435E+00 5.3623E+00 9.2475E+00
t-test - -7.7084E+00 2.7461E+01

mean  2.5654E+02 2.0876E+02 4 24724E+02 4
WFGI  std 8.9293E-01 3.9305E-02 1.6220E+00
t-test - -2.9281E+02 -2.7506E+01

mean  3.3281E+02 3.1630E+02 4 2.9082E+02 4
WFG2 std  4.4860E+00 1.3561E-01 2.7828E+01
t-test = -2.0152E+01 -8.1603E+00

mean  2.8378E+02 2.7048E+02 4 2.7210E+02
WFG3  std 9.9904E-01 2.3774E+00 9.1743E-01
3 t-test - -2.8248E+01 -4.7172E+01

mean  3.1544E+02 2.9802E+02 4 3.1355E+02 4
WFG4  std 5.7913E-01 5.1305E-02 9.4438E-02
t-test - -1.6411E+02 -1.7660E+01

mean  3.0931E+02 2.7803E+02 4 3.0789E+02 4
WFGS  std 2.9717E-02 3.1938E-02 8.7119E-02
t-test = -3.9277E+03 -8.4545E+01

mean  3.1591E+02 3.0813E+02 4 3.1426E+02 4
WFG6  std 3.9110E-01 6.1686E-01 6.2173E-02
t-test - -5.8354E+01 -2.2760E+01

mean  3.1644E+02 3.1047E+02 4 3.1474E+02 4
WFGT7  std 1.5530E-02 3.9474E-01 8.7909E-02
t-test - -8.2774E+01 -1.0394E+02

mean  3.1094E+02 3.0863E+02 4 3.0961E+02 4
WFG8  std 5.5722E-01 4.9237E-01 4.3537E-01
t-test - -1.7057E+01 -1.0345E+01
mean  3.0646E+02 3.0083E+02 3.0258E+02
WFGY std  2.7903E+00 1.7981E+00 4.1537E-01
t-test - -9.2917E+00 -7.5292E+00
w/l/t = 17/1/1 18/1/0

solutions on the obtained PF are distributed much more
diversely than the other two algorithms.
2) HV Comparison

From the perspective of HV, Table IV and Table V present
the comparison results of the compared algorithms on the two
benchmark sets with 800 and 1000 dimensions respectively.

Observing these two tables, we can obtain the similar
conclusion. In more details, among the 19 800-dimension
MOPs, MOEA/D-RDG performs much better than
MOEA/DVA on 15 functions and dominates MOEA/D on 18
functions. When it reaches 1000-dimension problems,
MOEA/D-RDG is significantly better than MOEA/DVA and
MOEA/D on 17 and 18 functions respectively.

The verified superiority of MOEA/D-RDG over MOEA/D
and MOEA/DVA further demonstrates that no matter on
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Fig. 1. Comparison results with respect to PF obtained by each algorithm on 1000-D benchmarks.

800-dimension or 1000-dimension MOPs, the PF obtained by
MOEA/D-RDG is of much better quality (in terms of both the
proximity to the true PF and the diversity of the solutions)
than the other two methods.
3) Pareto Front Comparison

To visually understand the superiority of the proposed
MOEA/D-RDG, we plot the PF obtained by each algorithm in
comparison with the true PF. To save space, we only present
the results of each algorithm on 9 functions (UF5-UF9,
WFGI1, WFG2, WFG4 and WFG5) with 1000 dimensions,
which are shown in Fig. 1.
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From Fig. 1, we can see that the PF obtained by
MOEA/D-RDG is much better than those of the other two
algorithms. On one hand, the PF of MOEA/D-RDG is much
closer to the true PF than the other two algorithms. This
superiority is much more obvious on functions UF5, UF9, and
WFGQG2. On the other hand, as for the diversity of the obtained
PF, we can see that the solutions on the PF of MOEA/D-RDG
distribute much more diversely than the other two algorithms,
especially on functions UF7, UF8, WFGI1, WFG2, WFG4
and WFGS.

Overall, through decomposing the high dimensional
problems into low dimensional sub-problems and evolving
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them individually, MOEA/D-RDG and MOEA/DVA show
their superiority to traditional MOEA/D. The superiority of
MOEA/D-RDG to MOEA/DVA shows that the proposed
dynamic grouping strategy, RDG, is promising in dealing
with large scale MOPs.

V. CONCLUSIONS

In this paper, we have proposed a random-based dynamic
grouping (RDG) strategy for cooperative coevolution to deal
with large scale MOPs. Instead of taking variable dependency
as global information in fixed grouping strategies, the
proposed RDG considers variable dependency as local
information. Not only the variables in each dimension group
are dynamically determined, but also the group size is
dynamically selected from a pool in RDG. Such selection is
based on historical information and thus the group size can be
properly determined in the evolution process.

To cope with large scale MOPs, MOEA/D-RDG is
developed by embedding RDG into MOEA/D. The
superiority of MOEA/D-RDG is verified by experiments
conducted on two widely used MOP benchmark sets
(UF1-UF10 and WFGI1-WFG9) with 800 and 1000
dimensions.

This work has shown the promising of dynamic grouping
strategies in dealing with MOPs, but the proposed RDG does
not utilize any heuristic information or historical evolution
information in decomposing dimensions into groups. Thus, it
would be interesting to design dynamic grouping strategies in
future work. In addition, it is also interesting to use such
algorithm for real-world large-scale optimization problems
such as the sensing coverage problem in wireless sensor
networks [31].
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