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ABSTRACT This paper proposes a three-degree-of-freedom manifold composed of three linear actuators.
The proposed mechanism consists of a workspace suitable for facade cleaning and can compensate for
the horizontal position from disturbances in a gondola-based exterior-wall cleaning. We design a cleaning
manipulator that can ensure a constant cleaning area by compensating for the disturbance in each direction.
The position, velocity kinematic, and Jacobian-based singularity analysis are presented, and kinematic
variables are defined to extend a singularity-free workspace. In addition, optimization is performed based
on an index that demonstrates the mechanical properties of the manipulator. The result shows how the
manipulator compensates for the disturbances as well as the features of the optimization model. This study
can be applied to robot manipulators for facade cleaning in the future.

INDEX TERMS Kinematics, optimal design, parallel mechanism, 3-DOF, workspace.

I. INTRODUCTION
As the number of high-rise buildings increases, maintaining
and cleaning the exterior walls of buildings have become
important. Solutions such as the GEKKO facade robot of
SERBOT in Switzerland, SIRIUS facade-cleaning robot of
Fraunhofer, and SkyPro facade cleaner in Cyprus [1]–[3]
have been presented as applications for facade cleaning.
However, Figure 1 shows that to ensure a constant area
for cleaning of high-rise buildings under frequent swinging
due to wind, resisting or compensating for horizontal direc-
tional shaking is necessary. Among the existing solutions,
robots mounted on a gondola or hung from the upper part
of the building suffer from the limitation in that they cannot
compensate for the horizontal shaking due to wind [4]–[6].
In some cases, the gondola has a vertical linear guide to main-
tain the lateral directional disturbance; however small lateral
directional error is very critical to the cleaning performance
to fail the cleaning operation [7]–[9].
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approving it for publication was Jinguo Liu .

FIGURE 1. Horizontal disturbance of the gondola. a) Horizontal shaking
of the gondola. b) Interrupted cleaning area. c) Excessive horizontal
movement of the gondola and with workers [23].

Solutions such as fixing the position of the robot using
air suction [10] and installing a rail at the outer wall of a
building [11] are capable of horizontal compensation or can
resist shaking. However, the air-suction method suffers from
the limitation in that it is less efficient compared with the
gondola-mounted parallel manipulator because of its slower
cleaning speed. The model that requires the use of rails is
limited by the shape of the building, or installing the rails
before cleaning is troublesome. A facade-cleaning robot is
designed to solve such efficiency and versatility problems.
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Joo et al. proposed a two-degree-of-freedom (2-DOF) parallel
mechanism with one translational and one rotational DOF
through two linear actuations [12]. This mechanism ensures
a workspace that is free of singular positions and has high
rigidity. It also solves the problems in the previous solutions,
namely, low efficiency and inability to apply to various build-
ings. However, this mechanism suffers from the limitation in
that it cannot compensate for the horizontal disturbance of the
gondola because it only has two DOFs.

FIGURE 2. Horizontal disturbance compensation during shaking. a) Exact
position. b) Compensation for the left horizontal-direction disturbance. c)
Compensation for the right horizontal-direction disturbance.

Figure 2 shows our designed three-DOF (3-DOF) parallel
manipulator that can compensate for horizontal disturbance
during facade cleaning. This mechanism can adjust the topol-
ogy according to the workspace required for cleaning. The
cleaning module attached at the front of the manipulator
can be moved by 3-DOF to maintain a constant distance to
various types of exterior walls and disturbances of build-
ings. It also offers the advantage of structural simplicity and
reduced weight by moving all the actuators on a single ball
screwwithout any redundancy. Optimization of the kinematic
parameters of the manipulator is required to obtain a structure
that can be adapted to various workspaces.

Other studies on workspace optimization of a parallel
manipulator have been conducted by several researchers. Our
study on the method of securing a wide workspace without
singularity or analyzing a workspace that changes according
to the mechanism was referred from the following works.
Kamada et al. have studied a four-DOF parallel mechanism
with a wide translational and rotational workspace [13]. Wen
et al. proposed a parallel robot using redundancy to ensure
that the gripper of the end effector has a large workspace [14].
Liu et al. introduced various work areas according to the
change in the link topology using kinematics, singularity,
and workspace analysis of a 5R symmetrical parallel mech-
anism [15]. Li and Xu derived the kinematic manipulability
and workspace using kinematic analysis of a 3-PRS paral-
lel manipulator [16]. A parallel mechanism that secures a
workspace without singularity was implemented by Gosselin
et al. in a 3-DOF manipulator with redundancy using four
actuators [17].

For the kinematics of our optimization methodology,
we used the methods presented in the following papers.r

¯
eak

Tsai et al. derived the optimal workspace of a 3-UPU parallel
manipulator using kinematic optimization [18]. Wu et al.
applied kinematic optimization of 3-DOF redundantly planar
parallel manipulators to develop hybrid machine tools [19].
Michael and Karol analyzed the optimal workspace of a

mechanism applied to a linear delta robot using kinematic
optimization of a spatial parallel manipulator [20].

In the design of the robot mechanism, we investigated the
structures proposed in the following studies. Harada and Liu
proposed a 3-DOF redundantly parallel mechanism to posi-
tion four actuators on one axis as well as for analysis using
an axial-force sensor [21]. Liu et al. proposed a new 2-DOF
parallel manipulator mechanism and presented a workspace
based on kinematic analysis [22].

The objective of the research is to design a manipulator
which can compensate the 3-DOF disturbances during façade
cleaning operation. To satisfy the requirements for façade
cleaning, a novel 3-DOF parallel manipulator with three
linear actuators is proposed. The kinematic parameters are
optimized to maximize the workspace with high manipula-
bility and no singularity. Position and velocity kinematics are
derived to analyze the manipulator. Prototype is developed to
test the performance of the manipulator, and successfully ver-
ify the compensating capability of the 3-DOF disturbances.

This paper is organized as follows. Section II describes
the kinematics of the mechanism. Based on this kinematic
analysis, the theoretical workspace obtained from Jacobian
analysis is introduced in Section III. Section IV presents
the procedure and results of the optimal workspace of the
parallel manipulator by satisfying the non-singular positions.
Prototype and experiments are presented in Section V, and
Section VI provides the concluding remarks.

II. KINEMATICS OF THE MECHANISM
The proposed mechanism is shown in Figure 3 in which the
end effector is connected to the base using three links. The
links of both right and left consist of two revolute joints and
one prismatic joint. In each link, the prismatic joint connected
to the base is actuated by a ball-screwmechanism. The central
link between the two links consis qts of two intersecting
prismatic joints and a revolute joint. The degree of freedom
of this simple planar mechanism can be obtained using the
Grübler-Kutzbach Formula:

M = 3(N − 1− j)+
j∑

i−1

fi, (1)

N = 6, j = 7,
j∑

i−1

fi = 9, M = 3. (2)

FIGURE 3. Kinematic configuration of the proposed 3-DOF parallel
manipulator. a) Architecture of the mechanism. b) Translational and
rotational capability of the manipulator.
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FIGURE 4. Kinematic parameters in terms of the point coordinates.

This configuration can freely move the position of the end
effector in an xy plane at angle θ . The kinematic model of
the mechanism is shown in Figure 4. The actuated joints
are denoted as Ai(i = 1, 2, 3), and the other passive rev-
olute joints are denoted as Bj(j = 1, 2). The end-effector
point is denoted as P. The fixed global reference is denoted
as the O–xy coordinate. Because the structure of the two
mechanisms is symmetrical with respect to the center link,
A1B1 = A2B2 = l, B1P = B2P = b. Each input position of
the actuators is denoted as qi (i=1,2,3).

A. INVERSE KINEMATICS
The position of end-effector point P in the O–xy system can
be described by xy coordinate P, i.e.,

P =
[
x y

]T
. (3)

The positions of two points B1B2 can be determined using
angle θ and the length of link b, which can be expressed as

B1=P−
[
b cos θ b sin θ

]T
=
[
x−b cos θ y−b sin θ

]T
,

(4)

B2=P+
[
b cos θ b sin θ

]T
=
[
x+b cos θ y+b sin θ

]T
,

(5)

where θ is the output angle between the end effector and x
axis. The constraint equations are derived as follows:

|AiBi| = l, i = 1, 2. (6)

We can consider each right triangle at both ends of the end
effector according to the given length. In this case, by drawing
a circle with radius l around both end points, the intersection
point with the x axis becomes the position of point A1,A2,

where the final inverse kinematic equation can be derived as

q1 = x − b cos θ ±
√
l2 − (y− b sin θ)2, (7)

q2 = x + b cos θ ±
√
l2 − (y+ b sin θ)2, (8)

q3 = x. (9)

From Eqs. (7) and (8), four kinematic solutions are avail-
able for one fixed position. Note the kinematic solution can
be incrementally determined from the previous solution if
the manipulator is not passing through singularity. We used
the ‘‘+−’’ solution for the manipulation as already shown
in Fig. 3. The ‘‘+−’’ configuration can help to reduce the
stroke of linear guide in prototype design.

B. JACOBIAN ANALYSIS
Equations (7) and (8) can be differentiated with respect to
time to obtain the velocity equations, which yield

(2b cos θ + 2q1 − 2q3)q̇1 + (−2b cos θ − 2q1 + 2q3)q̇3
= (2b sin θ − 2y)ẏ+{2b sin θ (q1 − q3)+2by cos θ}θ̇

(10)

(2b cos θ−2q2 + 2q3)q̇1+(−2b cos θ + 2q2 − 2q3)q̇3
= (2b sin θ + 2y)ẏ+{2b sin θ (q2 − q3)+2by cos θ}θ̇ .

(11)

Equations (8) and (9) are arranged as follows:

Aq̇ = Bṗ, (12)

where q̇ is the vector of the input velocity of each actuator,
which is defined as

q̇ =
[
q̇1 q̇2 q̇3

]T
. (13)

ṗ is the position vector of the output velocity of the end
effector, which is defined as

ṗ = [ ẋ ẏ θ̇ ] . (14)

The A and B matrices, which are 3 × 3 matrices, that
describe the relationship between the input and output to
control the end effector can be expressed as (15) and (16),
shown at the bottom of this page.

The Jacobian matrix is expressed using the relationship of
the two preceding matrices as follows:

J = A−1B. (17)

A =

 2b cos θ + 2q1 − 2q3 0 −2b cos θ − 2q1 + 2q3
0 2b cos θ − 2q2 + 2q3 −2b cos θ + 2q2 − 2q3
0 0 1

 , (15)

B =

 0 2b sin θ − 2y 2b sin θ (q1 − q3)+ 2by cos θ
0 2b sin θ + 2y 2b sin θ(q2 − q3)+ 2by cos θ
1 0 0

 (16)
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FIGURE 5. Four inverse kinematic models. a) ‘‘++++’’ model. b) ‘‘−+’’
model. c) ‘‘+−’’ model. d) ‘‘−−’’ model.

III. WORKSPACE ANALYSIS
A. THEORETICAL WORKSPACE
The theoretical workspace is defined as the region where
input values q1, q2, q3 move within the entire range ofQmax
without considering the singularity. However, because actu-
ators A1,A2, and A3 move on the same axis, the intersection
of the actuators is excluded, which is expressed as

qmin < q1 < q3, q3 < q2 < qmax. (18)

To prevent imaginary solutions in the inverse kinematics,
the discriminant in the root must always be greater than zero.
This constraint equation is expressed as

l2 − (y− b sin θ )2 > 0, l2 − (y+ b sin θ )2 > 0. (19)

By plotting q1, q2, and q3 to satisfy all aforementioned
constraint equations, the following workspace (shown in
Figure 6) is defined. In this case, the l link length is 250 mm
and the b link length is 450 mm.

FIGURE 6. Theoretical workspace shown with the x and y position and
the angle of the end effector.

B. SINGULARITY ANALYSIS
Both theA andBmatrices obtained by the preceding Jacobian
analysis can become singular at a certain position. Figure 7
shows the singular positions of the proposed manipulator.
Because the generation of singularities causes a problem
in lowering the DOF of the manipulator at this position,
ensuring a non-singular area in the workspace is important.
Therefore, we avoid cases such as those shown in Figure 7 by
excluding the singular position in the theoretical workspace
by ensuring that the determinant of the Jacobian matrix is
zero. The cases are as follows: a) each side of the link is
completely folded, b) the left link is in line with the end

FIGURE 7. Configuration of the singular positions of the manipulator.

effector, c) the end effector is fully stretched, and d) The right
link is in line with the end effector.

The q1, q2, and q3 cannot intersect with one another
because of the structure of the manipulator in which the three
actuatorsmove on a single ball screw. Therefore, in a situation
where the length of half of the end effector is longer than the
link, case ‘‘a)’’ in Figure 7 represents the initial position, and
the position conditions are expressed as follows:

l = C1, b=C1 + C2, y=0, q3=C3, q1 = q3 − b+ l,

q2 = q3 + b− l, θ = 0,

(Cn ≥ 0,Cn are random constant). (20)

Substituting Eq. (20) into Eqs. (15) and (16) yields the
Jacobian matrix as follows:

A =

 2C1 0 −2C1
0 2C1 −2C1
0 0 1

 , B =

 0 0 0
0 0 0
1 0 0

 ,
J =

 1 0 0
1 0 0
1 0 0

 ,
det(J) = 0. (21)

Therefore, we can confirm that case ‘‘a)’’ in Figure 7 is a
singular position.

In the same manner, the position conditions for case ‘‘c)’’
in Figure 7 are expressed as follows:

l = C1, b=C1 + C2, y= l, q3=C3, q1 = q3 − b,

q2 = q3 + b, θ = 0,

(Cn ≥ 0,Cn are random constant). (22)

Substituting Eq. (22) into Eqs. (15) and (16) yields the
Jacobian matrix as follows:

A=

0 0 0
0 0 0
0 0 1

 , B=

0 −2C1 C1(2C1+2C2)
0 2C1 C1(2C1+2C2)
1 0 0

.
(23)

Therefore, matrix A has no inverse matrix. Because J
cannot be defined, we can also confirm that case ‘‘c)’’ in
Figure 7 is a singular position. In cases ‘‘b)’’ and ‘‘d),’’
moving from the actual robot is possible, but as presented in
Section II-A, the movement of q1 and q2 is limited. Thus,
these two cases are excluded.
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IV. WORKSPACE OPTIMIZATION
In view of the application to facade cleaning of this 3-DOF
parallel manipulator, a certain level of workspace must be
ensured because the distance between the manipulator and
outer wall must be kept constant during the cleaning process.
Further, a workspace that is resistant to disturbance and can
be moved must be provided. For this reason, a good condition
workspace (GCW) is set as an index in this optimization
process. More information can be found in the works of
Liu et al. [24].

A. LOCAL CONDITIONING INDEX
The purpose of this optimization is to maximize the
workspace of the manipulator under non-singular conditions.
GCW is used to evaluate the degree of optimization. To define
GCW, we need to define a local conditioning index (LCI).
The condition number of the Jacobianmatrix for defining LCI
is

k =
∥∥∥J−1∥∥∥ ∥∥∥J∥∥∥. (24)

The Euclidean norm of matrix ‖ · ‖ is defined as

‖J‖ =
√
tr(JTWJ), W =

1
n
l. (25)

n denotes the dimension of the Jacobian matrix, and II
denotes an n × n identity matrix. The range of k should be
1 ≤ k ≤ ∞.

The reciprocal of k has been used in several stud-
ies [25]–[28] to evaluate the accuracy and isotropy of the
mechanism as LCI. Therefore, the present study also defines
GCW based on LCI.

B. GOOD CONDITION WORKSPACE
When the workspace of the robot is analyzed based on the
LCI, some points exist where the LCI values are extremely
low. The higher the LCI value is, the better is the mechanism.
Thus, locations where this index is low cannot be defined
as good workspaces. Therefore, these locations should be
excluded from the design process, and the remaining points
can be referred to as points that belong to GCW. We define
a set of points that is greater than or equal to a specific LCI
value using GCW. Please see the Appendix for the previously
mentioned Jacobian matrix and its corresponding condition
number for this mechanism.

C. OPTIMIZATION RESULTS
The goal of this optimization process is to find themechanism
that has the largest workspace area with the highest GCW
ratio among the workspaces of the manipulator according
to the ratio of l and b for a given link length. Because the
variables that affect the index are l and b, they are considered
as design variables. The range of the initial and final values
of the optimization simulation is determined according to
the change limit in the length of the mechanism, as listed
in Table 1.

TABLE 1. Range of the manipulator variables.

In the simulation, the link length is varied in units of 1 mm.
As a representative example, six cases are considered by
dividing the change in the link rate into 50-mm units,
as shown in Figure 8, and the workspace of the proposed
optimal model is shown in Figure 9.

FIGURE 8. Four cases with 50-mm unit increment.

FIGURE 9. Optimized workspace with the l = 352 mm and b = 348 mm.

Based on the optimization, we can find the optimal kine-
matic parameter of l = 352 mm, and b = 348 mm, which can
get workspace of 0.328 m2 where almost all the workspace
guarantees the good condition index. We used fmincon()
function of MATLAB(2018, Mathworks). Table 2 lists the
comparison of the optimization model with the previous six
cases based on a major index.

V. PROTOTYPE AND EXPERIMENT
The purpose of this experiment is to verify whether a
singular-free workspace obtained from the simulation can

TABLE 2. Comparison between the six cases and optimal model.
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FIGURE 10. Sensor placement for the workspace measurement
experiments.

TABLE 3. Hardware specifications of the manipulator.

TABLE 4. Manipulator link parameters.

be implemented in an actual mechanism. Experiments are
performed using rotary and linear encoders to measure the
motion of the actual end effector with respect to the motion
of q1, q2, and q3. The location-measurement results are
compared with the theoretical workspace obtained from the
simulations presented in Section III. They are analyzed to
determine if a target workspace can be obtained. The arrange-
ment of the sensors for the experiment is shown in Figure 10.
The hardware specifications of the manipulator are listed
in Table 3.

The link parameters of the manipulator, which are derived
from the optimization process applied in the experiment, are
listed in Table 4.

A. TEST RESULTS
The experimental results are shown in Figure 11. The fig-
ure shows the maximum 3-DOF movement, which illustrates
how the actual workspace is implemented. The reason for
the slightly narrower result than the area obtained by the
simulation is that the experiment is performed by considering
the collision and interference of the mechanism part, which
are not considered in the simulation. Figure 12 shows the
movement of the manipulator to compensate for the distur-
bance through the movement of each DOF. The following
figures show that the mechanism, which has a non-singular
workspacewith highGCW, can be implemented. The detailed
motion of the prototype is presented in the Multimedia
extension.

FIGURE 11. Manipulator maximum extended state and workspace, a)
Maximum rotation of θ , b) Maximum extended state of the y axis, c)
Maximum extended state of the x axis.

FIGURE 12. Disturbance compensation of manipulator, a and d) top view
of the manipulator, b and e) side view of the manipulator, c and f) front
view of the manipulator.

VI. CONCLUSION AND DISCUSSIONS
The existing 3-DOF manipulator is not suitable for facade
cleaning. To solve this problem, the 3-DOF manipulator
proposed in this paper adopted a single ball screw and
a proposed linkage structure. The kinematic analysis and
design parameters that define the workspace were also ana-
lyzed. From this analysis, the proposed 3-DOF manipulator
was designed so that no singular position exists inside the
workspace for facade cleaning. Further, according to the
GCW index, we were able to establish a large workspace
where the mechanism could achieve good performance. The
manipulator, which takes advantage of the cleaning process
when combined with the cleaning module, will be suitable
for facade-cleaning robots.

There are some remaining controlling and sensing works
to use this manipulator to compensate the disturbances. The
y and θ directional disturbances in wall and yawing direc-
tions can be compensated by using position-based impedance
control with disturbance observer technique [26]. The x
directional disturbance, lateral direction of the gondolamove-
ment, is hard to measure. We are now developing a novel
contact-based sensing device based on a parallel mechanism.
By using the sensing device, the lateral disturbance can be
simply compensated by a conventional regulator. We are
going to share the compensation results in the near future.
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J =

 1 −(y− b sin θ )/(q1 − q3 + b cos θ ) (by cos θ + bq1 sin θ − bq3 sin θ )/(q1 − q3 + b cos θ)
1 (y+ b sin θ )/(q3 − q2 + b cos θ) (by cos θ + bq2 sin θ − bq3 sin θ )/(q3 − q2 + b cos θ)
1 0 0



1/



(
(y+A7)2

3A10
+
(y− vA7)2

3A11
+

(A4+A3−A1)2

3A11
+
(A4+A3 − A1)2

3A10
+1

) 1
2

∗



(2q23 sin θ+q1y cos θ+q2y cos θ−2q3y cos θ+2q1q2 sin θ−2q1q3 sin θ−2q2q3 sin θ − bq1 cos θ sin θ+bq2 cos θ sin θ )
2

A9

+
(q1y−q2y+2by cos θ+A3+A2−2bq3 sin θ )2

A8
+
A11(A6+q2 sin θ−A5)2

A9
+
A10(A6+q1 sin θ−A5)2

A9
+
A11(y+A7)2

A8

+
A10(y−A7)2

A8
+
1
3



1
2



APPENDIX
[1] Jacobian matrix and the condition number of the mecha-
nism are shown at the top of the this page, where

A1 = bq3 sin θ

A2 = bq2 sin θ

A3 = bq1 sin θ

A4 = by cos θ

A5 = q3 sin θ

A6 = y cos θ

A7 = b sin θ

A8 = 3(b2q1 sin θ − b2q2 sin θ + 2by2 cos θ + bq1y sin θ

+bq2y sin θ − 2bq3y sin θ )2

A9 = 3(2y2 cos θ + q1y sin θ + q2y sin θ − 2q3y sin θ

+bq1 sin θ − bq2 sin θ )2

A10 = (q3 − q2 + b cos θ)2

A11 = (q1 − q3 + b cos θ)2
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