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ABSTRACT
The direct evaluation method for measuring the permittivity and conductivity of thin layers was proposed via the wave approach in the
terahertz (THz) region. The terahertz time-domain spectroscopy (THz-TDS) was employed for performing experiments with thin dielectric
layers. The proposed method takes advantage of the wave prediction for propagated THz waves in the thin layer. The transient and spec-
tral responses of the THz waves propagated in the thin layer were predicted directly through the proposed wave approach. The numerical
procedures utilizing the predicted waves were presented to derive the complex wavenumber in the THz region, which is composed of the per-
mittivity and conductivity. The derived properties were verified by comparing with the measured behaviors in time and frequency domains.
The proposed numerical procedures allow us to measure precisely the complex dielectric property of the thin layer without any pre-estimation
for layer inner conditions.

© 2019 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/1.5115092., s

I. INTRODUCTION

When electromagnetic waves are interacted with an object,
changes in their magnitude and phase can be used to infer the
material properties of the object.1–4 Many noncontact methods to
measure the properties have been developed by analyzing reflected
microwaves along intended paths.5,6 Several researchers presented
the measurement methods by utilizing the quality factor of reso-
nances7,8 and the waveguide9 and free-space method.10 The pre-
vious methods based on wave detection require specific sample
conditions and calibrations. Implementations of the methods in a
higher frequency region inevitably required further considerations
in terms of wavenumber and speed due to their sophisticated signal
manipulations, showing limitation on practical applications.11,12

Terahertz time-domain spectroscopy (THz-TDS) has exhib-
ited remarkable performance in nondestructive evaluation of var-
ious materials.13–16 The terahertz (THz) waves have advantages of
high penetrability with low photon energy, do not require a liquid

couplant, and are harmless to humans.17–19 These features enable
efficient implementations to be achieved for the noncontact and
real-time evaluating method.20–22 Due to the advantages of the THz
waves, there has been strong interest in the measurement of the elec-
tromagnetic properties in the THz region by utilizing the refractive
index of temporal echoes of THz waves.23–29 These echo methods
were performed under the premise that the reflections do not inter-
fere with each other, requiring an essential prerequisite to estimate
transmission and reflection pathways.30,31 The accurate prediction
of the properties in the THz region deeply relied on the effec-
tive design of optical instruments, which require high experimental
costs.

The originality of the proposed method lies in the theoreti-
cal approach utilizing the complex wavenumber in the THz region,
reducing experimental costs without the further manipulation tech-
niques. In this study, the proposed method takes advantage of a
direct wave prediction for propagated THz waves through thin
layers. The wave approach allows us to measure precisely two
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electromagnetic properties (permittivity and conductivity) of lay-
ered materials and polymers in a direct manner without any pre-
estimation and regressions, presenting a supplementary tool to ana-
lyze wave-behaviors measured from the THz-TDS. The THz pulse
waves were measured after propagation through the thin layers by
using the THz-TDS equipment. The transfer function in the THz
region was predicted to analyze the frequency-dependent variation
of the complex wavenumber, which is composed of the permittivity
and conductivity. The complex wavenumbers of the thin layers were
derived through the numerical procedure based on the wave predic-
tions. The derived properties were verified by comparing with the
measured THz behaviors in time and frequency domains. Given the
direct approach to the propagated THz waves, the proposed method
is straightforward to measure the properties of the thin layers with
wider applications and optimized costs.

II. WAVE APPROACH TO ANALYZE THE TRANSFER
FUNCTION OF THIN LAYERS

The propagation of the THz wave was predicted based on
Maxwell’s equations. For a source-free, homogeneous, and lossy
medium, the wave propagations are predicted as32,33

∇×E = −iωμH, ∇×H = iωεE+ J, ∇ ⋅ (εE) = 0, ∇ ⋅ (μH) = 0,
(1)

where E is the electric intensity; H is the magnetic intensity; ε and μ
are the permittivity and permeability of the medium, respectively;
J = σE is the current density; and σ is the conductivity of the
medium. The two-dimensional Helmholtz equation for a transverse
electric wave derived by from Eq. (1) is given as follows:

(∇2 + ω2με̂c)E = 0, (2)

where ω is the angular frequency and ε̂c = ε(1 − i ⋅ σ/ωε) is the
complex permittivity. In order to predict the wave transfer in the
pitch–catch mode, the propagated and reflected waves were divided
in the medium of air and the thin layer. Assuming harmonic solu-
tion, E = Re{Ê(x, z)eiωt}, general wave solutions in the two layers
are as follows:

Ê1(x, z) = Â1e−ik̂1x ⋅x−ik̂1z ⋅z + Â2e−ik̂1x ⋅x+ik̂1z ⋅z ,

Ê2(x, z) = Â3e−ik̂2x ⋅x−ik̂2z ⋅(z−L0) + Â4e−ik̂2x ⋅x+ik̂2z ⋅(z−L0),
(3)

where Ê1 and Ê2 are the THz waves in air and the thin layer, respec-
tively, and k̂x and k̂z are the wavenumbers in the x- and z-directions,
respectively. k̂1 = ω

√
μ1ε̂c1 and k̂2 = ω

√
μ2ε̂c2 are the wavenumbers

in air and the thin layer, respectively. Ân are the complex ampli-
tudes, and Lo is the length from the emitter to the thin layer. The
coordinates are shown in Fig. 1(b). The oblique incident THz wave
from the emitter, ÊI(x, z) = α̂0e−ik̂1x ⋅x−ik̂1z ⋅z , satisfies the following
condition at z = z0:

Â1e−ik̂1x ⋅x = ÊI(z0). (4)

The mirror located at the bottom of the thin layer completely
reflects the THz waves. The boundary condition at the layer bottom
(z = L + L0) is applied as follows:

Ê2(L + L0) = 0, (5)

where L is the layer thickness. At the interface between the two
media, the THz waves follow the electric and magnetic continuity
conditions (Snell’s law) at z = L0 as follows:

Ê1(L0) = Ê2(L0), μ2 ⋅ ∂Ê1(L0)/∂z = μ1 ⋅ ∂Ê2(L0)/∂z. (6)

The complex amplitudes of the wave solutions were obtained by
symbolic analysis of the boundary conditions. The transfer function
of the pitch–catch mode is calculated as follows:

Λeiϕ = ÊR(z0)/ÊI(z0), (7)

where ÊR(x, z) = Â2e−ik̂1x ⋅x+ik̂1z ⋅z is the wave detected by the THz
receiver, Λ is the magnitude, and ϕ is the phase of the transfer
function.

The complex permittivity of the layer was derived to solve
Eq. (7) with respect to the complex wavenumber. In order to
numerically obtain the complex wavenumber of the thin layer, the
Newton-Raphson iterations were performed as follows:34

(∂ÊR(z0)/∂k̂2) ⋅ Δk̂2 = ÊR(z0) − ÊI(z0)Λeiϕ. (8)

The permeability of the dielectric layer was the same as that of
air, and thus, the complex permittivity was calculated by using the
wavenumber derived from the numerical process as follows:

ε̂c = k̂2
2/μ0ω2, (9)

FIG. 1. (a) Experimental setup of THz
pulse waves with a dielectric thin
layer. (b) Schematic of the emitted and
reflected THz waves via the pitch–catch
mode. Waves reflected by the thin layer
were measured by the receiver.
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FIG. 2. (a) The transient response. (b) The autospectrum of the incident THz pulse wave from the THz emitter.

FIG. 3. The measured and predicted transient responses for different thin layers: (a) paper, (b) intrinsic silicon, and (c) p-doped silicon. Red lines denote the mea-
sured results, and dotted lines denote the predicted results. The predicted results use permittivity and conductivity obtained by the numerical calculation, as shown
in Fig. 5.
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where μ0 is the air permeability. By using the proposed wave
approach, the transient responses of the THz waves in the thin
layer were directly predicted. The complex permittivity of each thin
layer specimen was calculated and compared by using the predicted
responses.

III. NONDESTRUCTIVE METHOD TO EVALUATE
PROPERTIES OF THIN LAYERS USING THZ WAVES
A. Experimental setup to measure reflected THz
waves

Experiments were performed using a THz-TDS imaging system
(FiCOTM, Zomega Terahertz Corp., USA) which was composed of
a femtosecond laser module, a THz-TDS module, and an XY fast-
imaging stage.28,29 Figure 1(a) shows the experimental setup con-
taining the dielectric thin layer for the pitch–catch mode between
the THz emitter and the receiver. The THz-TDS module was config-
ured in a pitch–catch mode with a 45○ incidence angle. Figure 1(b)
shows the schematic for the emitted and reflected THz waves. The
humidity condition was maintained at 1% to prevent absorption of
THz waves by water vapor.

The pulse THz waves were generated from the emitter as shown
in Fig. 2(a). Figure 2(b) shows the frequency spectrum of the inci-
dent wave. The emitted wave exhibited a broadband spectrum from
0.1 THz to 2.0 THz. The transfer functions were calculated and
compared for the same frequency spectrum of the incident wave.
Three thin layer specimens were used for the experimentations. The
specimens used in the study included paper, intrinsic silicon, and
p-doped silicon. The paper exhibited lower permittivity when com-
pared with that of common semiconductors. The intrinsic silicon is
a semiconductor in an initial state. The p-doped silicon is a semi-
conductor with added foreign atoms in the crystal lattice to change
conductivity. The thickness of each specimen was 300, 720, and
540 μm, respectively. The height of the layer surface (z = L0) was con-
trolled to be identical for all specimens. The measured waves from
the THz receiver were sampled uniformly with a 0.0567 ps interval
for 116.077 ps (2048 data).

B. Direct measurements of the complex permittivity
of the thin layer by prediction of reflected THz waves

Figure 3 shows the measured and predicted THz transient
responses for different thin layers. The predicted THz waves, ÊR,

FIG. 4. The transfer functions for different thin layers: (a) paper, (b) intrinsic silicon, and (c) p-doped silicon. Red lines denote the measured results, and the dotted lines
denote the predicted results. The predicted results use the same permittivity and conductivity as shown in Fig. 3.
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FIG. 5. The relative permittivity and conductivity with respect to the frequency for
different thin layers derived by the proposed method: -∎-, paper, -●-, intrinsic
silicon, and -▲-, pdoped silicon.

were plotted for comparison with measured results by using the
derived properties in this study. As shown in Fig. 3, the measured
and predicted transient responses of all specimens showed good
agreement. When compared to the paper layer, the high permit-
tivity of the semiconductors reduced the wave speed as shown in
Fig. 3(b). Figures 3(b) and 3(c) show the attenuation of the wave
affected by the change in conductivity between the intrinsic silicon
and p-doped silicon. The increase in the conductivity by the dop-
ing process increased the attenuation. The phase-reversed waves on
several reflections were also well-reproduced without inferring the
propagation path.

The transfer functions of the three specimens were calculated
as shown in Fig. 4. The results used the same permittivity and

conductivity as in Fig. 3. As with the transient responses, the pre-
dicted transfer showed consistency with the measured behavior.
These results suggest that the theoretical procedures proposed in
the study accurately represented the THz wave propagations. The
magnitude and phase of transfer functions exhibited significant vari-
ations according to the permittivity and conductivity of each thin
layer. These variations depending on the transfer functions allow
the estimation of properties with a high resolution by the proposed
numerical procedures.

Through the proposed procedure, the frequency-dependent
complex permittivity was obtained by using the transfer functions
in Eqs. (8) and (9). Figure 5 shows the derived properties for the
three specimens. The derived permittivity was given as relative val-
ues with respect to that of air. The averaged values were used to
compare the properties for each layer in 0.1–1.0 THz frequency
band after neglecting large deviations. The relative permittivity, εr ,
of the paper, intrinsic silicon, and p-doped silicon was derived as
3.40, 10.88, and 11.82, respectively. The conductivities of the paper,
intrinsic silicon, and p-doped silicon were derived as 0.045, 0.061,
and 0.533 mS/m, respectively. The obtained properties of the layer
showed close agreement with the values obtained in previous stud-
ies.7,8,35 The permittivity of the intrinsic silicon was derived as three
times larger than that of the paper. The doping process increased the
conductivity of the silicon by more than ten times that of the intrin-
sic state. The physical correlations between the predicted values
validated the proposed method.

The proposed numerical procedure based on the wave
approach is an efficient method to analyze the measured behav-
ior from tests by THz waves. This model interprets the propagat-
ing waves in thin composites without information about the inner
structure. The proposed predictions allow easy integration into THz
devices due to small computational costs by the direct determina-
tion of electromagnetic properties. The proposed wave approach
allows prediction of the permittivity and conductivity using the
simple measurement even when reflected waves are difficult to be
distinguished from each other.

FIG. 6. (a) The predicted transient responses, and (b) the transfer functions by the proposed procedures under the condition of interferences due to the thin thickness of the
layer. These interferences make it difficult to infer the propagation pathways by using the temporal calculations.
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C. Discussion for the proposed evaluation method
In this paper, the material properties of the thin layers were esti-

mated by using the transfer functions in the THz region. Researchers
showed the nondestructive evaluation using the reflected waves in
the time domain to evaluate the properties of composite materi-
als.29,31 The preceded understanding to the propagation path in the
medium was required to calculate the properties through the tem-
poral calculations. The data processing also requires considerations
on the interference of the reflected waves and electronic noises.

To validate the originality of the proposed method, the wave
propagation in the thin layers affected by the thickness was discussed
in this section. Since the propagated wave solutions were derived by
assuming harmonic responses, the transient responses in the discrete
form were calculated.36 The input wave used in the prediction was
identical with the emitted signal in the experiments. The material
properties were determined as those used in the previous study.29

The permittivity was derived through the peak amplitudes, and the
results were discussed with the proposed predictions in this section.

Figure 6 shows the transient responses and transfer functions
predicted by using the proposed procedure for different thickness
of the thin layers. The material properties of the layer were the
same as in Ref. 29. As shown in Fig. 6(a), the amplitude and time
of peaks with the thickness variation did not change linearly, ham-
pering interpretation of the phase and pathway of the reflections.
These interferences make it difficult to estimate the material prop-
erties based on the temporal calculations with the peaks. As shown
in Fig. 6(b), the transfer functions showed distinct variations with
changing thickness. The material properties were estimated from the
variations via the Newton-Raphson iterations, allowing us to predict
the properties of the thin layers without pre-estimating the propaga-
tion paths. The wave approach with the transfer function is advan-
tageous on analyzing the measured behaviors among propagations
which have different pathways and thickness variations.

IV. CONCLUSION
In this study, the permittivity and conductivity of thin layers

were derived using the analytical model for wave propagations in
the THz region. The wave approach was used to predict the prop-
agation and reflection of the THz waves in the thin layer. The two-
dimensional Helmholtz equation was applied to analyze the wave
propagations. The experiments were performed with the THz-TDS
imaging system. The specimens used in the experiments included
paper, intrinsic silicon, and p-doped silicon. The oblique incident
wave from the THz emitter was transmitted and reflected through
the layer. The propagated THz wave in the thin layer was precisely
reproduced by using the proposed procedures. The permittivity and
conductivity were directly derived by using simple measurements
of waves in the THz region. Given the direct wave prediction for
layered materials, the method evaluated the properties of the thin
layered materials without information about the reflective pathways
of waves. In addition, the proposed approach suggests a comple-
mentary tool for understanding the measured behavior from optical
imaging systems.
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