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(Communicated by J. Kyu Kim)

Abstract. In this paper, a generalized variational inequality and fixed points problem is pre-
sented. An iterative algorithm is introduced for finding a solution of the generalized varia-
tional inequalities and fixed point of two uniformly Lipschitzian asymptotically quasi-pseudo-
contractive operators under a nonlinear transformation. Strong convergence of the suggested
algorithm is demonstrated.

1. Introduction

Let 7 be a real Hilbert space with inner product (-,-) and norm || - ||, respec-
tively. Let € be a nonempty closed convex subset of .7 . For the given two nonlinear
operators .% : ¢ — S and y: € — %, recall that the generalized variational inequal-
ity (GVI) aims to find an element x" € ¢ such that

(FxT y(x)— (") >0, Vxe@. (1.1)

The solution set of Equation (1.1) is denoted by GVI(F,y, % ).
If v = .7 (identity operator), then GVI(1.1) can be reduced to find an element
x" € € such that

(Zx  x—x") >0, Vxe?. (1.2)

The solution set of Equation (1.2) is denoted by VI(%#,%).

Stampacchia ([3]) introduced variational inequalities which provide a useful tool
for researching a large variety of interesting problems arising in elasticity, optimization,
network analysis, physics, economics, finance, water resources, structural analysis and
medical images ([4]-[8]). For solving variational inequality, projection methods are
very popular. For some related work, please refer to References ([1], [2], [9]-[13]).

In particular, very recently, a general class, in which the involved operators are
quasi-pseudocontractive operators, was considered by Yao et al. ([15]), and the follow-
ing iteration was introduced.
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ALGORITHM 1.1. Let .%,.7 are two quasi-pseudocontractive operators and ¢
is a L-Lipschitzian operator. Let o/ : € — S is a o -inverse strongly y-monotone
operator. Let x| € € be arbitrary. Assume {x,} has been constructed. Compute

un = Projc[op Ve (xn) + (1 — 06) (W (xn) — Gu/xn)],
yn={0=0n)uy+0, (7 ((1 =)+ 8,7))un,

2 =1=8)yn+ G (S (1 =) I+ N0T)) yn,
V(Xn41) = 0aW(xn) + (1 = 60n)zn, n=>1.

(1.3)

In this paper, motivited and inspired by Yao et al. ([15]), we consider the following
generalized variational inequalities and fixed points problems for finding an element £
such that

£EGVI(Z,y, %) and (%) € Fix(S)(Fix(7), (1.4)

where S and T are two uniformly L-Lipschitzian asymptotically quasi-pseudocontractive
operators.

In this paper, a unified framework for generalized variational inequality problems
is given. We will extend the above results to the class of uniformly Lipschitzian asymp-
totically quasi-pseudocontractive operators. Based on the algorithm 3.1, we construct
an iterative algorithm and demonstrate its strong convergence.

2. Preliminaries

Let .77 be areal Hilbert space with inner product (-,-) and norm ||- ||, respectively.
Let & be a nonempty closed convex subset of .7#. We use Fix(.7) to denote the set
of fixed points of .7, thatis, Fix(.7) = {ulu = Tu,u € ¢}.

DEFINITION 2.1. An operator .% : ¢ — ¢ is called to be

(1) & -strongly monotone if (Fz' — Fz*,z" —z%) > §||z' —z*||* for some constant
§>0andall 7,z € %;

(2) a-inverse strongly monotone if (Fz" — #z* z2f —7%) > o F 7" — F7F|? for
some constant o« > 0 and all ZT,Zi €v,

(3) & -strongly w-monotoneif (Fz' —.FzF, w(z") —w(z%)) = 8||w(z") — w(zH)|]?
for some constant § > 0 and all z',z% € ¢;

(4) a-inverse strongly y-monotone if (Fz' — . Zz% w(z") — w(z¥)) > o F7' —
F7*||? for some constant o > 0 and all z',z% € ¢;

DEFINITION 2.2. A monotone operator % : # — 27 is maximal monotone if
the graph of % is a maximal monotone set.

DEFINITION 2.3. An operator .7 : € — %€ is called to be
(i) L-Lipschitzian if there exists L > 0 such that |7z — 7% < L||z" —z*| for
all 7f, 7 € ¢
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(i) uniformly L-Lipschitzian if there exists L > 0 such that || .7"z' — 7"7%|| <
L||z" — ¥ forall z7,z¥ € € andall n > 1;

(iii) (L, w)-Lipschitzian if there exists L > 0 such that ||.7z" — 7z%|| < L||w(z") —
w(zH)|| forall ', zF € €, where w: ¢ — % is a nonlinear operator. In particular, if
L =1, the operator .7 is said to be y-nonexpensive.

DEFINITION 2.4. An operator .7 : C — C is said to be asymptotically quasi-
pseudocontractive if there exists a sequence {k,} C [l,o0) with lim,_.k, = 1 such
that

|77 =22 < (2kn = 1)l = 2|2 + | T —x||?
1

forall x € C, 7' € Fix(.7) and forall n> 1.

The weak and strong convergence problems of the iterative algorithms for such a
class of mappings have been studied by a large number of authors (see, e.g., [16]-[25]).

In general, the convergence of fixed point algorithms requires some extra smooth-
ness properties of the mapping .7 such as demi-closedness.

DEFINITION 2.5. An operator .7 is said to be demiclosed if, for any sequence
{x,»} which weakly converges to X', and Ix, — w, then T (x“) =w.

Recall that the (nearest point or metric) projection from 5 onto ¢, denoted
Projy , assigns to each x € 7, the unique point Projgx € € with the property

llx — Projex|| = inf{||x—z|| : z€ €}.
The metric projection Projg of 7 onto € is characterized by
(x—Projgx,z— Projgx) <0 (2.1)

for all x € 57,z € €. Recall that the metric projection Projy : 7 — € is firmly
nonexpansive, that is,

(x —y,Projgx— Projgy) > ||Projex — Projey|? 22
or |[Projgx—Projuy|* < ||x—y|> = | (I — Projg)x — (I — Projg)yl|*

forall x,y € 7.
For all x,y € 77, the following conclusions hold:

lex+ (L =)y = l|xl|> + (L =) [y]* = (1 =) [lx = y[]%, 1 € [0,1],

[+ = [ +20x,0) + [Iyl?
and

x4+ yII* < [Ix)* 4+ 20, x+ ).
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LEMMA 2.6. ([27]) Let 7 : % — € be an L-Lipschitzian operator with L > 1.
Then

Fix((1-8)#+67)7)=Fix(7(1-06)4+067))=Fix(7),
where & € (0,1).

LEMMA 2.7. ([14])) If T : € — € be a uniformly L-Lipschitzian asymptotically

pseudo-contractive operator with L > 1 and coefficient k,. If 0 <n < { < ﬁ

forall n > 1, then we have

[(1=n)nT"((1=8)-F +§T x|
<1+ 2(ky — 1N 4 2(ky — 1) 2k, — 1)EN] fJx — x°||? (2.3)
+nM=OINT"((1=0)I + T x—x|?

forall x €€ and x°* € Fix(.7).

REMARK 2.8. It is readily seen that, in Lemma 2.7, if the operator is uniformly
L-Lipschitzian asymptotically quasi-pseudocontractive, the conclusion still holds.

LEMMA 2.9. ([26]) Assume that {o,} is a sequence of nonnegative real numbers
such that
Oyl < (1 - Yn)an+ 6"7 neN,

where {y,} is a sequence in (0,1) and {0,} is a sequence such that
(1) X1 T = o5
(2) limsup,_... 5y— <0 or 32,18, < oo
Then lim, ... 04, = 0

LEMMA 2.10. Let {@,} be a sequence of real numbers. Assume there exists at
least a subsequence {®,, } of {®,} such that ®,, < @y, 41 for all k > 0. For every
n = Ny, define an integer sequence {t(n)} as

t(n) =max{{ <n: @ < O}

Then, T(n) — oo as n— oo and for all n > Ny, we have max{ @z, 0} < Or(n)41-

3. Main results

In this section, we first show the following crucial Lemma.

LEMMA 3.1. Let 7 be a Hilbert space and € (# 0) C 7 be a closed convex set.
Let  : € — € be uniformly L-Lipschitzian asymptotically quasi-pseudocontractive
with L > 1, coefficient k, < K and Fix(.7) # 0. Then Fix(7) is a nonempty closed
convex set.
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Proof. First, we prove that Fix(.7) is convex.

Assume0<n<cgm forall n>1. Since k, < K,

1 1
< .
VK?+ 1> +K?>  \Jk2+L2+k2

Then
(L<C(VKAPHI2+KY) < 1.

Let
Tn=(1=-n)I+nT"(1-0)I+LT").

193

3.1)

Assume x7},x5 € Fix(7). Itis obvious that Fix(.7) C Fix(.7,). So x|,x5 € Fix(7) C
Fix(,). Let x; =tx; + (1 —t)xj, where 7 € (0,1). According to Definition 2.7,

Lemma 2.10 and Remark 2.11, we have
| T =17
= [l (x} = Zax) + (1 =) (33 = Zox) |
=t|lxi = o 1P+ (1= 1) x5 — T |2
—1(1—1)[|x] —x3?
<1[1+ 20k — 1)1+ 2(kn — 1) 2k — 1] [l — 7|
+ (1= 1)1+ 2(ky = 1)1 +2(kn = 1) (2K — D5 — x|
— (1 —1)[|x] —x3?
<1 =0)[142(kn — 1) +2(kn = 1) (2hn = D] [lx] = 53
+12(1 = 1)1+ 2(ky — 1) +2(kn — 1) (2, — 1)]||x] — x5
—1(1=1)[|xi —x3?
= 41(1—1)(kn = 1)?||x] —x3]> =0
which implies lim,,—... Z,x; = x;. It follows that
,1122,7"((1 -0 I+ T X =x].
Since .7 is uniformly L-Lipschitzian, we obtain
17" = x|l
<7 = 7"((1=8)7 + 7" |
+lx = 7"((1=0)I +CT")x |
< CL|T"x —x/||
+lx = 7"((1=8)I+CT")x .
By (3.1), we have

17" — x| < [l = 7" (1= 8)I +ET")x || =0

1—¢CL

(3.2)

(3.3)

(3.4)



194 W. SUN, G. LU, Y. JIN AND C. PARK

which implies lim, ... 7"x} = x7. Let Fx" = lim, ... .7"x, we obtain .Jx = x".

Then,
|75 x| =117 Fx; — T
zHﬂﬁx ﬂ”“;‘—i—ﬁn“ ﬁx;‘H
SL|Ix; = T |+ 17" % — T x|

— 0.

(3.5)

So Jxf = x;. Therefore, Fix(.7) is convex.
For all {x,} C Fix(:7) with x, — x*, we have

[lvn = Zx"|| < Llxn —x7]|

and hence x* = 7x*. That s to say x* € Fix(.7). Therefore, Fix(.7) is closed. This
completes the proof. [

Next, we first present some properties for ¢ -inverse strongly y-monotone opera-
tor, & -strongly y-monotone operators and (L, y)-Lipschitzian operator. For our main
theorem, these properties will be useful.

PROPERTY 3.2. Assume that . : € — I is an o-inverse strongly W -monotone
operator and y > 0 is a constant. Then,

Iy (x) =y Zx— (W) =¥ 71> < lw(x) = w0 P+ 1(y—20) | Fx— Ty, Vx,yeE.
Proof. By a direct calculation, we have

lw(x) = vZx) = (w() = rZy))|?
YOI+ 7117 x = FyIP 21y (x) — w (), Fx = F)

= lw(x) —w(y) 3.6)
<Ny —yO)P+ Pl Fx— Fy|* —20y| Fx— Fy|?
= [y (@) = wO)I? +1(y—20) | Fx— Fy|.

The proof is complete. [

PROPERTY 3.3. Assume that F : ¢ — A is &-strongly y-monotone and
(L, y)-Lipschitzian operator. Let W : % — € be a ¢-strongly monotone operator
and R(y) = €. Then the generalized variational inequality GVI(1.1) has a unique
solution.

Proof. By the ¢-strongly monotonicity of y, we get

Iy (x) =)l = gllx—yll 3.7

which implies that v is injective. Owing to R(y) =%, ¥ is bijective.
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Let W= Projy (% —yFy '), where 0< y<28/L?. Invurtue of 7 : ¢ — A
be a (L, y)-Lipschitzian §-strongly y-monotone operator, we deduce

1 (w(x) =¥ (w )|
= [[Proji(y(x) = v7x)) = Proju(y(y) = v7)
<) = rZx— (W) —rZy)|?
=y = yO)IP+ 71 Fx = Zyl* =21y (x) = w(), Fx = Fy)
<) —yOIP+ 7Ly ) — O = 298]y (x) — )l
= (1=y(28 —712)) [y (x) — w()*
In view of R(y) =%, ¥ is a contraction on %. Hence there exists a unique fixed

point £ € € satisfying Proj4 (y(X) —y.%#X) = w(%). Equivalently, there exists a unique
X € € solving GVI (1.1). O

2
|

(3.8)

In the following paper, we present an algorithm and prove its strong convergence.
A list of assumptions on the underlying spaces and involved operators are provided
below.

(Ry) # is areal Hilbert space and € (# 0) C ¢ be a nonempty closed convex
subset;

(R2) y:% — ¥ isa 0 -strongly monotone and weakly continuous operator such
that its rang R(y) =% and ¢ : € — 7 is an L-Lipschitzian operator;

(R3) J :¥ — € isauniformly L -Lipschitzian asymptotically quasi-pseudocon-
tractive operator with L; > 1 and coefficient k, ;

(Ry) & : ¢ — € isauniformly L, -Lipschitzian asymptotically quasi-pseudocon-
tractive operator with L, > 1 and coefficient [, ;

(Rs) F :€ — S is an o -inverse strongly W -monotone operator;

(Re) Q=GVI(F,y,¢)Nw ' (Fix(:)NFix(7)) # 0.

Next we present the following iterative algorithm to find £ € Q.

ALGORITHM 3.4. Choose an arbitrary initial value x; € 4. Assume {x,} has
been constructed. Compute

un = P[0V (xn) + (1 — 04) (W(xn) — BuF xn)],
yn=1=0p)un+0, (" ((1=64) I +8:.T")) tn,
= (1=G)yn+ G (" (1 =Mn) I+ 1)) ¥,
V(1) = 6y (xn) + (1 — On)zn, n>1,

(3.9)

where v >0 is a constant, {04}, {on}, {6:}., {&:}. {nn} and {6,} are six sequences
in (0,1) and {B,} is a sequence in (0,00).

THEOREM 3.5. Suppose that % — 7 and 9 —.7 are demiclosed at zero. If
Q £ O and the following conditions are satisfied:
(C)) limy—w ot =0and Y, 0y =oo;
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G) 0<a; <0y<c; <& <8 <b < ———;
VLR

G)0<ar <<y < <Mp<by< ———;
3 2 n < €2 <C2<Thn 2 P2’
n 2 n

()

(G3)

(C4) 0 <liminf,—e 6, < limsup, ., 6, < 1;
(Cs) Lv <0 <20 and 0< hmmfn_m Bn < limsup,_.., B, <20,
(Co) T j(kp—1) <Aoo, 3= (I, — 1) < Hoo;

(C

1 h=1 _

k,—
7) hmn_m’gT = lim,—e .

Then, the iterative sequence {xn} defined by Equation (3.9) strongly converges to
X € Q which solves the generalized variational inequality

(Vo(x) — w(%), w(x) — y(#) <0, VxeQ. (3.10)

In particular, if we take ¢ =0, then Y (X) is minimum-norm.

Proof. First, we prove that y(x) — v¢(x) is (1 — vL/d)-strongly y-monotone.

—vo(x) = (v(y) —vo (), w(x) —w(y)
=(y(x) —v(),¥x) —y(©)) = v(ox) —o0), w(x) —w(y))
Iy (x) =y = vLIx = yll[ly(x) — w()l (3.11)
w(x) —y()|> = vL/6[|y(x) — w(y)||?
= (1=VL/8)|lw(x) — w(y)|*.

<

—
=

=

Iw(x) =y +viox) -Gl
Iy (x) =yl +Lv]x—yll (3.12)

(1+Lv/8)[ly(x) = w)Il,

v —v¢ is (14 Lv/8)-Lipschitzian. Therefore, from Property 3.3, the GVI(3.10)
has a unique solution which is denoted by £. Since £ € GVI(Z#,y,%) and y(X) €
Fix(7)NFix(T), by virtue of (2.1), we get y(£) = Projg|y(X) — B, F %] forall n >
1. In view of Property 3.1, we obtain

[y (x) = BFx— (W(y) — BuF V)|
< W) = wO)II* + Ba(Br — 20) | Fx — Fy|*. (3.13)

Iy (x) = vo(x) = (w(y) = v )l

<
<
<

From Equations (3.9) and (3.13), we have

lun —w(R)]|

= [Projeonve () + (1 — o) (W (xn) — BuF )] = Projig[w(%) — B 73]
HanV(P(xn) (1 )( ( )_Bnyxn) - (W(XA) _ﬁngﬁ)H

0V [[9(xn) = O (D) | + ol [ VO (£) — w(X) + B 75|

+ (1= o) [ (y(xn) = BuF xn) — (W(X) = B ZR) ||

<
<
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< 0 VL|xn — £ + o[V (%) — w(£) + BT 1]

+ (L= o) [ (W(xn) = BuFxn) — (W (%) — BuT3)| (3.14)
S 0VL/8|[w(xa) = W) + o[V (%) — y(X) + BuF £l
+ (1= 0w) [y (xn) = w(H)||
[1—=on(1=VL/8)ly(xn) = WD) + ol vO(£) — y(X) + BT £]|
[1—=on(1=VL/8)ly(xn) — w(E) [ + on([[VO (&) — w()[| + 20| F )
(1= o (1 = vL/8)][ly(xa) — w(H)]|

+ocn(1—vL/5)”"¢(@ ll,/_(xv)L/ngaﬁx

Al

By (3.13) and (3.14), we get

et — W()I* < 0wV (in) + (1 = 00) (W(n) = BuFxn) — (w(%) = BuZR)?
< 0ul[VO () — w(&) + B 73|
+ (1= )| (y(n) = BuFxa) = (W(8) = B F2) (3.15)
< 0ul[VO () = W) + B+ (1 — o) [ w(x) — w(H)|?
+ (1= on)Bu(By—20) | Fx — F3|.
By the condition (Cg), without loss of generality, we may assume that sup,k, < 2 and
supnpl, <2 forall n > 1. By virtue of Lemma 2.10, we deduce
lyn = W@ = [ (1 = 0n)tn + 0 (7" (1 = ) I+ 8:T™)) u — W (%)
< U2k — 1) +2(kn = 1) (2 — 1)] |t — w(£)||>

+0u(00 = 817" (1= 80) [+ 8,7 ") un — un|®

81)

< 11+ 8k — 1]l — WP 10
+0u(0n = 87" (1= 8) I+ 80T ")ty — |
< [1 48k — )]l|un — w(H)]?

and

lzn = WEI> =1 (1= &) yu+ & (L (1= ) T+ M07™) yu — w(E)[|?

<420l = 1) +2(L— 1)(2h — D] lyn — w(®)[|
+ GG = M) 17" (L= 1) T+ 1™ = G
<1 48(l = D]lyn— w(®)?
+6u(G =) |7 (1 =) T+ 10"y — v
<148l = D]llya— w(®)|>.

Hence,

[[yn =y < [1+4(kn — D]l — (2| (3.18)
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and
lzn = W@ < [L+4( = D]l[yn — w(@)]. (3.19)
Combining Equations (3.9), (3.18) and (3.19), we obtain
W (Ceng1) — W@ < Oully(xn) — wE) ||+ (1= 6)[|zn — w(H)]
< (1= 6,)[1+4(ky — D][1 +4(l — D] [lun — w(£)|
+ Oul| W (xn) — W (3] (3.20)
< (1= 6p)[1+4(kn — D][1+4(l = D]|Jun — w(R)]]
+ 0ul| W (xa) — w(H)].

Applying Equation (3.14), we have

W Csn1) = YR | < (1= 6)[1 4+ 40k = DI[1+4(l = 1)) s = w9
+0ul W (xa) — w(@)
<[44k, = D][1 44— 1)](1 = 6,)
< {11 = o1 = vL/ 8y () — Wi
VOl 2al 74 )
1—vL/é
+ 0 w(x) — y(@)] 321)
< [L+4(k,— D][1+4(1,—1)]
< {1 = 0u(1=0,)(1 = vL/8)][w(x:) — y(D)]
VI 20l 74
1—vL/é

(1 — vy 5) o) =

(1 —6,)(1— vy v =

<[1+4(ky— D)1 +4(1,— 1))

xmax { [y () — (@) lve ) ‘(‘{’(_’?w;)a%) )

By an inductive method, we derive

[y (x) — w@)| < TTI +4(k — DT+ 40— 1)
N ve@— v+ 207
1 — o
< max { |y () =y, ™ (T_XVL/& st
It follows that
1 n n
lben = £l < S 1y () = W@l < [T[1+4(k = DITT[1+4(6 = 1)]
- o (3.23)

xmax { ||y (x1) — w(@)]l, [vo(®) _(T(_ﬁ)v;;;)a%) s
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By the conditions (Cg), it is easy to see that the sequence {x,} and {y(x,)} are all
bounded.
By Equation (3.9), we get
V(Xn+1) = W(xn) = (1= 0n)[za — w(xa)], n> 1 (3.24)

Combining Equations (3.9), (3.18)with (3.19), we obtain

W (1) = WE) P = 16w () + (1 = 6n)za — w(H)||?
< Oy (xa) — W)+ (1= 6,) |20 — w(H)[?
— 0,(1—6,) |20 — y(x,) | (3.25)
<O W (xn) — Y(E)|* = 0u(1 = 6,)]|20 — W) |
+ (1= 6,)[1+8(ky — D)][1+8(Ly— D)] | — w()|1*.

According to Equation (3.15), we deduce

Iy (ast) —w(@]
< Oully ) — WD — 6,

1—6,)lzn — (xn)”z
+(1—=6,)[1+8(k,— 1) (

(1481 — D) lun — w(R)|I?

< Oy () = WE? = 6u(1 = 6) |20 — wlx)|I? (3.26)
+(1=6,)[1+8(k,— D][1+8(l,—1)]

x {onl|ve () = w(®) + BuZ 2 + (1 on)lw(x) — y()]

+(1 _an)ﬂn(ﬁn_Za)“ﬁxn_ﬁﬂP}

= =

In the sequel, we take into account two possible cases.
Case 1. There exists m > 0 such that

{lw (o) —w@11}

is decreasing when n > m. Thus, lim, ... ||y(x,) — y(£)|| exists. According to Equa-
tions (3.26), we have

(1 = 6)[1+8(kn — D][1+8(l = 1)](1 = o) Bu(20t = By) || Fx — F 3
On(1 = 61) 120 — w(a) |
IIIV(xn) Y@~ [y () - w@)|?

+ (1= 0,){[1+8(kn — V)] [1+8(l — 1)] — 1} w(xs) — w(®)|?
+ 0ty (1= 6,)[1+ 8(ky, — 1)][1 +8(L, — 1)]

x (Vo (xa) = W) + BuZ2* = [l w(xa) — w(@)]).
This together with assumptions (Ci), (C4), (Cs) and (Cy) implies that

(3.27)

Jim 5, y(x)] =0 (3.28)



200 W. SUN, G. LU, Y. JIN AND C. PARK

and

lim | Zx, — | =0. (3.29)
n—o0

By Equation (3.9), we get

V(Xns1) = W(xn) = (1= 6u)[zn — w(xa)], n>1. (3.30)

Furthermore, it follows from Equation (3.28) and (3.30) that
Tim [y (1) = y(xa)|| = 0. (3.31)

Set v, = W(x,) — BuFxn — (Y(X) — BrF %) forall n > 1. In virtue of Equation (2.2),
the continuity of the norm, and the boundedness of the sequence {x,}, {y(x,)} and
{Fxn}, we deduce

un — w()]?
< ||Projg[omve(xn) + (1 — oy
< (o (VO (xn) — w(k) + BT X

(W(xn) = PuF xn)| — Projcly (%) — BuT %]
+ (1 = ) v, un — Y(X))

—

< S (vo(n) ~ W) + BuF) + (1 ol + o~ w(OI
—llon(v (xa) = (%) + BaF £) + (1 = o)y — ttn + p(D)||*}

< 510 (vO(n) ~ WD)+ BuF— ) + vl + o~ WO 632
[0 (v (5) = W(E) + B %= vi) + v =y + ()2}

H2 —[[va — un + W(’e)Hz} + &

1 .
< Ll + - )
= %{Hu/(x,,) — BuFxn — (W) = B Z R)|* + [|un — ()|

— W (xn) = un — Bu(F xn _Jﬁ)”z}"'gna

where g, > 0 and lim,_... & = 0. From Equation (3.29) and (3.32), we obtain

letn — w(®)]1* < %{HW(xn) — Y@+ | — w2

— [y (xn) _”nHz} + &,

(3.33)

where €, > 0 and lim,,_... &, = 0. Hence,

et = W) < 1w ) = W@ = [y () — al® + & (3.34)
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In the light of Equations (3.25) and (3.34), we have

Iy (1) — W@
< (1= 6)[14+8(ky— D1 48(Ly— )]|Jun — w(®)|?

+ 0]y (x) — ()|
< (1= 6,)[1+8(ky— D)][1+8(Iy— 1)]

X o) = w@) = W) — ul* + &} (3.35)
+ 0, w(x,) — w1
< (1= 0){[1+ 8k — V][ +8(ln— 1)] = 1} w(x:) — w(®)]>
— (1= 6)[1+8(kn — D1+ 8(La— DI w(xa) —unll* — &}
+ () — w@]*.
Hence,
(1= 6,) [148(kn— D)][1+8(Ly— )] [ w(xa) — tn]?
< (1= 0){[1+8(ky— D][1 +8(ly— V)] = 1} w(x) — (@[ +&  (3.36)
W) = y@ 17 = W) — w@|7

where €, = (1 —6,)[1+8(k, — 1)][1 +8(l, — 1)]&, — 0. According to (Cs), we easily
deduce

lim ||y(x,) — un|| = 0. (3.37)
In view of Equations (3.16) and (3.17), we get
20— W@ < [148(1 — D][1+8(ky — 1] ||t — w(£)]|?
+[148(ly—1)]on(0n—)||.7" (1=84) [+6,.T") un—un||2 (3.38)
+ Ga(G = M) 1" (1 = M) T+ 107" Y _ynH2-

Therefore,

(14 8(ln = 1)]6u(0n — ) T (1 = 8) T + 8, T" )ty — un?
+ GG = M) [12" (1= M) T+ 10™) Y=yl
< {1+ 8(n— D1 +8(ky — 1)] = 1}l — y (2]
+llun = @) = llzn — w(@)|
< {148l — D[ +8(kn — D] = T} lun— w(®)[?
+ llun = zall (1t = Y + 120 = wH)[I)-
From (3.28) and (3.37), we obtain

(3.39)

lim ||z, — un|| = 0. (3.40)
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It follows from Equations (3.39), (3.40), (C;) and (C3) that

lim || 77" (1= 8,) I+ 8,7 tty — ttn| = 0

n—o0

and
lim .57 (1= 1) 2+ 00.7") yu =y = 0.
Note that
Yt = G T (1= 8) T+ 8,7 ")ty — 1]
and
in—Yn = Cn[yn ((1 _nn)l+nnyn)yn_yn]-
Therefore,
lim ||y, —u,|| =0
and
lim ||z, — y|| = 0.
Observe that
[tn — T un|| < | T" (1= 8a) I+ 60 T") ttn — |
+ [T (L= 60) 1+ 62T ") n — T " un|
< Hyn(( —5,,)1—#5,,9")14"—14””
+ L16u|| T uy — un)|
and

[[yn =" yull <[ (1= M) T+ 1M0?™ ) yn = |
7" (V=1 L4110 ") yn = "yl
<[ (1= 1) T+ 10" ) yu =yl
+LoNu ||l yn = Yull-

It follows that
n- " n g P " 1_ n I n " n— Unp
= 7"t < T |77 (1= 8148, wa—
and

(A _ynynH <

This together with (3.41) and (3.42) implies that

lim ||y — T"u,|| =0
n—oo

1 — Lom, Hy ((1 _nn)l+ M )yn _ynH'

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)
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and
1im [|y, 7"y, | = 0. (3.50)

From Equation (3.31), (3.37) and (3.43), we have

lim [y — 1] = 0 (3.51)
and
1im |y, = ya1]| = 0. (3.52)

Since 7 and .¥ are uniformly L;-Lipschitzian and L, -Lipschitzian, respectively, we
can derive

a1 = Frnir | < ltwsr = T s | + 117" s = T |

Ty~ T

1 (3.53)
< Ntne1 — T st || + 2L g1 — |
+ Ly ||y — T"uy|
and
Yn+1 = L Ynitll < ns1 =L ynst |+ 17" s =)
yn-&-l _ .
+ ] i 1 Yot (3.54)
< yntt =" ynst |+ 2L [ yas1 — yal|
—|—L2Hyn—<7”yn||.
By (3.49), (3.50), (3.51), (3.52), (3.53) and (3.54), we have immediately that
lim |ju, — Tu,|| =0 (3.55)
and
lim [y, — 73, =0. (3.56)

Next, we prove limsup,,_,.,(V9(X) — w(%),u, — (%)) <O0. Let {u,,} be a subsequence
of {uy} such that

lim sup (v (%) — ()., — y(2))

n—oo

= lim (ve (&) — y (), un, — w(£)) (3.57)
= lim {ve (&) — y (%), ) — y(F)).

Note that x,, is bounded. We can select a subsequence {x,, } of x,, such that x,, —

z € €. Without loss of generality, assume x,, — z. Owing to the weak continuity of
v, this indicates that y(x,;) = y(z). Therefore, u,, — y(z) and y,, — y(z) .
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In view of Equation (3.55), (3.56) and the demi-closedness of .# —.7 and . — ./,
we deduce y(z) € Fix(.7) and y(z) € Fix(.¥), respectively. That is, y(z) € Fix(.7)
NFix(.7).

Next, we show z € GVI(.#,y,%). By Remark 2.2, we obtain that .Zy~! is
monotone. Let

Fy vt Mp(v), veET,

R(v) = {@ et (3.58)

where 44 (v) is the normal cone to € at v. According to Reference [28], we can
easily derive that % is maximal monotone. Let (y(v),w) € G(Z). Since w—Av €
N (w(v)) and x, € €, we have

(W(v) = wlx),w—Av) > 0.

Noting that
tn = Pro jg [0V (xn) + (I — o) (W(xn) — BuFxn)],

we get
(W) = tnyty — [0V (xn) + (I — o) (W (xn) = BuF xn)]) = 0.
It follows that

<‘V(V) g, V) G

Bx Bn (Vo (xn) — w(xa) +ﬁn§xn)> > 0.

Thus

> (W0) = W) 2) — (910) — 2

. (y(v)— Un;, V¢(xni) —y(xa) + Bni‘g\xn»
—(w(v) - uni"g\xn»

2 <l//(V) - V/(xn,')7Av_ ﬁxn» - <W(V) — Up;, M_sz(xnl)> (359)

- (y(v)— Un;, V¢(xni) - V/(xni) + Bni‘g\xn»
—(w(v) - uni"g\xn» +(y(v) - W(xni)’yan

- (y(v)— Un;, V¢(xni) - V/(xni) + Bni‘g\xn»'

WV
5><
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By virtue of Equation (3.59), we deduce that (y(v) — y(z),w) > 0 owing to (3.37)
and y(x,,) — y(z). By the maximal monotonicity of %, y(z) € Z'0. So, z €
GVI(.Z ,y,%). Therefore, z € Q. From Equation (3.57), we obtain

lim sup (Vo (£) — w(£), un — w(%))

n—o0

= lim (v (5) — (), () — () (3.60)
— 1im (V9 (%) - w(£), y(2) - w(£)) <0.

[—o0

Applying Equation (2.2), we obtain

Juy — WO

= 1P envols) + (1 ) (W) ~ B )] — Projilyi(d) — (1 - ) B 73]

< (i (v sn) — W) + (1~ o) (y(xn) — BuF) — (W) — ). s — ()

< v (9(50) — 08) 0~ () + 6 (VOLE) ~ (). — ()
(1= ) (W52) = BuF ) — (WD) — BT )ty — ()

< 0Ly — 51 % i~ W)+ 0000~ ().t~ () (.61
(1= @) )~ (D) < s~ v

= (100 (1=VL/3)] [ C50) W (3) | ¢ 0= ()00 ()~ ().t~ y1(2)

< LUV ) - w4 L — w2

+ 0 (VO (R) — W(E), un — w(£)).

It follows that

Jitn = @I < [1 = (1~ VL/E)] W) — ()| + 20 (v () — W(H), s — w(5)-

This, together with Equation (3.35) implies that

Iy Cxnrr) — W@
(1= 6)[1+8(kn — D)][1+8(l — D] [lun — w(H) > + Ol |y (xa) — w(H)?
(1= 6)[1+8(kn — 1)][1+8(ln—1)]

x {[1=0n(1=VL/8)] ||y () =y (2) [P +204 (v (£) Y (£), un— W (%)) }

+ 6, W) — y(®)? (3.62)
< (1= 6,){[1 +8(ky — D][1+8(L, — 1)] — 1}

x {[1=06(1=VL/8)]|y () =W (%) [*+206 (v (£) — W (%), un— Y (£)) }

+[1 = ou(1 = 6,)(1 = VL/8)][lw(x) — w(®)?

+2(1 = 6) (VO (£) — w(5), un — y(%)).

< 1+38
< 1+38
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In the light of (C7) and (3.60), it can be seen easily that

(1= 6){[1 4 8(ky— 1)][1 +8(I,— 1)] — 1} (3.63)

A= 01— v/ 8)) W) = W) P+ 200 (VO () — wid), w0 — W)}
0n(1— 6,)(1— VL/§)

— 0.

Therefore, applying Lemma 2.13 to Equation (3.62), we can conclude that y(x,) —
y(%) and so x, — %.

Case IL. There exists ng such that ||y (x,,) — y(X)| < [|W(xng+1) — W(R)]|. At
this case, we set @, = ||y(x,) — y(£)||. Then, we have ®@,, < @, +1. For n > ngy, we
define a sequence {1,} by

T(n) =max{l € Ning <1 < n,@; < 041 }-
it is easy to show that 7(n) is a non-decreasing sequence such that

lim 7(n) = 4o

n—oo

and
Or(n) S Or(p)41-

Employing techniques similar to Equations (3.60) and (3.62), we have

fim sup (Vo) — w(£),ur(n) — y(%)) <0. (3.64)
and
By 1 < (1= O {1+ 8(ke(y = DI[1+8(Le(y — 1] — 1}
X AL = Oty (1= VL/ 8)] 7, + 201, >< O(%) — (&), ur(n — ()}
+ [1 = oty (1= By ))(1—vL/6)}zzs2 w (3.65)

F2(1 = B¢ Otz () (VO (£) — W(5), () — W(H)).
Since @y(y) < Wy(y)41, We have

) [1+8(kg(n) — D1+ 87y — 1] — 1

zm(n) S OCT(,,)(I — VL/5) X [l — OCT(n)(l - VL/5)]CO'$(H)
2[1 4 8(kgp — D][1+8(lep — D] =1, A )
| ((1(_> 91(:)])[(1 — L; g) | (VO (%) — w(£), ur(n) — w(H))
1 \Z/L/6< 9(%) = Y (&), ey — W) (3.66)

By (C7) and (3.64), we obtain

lim sup @ (,) <0

n—00
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and so

lim @y, = 0. (3.67)

n—oo

By Equations (3.64) and (3.65), we also obtain

lim sup @y ()41 < lim sup @yy,).

n—oo n—so0

By the last inequality and Equation (3.67), we derive that

lim Or(n)+1 = 0.

n—o0

Applying Lemma 2.14 to get
o, < wr(n)+1'

Therefore, @, — 0, i.e., y(x,) — y(£) which implies x, — .
Finally, if we take ¢ =0, we get
(—w(®), w(x) —y(£) <0, VxeQ. (3.68)
Equivalently,
I ®)1? < (wx), p(2), vxeQ.

This clealy implies that
@I < vl vxe Q.

The proof is completed. []

ALGORITHM 3.6. Choose an arbitrary initial value x; € 4. Assume {x,} has
been constructed. Compute

up = Projg [0, ve (x,) + (1 — o) (xn — BrnF xn)],
yn={0=0)uy+0,(T"(1=05,) I +6,T")) un,
= (1=8C)yn+ G (" (1 = M) I +00")) ¥,
Xnt1 = OpXy + (1 - en)Zm nzl,

(3.69)

where v >0 is a constant, {0}, {on}, {6:}., {&:}. {nn} and {6,} are six sequences
in (0,1) and {B,} is a sequence in (0,00).

COROLLARY 3.7. Suppose that . — 7 and % — . are demiclosed at zero. If
Q=VI(Z,C)(Fix()(\Fix(:7) #0

and the following conditions are satisfied:
(Cy) limy—e 0ty =0and Y, 04 =o0;
() 0<a <o, <c1 <& <O <b <

1 .
VAL

1

B3+

(G) 0<ar<<ca<ér<m<by<
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(Cs) 0 < liminf, e 6, < limsup,,_... 6, < 1;
(Cs) Lv <1<2a and 0 < liminf, e B, < limsup,,_,.. B < 20(;
(Co) ik —1) < oo, 37 1 (1y — 1) <Aoo
(G7) hmnﬁm k’&—n =1lim,_e 1,,(;11 =0.
Then, the iterative sequence {x,} defined by Equation (3.69) strongly converges
to £ € Q which solves the generalized variational inequality

(vo(%) —%x—%) <0, Vxc Q. (3.70)

ALGORITHM 3.8. Choose an arbitrary initial value x; € 4. Assume {x,} has
been constructed. Compute

up = Projg[(1 — ay) (xn — Bu-Fxn)]s

o= (1=0p)up+0,(T"((1=06,) I +T"))un,
=1 =8)yn+ G (" (L =10) I +10T")) Y

Xnt1 = Opxn+ (1 —6y)z0, n>1,

(3.71)

where {a,}, {0,}, {6}, {&}, {nn} and {6,} are six sequencesin (0,1) and {B,}
is a sequence in (0,o).

COROLLARY 3.9. Suppose that . — .7 and & — ./ are demiclosed at zero. If
Q=VI(Z,¢)(\Fix()(\Fix(7

and the following conditions are satisfied:
(C1) limy—w oty =0and 3,7 04 =oo;
1 .
G)0<a <0, <c1 <1 <0, <b < N R
1 .
G)O0<ay<f<a<éb<n<b< T
Cy) 0< hmmfnﬁm 0, < limsup,_,.. 0, <1;
Cs) a > 2 and 0 < hmmfnﬁm Bn < limsup,_.., By < 20a;
)

_(ky = 1) < oo, 3 (In— 1) < o0,
—1 _

Ce
fy—1

(
(
(
(
(
(@

_ In
o =limy—e o

Then, the iterative sequence {x,} defined by Equation (3.71) strongly converges
to % € Q which is minimum-norm solution, i.e., £ = 250.

7) hmnﬁm

4. Conclusion

In this paper, we investigated a generalized variational inequality and fixed points
problems. We presented an iterative algorithm for finding a solution of the general-
ized variational inequality and fixed point of two uniformly Lipschitzian asymptotically
quasi-pseudocontractive operators under a nonlinear transformation. Under some mild
conditions, we demonstrated the strong convergence of the suggested algorithm.
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