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Abstract: The heat transmission capabilities of hybrid nanofluids are superior to those of mono nanoflu-
ids. In addition to solar collectors and military equipment, they may be found in a number of areas
including heat exchanger, automotive industry, transformer cooling and electronic cooling. The pur-
pose of this study was to evaluate the significance of the higher order chemical reaction parameter
on the radiative flow of hybrid nanofluid (polyethylene glycol (PEG)–water combination: base fluid
and zirconium dioxide, magnesium oxide: nanoparticles) via a curved shrinking sheet with viscous
dissipation. Flow-driven equations were transformed into nonlinear ODEs using appropriate similarity
transmutations, and then solved using the bvp4c solver (MATLAB built-in function). The results of two
scenarios, PEG−Water + ZrO2 + MgO (hybrid nanofluid) and PEG−Water + ZrO2, (nanofluid) are
reported. In order to draw important inferences about physical features, such as heat transfer rate, a
correlation coefficient was used. The main findings of this study were that curvature parameter lowers
fluid velocity, and Eckert number increases the temperature of fluid. It was observed that the volume
fraction of nanoparticles enhances the skin friction coefficient and curvature parameter lessens the same.
It was noticed that when curvature parameter (K) takes input in the range 0.5 ≤ K ≤ 2.5, the skin friction
coefficient decreases at a rate of 1.46633 (i.e., 146.633%) (in the case of hybrid nanofluid) and 1.11236
(i.e., 111.236%) (in the case of nanofluid) per unit value of curvature parameter. Increasing rates in the skin
friction parameter were 3.481179 (i.e., 348.1179%) (in the case of hybrid nanofluid) and 2.745679 (in the
case of nanofluid) when the volume fraction of nanoparticle (φ1) takes input in the range 0 ≤ φ1 ≤ 0.2. It
was detected that, when Eckert number (Eck) increases, Nusselt number decreases. The decrement rates
were observed as 1.41148 (i.e., 141.148%) (in the case of hybrid nanofluid) and 1.15337 (i.e., 153.337%)
(in the case of nanofluid) when Eckert number takes input in the range 0 ≤ Eck ≤ 0.2. In case of hybrid
nanofluid, it was discovered that the mass transfer rate increases at a rate of 1.497214 (i.e., 149.7214%)
when chemical reaction (Kr) takes input in the range 0 ≤ Kr ≤ 0.2. In addition, we checked our findings
against those of other researchers and discovered a respectable degree of agreement.

Keywords: hybrid nanofluid; curved shrinking sheet; thermal radiation; Eckert number; correlation
coefficient; chemical reaction
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1. Introduction

Thermal radiation involves the flow of internal energy in the form of electromagnetic
waves. Radiation has a substantial effect on flow during processes involving high tem-
peratures, such as the production of proper plates. Ibrahim and Hady [1] used Rosseland
approximation to depict the radiative heat flux (in the energy equation) in the scrutiny
of laminar plane flow, and obtained that the thermal radiation increases the convective
flow. A decrease in velocity was shown to be associated with increasing porosity, according
to Bhatti et al. [2]. Squeezing nanofluid between two parallel plates with the radiation
parameter was mathematically analysed by Madaki et al. [3]. Koriko et al. [4] discovered
3D Eyring–Powell nanofluid radiative flow temperature is lowered by the thermal stratifi-
cation parameter. Besthapu et al. [5] found that as the temperature of the Casson nanofluid
increases, so does the fluid’s temperature. The radiation parameter reduces the Nusselt
number, as discovered by Kotha et al. [6]. According to Dogonchi et al. [7], Rayleigh
numbers have been shown to increase both Nusselt numbers (local and average). Shit and
Mandal [8] and Raza [9] used an elongating surface to study distinct radiative Casson fluids
(steady and unsteady). They concluded that the Biot number reduces entropy formation
while the slip parameter increases surface drag force. Pordanjani et al. [10] found that the
Bejan number is reduced by the radiation parameter. Radiative EMHD micropolar fluid
flow via an elongating sheet was studied by Bilal [11] using an R–K integration approach.
Different scientists [12–14] then examined various radiative nanofluid flows through varied
geometrical configurations. They concluded that Lewis’s number reduced fluid concen-
tration, Brickman’s improved entropy production, and Prandtl’s reduced temperature.
Thermal radiation has recently been studied, and diverse HNF (hybrid nanofluid) flows
have been described through varied geometries [15–20].

Viscous dissipation has a substantial impact on incompressible fluid flows with high veloc-
ity. For the first time, Soundalgekar [21] used the name Eckert number to refer to the parameter
of viscous dissipation. According to Jusoh et al. [22], the Eckert number reduces heat transmis-
sion. Non-Newtonian (pseudo-plastic) nanofluids demonstrate higher thermal performance
than Newtonian (nano) fluids in the suction situation (Maleki et al. [23]). Dissipative micropolar
flow at a stagnation point was explored by Kumar et al. [24] using an uneven elongating sheet.
An increase in Eckert number, as seen by Afridi and Qasim [25] in the Blasius flow by a flat
plate, increases fluid temperature. Dissipative nanofluid flows were afterwards researched
by a number of writers [26–30]. Pressure gradient reduces velocity and the thermophoresis
parameter raises temperature, to name a few of their results. A non-uniform elongating sheet
was explored by Gayatri et al. [31] to explain Carreau fluid flow. Fluid concentration dropped
with increasing chemical reaction, according to the researchers. In order to solve the problem
of MHD fluid flow via an upright permeable plate, Chiranjeevi et al. [32] used the shooting
approach. In their study of the dissipative flow of MHD fluid around an extended rotating
disc, Abbas et al. [33] found that Bejan number and entropy production behave in the opposite
direction of Brinkman number. Authors [34–39] have recently discussed several dissipative
fluid flows in different geometries.

Researchers are currently focusing on the issue of heat transmission in industrial
processes as their primary focus. Conventional cooling liquids such as ethylene glycol,
water, and oil have been used in these procedures in the past, but their heat transfer rates
are restricted. The usage of nanofluids in industrial processes has been introduced as
an intriguing new type of heat transfer fluid. Shock absorbers and heat exchangers are
just a couple of the many uses for nanofluid. The term “hybrid nanoparticles” refers to
nanoparticles made up of two or more nanometer-sized components. Hybrid nanofluids
are fluids created with hybrid nanoparticles. In addition to solar collectors and military
equipment, they may be found in a number of areas including heat exchanger, automotive
industry, transformer cooling and electronic cooling. According to Khan et al. [40], increas-
ing the rotation parameter of hybrid nanofluid between parallel plates increases velocity.
Three-dimensional MHD HNF (AA7072-AA7075/methanol) slip flow was studied by Tlili
et al. [41]. They found that mono nanofluid surpasses hybrid nanofluid when it comes
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to the Lorentz force. A number of studies have also been conducted on various hybrid
nanofluids with different geometries [42–48].

Following a careful examination of the aforementioned literature, we discovered that
when thermal radiation and viscous dissipation are significant, nothing is known about the
dynamics of chemically reactive polyethylene glycol and water–zirconia–magnesium oxide
hybrid nanofluid over a curved shrinking sheet at different levels of Lorentz force. Filling this
void is the originality of this paper, i.e., examining the significance of chemical reaction on
the radiative hybrid nanofluid flow by a curved shrinking sheet with viscous dissipation and
magnetic field parameters. In this study, physical factors such as the skin friction coefficient
(surface drag force) are statistically examined (through the correlation coefficient). Results were
given on two separate occasions, i.e., binary (hybrid) nanofluid (polyethylene glycol and water–
zirconia–magnesium oxide) and mono nanofluid (polyethylene glycol and water–zirconia).
In addition, we checked our findings against those of other researchers and discovered a
respectable degree of agreement.

2. Problem Formulation

We consider two-dimensional laminar, steady, and free convection flow of hybrid
nanofluid through a curved shrinking sheet. Hybrid nanofluid is a combination of polyethy-
lene glycol–water (base fluid), zirconia and magnesium oxide (nanoparticles). Assumptions
for this flow are:

• Velocity of the sheet is denoted by uw = cs where c < 0 corresponds to shrinking;
• R is the radius of the circular nest in which the curved sheet is enclosed;
• The strength of the magnetic field, denoted by the symbol B0, is applied in the r− direc-

tion (see Figure 1), i.e., a magnetic field of uniform strength B0 is applied transversely
to the direction of the flow;

• C∞ and Cw designate the ambient and surface concentrations while T∞ and Tw desig-
nate the ambient and surface temperatures correspondingly;

• Higher order chemical reaction parameter is included in the diffusion equation to describe
the mass transport phenomena. Thermal radiation and viscous dissipation parameters
are included in the energy equation to describe the heat transport phenomena;

• Table 1 exhibits the values of thermo-physical properties of base fluid and nanomateri-
als involved in the hybrid nanofluid;

• Because it is so little in comparison to the external magnetic field, the induced magnetic
field is ignored.

Table 1. Aspects of thermophysical relevant to HNF (Hossainy and Eid [47]).

S.No. Polyethylene Glycol–Water Mixture (f) ZrO2
(s1)

MgO
(s2)

1 ρ
(
Kg/m3) 1110 5680 3560

2 Cp(J/KgK) 3354 502 955

3 k(W/mK) 0.3712 1.7 45

4 σ(S/m) - 3× 10−5 -
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Figure 1. Flow design of the present study.

Taking into account the above assumptions, conservation of mass Equation (1), con-
servation of momentum Equations (2) and (3), conservation of energy Equation (4) and
diffusion Equation (5) are presented below [46,47]:

∂
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(
∂C
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and the corresponding boundary conditions are:

u(0, s) = uw, v(0, s) = −vw, T(0, s) = Tw, C(0, s) = Cw

u(r, s)→ 0, ∂u(r,s)
∂r → 0, T(r, s)→ T∞, C(r, s)→ C∞ as r → ∞

}
(6)

Thermo–physical properties of hybrid nanofluid are:

(ρCp)hn f = (1− φ2)
[
(1− φ1)

(
ρCp

)
f + φ1

(
ρCp

)
s1

]
+
(
ρCp

)
s2

φ2,

µhn f =
µ f

(1−φ1)
2.5(1−φ2)

2.5 , ρhn f = (1− φ2)
[
(1− φ1)ρ f + φ1ρs1

]
+ ρs2 φ2,

khn f =
ks2+2kn f−2kn f φ2+2ks2 φ2

ks2+2kn f +kn f φ2−ks2 φ2
× kn f , kn f =

ks1+2k f−2k f φ1+2ks1 φ1
ks1+2k f +k f φ1−ks1 φ1

× k f


Similarity transformations (Abbas et al. [46])

η =

√
dr2

υ f
, p = ρ f d2s2P(η), u = ds f ′(η), v = − 1

R+r

√
dυ f R f (η),

T = T∞ − (T∞ − Tw)θ(η), C = C∞ − (C∞ − Cw)Φ(η)

 (7)
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satisfy the continuity Equation (1) and transform Equations (2)–(5) as follows:

P′ =
f ′

K + η
f ′ (8)

2
L1

K
K + η

P =

(
f ′′′ + f ′′

1
K + η

− 1
K + η
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)
1
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1

K + η
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(
f

K
K + η

Φ′ − KrΦn
)

Sc = 0 (11)

and transform the boundary conditions in (6) as:

f (η) = S, f ′(η) = δ, θ(η) = 1, Φ(η) = 1 at η = 0
f ′(η)→ 0, f ′′ (η)→ 0, θ(η)→ 0, Φ(η)→ 0 as η → ∞

}
(12)

Here:
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[
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From Equation (9), we can obtain:
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From Equations (8) and (13), we can obtain the momentum equation as:
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Nusselt number Nus, Friction factor C f s, Sherwood number Shs are indicated as:
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With the assistance of (7), terms in (15) can be redrafted as:
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where Res =
suw
υ f

(Reynold’s number).

3. Numerical Procedure

Bvp4c is a built-in function in MATLAB that solves Equations (10), (11) and (14) using
boundary conditions (12). The bvp4c solver is a built-in function, making it easy to use.

As a pre-process to write the code, we first need to adopt the following assumptions
(Waini et al. [48]):

x1 = f , x2 = f ′, x3 = f ′′ , x4 = f ′′′ , x5 = θ, x6 = θ′, x7 = Φ, x8 = Φ′

Then, using the Equations (10), (11) and (14) with conditions (12), we can develop a
subsequent system of ODEs of first order:

x1
′ = x2,

x2
′ = x3,

x3
′ = x4,

x4
′ = −

 2
K+η x4 +

[
K

K+η (x1x4 − x2x3) +
K

(K+η)

(
x1x3 + x2

2) 1
K+η −

K
(K+η)2

1
K+η x1x2

]
L1L2

−L2

(
Mx3 + M 1

K+η x2

)
− 2L1L2

1
K+η

K
(K+η)

x2
2 +

1
K+η

x2
(K+η)2 − 1

(K+η)2 x3


x5
′ = x6,

x6
′ = −

(
1

K+η x6 +
L4

Ra+L3L31

(
Prx1

K
K+η x6 + Pr 1

L2L4
Eckx2

3

))
,

x6
′ = x7,

x7
′ = −

(
1

K+η x7 + Sc
(

K
K+η x1x7 − Krxn

6

))


with the conditions:

xa(1) = S, xa(2) = δ, xa(5) = 1, xa(7) = 1
xb(2) = 0, xb(3) = 0, xb(5) = 0, xb(7) = 0

}
After converting the above system as a MATLAB code, we can execute it to obtain the

required outcomes in the form of graphs.

4. Validation

The results of this study, in addition to prior studies, were subjected to rigorous
testing, and the results were judged to be adequate (see Table 2).

Table 2. Local Nusselt number validation in restricted situations (for example, K → ∞ and
φ1 = φ2 = 0 ).

Pr Mukhopadhyay [49] Present Study

0.01 0.02944 0.029440

0.72 1.08855 1.088550

1.00 1.33334 1.333340

3.00 2.50972 2.509720

5. Discussion of the Outcomes

In this study, results for two scenarios, PEG−Water+ZrO2 + MgO (hybrid nanofluid)
and PEG−Water + ZrO2, (nanofluid) are reported. The streamlines for the current flow
issue are shown in Figure 2.
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5.1. Engineering Parameters of Interest

It is clear from Figures 3 and 4 that the volume fraction of nanoparticles enhances the
skin friction coefficient and curvature parameter lessens the same. It was noticed that, when
radius of curvature parameter (K) takes input in the range 0.5 ≤ K ≤ 2.5, the skin friction
coefficient decreases at a rate of 1.46633 (i.e., 146.633%) (in the case of hybrid nanofluid)
and 1.11236 (i.e., 111.236%) (in the case of nanofluid) per unit value of radius of curvature
parameter. Increasing rates in the skin friction parameter are 3.481179 (i.e., 348.1179%) (in the
case of hybrid nanofluid) and 2.745679 (i.e., 274.5679%) (in the case of nanofluid) when the
volume fraction of nanoparticle (φ1) takes input in the range 0 ≤ φ1 ≤ 0.2. Nusselt number
drops as Eckert number and curvature parameter rise, as shown in Figures 5 and 6. The
decrement rates were observed as 1.41148 (i.e., 141.148%) (in the case of hybrid nanofluid)
and 1.15337 (i.e., 115.337%) (in the case of nanofluid) when Eckert number takes input in
the range 0 ≤ Eck ≤ 0.2. In addition, it was revealed that increasing Kr and Sc speeds up
mass transfer rate (Figures 7 and 8). When chemical reaction parameter takes input in the
range 0 ≤ Kr ≤ 0.4, increment rates in mass transfer rate are 1.497214 (i.e., 149.7214%)
(in the case of hybrid nanofluid) and 1.496621 (i.e., 149.6621%) (in the case of nanofluid)
whereas increment rates in the same against Sc are 1.711774 (i.e., 171.2774%) (in the case of
hybrid nanofluid) and 1.710781 (i.e., 171.0781%) (in the case of nanofluid) with the range
0 ≤ Sc ≤ 0.4.
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5.2. Statistical Analysis of Physical Parameters Using Correlation Coefficient

Shear stress and other physical properties were substantiated by a statistical analysis
using a correlation coefficient.

Coefficient of correlation is a numerical indicator of the link between two variables.
−1 (negative correlation) to 1 (positive correlation) are the possible values for the coefficient.



Mathematics 2022, 10, 1706 11 of 18

The correlation coefficient (λ) can be calculated using:

λ =
q(∑ yz)− (∑ y)(z)√[

q∑ y2 − (∑ y)2
][

q∑ z2 − (∑ z)2
]

In order to determine the correctness and dependability of the coefficient value, the P.E.
(probable error) of the correlation coefficient is helpful. The significance of the correlation
is determined by the relationship between the coefficient value (λ) and P.E. If |λ|P.E > 6
(or |λ| > 6P.E), we say the correlation is substantial; otherwise, we say the connection
is insignificant.

One can evaluate P.E by using P.E = 0.6745 1−λ2
√

q where q is the number of observations.
Table 3 shows that the skin friction coefficient is positively correlated with φ1 and

negatively correlated with K. That is, the skin friction coefficient declines as K increases and
increases as φ1 increases. The link between the parameters (Eck, K) and heat transfer rate
was detailed in Table 4. It was observed that all those parameters have a strong negative
association with the Nusselt number (may be due to the escalation in thermal boundary
layer thickness). Table 5 shows that there is a considerable positive relationship between
Sc, Kr and mass transfer rate.

Table 3. Shear stress and a few other factors’ connection.

Cfx

PEG−Water+ZrO2+MgO PEG−Water+ZrO2

λ P.E |λ|
P.E λ P.E |λ|

P.E

φ1 0.9941 0.003548 280.18 0.9946 0.004816 206.52

K −0.9042 0.055026 16.43 −0.9027 0.055844 16.16

Table 4. Some factors’ link with heat transfer rate.

Nux

PEG−Water+ZrO2+MgO PEG−Water+ZrO2

λ P.E |λ|
P.E λ P.E |λ|

P.E

Eck −0.9999 0.000029 34479.31 −0.9999 0.000029 34,479.31

K −0.9580 0.012104 79.15 −0.9587 0.011907 80.52

Table 5. Some factors’ link with mass transfer rate.

Shx

PEG−Water+ZrO2+MgO PEG−Water+ZrO2

λ P.E |λ|
P.E λ P.E |λ|

P.E

Sc 0.9994 0.000177 5646.33 0.9994 0.000177 5646.33

Kr 0.9998 0.000059 16,945.76 0.9998 0.000059 16,945.76

5.3. Regular Profiles including Velocity Profile

The fluid’s viscosity increases as the volume fraction of nanoparticles increases, obstruct-
ing fluid flow. Because of this, the velocity decreases with increasing size of φ1 (Figure 9).
Figure 10 shows that the radius of curvature parameter has a negative effect on velocity
profile (curvature parameter is proportional to the surface radius of the shrinking sheet).
More nanoparticle interaction is often observed when the volume percentage of the particles
increases. As a result, the temperature rises as the fluid grows hotter (Figure 11). Figure 12
shows that as the value of Eck increases, so does the fluid temperature. Because of frictional
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heating, heat is produced in the fluid as the value of Eck increases. Eckert number is the
physical ratio of kinetic energy to the specific enthalpy difference between the wall and the
fluid. As a result, increasing the Eckert number causes the transformation of kinetic energy
into internal energy via work conducted against viscous fluid stresses. As a result, increasing
Eck raises the temperature of the fluid. When thermal radiation is delivered to a fluid, the
fluid absorbs it, resulting in an increase in the fluid’s heat energy. As a result, the fluid’s
temperature improves (Figure 13). Concentration typically decreases as the chemical reaction
parameter increases (Figure 14). Entropy formation might be a possible explanation for this
behaviour. When Sc increases, momentum diffusivity far exceeds mass diffusivity, implying
that the fluid moves at a high velocity and fluid concentration decreases (Figure 15).
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6. Conclusions

When thermal radiation and chemical reaction are significant, a comparative analy-
sis between the dynamics of polyethylene glycol–water–zirconium oxide nanofluid and
polyethylene glycol–water–zirconium dioxide–magnesium oxide hybrid nanofluid over a
curved shrinking sheet at different levels of Lorentz force and viscous dissipation, has been
explored. Based on the analysis and discussion of the results, it is worthy to conclude that:

• It was noticed that, when radius of curvature parameter (K) takes input in the range
0.5 ≤ K ≤ 2.5, the skin friction coefficient decreases at a rate of 1.46633 (i.e., 146.633%)
(in the case of hybrid nanofluid) and 1.11236 (i.e., 111.236%) (in the case of nanofluid)
per unit value of curvature parameter;

• It was detected that, when Eckert number (Eck) increases, Nusselt number decreases.
The decrement rates were observed as 1.41148 (i.e., 141.148%) (in the case of hybrid
nanofluid) and 1.15337 (i.e., 115.337%) (in the case of nanofluid) when Eckert number
takes input in the range 0 ≤ Eck ≤ 0.2;

• It was revealed that increasing Kr and Sc speeds up mass transfer rate. When chemical
reaction parameter takes input in the range 0 ≤ Kr ≤ 0.4, increment rates in mass
transfer rate were 1.497214 (i.e., 149.7214%) (in the case of hybrid nanofluid) and
1.496621 (i.e., 149.6621%) (in the case of nanofluid) whereas increment rates in the
same against Sc were 1.711774 (i.e., 171.1774%) (in the case of hybrid nanofluid) and
1.710781 (i.e., 171.0781%) (in the case of nanofluid) with the range 0 ≤ Sc ≤ 0.4;

• Fluid temperature rises as thermal radiation rises.
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Nomenclature

u, v Velocity components in s, r directions
[
ms−1]

p Dimensional fluid pressure
[
Kgm−1s−2

]
P Dimensionless fluid pressure
µ Dynamic viscosity

[
m2s−1]

ρ Density
[
Kgm−3

]
σ Electrical conductivity

[
Sm−1

]
T Fluid temperature [K]

k Thermal conductivity
[
Wm−1K−1

]
σ∗ Stefan–Boltzmann constant

Cp Specific heat capacity
[
JKgK−1

]
k∗ Mean absorption coefficient
Dm Molecular diffusivity

[
m2s−1]

K Dimensionless radius of curvature
R Rate of chemical reaction
vw Permeability of the porous surface
f ′ Fluid velocity
Ra Radiation parameter
θ Fluid temperature
Φ Fluid concentration
Pr Prandtl number
M Magnetic field constraint
Eck Eckert number
S Dimensionless suction/injection parameter
n Order of chemical reaction
C Dimensional concentration
δ Shrinking parameter
Kr Chemical reaction parameter
Sc Schmidt number
η Similarity variable
Subscripts
f Fluid
n f Mono nanofluid
hn f Hybrid nanofluid
s1, s2 Nanomaterials (I, II)
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