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1 Introduction

In 2018, Mlaiki et al. [1] proposed the idea of controlled metric-type spaces that is the
generalization of a b-metric space [2]. For more information on b-metric spaces and more
generalizations, see [3—6]. They used 6 : U x U — [1,00) instead of b in the triangular
inequality condition by a different approach from Kamran et al. [7] who proposed the
idea of extended b-metric spaces. They established a Banach-like contraction and proved
some fixed-point results in such spaces. This shows that the class of such type of spaces is
much more larger than the class of b-metric spaces and the class of metric spaces. Using
the idea of a controlled metric-type space, several authors have published a number of
papers in different directions (see [8—10]).

In 2007, Huang and Zhang [11] initiated the concept of a cone metric space over a Ba-
nach space as the generalization of metric spaces. They used an ordered Banach space E
instead of R as the range set of metric d, i.e., they used d : X x X — E. They also discussed
Banach-type contraction and proved some fixed-point results. Then, many researchers
gave attention to the study of fixed-point results in such spaces. Rough estimates show
that, more than six hundred papers have been published dealing with the cone metric
spaces [12]. However, recently, some scholars obtained that a cone metric space (X, d) is
equivalent to the usual metric space (X,d*), where they defined the real-valued metric
function d* as the nonlinear scalarization function &, [13]. However, the current situation
altered when Liu and Xu [14] introduced cone metric spaces over a real Banach algebra.
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They defined generalized Lipschitz mapping and proved some fixed theorems. They es-
tablished a concrete example to elucidate that the fixed-point results in cone metric spaces
over Banach algebras are not equivalent to those in metric spaces. Later, in 2016, Huang
and Radenovic [15] extended the idea of a cone metric space over Banach algebras to cone
b-metric spaces over Banach algebras. They proved Banach- and Kannan-type theorems
for such spaces (see also [16]).

In 1971, Reich [17] introduced a new type of contraction that we call Reich contraction.
It was a generalization of the well-known Banach contraction and Kannan contraction (see
[18, 19]). On the other hand, Samet et al. [20] initiated the idea of «-admissible mapping
in metric spaces. Recently, Malhotra et al. [21, 22] used the idea of «-admissibility in cone
metric spaces over Banach algebras and proved Banach-type and Kannan-type theorems.
Later, in 2017, Hussain et al. [23] used the concept of «-admissible mapping in cone b-
metric spaces over Banach algebras and proved Banach-type results in such spaces.

In this paper, we introduce the definition of a controlled cone metric-type space over a
Banach algebra and then we prove some fixed-point results. We also furnish an example
to show the validity of our obtained results. The last section of this paper consists of some
important consequences of our results. Throughout the paper, we will use only real Banach
algebras with identity.

2 Preliminaries

Let (A, ] - ||) be a real Banach algebra with zero element 6. A cone K in A is a nonempty
closed subset of A such that P2=P - P CP,PN(-P)=0,P+P CPand AP C P forall
A > 0. If the interior of K denoted by intKC is nonempty, then the cone K is called a solid
cone. If we define a relation < on A by ¢t < vif and only if v — t € K, then < is a partial
order on A. We write t < cvifand only if v—t € K and ¢ # v. Define another partial order
< on Abyt <« vifand onlyif v—¢ € intK. A cone K in A is said to be a normal cone
if for all t,v € A with @ < ¢ < v, there exists a real number M > 0 such that ||| < M]||v||.
The normal constant of K is the least positive constant M for which the above inequality
holds.

Let (A, | - ||) be a unital Banach algebra with identity element e. An element ¢ € A is
said to be invertible if there exists v € A such that ¢tv = v¢ = e. A complex number A € C is
said to be the spectral value of v € A if v — Ae is noninvertible in 4. The set of all spectral
values of v € A that is denoted by o (v) is called the spectrum of v. The number r, (v) (or
r(v)) defined by r, (v) = sup{|A| : A € o(v)} is called the spectral radius of v € A.

Lemma 2.1 ([24]) Let A be a Banach algebra with identity e. Then, the spectral radius r(v)

of v € A satisfies
r(v) = n]in;o||vn ||1/”. (2.1)

Furthermore, if r(v) < |A| for some v € A, then (Ae —v) is invertible,

— > Vi - !
(re—v) 1:;)\”1 and r[(re=v)"] ==

Lemma 2.2 ([24]) Let A be a Banach algebra and u,v € A. If u and v commute, then

ru+v) <r(u)+r(v) and r(u)<ru)ry).
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Definition 2.3 ([25]) Consider a Banach algebra A with solid cone K. A ¢-sequence is a
sequence {u,} in KC such that for every ¢ >> 6, there exists N € N such that u, < ¢ for all
n>N.

Lemma 2.4 ([15]) Let«, 8 € K be two arbitrary vectors and {u,}, {g,} be two sequences in
a solid cone K of a Banach algebra A. Then, {au, + Bq,)} is a c-sequence.

Lemma 2.5 ([26]) Let A be a Banach algebra and K be a cone in A (it need not be a normal
cone). Then, the following hold:
(1) Ifforeach ceintk,0 <p L c,thenp=0.
(u2) Ifp € K is such that r(p) < 1, then ||p"|| = 0 as n — oo.
(u3) LetceintK and q, — 0 in A as n — oo. Then, there exists N € N such that q, < ¢
foralln> N.
(ua) If p <X pk, where p,k € K and r(k) <1, then p = 0.

Definition 2.6 ([15]) Let X be a nonempty set and b > 1 be a constant. A mapping d, :
X x X — Ais called a cone b-metric over a Banach algebra A if the following axioms hold:
(By) forallp,t e X,dp(p,t) = 6 and dp(p,t) =0 ifand only if p = ¢;
(By) forall p,t € X,dy(p,t) = dy(t, p);
(Bs) forall p,t,u € X, there exists b > 1 such that dy(p, u) < bldy(p, t) + dp(¢, u)].
The pair (X, d;) is called a cone b-metric space over a Banach algebra A.

Remark 2.7 1f b = 1, then we say that d; is a cone metric over a Banach algebra .A. Hence,
we can say that a cone b-metric is a generalization of a cone metric.

Example 2.8 Consider the Banach algebra A = C([0,1]) with unit element e() = 1 and
supremum norm where multiplication is defined point-wise. Let X =R and X = {f € A:
f() =0;Vi€[0,1]}. Define d : X x X — Aby

dy(p,q)t) = p—ql®¢, VxyeX&a>1.

Then, dj, is a cone b-metric on X over a Banach algebra A with b = 2%°1, but it is not a
cone metric on X.

Definition 2.9 ([15]) Let {u} be a sequence in X where (X, d}) is a cone b-metric space
over a Banach algebra A. Then, {i} is said to be
(i) a convergent sequence that converges to p € X if for every ¢ € intK(i.e., 6 < ¢), there
exists a natural number N such that dj,(uy, p) < ¢ for all k > N;
(ii) a Cauchy sequence if for every c € intK(i.e., 6 < c), there exists a natural number N
such that dj(ug, u;) < c for all k,i > N.

The pair (X, d}) is said to be a complete cone b-metric space if every Cauchy sequence
in X is convergent in X.

Remark 2.10 ([15, 26]) (i) If {p,} converges to p in X, then {d;(pr, p)} and {dp (i, pi+i)} are
c-sequences for any i € N.

(ii) If || px]l = 0 as k — oo, then for any ¢ > 6, there exists N € N such that for all n > N
we have p; < c.
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Definition 2.11 ([1]) Let X be a nonempty set and s: X x X — [1,00). A function d :
X x X — [0,00) is called a controlled metric type if for all p,v, ¢t € X it satisfies
(i) ds(p,v)=0iff p=v;
(i) ds(p,v) = ds(v, p);
(iil) ds(p,t) < s(p,v)ds(p,v) + s(v, t)ds(v, t).
The pair (X, d;) is then called a controlled metric-type space.

Remark 2.12 If for all p,q € X,s(p,q) = b for some b > 1, then Definition 2.11 coincides
with the definition of a b-metric space.

Theorem 2.13 ([1]) Let (X, d;) be a complete controlled metric-type space where d is con-
tinuous. Let [ : X — X be a given mapping such that

d(F p,F q) <«ds(p,q) forallp,qeX, (2.2)

where k € [0,1), and for each py € X

1, Di 1
sup lim Ms(pi+1,pm) < -, (2.3)
m=1i—>00 S(pi; piv1) K

where p; = T'py. In addition, assume that for every x € X, we have
lim s(x,,x) and lim s(x,x,) exist and are finite. (2.4)
n—00 n—o0

Then, | has a unique fixed point o and for each y € X, [ ¥y — o.

Now, we want to recall the definitions of generalized o-admissible, a-regular, and gener-
alized Reich-type mappings in the setting of cone b-metric spaces over a Banach algebra.

Definition 2.14 ([27]) Let (X, d}) be a cone b-metric space over a Banach algebra A with
K an underlying solid cone. Let o : X x X — [0,00) and F : X — X be given mappings.
Then,
(i) F is said to be a generalized a-admissible mapping if for all p,q € X, a(p,q) > b
implies that «(F p, F q) > b;
(ii) (%,dp) is said to be a-regular if for every sequence {u;} € X with o(ux, 1) > b for
all k € N so that uy — p, a(uy, p) > b.

Definition 2.15 ([27]) Let (X,d}) be a cone b-metric space over a Banach algebra A with
coeflicient b, K an underlying solid cone, and « : X x X — [0, 00) be a function. Then, a
mapping f : X — X is called a generalized Reich-type contraction if there exist vy, v, vs €
K such that for all p,q € X with a(p,q) > b,

(i) 2br(vy) + (b + 1Dr(vy +v3) <2;

(i) d(Fp,Fq) =vid(p,q) +vod(p, I p) +vsd(q, I q).

3 Main results
In the following, we introduce a new type of metric space over a real Banach algebra that
is called a controlled cone metric-type space over a Banach algebra. Using such spaces we



Ullah et al. Journal of Inequalities and Applications (2022) 2022:52 Page 5 of 19

prove some fixed-point theorems for generalized Reich-type contractions and generalized
Lipschitz mappings. Our results extend and generalize some previous well-known results
in the literature.

Definition 3.1 Let A be a real Banach algebra with cone K, X be a nonempty set, and
§: X x X — [1,00) be a function. A controlled cone metric type on X over a Banach algebra
A is a mapping d; : X x X — A such that

(E1) ds(p,q) =0 forall p,qg e X and di(p,q) =0 iff p = gq;

(E2) ds(p,q) = ds(q,p) forallp,q € X;

(E3) ds(p,v) <s(p,q)ds(p,q) + s(q,v)ds(q,v) for all p,q,v € X.
The pair (X, d) is then called a controlled cone metric-type space over a Banach algebra A.

Remark 3.2 1t is clear that the class of controlled cone metric-type spaces over Banach
algebra A is larger than the classes of b-metric spaces and metric spaces over Banach
algebras.

The definition of Cauchy sequences, convergent sequences, and completeness for a con-
trolled cone metric-type space over a Banach algebra are the same as cone b-metric spaces
over a Banach algebra defined in Definition 2.9.

In general, d; is not necessarily a continuous function, but in this paper d; will always
mean a continuous function d; : X x X — A.

Example 3.3 Let X ={1,2,3}and s: X x X — [1,00) be defined as s(p,q) =1 + p + q. Con-
sider the real Banach algebra A = R? with solid cone K = {(a,b) € R?: a,b > 0}. Assume
that we define d;: ¥ x X — A by

dy(1,2) = ds(2,1) = (100, 100);

dy(1,3) = ds(3,1) = (1200, 1200);
dy(3,2) = d,(2, 3) = (800, 800);

dy(1,1) = d,(2,2) =dy(3,3) = (0,0) = 6.

Clearly, the first and second conditions of a controlled cone metric-type space over a Ba-
nach algebra A are satisfied. For the third condition, we have

s(1,3)dy(1,3) + 5(3,2)ds(3,2) — ds(1,2)

= 5(1200, 1200) + 6(800, 800) — (100, 100) = (10,700, 10,700) € K;
s(1,2)dy(1,2) + s(2,3)d(2,3) — dy(1,3)

= 4(100, 100) + 6(800, 800) — (1200, 1200) = (4000, 4000) € K;
s(2,1)dy(2, 1) + s(1,3)d;(1,3) — ds(2,3)

= 4(100, 100) + 5(1200, 1200) — (600, 600) = (5800, 5800) € K..

Hence, for all p,q,v € X,
ds(p’ V) = S(Pr q)ds(p’ q) + S(% V)ds(q) V)-

Thus, (X, d;) is a controlled cone metric-type space over a Banach algebra A = R2.
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Remark 3.4 Let (X, d;) be a controlled cone metric-type space over Banach algebra A with
$:XxX—[1,00).If A=Rand K = [0, 00), then (X, d) is a controlled metric-type space.

We now define a generalized «-admissible mapping and an «-regular space in terms of
controlled cone metric-type spaces over Banach algebras.

Definition 3.5 Consider a controlled cone metric space (¥, d;) over a Banach algebra A
and /C an underlying solid cone in A. Let f : X — X and o : X x X — [0, 00) be mappings.
Then,
(i) F issaid to be a generalized a-admissible mapping if for p,q € X, a(p,q) > s(p, q)
implies that a(F p, F q) > s(F p, F q);
(ii) (%,d;) is said to be a-regular if for every sequence {ux} € X with
a(ug, ps1) > S(ug, ugs1) for all k € N so that ug — g, a(ug, q) > s(ug, q).

We are now able to define a generalized Reich-type contraction in the setting of con-
trolled cone metric-type spaces over a Banach algebra.

Definition 3.6 Let (X,d;) be a controlled cone metric-type space over Banach algebra A
with K an underlying solid cone and ¢ : X x X — [0, 00) be a function. Then, a mapping f :
X — X is called a generalized Reich-type contraction if there exist three vectors vy, vy, v3
in KC such that for all p,q € X with a(p,q) > s(p,q),
(i) 2s(p,q)r(v1) + (s(p,q) + 1)r(v + v3) < 2 and for each ug € X with u,, = F "u,
$(tis1, Uis2) 1

] s(Uiv1, ) < —,
m,i— 00 s(ui,ui+1) “K”

where k = (2e — v)"1(2v; + v)forv = vy + v3;
(ll) dS(Fp’ Fq) = Vlds(p’ 51) + VZdS(pr FP) + VSds(q) F‘I)

The main result of our paper is given as follows:

Theorem 3.7 Let (X, d;) be a complete controlled cone metric-type space over a Banach
algebra A with KC an underlying solid cone and o : X x X — [0, 00) a mapping. Suppose that
the mapping [ : X — X is a generalized Reich-type contraction with vectors vi,v,,vs € K
such that

1. F is a generalized o-admissible mapping;

2. there exists uy € X such that a(ug, F ug) > s(uo, F uo);

3. (X,d;) is regular or F is continuous.
Then, there exists a point ¢ in X that is fixed under the mapping I .

Proof Let uy be a point in X such that a(uo, F uo) > s(ug, F ug). For ug € X, if we define

uy = Fug,uy=Fu=F(Fug) = quo,...,un+1 =fFu,= FyHlI/to, then
O{(Mo, ul) = S(MO’ Ml)'
However, F is generalized o-admissible and thus

a(Fug, Fur) = a(uy, us) > s(u1, ua),
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and so by induction we obtain
a(um un+1) = S(M,,, Mn+1)'
By Definition 3.6, we have

ds(um un+l) =ds(Fun—17 Fun)

= Vlds(un—lx un) + Vst(un—l; Fun—l) + V3ds(unx Fun);

that is,
(e - VS)ds(un: Mn+1) =< (Vl + V2)ds(un—1: Mn)- (31)
Similarly,

As(Uyi1, tn) = ds(F Uy F 1)

S vidy(thn, thn-1) + Vads (U, F thy) + v3ds(thy1, F thy-1),

ie.,

(e = v2)ds(tns1, un) < (V1 + v3)ds(thn-1, tn). (3.2)
Adding (3.1) and (3.2), we obtain

(2 — vy = v3)d (s, i) < (2v1 + Vo + v3)ds (-1, ).
If we take v = vy + v3, then we obtain

(2e = V)ds(tpi1, un) = 21+ v)d (U1, ). (3.3)
Note that

2r(v) < (s(ttns 1) + 1)r(v) < 2r(v) + (8(ths i) + 1)r(v) < 2.

Hence, r(v) <1 <2 and r(v) < 2. Thus, by Lemma 2.1, we deduce that 2e — v is invertible

and (2e—v)~! = ZE‘;O 2‘,%,;’((2e - < #(V)

Thus, (3.3) becomes
A5ty i) < Kds(Un-1, ), (3.4)
where « = (2¢ — v)}(2v; + v). The inequality (3.4) implies that for all » € N
Aty 1) < w1, ) < P ds(thy 2,1y 1) < -+ < d (g, ). (3.5)
Now, if we take m > n, then by (3.5), Definition 3.1 and (E3), we have

ds(un: um)
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< s(tn, Uni1)ds (W, Uni1) + S 1, ) ds (U1, )

= 8(tny U1 sty 1) + Sty Un)S(Uni1, Uni2) s (U1, Uni2)
+ 8(t 15 Un)S (U2, Un)As (U2, Um)

=< 8ty U 1) (U Uni1) + S(Uni1s Un)S(Ui1 s Us2) s (Ui 15 Uni2)
+ (U1 Un)S(Uns2) Un)S(Uns2, Uns3) s U2y Uni3)
+ (Ui 1y Uin)S (Ui 2y U )S (U3, Ui )5 (U3, Uin)

<...

i=n+1

m-2 i
= S(Mrn un+1)ds(um Mn+1) + Z ( 1_[ S(uj: um))s(uir ui+1)ds(”ir ui+1)

Jy=n+1

m—1
+ ( 1_[ S(uk, Mm))ds(umlrum)

k=n+1

m-2 i

=< 8, 16" s, u1) + Y | [T 5 tm) ) s(atis i1 dCat, 1)

i=n+l \j=n+1

m-1

| T s wm) | ds(uso, 1)

k=n+1

m-2 i

=< 8ty 1)< ds(tio, 1) + Y | [T 5 ) ) 5(atis i1 dCat, 1)

i=n+l \j=n+1

m—-1
T sCotar ) ) sCtmr, )™ (s, 1)
k=n+1
m-1 i
=< (1t 1 6"ty 1) + | T (0t 4m) )5ty i1 )i (110, 1)

i=n+l \j=n+1

n m-1 i
< (]‘[s(un, un+1>>x"ds(uo,u1) £y (Hs(u,-, um))swi, wi1 )i ds (o, 1)

j=0 i=n+1 \j=0
m-1 i

=ds(uo,u1)z HS(Mj;Mm) s(ui uip1 )k’
i=n \j=0

In the above steps, we use the fact that s(p,¢) > 1 and thus x < s(p, ¢)x for any x € A. Let

n

a, = 1_[3(14]'; um))l(”s(un, un+l) and S= Zgn'
n=1

j=0

s(ui1,Uiv2)

o) s(ui1, Um) < 1, the series S converges ab-

Since by Definition 3.6, ||« || limy,,;— 0o

solutely. Using the ratio test, we have

1
l|@ne1ll . ||K||||Kn||(1_[;l:+1 S(uj; Win))S(Upi1s Uns2)

< lim
n—o0 ||a,|| n—00 ”Kn”(l_[;l:l S(uj’ Ltm))S(I/ln, Upi1)
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. S\Up+1, Unt2
= |kl lim Ms(umly Um) < 1.
M= 00 S(un+lr un+1)

However, A is a Banach algebra and the series S is absolutely convergent and so con-
verges in A. Thus, S,,_1 - S, = [ZZ;I(H;:(, s(t4j, n))$(ti i1 )k'] — 6 as n,m — oo and so
is ds(uo, u1)(S;-1 — Sy). Hence, by Lemma 2.5, for every ¢ >> 0, there exists a natural num-
ber ny such that for all #n > ng, ds(u,, um) < c. Thus, by Definition 2.9, {u,} is a Cauchy
sequence in X. However, X is complete and so there exists o € X such that u, — ¢ as
n— 00.

We show that ¢ is fixed under the mapping F .

Suppose that F is continuous. It follows that u,,1 = F u,, — F 0 as n — 0o. However,the
limit of a sequence is unique and so we have f ¢ = 0. Hence, o is fixed under the mapping
F in this case.

However, if (X, d;) is a-regular, then by Definition 3.5, we obtain
a(u,,0) > s(u,,0) forallneN
and

ds(e, F o)
=80, F un)ds(0, I tn) + S(F tn, F 0)ds(F tn, F 0)
= 5(0, F un)ds(0, F un) + S(F tt, F 0)[vids(tt, @) + vadi (s, F ) + v3ds(0, F 0)]
=80, F un)ds(0, I tn) + S(F i, F 0)v1ds(tt, 0) + S(F un, F 0)v3ds(0, F 0)
+ S(F thn, I Q)V2[$(th, 0)dsthn, ) + 505 1)l (0, 1) ]
=500, F F un)(e+ (i1, F 0)v2)ds(0 tni1) + S(ttns1, F 0)V3ds(0, F 0)

+ S(un+lr FQ)(VI + S(unr Q)V2)ds(um Q)r

which further implies that

(e_s(un+17FQ)V3)ds(Q7FQ) fS(Q:Fun)(e+S(”n+1yFQ)V2)ds(un+le)

+S(un+1: FQ)(VI +S(”n: Q)V2)ds(unr Q) (36)
Similarly,

ds(o, F o)
=< s(0, F up)dg(0, F uy) + S(F ty, F 0)ds(F tty,, F 0)
=s(o0, F un)ds(0, F ) + s(F wy, I 0)ds(F 0, F uy)
< 5(0, F un)ds(0, F ) + S(F thn, F 0)[vids(0, 1) + vadis(0, F @) + vads(thy, F 14y
<5(0, F un)ds(0, F tn) + S(F iy, F 0)v1ds(t, 0) + S(F 4, F I 0)V2ds(0, F 0)
+ S(F thns F Q)3 [$(ttn, 0)dls(th, ©) + 5(0, 1) (0, tni1) ]

:S(Q)Fun)(e+S(un+lrFQ)V3)ds(Q¢Mn+l)+s(un+17FQ)V2ds(Q1FQ)

Page 9 of 19
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+ 8@, F 0) (V1 + $(ttn, ©)V2)di (1, 0),

which further implies that

(e = $(ttns1, I ©)v2)ds(0, F 0) < 5(0, F ) (e + S(ttns1, F ©)V3)ds(thni1,0)

+S(un+1: FQ)(VI +S(bt,,, Q)VB)ds(unr Q) (37)
Therefore, by adding (3.6) and (3.7), we obtain

(26 - S(un+1y FQ)VZ - S(un+17 FQ)VB)ds(Q: FQ)
= 5(0, uns1)(2€ + $(ts1, F 0)V2 + (Ui, F 0)v3)ds(thns1,0)

+5(0, F 0)(2v1 + s(o, F @)va + s(0, F 0)v3)ds(ttn, 0),

ie.,

(2€ = s(tns1, F 0)v)ds(0, F 0) = 505 thns1) (2€ + S(thns1, F 0)V)ds(thns1,0)

+5(0,F 0)(2v1 +s(o, I 0)v)ds(un, 0). (3.8)
We also note by Definition 3.6 that
20 (5(thns1, F 0)V) = 25(trsr, FQ)F(V) < 25(tbyr, F0)r(v1) + (5Ctmor, F0) + 1)) <2,
i.e., r(s(ttys1, F 0)V) < 1 < 2. Thus, by Lemma 2.1, 2e — (4,41, F 0)v is invertible and so (3.8)
implies that

ds(o, F o) = (26—S(Ltm.l,FQ)V)_I[S(Q,M,,+1)(26+S(Lt,,+1,FQ)V)dS(M,,+1,Q)

+s(o, F 0)(2v1 + s(o, F 0)v)ds(un, 0)]. (3.9)

By Remark 2.10, the sequences {ds(u,,1,0)} and {ds(u,,0)} are c-sequences. Hence,
by Lemma 2.4, the sequence {t1d;(it,+1,0) + Tads(uyn,0)} is a c-sequence (where 1; =
(2e—5(tns1, F 0)V)'5(0, thni1)(2e + 5(tts1, I 0)v) and 7y = (2e—s(ui1, F 0)v) 's(0, F 0)(2v1 +
s(o, F 0)v)). Therefore, for any ¢ € A with ¢ > 0, there exists ny € N such that

ds(Q’ FQ) = tlds(urﬁlr Q) + T2ds(un’ Q) <L¢

which further implies by Lemma 2.5 that ds(o, F ¢) = 6. Therefore, F ¢ = ¢ and this com-
pletes the proof. O

Example 3.8 Let A = CHIQ[O, 1] and |[f]l = If lloo + Il lco- If we define point-wise multiplica-
tion of functions on .4, then A becomes a real Banach algebra with identity e(¢) = 1. If we
take K ={f € A:f(t) > 0,t € [0,1]}, then K is a nonnormal cone (see [28]). Let X = [0, 00)
and s: X x X — [1,00) be defined as s(p,q) =2 + p + q. Define d; : X x X — Aby

dy(p,q)(t) = (p - q)*¢".

Page 10 of 19
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Then, d; is a controlled-type cone metric over A. Also, note that X is complete with respect
to d;. We define o : X x X — [0,00) and F : X — X by

s(p,q) ifp,q<el0,1],

a(p,q) =
0 elsewhere,
and
V3 .
2p ifpel0,1],
Fp)=1°
p+1l ifp>1.

Note that for every p € [0,1], F p € [0,1]. Choosing v;(£) = é + %t, va(t) = % + %t and
vs3(t) = ﬁ + it, we obtain that r(v;) = %, r(v) =r(vy +v3) = 3—76. Simple calculations show
that 2(2)r(v1) + 2 + D)r(v) = % and so F is a generalized Reich-type contraction as

1 1 36

= ’

20 +q+2)r(vy) + (p+g+2)+ Dr(v) = 22)r(v1) + 2+ r(v) 53

which further implies that 2s(p, g)r(v1) + (s(p,q) + Dr(v) < % < 2. Also,
. S(Pis1s Pis2)
lim ——=

s(Pi+1, =2
myi—>00 S(pirPiH) (le pWI)

and
lcll = || (2e=v)™'@2v1 +v)|
( 72 )(46) 23 1
< | — — ) =— < -
—\ 130 72 65 2
s(pis pis1)

= 1 S(p' LY )
mi—00 $(Pis1, Pir2) e

Similarly, by a simple calculation, one can show that
ds(Fpt Fq) = Vlds(pr 61) + Vst(p’ FP) + V3ds(qr FQ)

Next, we show that there is a point u in X such that «(uo, F ug) > s(ug, F uo). Indeed, for

ug = 1, we have
5 5
a(l,F1)= a(l, %) > S(l, é) =s(1,F1).

Next, we show that [ is a generalized «-admissible mapping. In fact, if p,q € X are such
that «(p, q) > s(p, q), then by definition of «, p, g € [0, 1]. Therefore, F p, F g € [0,1] and so

alFp, Fq)=s(FpFq).

Finally, we show that (X, d;) is a-regular. If we assume that a sequence {p,} in X such
that «(p,, pus1) = sy pus1) for all m € N and p,, — q € X (as n — 00), then {p,,} < [0, 1].
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However, [0, 1] is closed and so g € [0, 1]. This implies that «(p,,,q) > s(p,, q) for all n € N.
Hence, all the conditions of Theorem 3.7 are satisfied and so F has a fixed point ¢ = 0.

Theorem 3.9 Let A be a Banach algebra and K be a solid cone in A. Let (X,d;) be a
complete controlled cone metric-type space over A and o : X x X — [0, 00) be a function.
Suppose that the mapping F : X — X is a generalized Reich-type contraction with vectors
V1, Vo, v3 in K such that vi commutes with vy + v3 and

1. F is a generalized o-admissible;

2. there exists ug € X such that o(ug, F ug) > s(ug, F 1p);

3. F is continuous or (X,d;) is regular;

4. for any two fixed points w,{ of F, there exists z € X such that a(w,z) > s(w, z) and

a(¢,2) = 5(¢,2).
Then, there exists a unique point o in X that is fixed under the mapping I .

Proof Using Theorem 3.7 and the first three given conditions, we can say that there exists
a point o € X that is fixed under the mapping F . We show that this point is unique and
for this, let ¢ € Fix(F ) such that o # ¢. Then, by Condition 4, there exists z € X such that
a(0,2) >s(0,z) and «(¢,z) >s(¢,2). (3.10)
Since F is a generalized «-admissible mapping and g, ¢ € Fix(F), by (3.10), we obtain
a(o,F'z) =s(o,F'z) and «a(¢,F'z) >s(¢,F'z), forallieN. (3.11)

By Definition 3.6 and (3.11), we obtain

d(o,F'z) =dy(F o, F (F''2))
=<vids(0, F7'2) + vady(o, F 0) + vads(F 'z, F 'z)

<vids(0, F7'2) + v3s(F 7'z, 0)ds(F 7'z, 0) + vss(0, F 'z)ds(0, F '2),
which further implies that
(e—ds(0, F'z)vs)ds(o, F 'z) < (vi +s(F'z,0)vs)ds(0, F 7'2). (3.12)
Similarly,

dy(F'z,0) =dy(F (F™'2),F o)
<vids(F"'2,0) + vads(F'2), F '2)) + vads(o, F 0)

<ndy(F 7'z,0) +vas(F 2 0)ds(F 5 0) + (o F D vads(oF 12),
which further implies that

(e=ds(F'z,0)v2)ds(F 'z, 0) = (vi +s(F'2,0))v2)ds(F 7'z, 0). (3.13)
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Adding (3.12) and (3.13), we have
(2e—s(0, F '2)va —s(0, F 'z)vs)ds(o, F 'z)
< (2w +s(F7'z0)va +s(F 'z, 0)vs)ds(0, F '2),
ie.,
(2e-s(0, F'z)v)ds(0, F'z) < (2v1 +s(F 7'z,0)v)ds(0, F 7 '2). (3.14)

Note that

2r(s(e 1 '2)v) = (s(e,F'2) + 1)r(v)
<2s

(0, F'2)r(v1) + (s(o, F'z) + 1)r(v) < 2.

Thus, r(s(o, F ‘z)v) < 1 < 2 and by Lemma 2.1, we can say that 2e — s(g, [z)v is invertible
and (2e-s(o, F 2)v) ' =307 (s(gzﬁijw,r(@e s(o, Fizv)™) <3 . Thus, by (3.14),
we have

Qf’z

di(o,F'2) = (2e=s(o, F'2)v) ™ (201 +5(F “'z,0)v)di(0, F7'2),
ie.,

d(o-F'2) tds(o.F2), (3.15)
where 7 = (2e — s(o, F 'z)v)" (2v1 + s(f "'z, 0)v). Therefore, we have

ds(o, F 'z) < tds(0, F"'z)
<t ds(«Q¢ Fl_zz)

<1'dy(0,z), forallieN.
Since v; commutes with v, + v3 = v,
(2e-s(o. F "z)v)_1 (2v1 +s(F7'z,0)v)

= (Z (S(Q:zgjlz)l/)") (21/1 + s(FHz,Q)V)

n=0

n=0 n=0

= (20 +s(F7'z,0)v) (2e - s(0, F 2)v) 7,

which shows that (2e —s(o, F 'z)v) ™} commutes with (2v; +s(f =z, 0)v). Hence, by Lemmas
2.1 and 2.2, we obtain

r(z) = r((2e - s(e, Fiz)v)_1(2vl +s(F'z,0)v))

Page 13 0of 19
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<r((2e-s(o, Fiz)v)_l) r((2v1 +s(F'z,0)v))
o
= 2-s(F1z,0)r(v)

<1.

(2r(1) +s(F'z,0)r(v))

Then,

2(r(v) +s(F7'z,0)r(v)) < 25(F7'z,0)r(1) + (s(F'z,0) + 1)r(v) < 2
implies that
2r(v1) +s(F 7'z, 0)r(v) <2 = s(F 7'z, 0)r(v).
From Lemma 2.5, it follows that ||z/|| — 0 as i — oo and hence
[v'dste,a]| = <" [ds(e,2)| =0 (i — o0
By Remark 2.10, we conclude that for any ¢ € A with ¢ >> 0, there exists N € N such that
ds(0, F'z) < t'dy(0,2) ¢, Vi=N.

Thus, by Lemma 2.5, f iz — @ as i — oo. Similarly, we obtain that f iz — ¢ as i — oo.
Now, by uniqueness of limit, we conclude that ¢ = ¢, which completes the proof. O

Theorem 3.10 Let (X,d;) be a complete controlled cone metric-type space over a Banach
algebra A and K be the associated cone in A. Let F : X — X be a mapping such that for
allp,q € X,

ds(F p, F q) < xds(p,q), (3.16)
where k € K with r(k) < 1 and for each py € X,

$(Pis1s Pis2) 1

lim $(Pis1sPm) < —.
lll

mi—co $(pi, Pis1)

Then, there exists a unique point ¢ € X that is fixed under the mapping [ . Furthermore,
for each uy € X, the iterative sequence u, = F (u,-1) = F "uo converges to o.

Proof If we take v1 =k, v, = v3 = 0 and a(p,q) = s(p, q), then all the conditions of Theo-
rem 3.7 are satisfied, i.e., F satisfies the condition of Definition 3.6. That is, F is generalized
a-admissible, (X, d;) is regular, and for every ug € X, a(uo, F t0) = s(uo, F o). Hence, there
exists ¢ in X that is fixed under the mapping /. Now, it remains only to show that this fixed
point is unique. Suppose that there is { € X such that f ¢ = ¢. Then, we have

ds(0,¢) = ds(F o, F §) < kedy(0,¢).

However, r(x) < 1 and so by Lemma 2.1, e — « is invertible. Thus, by Lemma 2.5 ds(0,¢) =
0. a
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Theorem 3.11 Let (X, d;) be a complete controlled cone metric-type space over a Banach
algebra A and K be the associated cone in A. Suppose that F : X — X satisfies the gener-
alized Lipschitz condition, i.e., for all p,q € X,

dy(F p, F q) < k[ds(F p,p) + ds(F 4,9)] (3.17)

where k € IC with r(k) < m and for each po € X,

. s(pis1, pira) 1
lim ZPAL P ) < —,
mimoo s(pupin) Tl
with t = (e — k) Lk. Then, there exists a unique point o € X that is fixed under the mapping
F.

Proof If we take v; = 6, v, = v3 = k and a(p, q) = s(p, q), then all the conditions of Theo-
rem 3.7 are satisfied. Hence, there exists ¢ in X that is fixed under the mapping F . Finally,
we show that o is a unique fixed point of F . For this, if ¢ is another fixed point of F, then

ds(0,¢) = ds(F o, F¢) = «lds(o, Fo) +ds(¢, F¢)=0.
Therefore, 0 = ¢. O

The following is the result of generalized Lipschitz mappings on cone b-metric spaces
over a Banach algebra [15] that becomes a special case of Theorems 3.10 and 3.11 when
we define s(p, q) = b for some b > 1.

Theorem 3.12 ([15]) Let (X,d) be a complete cone b-metric space over a Banach algebra
A with coefficient b > 1 and K be the associated solid cone (not necessarily normal) in
A. Suppose that [ : X — X is a mapping such that for all p,q € X one of the following
conditions holds:

(i) d(Fp,Fq) < «d(p,q) where k € K with r(k) < ;.

(i) d(Fp,Fq) < «(d(Fp,p)+d(Fq,q)) where k € IC with r(k) < ﬁ.
Then, there exists a unique point o € X that is fixed under the mapping F .

Corollary 3.13 Let (X, d;) be a complete cone metric space over a Banach algebra A and
IC be the associated cone in A. Let F : X — X be a mapping such that for all p,q € X,

ds(Fp, Fq) < xds(p,q), (3.18)

where k € IC with r(k) < 1. Then, for each uy € X, the iterative sequence u, = F (4, 1) =
F "ug converges to a unique fixed point of F .

Proof Taking b =1 in Theorem 3.12, we obtain the required result. O

Remark 3.14 (i) If we take s(x,y) = b for some b > 1 in Theorems 3.10 and 3.11, we obtain
the main results of [15] for cone b-metric spaces over a Banach algebra.

(i) By Remark 3.4, we obtain that Theorem 2.13 as a corollary of Theorem 3.10.

(i) If we take s(x,y) = b for some b > 1 in Theorems 3.7 and 3.9, we obtain the main
results of [27] for cone b-metric spaces over a Banach algebra.
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4 Consequences

In this section, we list some important consequences of our results that generalize Theo-
rems 3.1, 3.2, and 3.4 in Hussain et al. [23], Theorems 3.1 and 3.2 in Xu and Radenovic [26],
Theorems 3.1, 3.2, and 3.5 in Malhotra et al. [21], Theorems 3.1, 3.2, and 3.5 in Malhotra
et al. [22], and Theorems 2.1 and 2.2 in Liu and Xu [14].

Definition 4.1 ([20]) Let X be a nonempty set and « : X x X — [0,00) be a func-
tion. A mapping F : X — X is said to be an «-admissible mapping if a(p,q) > 1 =
a(Fp,Fgq) =1

Definition 4.2 Let (X,d;) be a complete controlled cone metric-type space over a Ba-
nach algebra A and K be the underlying solid cone. A mapping F : X — X is said to be a
generalized «-Lipschitz contraction if for all p,q € X with «(p,q) > 1,

ds(Fp; Fq) =< de(P, q)¢
where « € K with r(k) < @ and for each pj € X,

$(Pis1s Pis2) 1
1m 45(19141,19”1) <.
m,l—>00 S(Pnpi+1) [l

The following theorem becomes a special case of Theorem 3.7 if we define o : X x X —
[0,00) by a(p,q) =s(p,q) = 1 for all p,q € X and take k = v1, v, = v3 = 6.

Theorem 4.3 Let (X,d;) be a complete controlled cone metric-type space over a Banach
algebra A and K be the associated solid cone. Suppose that F : X — X is a generalized
a-Lipschitz contraction with Lipschitz constant k such that
(i) F is a-admissible;
(ii) there exists ug € X such that a(ug, F ug) > 1;
(iii) F is continuous or if a sequence {u,} € X so that a(u,, uns1) > 1 for alln € N and
u, — q implies that «(u,,q) > 1 for all n € N.

Then, there is a point o in X that is fixed under [ .

For the uniqueness of the fixed point, we use the following extra condition:
Vo,¢ € Fix(F), there existsz € X such that «(p,z) > 1 and «(¢,z) > 1. (4.1)

Theorem 4.4 If we add the condition (4.1) in the assumptions of Theorem 4.3, then the
fixed point is unique.

Proof The assertion follows simply from Theorems 4.3 and 3.9. O

Remark 4.5 (i) If we take s(p,q) = b for some b > 1, then we obtain the main results of
Hussain et al. [23, Theorems 3.1 and 3.2].

(ii) Theorems 3.1, 3.2, and 3.5 in Malhotra et al. [21] become special cases of Theorems
4.3 and 4.4, respectively, with s(x,y) = 1,v; =1l and vy =v3 = 0.

(iii) If we define s(p, q) = 1, v; = 6 and v, = v3, then Theorems 3.1, 3.2, and 3.3 in Malhotra
et al. [22] become special cases of Theorems 4.3 and 4.4, respectively.
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If the given controlled cone metric-type space (X, d;) over a Banach algebra A is partially
ordered, then we can use the following theorem.

Theorem 4.6 Let (X,>>) be a partially ordered set and s : X x X — [1,00). Let (X, d;) be a
complete controlled cone metric-type space over a Banach algebra A with underlying solid
cone K. Assume that a nondecreasing mapping F : X — X with respect to > satisfies the
following conditions:
(1) there exist vectors vi,vy,v3 € K such that 2s(p,q)r(vy) + (s(p,q) + Dr(vy + v3) < 2,
dy(F p, F q) 2 vids(p,q) + vads(p, F p) + v3ds(q, F q) for all p,q € X with p > q and for
each pg € X with p,, = F "po,

S(Pi+1;Pi+2)s(p o) < 1
- N i 1) T
mji—co $(pj, Pis1) e [l

where k = (2e —v) 7 (2vy + V) for v= vy + v3;

(2) there exists uy € X such that uo > F uo;
(3) F is continuous or if {u,} is a nondecreasing sequence in X with respect to > such that
u, — q € X as (n— 00), then u, > q for all n € N.
Then, there exists a point ¢ in X that is fixed under the mapping F .

Proof Define a function  : X x X — [0, 00) by

sip,q) ifp>gq,

0 elsewhere.

a(p,q) =

Then, F is a generalized Reich-type contraction by Condition (1). Now, since [ is a non-
decreasing mapping, F is a generalized a-admissible mapping. Condition (2) implies that
there exists ug € X such that a(uo, F uo) = s(uo, F tp). By Condition (3), we can see that ei-
ther F is continuous or (X, d;) is regular. It follows that all the conditions of Theorem 3.7
are satisfied and so we conclude that there exists a point in X that is fixed under the map-
ping f. g

Corollary 4.7 Let (X,>) be a partially ordered set and s : X x X — [1,00). Let (X,d;) be a
complete controlled cone metric-type space over a Banach algebra A with underlying solid
cone KC. Suppose F : X — X is a nondecreasing mapping with respect to > and the following
assumptions hold:
(1) there exists k € K with r(k) < @ so that ds(F p, F q) < kds(p, q) for all p,q € X with
p > q and for each py € X with p, = F"po,

. S(pi,pie2) 1
lim —————=s(pii1,pm) < —;
mi=oo S(pi, pir1) <l
(2) there exists ug € X such that ug > F uo;
(3) Tis continuous or if {u,} is a nondecreasing sequence in X with respect to > such that
u, — q € X as (n— 00), then u, > q for all n € N.
Then, there exists a unique point o in X that is fixed under the mapping I .
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Proof The assertion follows directly, from Theorem 4.6 if we take v; = x and v, = v3 =
0. d

Remark 4.8 (i) Theorem 4.6 becomes [27, Theorem 3.6] if we take s(p,q) = b for some
b>1.

(ii) If we take s(p,q) = b for some b > 1 in Corollary 4.7, then we obtain Theorems 4.2
and 4.3 of Hussain et al. [23].

(iii) Theorems 2.1 and 2.2 in Nieto and Rodreguez-Lopez [29] are special cases of Corol-
lary 4.7 with s(p,q) =1 and A =R.

5 Conclusion

In this article, we introduced a new geometrical structure that is the hybrid of a cone
metric space over Banach algebra and a controlled metric-type space. We have defined
a metric space and we proved analogs of Banach-, Kannan- and Reich-type fixed-point
theorems. We also furnished various concrete examples to establish the validity of our
results. The obtained results generalize many well-known results in the literature.
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