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ABSTRACT The 3-DOF rotational motion of the human eyeball is created by using six extraocular muscles.
For the force-redundant system of the human eyeball, a load distribution algorithm is proposed to investigate
the dynamics and intrinsic load distribution of the eyeball. Initially, the role of each extraocular muscle
is explained by describing the anatomy of the human eye. Furthermore, activity of each muscle group is
analyzed to create six primitive motions of the human eye. Moreover, the dynamic model of the human eye
is developed to simulate the human eye motion. Finally, a load distribution algorithm is newly developed and
it is found that asymmetric arrangement of six extraocular muscles with respect to the eye axis enables the
human eye not only to create the motion using minimum number of extraocular muscles, but also to ensure
stability in other directions by providing antagonistic internal loading. Surprisingly, it is also found that
all six primitive motions of the eyeball require three independent muscles, which is different from clinical

observation so far.

INDEX TERMS Antagonistic activation, biomimetic, human eye’s mechanics, redundant actuation.

I. INTRODUCTION
There exist many interdisciplinary areas, which combine
biology and engineering. Understanding the behavior of the
human eye requires background of both biology and engi-
neering mechanics. The human eye is very complex organ
and its movements are no exception and has special advan-
tages like the other skeletal muscles and joints in our body.
The complex mechanics and intelligent actuation system are
responsible for moving the eyeballs and eyelids voluntar-
ily and involuntarily such as quick movement of both eyes
in the same direction. Furthermore, vestibule-ocular relax
movement of the eye in which the motion of the head is
compensated to observe the smooth pursuit and follow the
moving object [1], [2].

The mathematical modeling of biomechanical systems and
body organs enhances our understanding of their behaviors
and characteristics. Therefore, it is worthy of proposing an
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analytical model to understand more about the eye movement
in physical ways, which will certainly benefit to promote
technologies of artificial intelligence and develop more effi-
cient vision system with superior performance like human
eyes. To date, numerous efforts have been devoted to under-
stand the human eye motion. The first mechanical model of
the eye and the eyeball was developed by Ruete in 1845 [3].
Robinson [4] developed the first computerized model of the
eye and its evaluation motivated many others to develop
different eye models. Miller and Robinson [5] developed the
most sophisticated eye model ‘Orbit’ which is very useful to
get an overall insight into the eye mechanics problems. Fur-
thermore, Miller [6] introduced the pulley action by adding
virtual springs in model “orbit”, between the muscle belly
and the orbital wall [3]. All these models are lumped mechan-
ical model.

Several other analytical models have been proposed to
understand the kinematics of the human eyeball considering
the geometric description of the eye movements [7], [8].
Lumped and finite element analyses (FEA) based methods
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are proposed to predict the muscles activation forces for
an eye movement [3], [9], [10]. Schutte ez al. [3] proposed
an FEA based method to investigate the orbital biomechan-
ics. Karami et al. [9] predicted the muscle forces for eye
movements by using FEA method. FEA based approaches
require fewer assumptions compared to lumped models.
Guo et al. [11] also predicted the contractile force of human
extraocular muscles based on an optimization proposed
herein and on the theory of mechanical equilibrium using
the traditional model of eye movement. However, these
approaches did not provide enough insights about redundant
actuation of extraocular muscles.

On the other hand, several efforts are devoted in design and
control problem of the human eye [12]-[16]. Zhang et al. [12]
introduced a biomimetic eye robot BEBOT and performed
modeling, design and analysis with accommodation mech-
anism. Polpitiya et al. [15] considered the human oculo-
motor system as a simple mechanical control system and
analyzed the geometry and control of the human eye move-
ment. Some robotic eye design models are proposed with
reduced degree of freedom to enhance the control of the
eye movement [13], [17], [18]. Luo et al. [18] developed an
artificial eye, resembling with human to make robotic face
look like human during interaction with human. Furthermore,
Khan and Chen [19] proposed a multi-loop mechanism that
helps to control two eyes with reduced number of actuator
and less power consumption. However, in previous studies,
the inherent load sharing and antagonistic internal loading are
not explained in detail, which is very important to understand
the primitive motions of redundantly actuated human eye
system.

It is anatomically known that the human eye is controlled
using six ocular muscles [20]-[22]. Academically, such sys-
tem is classified as a force-redundant system. The human
eye is a typical force-redundant system in that it has three
rotational degrees of freedom while it is controlled by six
extraocular muscles. In robotics, study on force-redundant
robotic systems [23]-[30] has focused on parallel mecha-
nisms (PM) in which there are many potential input locations.
However, most of previous studies are based on symmetric
structure of PM. The human eye can be also visualized as
asymmetric structure of PM as will be explained in section II.
Wire-driven parallel manipulator (PM) [31]-[37] has drawn
much interest in the community. In such systems, at least
N + 1 input is required to achieve N-DOF output. The bio-
logical actuator in human body (i.e., muscle) has the same
characteristic however they are unidirectional. In biological
system like the human body or human organs, abundant mus-
cles are being used. Different approaches have been widely
used to predict the muscles forces in musculoskeletal system
during a specific motion such as prediction of muscle force
in upper/lower extremities [38], face [39], and tongue [40].
However, there has not been enough study explaining the role
of such abundant muscles. Based on our proposed approach,
we noticed that each primitive motion of the human eye is
being controlled using at least three muscles.
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The main purpose of this work is to explain how the human
eyeball is operated using six extraocular muscles. Consid-
ering this, the analytical methodologies are developed for
force redundant system of eyeball. Specifically, to analyze
the load sharing and internal loading phenomenon during eye
movements. Firstly, six primitive motions of the eyeball are
analyzed in terms of corresponding ocular muscle set in a
qualitative way. Secondly, a novel load distribution algorithm
is developed to explain the inherent muscle activation of
human eyeball for each primitive motion in an analytical
manner. Moreover, the motions with asymmetric arrangement
of six extraocular muscles are analyzed in quantitative way.
It is found that inherent arrangement of extraocular muscles is
meaningful in the sense that using minimum number of mus-
cles, both the primitive motion and internal loading can be
achieved. The internal loading helps to reduce the disturbance
in other motion directions.

This paper starts with anatomy of extraocular muscles
in section II. Section III introduces the eyeball mechanics,
explaining the relationship between the eyeball motion and
six extraocular muscles. The dynamic model of eyeball and
a load distribution algorithm inherent in the eyeball is pro-
posed in section III. Simulation study to corroborate the
effectiveness of the load distribution algorithm is presented
in section IV. Finally, we draw conclusion.

Lateral Rectus
(LR}

Medial Rectus (MR}

Inferior Oblique (10)

Inferior Rectus (IR}

FIGURE 1. Extraocular muscles [8].

Il. ANATOMY OF EXTRAOCULAR MUSCLE

A. ANALYSIS OF EXTRA-OCULAR MUSCLE

In this section, the anatomy and the function of extraocular
muscles in the movement of the eyeball is explained by
analyzing the motion of the human eyeball. The complete
anatomy of the eye is very complex. The eyeball is sur-
rounded by six extraocular muscles as shown in Fig. 1; Lateral
Rectus Muscle (LR), Medial Rectus Muscle (MR), Superior
Rectus Muscle (SR), Inferior Rectus Muscle (IR), Superior
Oblique Muscle (SO), and Inferior Oblique Muscle (1O).
It is interesting to note that Superior oblique muscle passes
through a biological hinge, trochlea. The six extraocular mus-
cles (EOMs) including four rectus muscles and two oblique
muscles are controlled by the nerves to generate forces in each
muscle. These forces rotate the eyeball to track a visual target.
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Intorsion

FIGURE 2. Six primitive motions of the right eye [8].

The rotational motion of the eyeball is generated through
the contraction of the extraocular muscles. The eyeball per-
forms the three DOF (degrees of freedom) movement such
as roll, pitch, and yaw motion as shown in Fig. 2. The roll
has an Extorsion that rotates counter clock-wisely and an
Intorsion that rotates clock-wisely about Y-axis. The pitch
has an upward elevation and a downward depression about
X-axis. Finally, the yaw has an abduction away from the nose
and adduction close to the nose about Z-axis. Accordingly,
the eyeball motion is classified by those such six primitive
motions.

muscle axis\ Sy axls nose

right eye

FIGURE 3. Asymmetric arrangement of extraocular muscles [8].

Anatomically, two eyeballs are arranged in a symmetric
manner as shown in Fig. 3, but roots of muscles are focused
to the centerline of nose. Thus, the anatomical axis are not
parallel to the muscle axis and six muscles are asymmetri-
cally arranged with respect to the anatomical axis as shown
in Fig. 3. As a result, only the lateral rectus muscle and the
medial rectus muscle contribute to specific motion such as
Adduction and Abduction. The other four extraocular mus-
cles contribute to secondary and tertiary auxiliary motions in
addition to the main motion [20]. Table 1 summarizes the
role of extraocular muscles considering the main, secondary
and tertiary motions.
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TABLE 1. Role of extraocular muscles [20].

Extra-ocular muscle 1% effect 21 effect 31 effect
Medial Rectus (MR) | Adduction - -
Lateral Rectus (LR) Abduction - -
Superior Rectus (SR) Elevation Intorsion Adduction
Inferior Rectus (IR) Depression |  Extorsion Adduction

Superior Oblique (SO) | Intorsion Depression | Abduction
Inferior Oblique (I0) Extorsion Elevation Abduction

B. MUSCLE GROUP FOR PRIMITIVE MOTIONS OF EYE

In this section, we analyze the relationship between six prim-
itive motions of the eyeball and six muscles for the force
redundant system of the human eye. Furthermore, the load
sharing and antagonistic internal loading are explained during
the generation of six primitive motions. Due to asymmetric
arrangement of six extraocular muscles with respect to the
eye axis, some combinations of muscle group are inevitable
to create each primitive motion of the eyeball.

Fig. 4 describes the relationship between muscle groups
and six primitive motions of the eyeball. Contribution of
each muscle to the eyeball’s motion is displayed as small
arrows, which denote the force or moment exerted at the
center of the eyeball by each muscle. In force-redundant
system, the motion is generated through load sharing and
antagonistically. Forces or moments along or about the same
direction imply load sharing, and forces or moments in the
opposite direction imply fighting (or antagonistic internal
loading).

As described in Fig. 4(a), activation of Superior rectus
muscle (SR) and Inferior oblique muscle (IO) contributes to
three motions of the eyeball. It is noticed that two muscles
collaborate to create elevation of the eyeball as denoted by
two small red arrows. However, in the other directions, forces
and moments generated by two muscles, are opposite in
direction as denoted by two small blue and green arrows,
respectively. Due to these forces and moments, the internal
loading is created in other two motion directions (i.e., along
the x-direction and rotational motion about the y-axis). This,
resulting antagonistic internal loading, keeps the eyeball from
translation along the x-axis and rotation about the y-axes.
Based on previous clinical observation [21], only two mus-
cles are activated for Elevation, Depression, Extorsion and
Intorsion motions, while three muscles are activated for
Abduction and adduction motions. As illustrate in Fig 4(c),
the activation of Superior rectus, Medical Rectus and Inferior
rectus contributes to the three motions of the eyeball. These
three muscles collaborate (load sharing) to create the Adduc-
tion motion as denoted by blue arrow. However, the antag-
onistic internal loading is created by two muscles in other
directions as denote by green and red arrow. Which keep the
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FIGURE 4. Relationship between six primitive motions and extraocular
muscle groups (a) Elevation, (b) Depression, (c) Adduction, (d) Abduction,
(e) Extorsion, (f) Intorsion.

eye to translate along z-direction and rotate about y-direction.
Thus, it is noted that natural asymmetric arrangement of
extraocular muscles with respect to the anatomical axis has
certain advantages. It allows to achieve the desired primi-
tive movement (big red arrow at the center for each primi-
tive motion) and also provide the internal loading to resist
the external disturbance exerted in other motion directions
by using minimum number of muscles (Three for abduc-
tion/adduction and too for other four motions).

If the anatomical axis are parallel to the muscle axis,
we need two muscles to create elevation and four mus-
cles to create internal loading along x-direction and about
y-direction. In total, six muscles are required. Therefore,
asymmetric arrangement of extraocular muscles has advan-
tage in terms of number of muscles being used.

Surprisingly, this phenomenon of load sharing and antag-
onistic internal loading happens in all cases as illustrated
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in Fig. 4. Inspired by this phenomenon, we newly develop
a load distribution algorithm to activate the corresponding
extraocular muscle for each primitive motion. In Section III,
mathematical detail of load distribution algorithm will be
introduced.

C. CONTACT GEOMETRY BETWEEN

EYEBALL AND MUSCLES

In order to describe the kinematics of the eyeball, four points
should be defined in each extraocular muscle as illustrate
in Fig. 5. First, each extraocular muscle has an insertion point
that is attached to the eyeball and a tangential point that
begins to wrap the eyeball. Furthermore, a pulley point where
direction of the external ocular muscles is being changed.
All extraocular muscles converge to a common origin point
inside of the skull. When an extraocular muscle is activated,
a tension is generated in the muscle since the origin point is
fixed. And the direction of the force changes at the pulley
point and finally the force is transmitted to the insertion point.
Accordingly, each muscle force also creates a moment to
the eyeball, which cause to rotate the eyeball about certain
axis. Corresponding data of the three points for each muscle
is obtained from anatomy of the human eyeball as given
in Table 2.

Tangential

Insertion

FIGURE 5. lllustration of Points of extra-ocular muscle.

Ill. EYE MECHANICS

In this section, the methodology is proposed to develop the
eye mechanics. We made some assumptions in the develop-
ment of eyeball mechanics. Which are as follows:

Assumption 1: The center of the eyeball is fixed at
the origin of the eye’s Cartesian coordinate system, and
it is rotated about the origin and does not move by any
external force or gravity. Furthermore, there is no lin-
ear displacement in the eyeball when it is rotated by the
muscles.

Assumption 2: However, the human eye is not perfect
sphere, in this article the eyeball is assumed a perfect sphere
whose mass is uniformly distributed. Accordingly, there is
no centripetal force when the eyeball rotates. According to
this assumption, the moment of inertia of eyeball is given as
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follows
23 m2
gMR 0 0
2
]l = 0 gMRz o | (1)

2,2

0 0 -MR
5

where [/] represents the moment of inertia of the eyeball.
M and R denote the mass and radius of eyeball as given in
table 2, respectively.

TABLE 2. Parameters of eye and extraocular muscles [21].

Eyeball Weight 7.5 gram
Eyeball Radius 11.99 mm
Lateral | Medial | Superior | Inferior | Superior | Inferior

Rectus | Rectus | Rectus | Rectus | Oblique | Oblique

Origin
x(mm) 13.00 17.00 15.00 17.00 18.00 13.00
y(mm) | 34.00 30.00 31.76 31.76 31.50 10.00
z(mm) 1.00 1.00 3.60 2.40 5.00 15.46

Insertion
x(mm) 10.08 9.65 2.76 1.76 2.90 8.00
y(mm) 6.50 8.84 6.46 6.85 8.00 9.18
z(mm) 0.00 0.00 10.25 10.22 8.82 0.00

Pulley
x(mm) | 12.00 14.00 5.16 5.16 15.27 13.00
y(mm) 8.00 5.00 10.78 8.78 11.00 10.00
z(mm) 0.33 0.14 10.00 12.00 11.75 15.46

A
Scaling | 100 | 107 | 080 | 097 | 041 0.38

factor

Assumption 3: The masses of muscles are ignored, and no
force is being exerted on the eyeballs during relaxation. The
friction force between muscles and eye is assumed negligible.

Assumption 4: The position of the tangential point moves
as the eyeball rotates. This position is on the plane containing
the origin, insertion point, and pulley point.

A. DYNAMICS MODEL OF EYEBALL
Based on the assumptions, the dynamic equation of the eye-
ball is described as follows

e =7, )

where 6 and T denotes the angular acceleration vector of the
eyeball and the torque vector created by extraocular muscles,
respectively.

According to the first assumption, the magnitude of the
tension applied to the tangential point of the eye is equal to
the tension exerted by the extraocular muscle. The direction
of tension is tangent to the eye contact surface at the tangential
point. The tension at the pulley point is the same as that at the
insertion point.

As shown in Fig. 6, the moment created by the i”* extraoc-
ular muscle is expressed by

—
xFi. (i=1---6) 3)

1

it =
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FIGURE 6. Torque created by muscle force.

where (i = 1---6) are corresponding to six muscles. Each
muscle has different strength. So, when the torque of all
muscle is combined, it is scaled by the proportional constant
(A;) for each muscle. The proportional constant (A;) corre-
sponding to each muscle force is given in Table 2 which is
based on the clinical test [21].

Finally, the sum of all torques is described as follows

Ty = ZMi = Asr - Msg + Aso - Mso + Arr - MR
+AMr - My + Mg - Mig + Ajo - Mjo. 4)

where fxyz represent the torque vector which is sum of torques
generated by all muscles. The subscript in front of A and M
are corresponding to the name of each muscles such as SR
for Superior rectus and so on. For simulations, the physical
parameters of the eyeball, extraocular muscles points, and
the tension proportional values of extraocular muscles are
summarized in Table 2. This data set is for one person hav-
ing normal ocular alignment, which is used in the study of
Buchberger [21].

B. LOAD DISTRIBUTION ALGORITHM

In force redundant system of human eyeball, the primitive
motions are created by load sharing through activation of
multiple muscles. Furthermore, these muscles group provide
the internal loading as well to resist the disturbance in other
direction. To describe this phenomenon in analytical way,
in this section we proposed a load distribution algorithm for
muscle activation.

Eq. (4) can be rewritten as follows

Txyz = Zﬂjli:z)»iiiXﬁi:Z)vi[Ri]ei )

= [GIF, )

F;

where F is the activation muscle force vector, [R;] =
I,'X, e = +, and

=

[G]
=[A1[Rile1A2 [Ro]exs [R3]es Ay [Raleshs [RslesAs [Reles]
G R3><6
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and

F=(

Fsg H Fso H Frr H

Finally, the general solution for muscles forces is obtained
from Eq. (5) which is now given as follows

F =[GI*T + I — [GI"[G))E, (6)

Fu] 7] ol 5.

where F denotes the activation muscle force vector. And [G]T
denotes the pseudo-inverse matrix of the [G]. The first term
in Eq. (6) denotes a particular solution which minimizing
the second norm of the muscle force vector and the second
term denotes the homogenous solution explaining the antag-
onistic internal loading.

Since biological muscles are unidirectional, accordingly,
the following constraints are considered while developing the
load distribution algorithm .

o All muscle forces should be positive value (F > 0).

« More than two muscles should be activated to create
each primitive motion. In general, the number of mus-
cles should be greater than N + 1, where N is the number
of outputs.

However, there is no guarantee that the particular solution
of Eq. (6) yields all positive muscle forces. Accordingly, it is
necessary to redistribute the muscle forces. Such algorithm
can be described as follows

[AF =&, ©)

>

where [A] € R"*®, @ e R". himplies the degrees of freedom
to be used in the null space.

Finally, based on the matrix augmentation method, a load
distribution algorithm is newly devolved based on the Eq. (5)
and Eq. (7). Putting Eq. (5) and Eq. (7) together, we have

Gl (T
=) ®

Finally, similar to Eq. (6) the general solution is obtained
as follows

F =" (Z) + (1 - B [BI)Z, ©
[G]
where [B] = A]
(I — [BI*[B]) can be further used as long as the degrees of the
null-space still remain. The working principle and generation
of constraint matrix [A] and & is explained in section IV.

In the dynamic model given in (2), gravity, friction force
and disturbance can also be included. Then, the changes in
considered assumptions could affect the magnitude of the
optimized/required muscles forces. However, the gravity load
does not affect since the eyeball is seated on the cup surround-
ing the eye. Friction is considered negligible since there exists
fluidic membrane between eye surface and the ocular mus-
cles. On the other hands, uncertain disturbance to the system
will affect (increase/decrease) the torque vector as given in
dynamic model (2), but it is hard to model. However, even
considering some uncertainty, the effectiveness and stability

j| and the second null space denoted by
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of the proposed algorithm would not be affected much. Once
the torque vector is computed (whatever the values of torques
are), the algorithm will provide the corresponding muscle
forces. The load distribution algorithm, as given in equa-
tion (9), finds the optimized muscles forces based on torque
vector (7"). The effectiveness and working principle of load
distribution algorithm entirely depend on the selection of
matrix [A] and vector .

C. MUSCLE TENSILE FORCE

Since the muscles are unidirectional actuators, only the
pulling tension can be applied and pushing force is hardly
generated. In addition, there are two kinds of muscle tension:
active tension generated by receiving electrical nerve signals
and passive tension generated by changing length like a
spring. The strength of these muscle tensions is dependent on
the length of the muscles. Particularly passive tension occurs
only when the length is increased. Hill’s muscle model [41]
describing the active and passive tensions according to the
changed length ratio, were employed in this study.

IV. DYNAMIC SIMULATION OF EYEBALL MOTION

A. CONSTRAINT OF MUSCLE GROUP

In this section, the working principle of the proposed load
distribution algorithm is elaborated. One more thing to note
is that there exists a muscle group to generate each primitive
motion of the eyeball as described in section II(B). Therefore,
we reflect such information when redistributing the muscle
forces. For instance, the Adduction (counter clockwise rota-
tion about the z-axis) is created by only activating Medial
rectus, Superior rectus, and Inferior rectus muscle as given
in Table 1.

However, if we just employ the first term of Eq. (6) as
solution of muscle force, all six muscle forces are calculated,
which is actually not desirable. Thus, it is necessary to nullify
the other three muscles forces (i.e., Superior oblique, Lateral
rectus, and Inferior oblique in order). In order to achieve that,
accordingly, matrix [A] and @ in Eq. (8) are set as follows

0 1 0 0 0 O 0
[Al=|0 0 1 0 0 Of, a=[0]. @10
0 0 0 0 0 1 0

As a result, through redistribution by Eq. (9), only three
muscles (i.e., Superior rectus, Medial rectus, and Inferior
rectus) are employed to create Adduction and the other three
muscle forces are forced to have zero muscle forces. The
matrix [A] and & are chosen to satisfy such constraints. Here,
there is no more degree left in the null-space. Furthermore,
the constraint conditions for six muscle groups for each prim-
itive motion are given in Appendix.

B. DYNAMIC SIMULATION AND ANALYSIS

In this section, dynamic simulation of the eyeball is per-
formed. The kinematic and dynamic parameters, which are
used for simulation, are given in Table 2. The simulations
are performed by using MATLAB. The constraint Matrix [A]
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is constructed based on the required number of muscles and
considering the (F > 0). Then, the muscle forces are calcu-
lated based on the proposed load distribution algorithm (9)
and the motions are simulated based on the dynamic model
as given in (2). Lastly, the torque experienced by eyeball
is calculated and, based on that torque, stable and unstable
motion of eye is analyzed and required minimum number of
muscles are updated. Firstly, we simulate the motion, which
required the activation of three muscles such as adduction
and followed by the simulation of the motion, which required
the activation of two muscles such as Depression. Finally,
in this section, the necessity of three independent muscles
for each primitive motion will be explained by analyzing the
antagonistic internal loading.

In order to simulate the eyeball motion, a trajectory of the
eyeball is defined as follows.

« Give constant angular acceleration for 0.1 second to

create each primitive motion of eyeball.

In order to create Adduction (i.e., counterclockwise rota-
tion about z-axis), three muscles (MR, SR, and IR) collabo-
rate as shown in Fig. 4(c). According to Eq. (9), three positive
muscle forces to create Adduction can be calculated as shown
in Fig. 7(a). Once the muscle activation forces are known,
the eyeball motion is simulated by performing the numerical
integration of dynamic model as given in Eq. (2). Fig. 7(b)
demonstrates the result of the dynamic simulation. Which
denote the incremental changes in muscle lengths during the
Adduction motion. The Fig. 7(b) shows the top view of the
eyeball and the motion transition of three muscles are shown
as red lines.

As mentioned before, the activation of extraocular muscle
group contributes to different motions of the eyeball. The
activation of muscle group also results in internal loading
as explained in section (B). Analytically, the second term
((I —[BIt [B]) ¢,) in Eq. (9) is explaining the phenomenon
of the antagonistic internal loading. To analyze the existence
and effect of internal forces on eyeball motion, these muscles
force are analyzed in terms of torque experienced by the
eyeball. Finally, the resulting torque vector, projected to the
operational space of the eyeball, is expressed in the following
form:

T

Fsr X Fsg + Fur X Fyr + 7R X Fig
{(air)x + (bmr)x + (ciR)x}

= | {(cir)y + (bmr)y + (cir)y}

{(cir); + (bmr); + (cir);}

moment sum @ x axis
= | moment sum @y axis |. 1D
moment sum@ z axis

Eq. (11) represents the operational space torque about each
axis due to Superior rectus, Medial rectus and Inferior rectus
muscles forces. In the first and second plots of Fig. 8, the sum-
mation of moment components is zero. It is confirmed that
three muscle forces contribute to create antagonistic internal
loading to avoid any rotational motions about x- and y-axes.
Such antagonistic internal loading is beneficial to reject the
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FIGURE 7. History of the muscle forces activation at Superior rectus (SR),
Medial rectus (MR), and Inferior rectus (IR) to create the Adduction
motion. (a) Muscles activation force to g te the Adduction motion.
Three muscles are enough to generate the stable Adduction motion of the
eyeball. The forces of SR, MR and IR are dominant while other muscle
forces are negligible (b) The incremental changes in muscles length
during dynamic motion of eyeball (top view).

disturbance given to this direction. The same phenomenon
is observed in other muscle group to create any specific
primitive motion of the eyeball. On the other hand, in the
third plot, the torque value is 7, = 4.8 x 10*mg.mm?/ sec?,
which actually contribute to Adduction motion. The same
phenomenon is observed for Abduction motion. Where the
summation of moment component about x and y-axis are
zeros however, summation of moment components about
z-axis given negative values which contribute in abduction
motion. Finally, it is summarized that three muscles col-
laborate to create Adduction motion (i.e., counterclockwise
rotation about z-axis).
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FIGURE 8. History of torque experienced by the eyeball due to muscles
activation force of Superior rectus, Medial rectus, and Inferior rectus; x, y,
and z-component of (11) in order. In first two plots, the summations of
torque components are zero. Which shows that antagonistic internal
loading to avoid any rotation about x- and y-axis. The torque due to
Medial rectus (MR) in third plot contribute in Adduction motion.

Next, Depression motion (clockwise rotation about the
x-axis) is analyzed. According to previous clinical research
as given in Table 1, Superior oblique (SO) and Inferior rec-
tus (IR) contribute to this motion. The muscle forces for
Superior oblique and Inferior rectus are calculated based
on the prosed model as given in Eq. (9), which contribute
to create the Depression motion. Fig. 9(a) show the forces
history for Depression motion. It can be seen that, muscles
forces of SO and IR muscle are dominant while the other mus-
cle forces are negligible. These muscle forces have positive
values. By using these calculated muscle forces, the eyeball
motion is simulated by performing the numerical integration
of dynamic model as given in Eq. (2). Fig. 9(b) demon-
strates the result of the dynamic simulation. Which denote the
incremental changes in muscle lengths during the Depression
motion. The figure shows the side view of the eyeball and
trajectory of two muscles are shown as red lines.

Similar to Adduction motion, the internal loading affect
is also analyzed for Depression motion. Similar to Eq. (11),
the resulting torque vector projected to the operational space
of the eyeball for depression motion is expressed in the
following form:

{ar)x + (bso)x)
{aw)y + (bso)y} | (12)
{aIR)z + (bSO)z}

T =rg xFig+rso x Fso =
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FIGURE 9. History of the muscle activation forces for Inferior rectus (IR)
and Superior oblique (SO) to create the Depression motion. (a) Muscles
activation force to create the Depression motion. The muscle force for IR
and SO are dominant while the forces for other muscles are negligible
(b) The incremental changes in muscle lengths during dynamic motion of
eyeball (top view).

The first plot in Fig. 10 denotes the torque about x-axis.
Two summation of moment components has negative sign.
Physically, it implied that Superior oblique and Inferior rectus
collaborate (load sharing) to create the Depression motion
(clockwise rotation about the x-axis). Furthermore, the sec-
ond plot denoting the y-directional torque has zero sum. Phys-
ically, it implied that they contribute to create antagonistic
internal loading not to create any rotational motion about the
y-axis. Lastly, the third plot denoting the z-directional torque
has a constant minus sum. It implies that the eyeball is not
completed balanced but rotates clock wisely by 0.86 degrees
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FIGURE 10. History of torque experienced by the eyeball due to muscles
activation force of for Inferior rectus (IR) and Superior oblique (SO); x, y,
and z-component of (12) in order. In first plot, the summation of
components has negative sign that shows the depression motion of the
eyeball. In the second plot, the summation of the torque components is
zeros, which shows the antagonistic internal loading to avoid any rotation
about y-axis. In last plot, the z-component has negative sum. The motion
of the eyeball is not stable due to z-component.

about the z-axis. Thus, it is noted that Depression is generated
by using only two muscles while maintaining equilibrium
about y-axis with slight offset angle about z-axis.

Similar phenomenon could be observed in motions of
other extra-ocular muscles. When three muscles participate
to motions such as Adduction and Abduction, their corre-
sponding motion is successfully created, and internal loading
does not create any motion in other directions. On the other
hand, when only two muscles participate to motion such
as Elevation and Depression, their corresponding motion is
successfully created but some residual motion remains in
one direction due to imperfect internal loading. It is pre-
sumed that such error may be due to incomplete analysis
about the role of each extraocular muscles. Incorporating
more muscles for Elevation and Depression like Adduction
and Abduction motion would eliminate such motion residual
problem.

We add one more extraocular muscle to create the Adduc-
tion motion. Medial rectus can be the candidate since it is
analyzed to partially offset the residual of clockwise rotation
of the eyeball about the z-axis. Finally, the proposed load
distribution algorithm is applied by considering the three
muscles. Through Fig. 11, it was confirmed that three muscle
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FIGURE 11. History of the muscle activation forces for Inferior rectus,
Superior oblique, and medial rectus to create the Depression motion.

(a) Muscles activation force to generate the Depression motion. Three
muscles are enough to generate the stable Depression motion of the
eyeball. The forces of SO, MR and IR are dominant while other muscle
forces are negligible (b) The incremental changes in muscle length during
dynamic motion of eyeball (top view).

forces (e.g., Superior oblique, Inferior rectus, and Medial
rectus) cooperate to create the Depression motion. It can be
noted form Figs. 9(a) and 11(a) that the muscles forces are
changed, which would generate extra antagonistic internal
loading to keep eyeball balance in Depression motion.
Finally, the internal loading affect is analyzed by consid-
ering the three muscles for Depression motion. Similar to
Eq. (11) and Eq. (12), when the muscle forces are mapped
onto the center of the eyeball, the resulting torque vector
projected to the operational space of the eyeball is expressed
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FIGURE 12. History of torque experienced by the eyeball due to muscles
activation force of Inferior rectus, Superior oblique, and Medial rectus;
X, Y, and z-component of (11) in order. In first plot, the summation of
components has negative sign that shows the depression motion of the
eyeball. In the second and third plot, the summation of the torque
components is zero, which shows the antagonistic internal loading to
keep the eyeball stable during depression motion.

as the following form:

T = FIR X ER + Fso x 1350 + MR X I?MR
{(@r)x + (bso)x + (cmr)x}
{(cir)y + (bso)y + (cmr)y}
| {(cir); + (bso): + (cmr):}
[ moment sum @ x axis
= | moment sum @ yaxis |. (13)
| moment sum@ z axis

In the first plot of Fig. 12, Superior oblique (SO) and
Inferior rectus (IR) cooperate (load sharing) to create the
Depression motion. In the second and third plots, summation
of moment components is zero. Surprisingly, the internal
loading in the other two directions (e.g., translation along
the x-axis and rotation about the y-axis) is completely can-
celled out without having any residual motion. It is confirmed
that three muscle forces contribute to create antagonistic
internal loading not to create any rotational motions about
x- and y-axes. This was impossible using only two muscles.
The same phenomenon is observed for Elevation motion.
In order to eliminate any residual motion in Elevation, Lateral
rectus (LR) should be added along with Superior oblique
(SO) and Inferior rectus (IR). Where the summation of the
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moment component about x-axis would have positive value
that will contribute in Elevation motion. However, the sum-
mation about y-axis and z-axis would be zero that will help
to balance eyeball in respective direction during depression
motion. Similarly, Medial Rectus (MR) and Lateral rec-
tus (LR) should be considered to create Intorsion and Extor-
sion, respectively as a third muscles, not to have any residual
motion in other directions.

In summary, it is impossible to balance the eye while
achieving main primitive motion with only two muscles. The
eyeball should employ three independent extraocular muscles
to create each primitive motion of the eyeball. Thus, based
on the finding of this research, the first and second rows of
Table 1 suggested by clinic people should be modified as
mentioned in Table 3.

TABLE 3. Role of extraocular muscles (MR and LR).

Extra-ocular muscle 1% effect 2" effect 3" effect
Medial Rectus (MR) Adduction | Depression | Intorsion
Lateral Rectus (LR) Abduction Elevation | Extorsion
Superior Rectus (SR) Elevation Intorsion | Adduction
Inferior Rectus (IR) Depression Extorsion | Adduction

Superior Oblique (SO) | Intorsion Depression | Abduction
Inferior Oblique (10) Extorsion Elevation | Abduction

C. DISCUSSION

Inspired by inherent load sharing and antagonistic internal
loading phenomenon of human eye, we proposed a load
distribution algorithm to predict the muscles activation forces
for specific motion. The focus of this research is to provide
the solution by using valid assumptions. The assumptions
made in this research are acceptable in robotics society, con-
sidering that this is a preliminary analysis of redundant actu-
ation of human eyeball. We use the following assumptions.
Detailed anatomy of the eye is rather complex. Whereas, in a
simplified model, the human eyeball is roughly spherical,
filled with a transparent gel-like substance called the vitreous
humor [12]. We assumed eyeball model as sold sphere whose
mass is uniformly distributed [3]. The gravity is ignored
during dynamic simulation of the eyeball. The muscles are
considered with zero width, as the mass and inertial effect
of extraocular muscles are negligible compared to the mass
of human eyeball. Currently, the effect of friction is not
considered; however, it can be easily modeled in Eq. (2).

As shown in Fig. 3, misalignment between muscle axis and
anatomical axis is inevitable because of anatomical structure
of the human eyeball. However, this study discovered that
such anatomical arrangement, on the other hand, is helpful
to create internal loading as well as motion using minimum
number of muscles. This is truly beneficial, because more
muscles should be used to create motion and internal loading
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simultaneously if muscle axis and eyeball axis are paral-
lel. In previous study by FE modeling, the eye movements
were produced by changing temperature and ignoring and
including the parts’ inertias, respectively [3], [9]. However,
insight detail of muscle activation, considering the inherent
load sharing and antagonistic internal loading phenomenon,
is not explained in detail.

Mathematical modeling of the eyeball driven by six
extraocular muscles enable us to estimate the required mus-
cles forces to create the corresponding eyeball motions.
In fact, out of six eye muscles, three were used to create the
motion and the other three were used to select the muscles
being used for a specific primitive motion. Therefore, there
is no more remaining redundancy in muscle.

In addition, such mathematical model is useful to analyze
the role of each muscle contributed to each primitive motion
of the eyeball. It is found that all primitive motions require
three extraocular muscles, which is different from the pre-
vious report [21], saying that Depression and Elevation are
contributed by only two muscle groups. At least three or
more than three muscles will be involved during generation of
mixed motion, which are combination of roll, pitch and yaw
motion.

The analytical method to estimate the extra-ocular muscle
forces can be beneficially applied to analyze the motion
characteristics of Vertigo and some disease due to ocular mis-
alignment [41]. Some noise study to validate the suggested
mathematical model and search for new finding should be
further investigated in the future.

V. CONCLUSION
In this work, we analyzed the eyeball mechanics by explain-
ing that how the human’s eyeball is operated using six
extraocular muscles for six primitive motions. The main con-
tribution of this work is to analyze the force redundant system
by developing a new mathematical model. Firstly, this work
is provision of analytical motion model of eyeball in terms
of extraocular muscle dynamics. It is analyzed that inherent
anatomical arrangement of extraocular muscles is meaning-
ful in the sense that using minimum number of muscles,
both motion and internal loading can be achieved. Secondly,
a novel load distribution algorithm is developed to explain
the inherent muscle activation of human eyeball for each
primitive motion in an analytical manner. Finally, through
the analysis of the muscle force equations and dynamic
simulations of the eyeball motion, it is analyzed that the
extraocular muscles are arranged geometrically effective not
only to generate primitive motion but also to increase the
internal loading to resist external disturbance exerted in other
motion directions, using the minimal number of muscles.
Moreover, it is also found that at least three independent
muscle should be activated to keep eyeball balance for each
primitive motion.

The analysis of eye mechanics based on proposed novel
load distribution algorithm and the understanding of more
accurate physical role of extraocular muscle would certainly
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help in development of more efficient vision system with
superior performance close to the one of the human eyes.

APPENDIX
See Table 4.

TABLE 4. Constraints of muscle groups.

Primi.tive [A] &
motion
[0 1 0 0 0 O] 0
Elevation [A]=]0 0 O I O O a=|0
1000 0 1 0] 0
(1 0 0 0 0 O] 0
Depression | [A]={0 0 1 0 0 O a=|0
000 0 0 1] 0
[0 1 0 0 0 O] 0
Adduction | [A]=|0 0 1T 0 0 O a=|0
00000 1] 0
(1 0 0 0 0 O] 0
Abduction [A]=/0 0 0O 1 0 O a=|0
00001 0] 0
(1 0 0 0 0 O] 0
Extorsion | [A]=|0 1 0 0 0 O a=10
1001 0 0 0] 0
[0 0 01 0 0] 0
Intorsion [A]={0 0 0 O 1 O ag=10
00000 1] 0
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