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Abstract: As devastating and unpredictable tsunamis generated by underwater earthquakes are
occurring more frequently, the need for tsunami disaster prevention measures is rapidly increasing.
In this study, tsunami heights were estimated, and the best-fit distribution was examined through a
combination of numerical analyses and statistical methods. A numerical model was employed to
estimate the tsunami heights, and the parameters were estimated using the method of L-moments
applied to the estimated tsunami heights. The best-fit distribution was determined by applying the
estimated parameters to the L-moment ratio diagram. The study areas were the Imwon Port and the
Sadong Port located in the eastern part of the Korean Peninsula. The tsunami height distribution
was represented by a log-normal distribution for the Imwon Port, whereas the distribution was
represented by a generalized Pareto distribution for the Sadong Port. The study indicates that the
distribution most commonly suggested by previous studies, i.e., the log-normal distribution, is not
always accurate. Therefore, when performing statistical analysis on tsunami heights, the assumption
of a log-normal distribution should be considered carefully.
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1. Introduction

The increasing frequency of earthquakes in the regions ranging from South and Central America
to North America, and the Kyushu and Honshu regions of Japan in recent years has caused a
growing concern over the so-called 50-year period theory, which suggests that large earthquakes occur
approximately every 50 years in the circum-Pacific seismic zone, which is referred to as the Ring of
Fire [1]. Many countries close to the sea have been severely damaged by tsunamis that are caused
by submarine earthquakes. For example, the impact of the 9.0-magnitude earthquake that occurred
on 11 March 2011, off the east coast of Sendai, Japan, and the subsequent tsunami waves as high as
15 m, was felt worldwide. Nearly 20,000 people were killed, presumed killed or missing, and more
than 150,000 people were dislocated, with the local property damage estimated at more than $220
billion USD [2]. This combined event also severely damaged the Fukushima nuclear power plant on
the eastern Japan coast, the effects of which are still ongoing.

In general, the Korean Peninsula is recognized as safe from tsunamis. However, the 1983 Central
East Sea earthquake (7.7 M) and the 1993 Southwest Hokkaido earthquake (7.8 M) caused damage to
the Korean Peninsula, and the probability of an undersea earthquake near the Korean Peninsula is
increasing, given the 2016 Gyeongju earthquake (5.8 M) and the 2017 Pohang earthquake (5.4 M) [1].
The frequency of occurrence of submarine earthquakes in the waters around the Republic of Korea has
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increased in the 2010s compared with the 2000s. Accordingly, proper prevention measures against
natural disasters have become necessary.

There have been approximately 30 tsunamis worldwide that have caused massive damage.
As huge tsunamis occur relatively rarely, observational data of tsunamis alone have limitations in
predicting tsunami heights. Therefore, various methods have been proposed to predict the risks
associated with tsunamis and to calculate probable tsunami heights. In general, for past tsunami
events, the tsunami heights were estimated using numerical model experiments or statistical analysis
methods. While the prediction of tsunami height through numerical modeling could quantify the risks
associated with a tsunami with relative accuracy, it is nearly impossible to model all tsunami cases;
even producing models for a small number of cases requires considerable time and cost. In contrast,
statistical analysis after-the-fact is highly accurate because it uses actual tsunami measurement data.
However, it is difficult to define a precise height distribution because the available number of tsunami
height observation points is very limited.

Applying statistical methods to predict tsunami events in the East Sea is difficult, given the
very few past events as well as the lack of data. Therefore, in this study we predicted the maximum
tsunami heights caused by the initial waveforms of virtual tsunamis and applied statistical analyses
for the Imwon Port, which is the most susceptible to damage by an unexpected tsunami in the East
Sea, and for the Sadong Port, which is scheduled for a new airport construction. For both cases,
we combined numerical modeling with statistical analysis methodology. For the governing equations
for numerical modeling, we applied linear shallow-water equations. To select the best-fit distribution
of the tsunami heights obtained through such numerical modeling, we applied the L-moments method
and the L-moment ratio diagram.

2. Numerical Simulation

2.1. Study Area and Earthquake Sources

In this study, we used virtual earthquake sources in Japan that have a high probability of causing
damage in the Republic of Korea. The values given by the Ministry of Land, Infrastructure, Transport
and Tourism [3] of Japan were used as the fault parameters. Figure 1 shows the areas in Korea chosen
for this study—the Imwon Port and the Sadong Port. The East Sea, surrounded by Korea, Japan,
and Russia, is also shown (Figure 1). At the Imwon Port, one person was killed and two others were
reported missing in the 1983 Central East Sea tsunami that occurred on 26 May 1983. This is the only
human casualty recorded in the Korean Peninsula in the last 100 years.

Firstly, we had to determine the earthquake sources in order to perform numerical experiments for
the target area. To estimate the initial water surface displacement of each source, we used a model based
on the fault parameters under the assumption that the initial water surface displacement presented by
Manshinha and Smylie (1971) [4] was the same as the vertical component of the submarine displacement.

Numerical model domains of the East Sea, the Imwon Port, and their bathymetries are presented
in Figure 2. The numerical information and boundary conditions for each region are given in Tables 1
and 2, respectively. The grid size was decreased by 1/3 based on the dynamic linking method (Table 1).
Region A used the free transmission condition, and the other regions used the dynamic linking method
as a boundary condition for the open sea. A fully reflected condition was used for the A, B, C, and D
regions. The tsunami heights in this study were predicted at all grid points in Region D of Table 1.
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Figure 2. Domain of numerical simulation of tsunamis and geographical information for the Imwon
and Sadong Ports. (Regions A, B, C and D are computational regions.)

Table 1. Computational information for each region.

Region Grid Size
(∆x=∆y)

Mesh Number Time Step Size
(∆t)

Numerical
ModelImwon Sadong

A 1215.0 m 976 × 1114 3.00000 s Linear
B 405.0 m 979 × 1117 1.00000 s Linear
C 135.0 m 979 × 1117 0.33333 s Linear
D 45.0 m 61 × 73 64 × 79 0.11111 s Linear
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Table 2. Boundary conditions for each region.

Region A B C D

Boundary condition
for land Fully reflected Fully reflected Fully reflected Fully reflected

Boundary condition
for open sea Free transmission Dynamic linking Dynamic linking Dynamic linking

Figure 3 shows the distribution of the virtual earthquake sources. All of the sources are located
near the west coast of Japan. Many existing studies have reported tsunami traveling times of about
100–150 min from the west coast of Japan to the east coast of Korea (e.g., [1]). In the numerical
simulation, we employed all 44 virtual earthquakes plotted in Figure 3. In the figure, Case 1 is the
northmost case, while Case 44 is the southmost one. Fault parameters for the virtual earthquakes
displayed in Figure 3 are listed in Table A1 in Appendix A.
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2.2. Governing Equations

We numerically modeled an offshore tsunami, where the linear shallow-water theory could
be applied because the water surface displacement is relatively small compared with the water
depth [5]. As a tsunami can propagate a long distance, the physical frequency dispersion, which
significantly affects the propagation, must be considered. Therefore, we used linear Boussinesq
equations that can consider physical frequency dispersion as the governing equations, following
Cho et al. [6]. The propagation model, except for the nonlinear terms and the Coriolis force, consisted
of the continuity equation and momentum equations as follows:

∂ζ
∂t

+
∂P
∂x

+
∂Q
∂y

= 0 (1)



Appl. Sci. 2019, 9, 5517 5 of 14

∂P
∂t

+gh
∂ζ
∂x

= 0 (2)

∂Q
∂t

+gh
∂ζ
∂x

= 0 (3)

where ζ is the free surface displacement, h is the still-water depth, P(= uh) and Q(= vh) are the
depth-integrated volume fluxes in the x and y directions, respectively, and g is the gravitational
acceleration. Equation (1) is the continuity equation with no truncation error. Equations (2) and (3) are
the momentum equations that do not consider the hydrodynamic pressure.

Using a modified leap-frog scheme technique, we employed the following propagation model to
generate numerical dispersion consistent with the physical dispersion term of the linear Boussinesq
equations, without changing the lattice spacing and the computation time interval, even when the
water depth changes [6].

ζn+1/2
i, j − ζn−1/2

i, j

∆t
+

Pn
i+1/2, j − Pn

i−1/2, j

∆x
+

Qn
i, j+1/2 −Qn

i, j−1/2

∆y
= 0 (4)

Pn+1
i+1/2, j−Pn

i+1/2, j
∆t + ghi+1/2, j

ζn+1/2
i+1, j −ζ

n+1/2
i, j

∆x + α
12∆x ghi+1/2, j

[
ζn+1/2

i+2, j − 3ζn+1/2
i+1, j +3ζn+1/2

i, j − ζn+1/2
i−1, j

]
+

γ
12∆x ghi+1/2, j

[(
ζn+1/2

i+1, j+1 − 2ζn+1/2
i+1, j +ζn+1/2

i+1, j−1

)
−

(
ζn+1/2

i, j+1 − 2ζn+1/2
i, j + ζn+1/2

i, j−1

)]
= 0

(5)

Qn+1
i, j+1/2−Qn

i, j+1/2
∆t + ghi, j+1/2

ζn+1/2
i, j+1 −ζ

n+1/2
i, j

∆y

+ α
12∆y ghi, j+1/2

[
ζn+1/2

i, j+2 − 3ζn+1/2
i, j+1 +3ζn+1/2

i, j − ζn+1/2
i, j−1

]
+

γ
12∆y ghi, j+1/2

[(
ζn+1/2

i+1, j+1 − 2ζn+1/2
i, j+1 +ζn+1/2

i−1, j+1

)
−

(
ζn+1/2

i+1, j − 2ζn+1/2
i, j +ζn+1/2

i−1, j

)]
= 0

(6)

In Cho et al. [6], the variance correction factors α and γ are determined as follows, and the
numerical results are the same as those of the linear Boussinesq equation.

α =
4h2 + gh(∆t)2

− (∆x)2

(∆x)2 , γ = α + 1 (7)

Detailed information on the numerical scheme, including the leap-frog scheme, can be found in
the literature [1,4].

3. Best-Fit Distribution

3.1. The L-Moments Method

We used the method of L-moments to calculate the parameters of the best-fit distribution of the
tsunami heights. Hosking (1990) [7] introduced L-moments to estimate parameters of distribution
through a linear combination of probability-weighted moments. It is similar to the existing method of
moments in terms of application, but it has little bias because the estimates of the samples by L-moment
are always linear combinations. As L-moments are a linear combination of probability-weighted
moments, a probability-weighted moment must be defined prior to the explanation of the L-moment [8].
A probability-weighted moment is defined as follows:

βr = E
{
X[FXn(x)]

r
}

(8)
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where FX(x) is the cumulative probability distribution function of X. An unbiased estimator of the
probability-weighted moment must be used in order to apply it to the data of n samples, which is
calculated as follows [9].

β̂r = n−1
n∑

j=1

( j− 1)( j− 2) · · · ( j− r)
(n− 1)(n− 2) · · · (n− r)

x j (9)

The sample data x j are rearranged in ascending order (x1 ≤ x2 ≤ · · · ≤ xn). Using the unbiased
estimator, the L-moment is calculated using the following equations:

λ1 = β0 (10)

λ2 = 2β1 + β0 (11)

λ3 = 6β2 − 6β1 + β0 (12)

λ4 = 20β3 − 30β2 + 12β1 − β0 (13)

3.2. The L-Moment Ratio Diagram

The L-moment ratio diagram is a useful method for comparing the best-fit distributions of data
for multiple target areas [7,9].

Hosking [7] defined the L-coefficient of variation, L-skewness, and L-kurtosis, which correspond
to the coefficients of variation, skewness, and kurtosis of the existing moments method, respectively,
using the L-moment ratio as follows:

τ2 =
λ2

λ1
(14)

τ3 =
λ3

λ2
(15)

τ4 =
λ4

λ2
(16)

where τ2 is the L-coefficient of variation, τ3 is the L-skewness, and τ4 is the L-kurtosis.
In general, either a method of plotting the average point of the L-skewness and the L-kurtosis for

each sample on the theoretical L-moment ratio diagram of the candidate distributions, or a method of
comparing the optimal line diagrams of the L-moment ratio for the samples, could be used to select
the best-fit distribution. In this study, we numerically simulated each of the 44 hypothetical undersea
earthquakes on the 2387 grid points of the Imwon Port and the 3492 grid points of the Sadong port.
As the number of samples was large, the best-fit distribution was selected by drawing the average of
the L-skewness and the L-kurtosis instead of using optimal line diagrams.

4. Results

4.1. Results of Numerical Simulation

Figures 4 and 5 show the results of the numerical simulation, giving the maximum tsunami
heights of the representative cases, starting from the southwest end of the Korean Peninsula. The x-axis
represents the index number of the grid, and the y-axis shows the tsunami heights. The tsunami
heights varied from 0 to 6 m for the Imwon Port and from 0 to 3 m for the Sadong Port. The 44 virtual
earthquakes listed in Table A1 and plotted in Figure 3 are employed to estimate tsunami heights.
However, only representative cases are drawn in Figures 4 and 5. In figures, Case 1 is the northmost
case, while Case 44 is the southmost one. As the distance between the seismic sources and the target
area increases, the tsunami heights tend to decrease. However, compared with Case 14, Case 13
produced lower tsunami heights with the same magnitude and a shorter distance (Table A1).
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Figure 4. Maximum tsunami heights simulated for the representative cases at the Imwon Port.

Although the 44 cases of virtual earthquakes plotted in Figure 3 are simulated numerically, only six
cases are shown in Figures 4 and 5, respectively. Case 9 provides the largest tsunami heights at the
Imwon Port as shown in Figure 4, while Case 44 provides the largest heights at the Sadong Port.
This could have been caused by the inclusion of a complicated dispersion that accounts for the influence
of the Yamato Rise fishing ground and the terrain under the East Sea.

4.2. Results of Statistical Analysis and the L-Moments Method

We used the method of L-moments and the maximum tsunami heights to create virtual tsunami
scenarios, and then we drew the results into L-moment ratio diagrams to analyze the probability
distribution of the tsunami heights at the Imwon Port and the Sadong Port. Various distributions,
including generalized logistic (GL), generalized extreme value (GEV), generalized Pareto (GP),
3-parameter log normal (LN3), and Pearson type 3 (PA3), were candidates for the best-fit distribution.

Figures 6 and 7 show the L-moment ratio diagrams used to identify the best-fit distribution type
for representing the tsunami heights in this study. The candidate model probability distributions
are plotted as curvilinear lines, and pairs of the sample third and fourth L-moment ratio values are
numerically represented. The point numbers represent the undersea earthquake identification numbers.
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By analyzing the tsunami heights through the L-moment diagram, we confirmed that the
probability distribution of the tsunami heights could be changed for each tsunami case or location area.
This indicates that previous studies of tsunami heights in limited areas that followed the log-normal
distribution were not always accurate (e.g., [10]). Therefore, caution must be taken when applying a
log-normal distribution to tsunami heights, regardless of the spatial width.

From the perspective of disaster prevention, it is reasonable to select a probability distribution
out of the many possibilities because it is impossible to predict the distribution of all the cases.
By integrating all the cases, the results of applying the L-moment ratio are shown in Figures 8 and 9.
Figure 8 shows that the log-normal distribution is appropriate for the Imwon Port, whereas Figure 9
shows the generalized Pareto distribution for the Sadong Port.
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Additionally, we compared three different goodness-of-fit measures, namely, negative
log-likelihood (NLogL), Bayesian Information Criterion (BIC) and Akaike Information Criterion
(AIC). When fitting models, it is possible to increase the likelihood by adding parameters, but doing so
may result in overfitting. Both BIC and AIC attempt to resolve this problem by introducing a penalty
term for the number of parameters in the model. Lower BIC (or NlogL and AIC) is better for the model,
as summarized in Table A2. We thus confirmed that the best-fit distributions of the tsunami heights for
the Imwon and Sadong Ports were the log-normal distribution and generalized Pareto distribution,
respectively. Based on these results, Figures 10 and 11 show the cumulative distribution function
(CDF) of the distributions of the two ports. Through CDF, the tsunami heights could be quantitatively
predicted by calculating the probability of the tsunami height caused by an earthquake that might
occur in the East Sea. Based on this quantitative prediction methodology, realistic and economical
responses and measures can be presented for preparing hazard maps or designing sea-facing facilities.
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5. Concluding Remarks

According to Kim et al. [10], similar tsunami height distributions appear in fixed, small coastal
areas, regardless of the undersea earthquake characteristics. However, as the number of earthquakes
increases, various tsunami height distributions might occur in a given area because tsunamis are affected
by various topographical effects, such as refraction and diffraction during propagation, depending on
the location of the earthquake. In general, higher tsunami heights are observed when earthquakes
occur in adjacent locations, but there could be other aspects such as terrain effects, as Cases 13 and 14
describe here. Therefore, the assumption that tsunami heights will follow the log-normal distribution
in smaller regions is not always correct.

For disaster prevention, because it is impossible to apply the optimal tsunami height distribution
type for each earthquake, it might be efficient to establish a disaster prevention plan by selecting one
optimal distribution type by integrating all of the historical earthquake and tsunami events. Through
this approach, realistic and economical preparations could be made for creating hazard maps and for
designing sea-facing population centers and port facilities.

Finally, the results of the study shall be used by a civil defense authority to establish a mitigation
plan against possible but unexpected tsunami attacks in Korea.
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Conclusion section were written by C.K., Y.-S.C. and K.-Y.P.
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Appendix A

Table A1. Fault parameters for the virtual earthquakes.

Case
Location H

(km)
θ

(◦)
δ

(◦)
λ

(◦)
L

(km)
W

(km)
D

(m) M
Longitude (◦E) Latitude (◦N)

1
139.56 44.58

2.4
176 45 54 29.0

17.9 3.70 7.4139.58 44.33 201 45 76 21.6
139.49 44.14 167 45 48 25.3
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Table A1. Cont.

Case
Location H

(km)
θ

(◦)
δ

(◦)
λ

(◦)
L

(km)
W

(km)
D

(m) M
Longitude (◦E) Latitude (◦N)

2
140.19 44.15

2.0
218 45 93 31.3

18.4 3.75 7.4139.95 43.92 189 45 77 20.9
139.91 43.73 153 45 63 23.1

3
139.19 43.69

4.0
347 30 103 24.4

27.9 4.78 7.6139.12 43.90 2 30 104 29.2
139.13 44.16 347 30 103 18.8

4 139.66 43.69 3.4 194 45 98 73.2 20.6 3.94 7.5

5 139.34 43.97 4.2 180 45 67 78.1 19.5 3.97 7.5

6
139.86 43.40

1.8
156 45 62 24.0

18.7 3.71 7.4139.98 43.21 161 45 65 29.3
140.09 42.96 177 45 79 19.7

7 139.49 42.70 3.0 172 45 70 53.4 21.2 3.33 7.3

8
139.57 43.43

3.6
195 45 99 43.3 20.3

6.00 7.8139.43 43.06 192 45 111 79.6 20.3
139.23 42.35 167 60 105 51.9 16.6

9
139.36 43.46

3.8
173 45 97 45.2 20.1

6.00 7.8139.43 43.06 192 45 111 79.6 20.1
139.23 42.35 167 60 105 51.9 16.4

10 138.65 41.74 4.6 14 30 94 75.9 26.7 4.79 7.6

11
139.41 41.02

2.8
10 45 106 53.9

21.5 6.00 7.8139.52 41.50 350 45 96 81.0

12
139.78 40.89

2.2
7 45 95 100

18.1 5.52 7.7139.93 41.78 348 45 87 37.4

13
138.18 40.88

4.3
33 30 110 58.6

27.3 6.00 7.8138.57 41.32 18 30 97 42.8

14

139.57 41.48

2.0

151 45 68 30.8

18.4 6.00 7.8
139.75 41.25 199 45 102 47.2
139.56 40.84 165 45 103 52.4
139.72 40.39 175 45 88 39.2

15
139.57 41.48

2.4
151 45 68 30.8

17.9 3.76 7.4139.75 41.25 199 45 102 47.2

16 139.58 40.91 2.6 1 45 98 63.9 17.5 3.31 7.3

17
139.56 40.84

1.7
165 45 103 52.4

18.8 4.30 7.5139.72 40.39 175 45 88 39.2

18
138.93 40.10

3.9
21 30 74 53.7

28.2 6.00 7.9139.15 40.56 349 30 80 77.9

19 138.76 40.26 3.7 205 45 116 49.5 20.2 3.12 7.3

20 139.57 39.97 1.3 184 45 85 70.9 19.4 3.73 7.4

21 138.97 39.64 1.6 184 45 82 56.3 18.9 3.23 7.3

22
138.89 40.01

2.3
200 45 115 35.7

18.0 5.18 7.7138.74 39.71 185 45 93 39.7
138.71 39.36 202 45 118 50.9

23 138.34 39.48 3.5 25 45 100 61.6 16.3 3.13 7.3

24
139.87 39.81

1.3
202 45 98 96.1

19.3 6.00 7.8139.45 39.01 247 45 120 56.5
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Table A1. Cont.

Case
Location H

(km)
θ

(◦)
δ

(◦)
λ

(◦)
L

(km)
W

(km)
D

(m) M
Longitude (◦E) Latitude (◦N)

25 139.87 39.81 1.2 202 45 98 96.1 19.5 4.54 7.6
26 139.36 39.29 1.7 234 45 123 89.1 18.8 4.22 7.5

27
139.73 39.05

1.1
211 45 106 71.9

19.7 5.45 7.7139.31 38.49 197 45 97 52.0

28 138.87 38.99 1.4 200 45 96 99.1 19.2 4.59 7.6

29
138.26 38.34

1.5
4 45 46 31.3

19.1 3.20 7.3138.28 38.62 36 45 97 23.6

30
138.47 38.87

1.7
227 45 130 33.9

18.8 3.78 7.4138.18 38.66 185 45 90 41.0

31 138.77 38.23 1.3 209 45 95 62.6 23.6 3.89 7.5

32 138.12 37.74 2.3 350 45 67 37.3 18.0 3.67 7.4
138.05 38.07 38 45 73 36.9

33
137.59 36.99

1.9
37 45 76 51.5

22.7 4.66 7.6137.93 37.36 55 45 102 34.1

34
136.68 37.33

1.1
64 45 113 48.3

19.7 4.50 7.6137.18 37.52 55 45 105 45.9

35
137.27 37.99

1.2
230 45 99 36.0

19.6 3.08 7.3136.96 37.78 267 45 145 13.7

36 136.06 36.73 1.4 30 60 107 42.5 15.8 2.59 7.1
37 135.66 37.04 2.1 81 60 215 28.2 14.1 2.14 6.9

38
134.8 36.52

2.4
81 60 264 21.1

14.5 3.56 7.4135.04 36.55 47 60 145 36.3
135.34 36.77 54 60 215 29.9

39 136.04 36.49 1.2 39 60 126 23.7 11.8 1.95 6.8
40 136.08 36.43 1.2 232 60 145 48.0 16.0 2.74 7.2

41
136.09 35.80

1.1
319 60 35 22.5

16.1 3.34 7.3135.93 35.94 27 60 125 25.4
136.06 36.15 344 60 40 22.5

42
134.41 35.76

1.1
261 60 215 69.0

16.0 3.96 7.5133.66 35.65 249 60 215 25.8

43
132.96 35.62

1.1
217 60 143 7.1

16.0 2.79 7.2132.92 35.57 268 60 215 42.4

44
132.42 35.50

1.2
271 60 215 72.4

16.0 4.15 7.5131.62 35.50 235 60 145 30.1

Table A2. Goodness-of-fit measures of tsunami heights at the Sadong and Imwon Ports.

Sadong Imwon

NLogL BIC AIC NLogL BIC AIC

GEV −141,891 −283,746 −283,776 8,417.091 16,868.87 16,840.18
GP −145,255 −290,474 −290,503 9,413.569 18,861.82 18,833.14
GL −74,693.1 −149,362 −149,382 42,424.56 84,872.24 84,853.12
LN −145,031 −290,338 −290,358 6,094.269 12,211.66 12,192.54
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