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1. Introduction

Fractional calculus is an intransitive branch of applied mathematical techniques that deals with
integrals and derivatives of essentially arbitrary orders. Recently, it gained considerable importance
and admiration due to its widespread applications in viscoelasticity, biology, fluid dynamics,
hydrodynamics, chemistry, control hypotheses, speculation, aerodynamics, information processing
system, image processing, etc. [9, 10, 12]. A significant feature of fractional order systems in
differentiation with integer order ones is that fractional derivatives (FDs) and integrals have nonlocal
nature that helps to trace the hereditary and memory characteristics of the related materials and
processes under investigation [2,11,16, 19].

Often, it is quite tough to obtain the appropriate solutions of the fractional differential equations
(FDEs). Due to this problem, the qualitative presumptions of differential equations (DEs) play a
significant role both in ordinary differential equations (ODEs) and FDEs. For boundary value
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problems (BVPs) of FDEs, the existence of solutions is a main requirement. Moreover, uniqueness of
solutions is a significant factor for the more particular action of solutions. From the last few years,
these qualitative properties are investigated with different approaches. The qualitative analysis of DEs
represents the behavior of solutions of complicated phenomena. In addition, stability analysis of
dynamical system of an integer as well as fractional order is very important in various fields of
science and engineering. The concept of Hyers—Ulam (HU)-type stability, that began with the
seminar work, from 1941 has gained a lot of attention. As a matter of fact, HU-type stability has been
taken up by a number of mathematicians and the study of this area has grown to be one of the central
subjects in the mathematical analysis. Stability analysis, particularly stability in terms of Ulam and
Rassias, is an essential component of the qualitative theory of DEs, as shown by the prior
results [8,22]. This type of stability can be treated with different approaches [15,17,18,23-26].

One of the important approaches is the fixed point (FP) approach. FP theory is an important tool in
nonlinear analysis. Particularly, obtaining the existence results for a variety of mathematical problems.
Although there are many methods to analyze, under suitable conditions, the existence and uniqueness
(EU) of solution of numerous problems with initial conditions, boundary conditions, integral boundary
conditions, nonlinear boundary conditions and periodic boundary conditions for FDEs [3, 4, 27, 28].
Applications of FP theory in terms of stability analysis of DEs can be found in [14]. There are various
definitions of FDs the most popular of Caputo and Riemann—Liouville (RL). A generalization of both
Caputo and RL was given by Hilfer [6], known as the Hilfer FD. Some applications and properties
of Hilfer derivative can be found in [7]. The FD in the sense of Hilfer, called y—Hilfer FD, has been
introduced in [21], which unify various fractional operators.

In [20], the authors used the fixed point approach to study the stability of the modified impulsive
FED:

"D () = fL @), L€ (5iGimli i=0,1,...,m,

w({) = g(é/’w(g;—))’ é € (§i7 si]; l: 1a29~~-9m7
where Hi)g’f;‘/’(-) is the y—Hilfer FDwith0 < <1, 0<p<land0=¢ =50 <1 <51 < H <

- < Ly < Sy < Guy1 = T are prefixed numbers, f : [0,T] X R — N is continuous function and
gi &, si] X R — Ris continuous for all i = 1,2,...,m which is not an instantaneous impulses.
Abbas et al. [1], investigated the existence and attractively of solution for the following problem:

Ut 2O = f(C @) ¥ L € R,

W) = Y(0)'¢ == wo; @y € R,
where R, 1= [0,40), 0<B<1,0<p <1, ¢=B+p(-p), HZ)g’fW is the y—Hilfer FD of order
and type p, g: R, X R — R and f : R, X R — N are continuous functions.
Zhou et al. [29], explored the existence and stability of solution to the following nonlinear y—Hilfer
fractional integrodifferential equation
DY) = f(C o). D w(0) + [ Kt @(1), w(6(r)dr, ¥ { € [a, +00),

[7w(a) = 0,
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where the y—Hilfer FD Hi)gf;‘/'(-), HPPE () of order 0 < B, p < 1 (p < B) with type 0 < p, ¢ < 1 and
Y—Riemann-Liouville fractional integral I;: ()oforder 1 —y, y =B+ p(1 = p).
Ntouyas and Vivek [13], explored the EU of solution for a new class of multi—point BVP:

(18 4 k1D @) = f& @), Y ¢ € Labl,
(1.1)
@(a) =0, @w(b) = Z:-L Ai@(6)),

where Hl)f #¥ is the y—Hilfer FD of order B, 1 < 8 < 2 and parameter p, 0 < p < 1, f € C([a, b],R),
O0<a<b k L eR, i=1,2,...manda < 6, <0, < --- <8, < b. The classical FP theorem
was used to show the EU results. The uniqueness result is achieved using Banach’s FP theorem,
while the existence result were established using nonlinear alternative of Leray—Schauder type and
Krasnoselskii’s FP theorem for the problem (1.1).

In this study we explore the possibility of such a thing i.e, existence, uniqueness and HU stability
criteria for the solution of the nonlocal coupled system of sequential y—Hilfer FD of the form:

(DL + k1D V() = £ @), B @, ), V¥ L € )

(Hz)g;‘“‘” +yHDPT )w(g) = (¢, @), (), I w({)), Y { € [a,b], (12

@(a) = 0, w(b) = X177 Liw(b),

w(@) =0, wd) = Y- uwE)),

where HZ)i £V, HDPTY are the y—Hilfer FD of orders g and p, 1 < f, p < 2 and two parameters
p, ¢, 0 < p, g <1, given constants k, v, 4;, u; € R, a > 0, the pointsa < ) <6, <--- < 0,5 <
b,a<é <& << a<band f, g:[a,b] X RXRXR — R are continuous functions.

To analyze problem (1.2), we transform it to an analogous FP problem and establish the uniqueness
of its solutions using Banach’s FP theorem, while obtaining the existence result using the Leray—
Schauder alternative [5].

2. Preliminaries

Let ¢ € C'([a, b],R) be an increasing function with ¢’() # 0 for all £ € [a, b).

Definition 2.1. ( [9]) Let 8 > 0 and g € L'([a,b],R). The y—RL fractional integral of order S to a
function g with respect to ¢ is defined by

| T
0 = 15 f V(S - w(s)P " g(s)ds.

Definition 2.2. ([21])Letn—1 <8 <n, n € Nand g, ¥ € C"([a, b], R) such that ¢ is an increasing
function with ¥'({) # O for all { € [a, b]. The y—Hilfer FD HZ)ﬁ *¥(.) of order B to a function g and
type 0 < p < 1, is defined by

"D ey = 1Y (%%)HI;“’)(""W g().
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Remark 2.1. ([9]) If p = 0, then we have ¥—RL FD as

d _
HP () 1= LD g(¢) = ( ) B ()

Y Q) dg
and if p = 1, we obtain y—Caputo FD by

HOP ¥ e(0) = COPY g(0) = ““”‘”( 2.

l//(é)dé)

Lemma 2.1. ( [14,21]) Let B, x > 0 and o > 0 be constants and y € C'([a, b],R) be an increasing
Sfunction with /() # 0 for all { € [a, b]. Then we have

L BYIY Q) = 1 hQ),

2. W) - @)y = g5 W) - yla)y e,

The following lemma contains the compositional property of y/—RL fractional integral operator with
the y—Hilfer FD operator.

Lemma 2.2. ([21]) Let f € L(a,b), n—1<B<n,neN,0<p< 1,y =B+np—pp, [P'PVfe
ACHa, b). Then

PYHDPEY () = £(0) — Z (90(() lﬁk(ci))ly) S B0 g

n—k
-kl _ [_1_d
where f,"” (t//’({)d_é) :

Lemma 2.3. Lety =+ 2p—6p, 6 = p+2q— pq,and h, z € C(|a, b],R) be given functions. Then
the function @, w € C([a, b],N) is a solution of the boundary value problem

(Mt + & H@g;W)w@) =hQ). Y elabl, 1<p p<2,

(Mg 4 v DI @) = 20), Y £ € Tasbl 0<p, g < 1,

(2.1)
@(a) = 0, @w(b) = i’ 4w(6),
w(a) = 0, wb) = T2} pw (&),
if and only if
B WO -v@ " ([ S
OO = O Ko@) + ot V;A,Ia+ w(0)
+ Z A7 2(6) + kL @ (b) — Ifi‘”h(b)] (2.2)
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+B| - k Zujll Ya(E) + Zu,lﬂ “hiep +vIYom) - 1220)||

j=1

and
; ; W) - y(@)™! NP
W&) = 1P v + T Ak D)
n—2
# 2 il RE) + V1Y) - 1720 (2.3)
j=1
: m-2 m-2
+Q[ v > AL wO) + > AL 6) + K o (b) - Ifi‘/’h(b)]},
i=1 i=1
where

-2

S

_ k) — ¢! W(6) — y(a)*!

A , B= A
() - 0
0 - i WE —y@!_wb) —g@)”!
& I(y) T re
and it is assumed that
A :=AA-BQ + 0. 2.4)

Proof. Assume that @ is a solution of the nonlocal BVP (2.1) on [a, b]. Operating fractional integral
on both sides of first equation I’f i‘p and using Lemma 2.2, we obtain for { € [a, b],

(,7[/(4) ™ -P)2-B); ; ;
Z k+ 1) l[pz k]I‘(l{r 0)2—p) wTD'(Cl) + kI;rlﬂw(é«) — If+¢h(§)

Hence, using the fact that (1 — p)(2 — 8) = 2 — vy, we have

L W@Q-g@y 1 d gy
I v e ©
2
+(¢'(§r)( l’/_/(f)))y L7 w(a) - kI o) + P hQ)
W) F(;ga))y gy )
2
D o) = kL Q)+ 120)
O —v@ O —w@y sy
) te—po MmO + 1O,
where ¢; = "D, ¥ 5(a) and ¢y = Ia: " (a).
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From the first boundary condition @w(a) = 0 we can obtain ¢, = 0, since lim_,,({ - a)’~? = co. Then
we get

() — gy

@) = ¢ — k'Y @) + P 1), Y £ € [a,b]. (2.5)
I'(y) a a
By a similar way we obtain
_ -1
w(@) = dy YO VDT 4 200, Y ¢ € [abl. 2.6)

')

From the second boundary conditions w(b) = Z;’:]z A;w(6;) and w(b) = Z i M€ i), we get the
system

AC1 - Bdl = P,
{ —QCI + Adl = Q, (27)
where
m-2 m-2
= v ) Al w6) + Z LI (0;) + kI e (b) — 1P h(b)
and

= —k Z il o (&) + Z I E) + VI wb) — I 2(b).

Solving the system (2.7), we find that

c = %(AP+BQ),
1
di = ~(AQ+QP).

Substituting the value of ¢, d; in (2.5) and (2.6) yields the solution (2.2) and (2.3).
Conversely, suppose that @ is the solution of the fractional integral (2.2). Operating fractional
derivative 7 Dﬁ #* on both sides of equation (2.2) and using Lemma 2.1, we obtain

m—2

"D e = W - DL w () + %{A[ —v Y ALY w(®)
i=1

¥ Z AL 20) + KL () - 1)

[ k Z () + Z P E) + VI w(b)

_ Py H pw(w(f) Y(a))™ !
17 (b)]} P o
= Q) - KD w (),
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Now we prove that @ satisfies the boundary condition (2.1). Obviously w(a) = 0. For each i(i =
1,2,...,m), from (2.2), we have

m—2 m-2 m—2
Daw@) = > A A6) - ) Al w)
j= i=1
n-2

i=1
S E s ot

o =

b 2 il hE) + V1Y) - 1720)

=1

S

m=2
Q[ vy ALY w) + Z A7 2(6) + kL @ (b) - Ifi‘”h(b)]}
i=1

m=2
= D AL0) - Z VL ()
i=1 i=1

+[<w<b>A—rf6<)a>>‘5‘l ]{ [ kz,u,ll V(&)

v Z B HE) + VI wib) — 12 2(0)|

+0| - VZ ALY w(6) + Z ALY 20) + KLY o) - 1) ||
= I"'2(b) - vI;fw(b)

+[(l//(b)A—Flé/;;l))V‘l _ 1]{A[ - ka;jﬂjliilpw(fj)

+ Z INE) + VI ob) — 1)

m=2
Q[ —v Z AL (@) + " AT 2(6) + kI T(b) - Ifi"’h(b)]}
i=1 i=1

= w(b).
This completes the proof. O

3. Existence and uniqueness results

We introduce the space H = {@w() | @) € C(a,b],R)} endowed with the norm
@l = sup{l@ ()|, £ € [a,b]}. Obviously (H,]|| - ||) is a Banach space. Then the product space
(H x H,||(w, w)|]) is also a Banach space equipped with norm ||(w, w)|| = ||@]|| + [|wl|.
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In view of Lemma 2.3, we define an operator S : H X H — H X H by

S(@,w)0) = (Sl(w, W)(0), Sx(w, w)(g)),

where
; ; W) - Y@y NI
R {a] - vé&@%@(@)
m—2
# AT g0 + KL (b) — 1 D) (3.1)
i=1
+B] - kZu,ﬂ Ya(E) + Zu, ! foul&) 4 VI o) - 11 g0
and
. () = Y(a)*! S
S@O = 1gn@) - vif o) + LTy - kZ/x,ﬂ Y&
n-2
+Zujlfi‘”fw(&) VI 0b) = 1 goul®) (3:2)
=1
+Q[ —y /l I w(6,) + Z A1 800 + KT w(b) — I fm,(b)]},
where

fow = FE @), ' 0(0), w(©), and goy = 8, (), (), I w(0)), ¥ £ € [a, b].

For the computational convenience, we put

A
= |kl (D) = y(a)) + %IAllkl(l//(b) Y(a)) + %IBIIkI Z il (&) = y(a)), (3.3)
m=2 | |
IAIIAII IZM | (6:) — ¢(a) + WIBII VI (b) — Y(a)), (3.4)
_ W) —y@y (A Al W (&) —v@y

= W( |A||A|) |A||B|Z| e -2)

Al (w(b) pa)” 1Al o WO - yla)”
G =5 |Z| e + ol (3.6)

D Al I(p+1)

AIMS Mathematics Volume 7, Issue 5, 8012-8034.
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X = IAI|A||/’€| Z | (&5) = vl(a) + %Iﬁllkl(w(b) Y(a)), (3.7)
m-2
Yy = M(y(b) — Y(a)) + HIAII (W (b) — y(a) + —IQI Z |4l (6) — Y(a)), (3.8)

Q) (3.9)

A (;v(f] —y@F Al (W(b) - (@)
Fa=iai 'Z"' D AT @

b) — p A A b P
G, - W w(a»( | ||A|) | IlmZWM, (3.10)

I(p+1) IN N +1)

The Leray—Schauder alternative provides the basis for our first outcome.

Theorem 3.1. (Leray-Schauder alternative [5]) Let T : E — E be a completely continuous
operator (i.e., a map that restricted to any bounded set in E is compact). Let
ET)={we E:w@= AT (w) for some 0 < A < 1}. Then either the set E(T) is unbounded, or T has
at least one fixed point.

Theorem 3.2. Assume that
e (Hy) f, g : [a,b] X R X R XR — R are continuous functions and there exist real constants

Pi» ¢i =0, (i=1,2,3)and py, qo > 0 such that, ¥ x;, y;, zz € R, (i =1,2),

If(&, x1, 1,20l < po+ pilxil + paAyil + pslzil,
18(L, x2,y2,22)l £ qo + qilxa] + @alyal + g3lzal.

If
My = [Fi+F)p +[F + Fz]le’fiw +[G1 + Galgr + [X1 + Xa] < 1,
M, = [Fi+ Flps + G+ Golgs + [Gi + Golgi IV + Y1 + Yol < 1,

where X;, Y;, Fy, G;, i = 1,2 are given by (3.3)-(3.10), then the system (1.2) has at least one solution
on la,b].

Proof. The operator S is continuous, by the continuity of function f and g. We will show that the
operator S : H X H — H x H is completely continuous. Let Z, = {(w,w) € H X H : ||(w, w)|| < r}
be bounded set. Then, there exist positive constants £;, i = 1,2 such that |f({, @ ({), Iﬁ ‘”w({ ), w())| <
L, 184, @), (O, 1" ()] < Lo, ¥ (w, w) € Z,. Then, for any (@, w) € Z,, we have

” W) - (@) ISIHETI
i@ DO < L1+ WL 0]+ s {|A|[|v|;u,|1a+ w(6)
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# ) U 18O + WL | (b)) + Ifiﬂfm(bn]

n—-2 n-2
+|B|[|k|2|u,~|lji‘”w(§j)+Zw, o€l + ML 0O) + 1 g
=1 =1

by — m-2
(‘”(Fzﬁ—‘”(“”ﬁzl + M) - lﬂ(a))||w||w+||xl{|A|[|V|Z|/l W(6) - (@)l

< (el'(b) w(a» W) — y(a))
Zl 2 + [kl (b) — y(a)llwlly + TG

W(&) — (@)
T+ 1)

IA

B

n—2
+|B|[|k| ]Z; (€)= wa)ll@lly + ; 1] £

W(b) - Y(@)”
W) — wa@)llwlly + sz]},

< Fi1.L + G L+ Xillolly + Yllolly.
Which implies that
IS1(@, Wllpxr < F1Ly + G1 Ly + Xill@lly + Yillwllgy-
Similarly,
IS2(@, Wllpixgt < F2Ly + GoLs + Xoll@lly + Yallwllg

From the above mentioned inequalities the operator S is uniformly bounded, since
IS(@, Wllpxr < (F1 + F2) Ly + (G + Go) Ly + (Xy + Xo)r + (Y + Vo).
Next, we show that S is equicontinuous. Let {;, & € [a, b] with {; < {,. Then we have

|31 (W(fz) w($n)) — Si(@(4r), w()

I“_(,B)l lﬁ(S)[(W(Zz) Y)Y = W) = Y fau(s)ds

153 6]
W ()WL) = ()P fou(S)ds| + kI | ¢/ (9)(s)lds
41 &

N |(W(22) — (@)™ = (&) — (@)
IAIT(y)
2(;#(52) Y)Y + (L) — w@)Y - () — (@)
rg+1)
N |(p(22) = (@)~ = (&) — (@)
IAIT(y)

IA

|AP + BQ)|

IA

+ |klrlds — &1

IAP + BQ).

Analogously, we can obtain
1S2(@(£2), w(£2)) = Sa(w@ (&), w(d))
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8022

2(!#({2) W(£1)" +1(W(L2) = ¥(b))” — (Y(&1) — Y(D))”|
I'p+1)
W) - Y(@)’ = (&) — @)’
IAIT(6)

IA

+ vIrlds = &1l

|AQ + QP|.

Therefore, the operator S(w,w) is equicontinuous, and thus the operator S(w, w) is completely

continuous.

Last but not least, it will be confirmed that the set & = {(w, w) € ‘H X H|(w, w) = AS(w, w), 0 <

A < 1} is bounded. Let (@, w) € & with (@, w) = AS(w, w). For { € [a, b], we have
() = AS (@, w), W) = A8 (@, w).
Then

W (D) - lﬂ(a))ﬁ
I+

{|A|[| | Z J(6) - a)lw)

@I <

LAl
N

6;
+ Z T o+ e+ gkt + il D + ) =

+(Lﬁ(b) Y(a ))ﬂ
T3+ 1)

n-2 n-2
+|B|[|k| ; (&) = WaNla ()] + ; I

(po + pil@@ + polI ()] + pslw(C )I)]
W) - @y
rg+1)
+pil@(O) + palll @) + palw (@) + M@ () — ¥(@)|w()]

b) — P _
+(lﬂ(rzp—+l//§6)1))(qo + qilw(O| + ga2lw()] + q3|[5;‘”w(§)|)]}

Fi(po + pillwliy + pallll @iz + psliwlly)
+G1(qo + qillelly + gallwlls + gallIY wllye) + Xillwllz + Yillwlls

(Po

IA

= (Fipo+Giqo) + (Fipi + Fixpa Y + Gigy + X))@y
+(F1p3 + Giqa + Gigs 7Y + Y)llwllg,

and

Fa(po + pill@lly + palll5Y wllg + p3llwlis)

+Ga(qo + qill@llz + @llwllz) + g7 wllgr + Xollwlle + Yallwllg
= (Fapo + G2qo) + (Fap1 + szzlfiw + Gag1 + Xo)||@lln

lw(Q)

IA

HEF2p3 + Gaga + Gags 17 + Yo)l|wllyy.
Hence we have

lollee < (Fipo+ Gigo) + (Fip1 + Fll?z Y+ Giq) + X))oy

(po + pl@(Q)] + pall D) + pal( QD) + KW (b) — pl@)w ()

Y(a)lw(Q)|
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+(F1p3 + Giqa + Gigs 7Y + Y)llwllgy,
and

lwllge < (Fapo + Gaqo) + (Fapy + Fapa I + Gagy + Xo)llwllg
+(F2p3 + Gaga + Gags 17 + Yo)lwll,

which implies that

lolly + llwllg < [F1 + Falpo + [G1 + G2lqo
+H[F\ + Falpi +{[F1 + Falp: I +[Gy + Golg + [X + Xolllwll
HIF1 + Folps + [G1 + Golgz + [Gy + Goqu 17 + Yy + YalMlwlly.

Consequently,
(@ )llpr < [F + F2lpo + [G1 + Gz]%,
min{l - M;,1 - M,}
which proves that & is bounded. Thus, the operator S, by Lemma 3.1, has at least one fixed point. As
a result, there is at least one solution to the BVP (1.2). O

The next theorem uses Banach’s contraction mapping principle to show the uniqueness of the
system’s solution (1.2).

Theorem 3.3. Assume that

o (Hy) f, g : [a,b] X R X R X R — N are continuous functions and there exist positive constants
P, Q such that for all { € [a,b] and u;, v; € R, i = 1,2,3, we have

|f(L,ur,uz,u3) = f(&,vi,vo,v3)| < Plug —vil + s — val + |uz — val),

18(L, ur, uz, u3) = g(&,vi,va, v3)l < Quy — vil + |ug — val + |usz — v3)).
Then, the system (1.2) has a unique solution on [a, b], provided that
[Fi+ P+ G +GlR+ X1+ Xo] + [V + Y2l < 1, (3.11)
where X;, Y;, F;, G, i = 1,2 are given by (3.3)-(3.10).
Proof. Define SUP se(q.0] f(Z£,0,0,0) = N < oo, SUPe(ap] 2(,0,0,0) = N, < oo and r > 0 such that

[Fi + F2IN, + [G) + G IN,
[F1 +F2]P+ [Gl +G2]Q+ [X1 +X2] + [Yl + Yz]

r>
1 -

In the first step, we show that SZ, C Z,, where Z, = {(w,w) € H X H : ||[(@,w)|| < r}. By the
assumption (H,), for (@, w) € Z,, { € |a, b], we have

(O T, () < 1f(E (), I a(0), w(0)) - £(£,0,0,0)] + £(Z,0,0,0)
Pl ()] + [P (O] + () + Ny
P((1 + P @llg + llwlls) + Ny

IA

IA
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< PI’-I-N],

and

18, (), (), I"Y ()] < Qr + Na.

Using the above estimates, we obtain

m-2

— y-1
St @)@ < LAl + KO+ LD 3 o)
i=1

IAIT(y)

m-2
+ D I (O] + KLY [ (b)) - Ifi‘”lfw(b)l]
i=1

n-2 n—-2
HBK Y Il @€ + - Wl ool + M 0®)] = 12 g B
= =1
<z//<b)—w(a>>ﬁ
I+
A

+m{|A|[| . Z W (6) = W@l

IA

#Pr+ Ny) + [kl (b) = y(a)ll@llx

9 p
Z| A @1 N + D) ~ ol

L W) - w(a»ﬁ
TG+ 1)

+Z| Jl(w(fj) t//( Y

Pr+ N+ 181 I Z W (&) — W@l

=

Pr+ N1 + I((b) - y(a))llwllw

(l//(b) Y(a))? ]}
+ To+ 1) @Qr + N>»)
< [FiP+GiQ+ X, + Y ]r+ FN; + GiN,.
Hence
||S](1D', Cl))||7{><7—{ < [Flp + G]Q + Xl + Yl]l" + F1N1 + G]NQ.
Similarly,

||Sz(w, w)llwx(}{ < [Fz? + GzQ + X2 + Yz]r + F2N1 + G2N2.

In consequence, it follows that

IA

[Fl +F2]P+ [Gl +G2]Q+ [Xl +X2] + [Y1 + Yz]r
+[F] + FQ]N] + [G] + GQ]NQ

r.

IS(, W)l g

IA

Which shows that SZ, C Z,.
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We prove that the operator S is contraction. For (@, w), (@, w,) € H X H and for any { € [a, b],
we get

[S1(@2, w2)() = Si (w1, wi )]

b —
W(rzﬁ—wmﬁ?(nm — @l + llwz = @ill) + KI(b) = Y(@))llws — @ll

N
e Z W) — w(@)llwz ~ ol

9 P
. Z Qs = 1 + e = 1) + HOD) ~ = il

(;l/(b) A ))ﬁ
T+ 1)

n-2 n-2
+|B|[|k| ; il (&) — W@l — @ lly + ,Zl m

Plle — @l + s — wlnm]

W) - @y
rg+1)

Pllw, — @[l + llwz = will)

W(b) — Y(a))?
HW®) — p@l: - ol E2ELE Q= oy + o — el
I'p+1)
< [Fi\P+Gi1Q+ X + Y (lox — @il + lly2 — willp),

and consequently we obtain

IS1(@2, w2) = Si(@1, W)llpxr < [F1P + GiIQ+ X + Y](llwz — @il + llwz — willg). (3.12)
Similarly. we obtain

IS2 (@2, w2) = So(@ 1, Wllpxr < [F2P + G.Q + Xo + Vo]l — @il + llwz — willg). (3.13)
It follows from above two inequalities (3.12) and (3.13) that

IS(@2, w2) = S(@1, w)llpxr < ALF1 + F21P + [G + G2]1Q + [ X + Xa]
+[Y) + Yo l}(|lwz — @il + llwz — wille),

As a result, the operator § is a contraction. As a result of Banach’s FP theorem, the operator S has a
unique FP, which is the unique solution of problem (1.2). O

4. Hyers—-Ulam stability

We introduce the HU stability idea for problem (1.2) in this part. The definitions that follow are
taken from [23].

Let e, €, > 0, f, g : [a,b] X R3 — R be continuous functions and g, ¥, : [a,b] — R are
nondecreasing functions. Consider the following inequalities:

(M 4 kMO ) - £ O, D), ()

<&, VY{€la,b],
4.1)

(HDZ;‘“‘” +v H@;’:"‘“‘”)mo - 8. @), w(), I;’i””w(g))‘ <€, Y €labl,
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(D 4 kMO o) - £ O, B 2), w((»‘ < 95 ¥ £ € [a,b],

4.2)
‘(HDZ;W vy Hﬂg:"q*”)mo — (L. T, (O I ()| < 9 Dep ¥ L € [a,b],
and
(H@if” +k HD‘Q:W)mo — f @), PP w(0), ()| < 9s(0), Y £ € [a,b],
4.3)

(HDZLQ“” +v DL 1”“”)w@ ~ 8. @), w(?), Igﬁ”w(o)‘ < 9,0, V¥ { € [a,bl.

Definition 4.1. The coupled system (1.2) is HU stable, if there is C3, = (Cg,C,) > 0 such that for
some € = (€3, €,) > 0 and for each solution (@, w) € & X & of (4.1) there is a solution (@*, w") € EXE
of the coupled system (1.2) which satisfies the following inequalities

[(@", w)({) = (@, W) < Cppe, ¥ € a,bl.

Definition 4.2. The coupled system (1.2) is generalized HU stable, if there is @ € C(R*,R*) with
®(0) = 0, such that for each solution (@, w) € & X & of (4.1) there is a solution (@w*, w*) € & X & of the
coupled system (1.2) which satisfies the following inequalities

[(@", w)(Q) = (@, w)I < Oe), ¥ €a,b].

Definition 4.3. The coupled system (1.2) is HU-Rassias stable with respect to ¥, = (J5,9,) €
C'([a, b], ), if there is a constant Cos9, = (Cyy, Cy,) > 0 such that for some € = (€3, €,) > 0 and for
each solution (@, w) € & X & of (4.2), there is a solution (@*, w*) € & X & of the system (1.2) with

(@”, w)(&) — (@, NI < Ciy,95,,(QE, ¥ { € a,b].

Definition 4.4. The coupled system (1.2) is generalized HU-Rassias stable with respect to ¥, =
(9g,9,) € C Y([a, b],R), if there is a constant Cos9, = (Cg; Cy,) > 0 such that for each solution
(@, w) € EXE of (4.3), there is a solution (w*, w*) € & X & of the system (1.2) with

[(@", (&) = (@, wNI < Ciyp,95,(0), VY € [a,bl.

Remark 4.1. We say that (@, w) € ExEis a solution of (4.1) there is a functions ¥, ¥, € C([a, b], R)
which depend upon @, w, respectively such that

* (@) YDl < &, Y, (Dl < €, VI €la,b],
* (D)

(HDﬁ’f”” +k HD‘SII’“””)W(Q“) = (&, @), IV o), () + ¥s(0), ¥ £ € [a,b],

(HD;’;‘W +y H@ﬁ:w)w@ = 8. @O, WO I D) +¥p(0). ¥ L € [a,b].
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Theorem 4.1. Consider (w,w) € & X & be the solution of the inequality (4.1), then

{ @ () —@()| < Spes, ¥ { € [a,b],
lw({) — (DI < Spe, ¥ L € a,bl,

Proof. Using (b) of Remark 4.1, we have

(Hz)fjf;‘” ik H@ﬁ:l’ﬁ‘”)w@ = f( @O P (). () + W50, ¥ £ € [a, b,

(H@;’;W +v Hﬂz:l"w)w@) = (£, (), W), 1" () + ¥, (), ¥ £ € [a, ],

“4.4)
@(a) =0, w(b) = T Liw(6),
w(a) =0, wb) = X2 uw(é)),
So by Lemma 2.2, the solution of (4.4) will be in the given form
s " I W) - (@) =
DO = L fould) + L0 ~ ML 0+ S {a] v Zl M1 w(6)
+ Z ALY 8(03) + KL @ (b) = 1Y [ (B) = Ifi‘”‘lfﬁ(b)] (4.5)

+B] - kZMjll Ww(§,>+2u, fm<§J)+Zu, &) + 1) - 1 g

j=1

and
_ 5—1 n—-2
O = 1 e+ IO I )+ LT - kYl aE)
+Zuﬂ’“”fm(f,>+v o) = 17 geub) = 12,0 (4.6)
m-2
+Q[—v /lll+“”w(9)+z/l gm,(e)+Zﬂl”‘”‘l’,,(@i)+klaliww(b)—Ifﬁ” feu®)]}
where
A = WO -p@y L RS W) - u@)
() - r)
0 - i W& —w@y™ ) =@
I(y) ['(5)

From (4.5), we have

[@() -T < PV + Al

{|A|[ A0
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+B]| 1212 29I,

where

W@ - @) (o] -~ Ny

A1 ()
AT (y) a

Q) = P o) - kY w(@) +

i=1

+ )AL g (0) + KL T (b) - Ifiwfmw)]

n-2 n-2
+B| =k Y il @)+ 3 il foul€) 4 VI 0b) 11 80u®)] ),

=1 j=1

Using (a) of Remark 4.1, we obtain
lw({) — @) < Spes,

where
2

I'e+1) |A| I'e+1) I'e+1)

j=1
Repeat the similar procedure for (4.6) with (a) of Remark 4.1, we have
lw({) — w(QI < S €,

where

S, =

Cp+1) Al I'(p F(p+1)

=

Theorem 4.2. If the hypothesis (H,) hold, with
A=1-KzK, > 0.

then system (1.2) is stable, in the sense of HU.

_ W) -y@y IAI{| |[(l//(b)—w(a))ﬁ]+|3|[" i (lﬂ(fj) lﬁ(a))ﬁ]}'

W) - p(@)’ |A|{| |[<w(b> w<a>>f’] [’"il M(ww)—w(a))ﬂ]}

Proof. Suppose (w,w) € & X & be the solution of the inequality (4.1) and (@*, w*) € & X & is the

solution of the given system

(HDZK;/—OW +k Hz)g:l,/oilﬁ)w*({) — f(g, w*(g)’lg:ﬁw*(éa),w*({)), Y { c [a’ b],

(HD;’;‘W +v H@g’rl"m)w*@ = (L, @ (), W' (), I W (), ¥ £ € [a, ],

@*(a) = 0, @' (b) = X7 Lw (6),

w(a) = 0, w'(b) = X2} pyw* (&)).

4.7)
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Then in view of Lemma 2.2, the solution of (4.7) is

-2

. By ol W) - y(a)™! 3 gl o
I A R %[vz&%w@)

i=1

m=2
b AL 8o O) + KL D (0) = 12 fr )|
i=1

n—-2 n-2
Bl =k D il @)+ Y il for € 4V 00) = 1 g )]
=1 J=1

Consider
l@(() - @ () < o) -a)|+ @) - T |
S
< ﬁh{ﬂP+G@+XHJﬂmw—wWwHW—wmm
B
< NﬂEﬁ + 7([3”(1) - w*llq—{
Hence
1w — @Il < Nges + Kllw — 'l (4.8)
where
Sp
Ng ,
1- [F1P+G1Q+X1 + Y]
xK. = [F1P+G1Q+X1+Y1]
A 1-[FIP+GQ+X,+ Y]
Similarly,
o — 'l < Ny + Kl — @l 4.9)
where
N, = ol

P 1—[F27)+GQQ+X2+Y2],
x* = [F2p+G2Q+X2 + Yz]
P - [FP+GQR+ X, + V]

From (4.8) and (4.9), we write as

lo—@'lln < Ngeg + Kyllw — g,
||w_w*”'7—( < Npep +(](p||w_w'*”7{»
1 —7([; ||w - ’ZD'*”rH SﬁG'g

<
-K, 1 lw — w*|la S €

AIMS Mathematics Volume 7, Issue 5, 8012-8034.



Solving the above inequality, we have
[ & — @l l Sp€s }
llw = [l % S pep
where

A=1—7(/g7(p>0.
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A
B> |=
>|

D=

Further simplification gives

Spes TN e
lo— @'l <

A A
. Spep  KpRpe,
— <
lw— Wl < A A
from which we have

Spes KpN,es  Spe,  K,Nge
e = @ llp + llw — @l < ﬁﬂ+ ﬁpﬁ+ pep pﬁp_

A A A A

(4.10)
Let max{es, €,} = €, then from (4.10), we get

(@, w) = (@", W )llpxr < Cppé,
where

Sy IGN
C,B,p = K + A b

S KN
+ 2L 28
A A

]
Remark 4.2. By setting O(e)Cs €, ©(0) = 0 in (4.10), then by Definition 4.2, the proposed system
(1.2) is generalized HU stable.

e (H3) Let ®g, @, € C([a,b],R") be an increasing functions and there exist Aays Ao, > 0, such
that for each { € [a, b], the given integral inequalities

POy < Ao, @p() and 27 D < Mg, Dp(0),

and

IV ®, < A, @,(0) and I”7 VD, < Ag, @,(0),
holds.

Remark 4.3. Under the hypothesis (H3), (4.7) with Theorem 4.1, the proposed system (1.2) will be
HU-Rassias and generalized HU-Rassias stable.

AIMS Mathematics
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5. Example

Consider the following system

(PP + LD w(0) = 1w, 0, 20, € T4 3]

| (DO + L DO a0) = 8¢ w0, w0, 2O, £ € 1]

(5.1)
@(3) = 0, @(3) = 0(3) + zw(3) + 5w(2),
w(l) =0, w(é) = %w(%) + %w(%) + %w(%) + %w(?—l).
1L, 1 ., _ 1 _5 §_5 _ 1 _ 1 —
2 _5’V_§’7_396_§9/ll_ma/l2_§9/l3_

Heretﬁ(é)—é B=3.p=5P=3%4
ML= s o = 5 M3 = é,m: L. 0 =
, bz%, m=5,n=6.

From the given data, we can calculate A ~ 5.44520, A ~ 5.44520, Q ~ 3.41528, B ~ 1.13875, A =
25.76105, X, ~ 0.47925, Y, ~ 0.01130, F, ~ 60.58302, G, ~ 19.15967, X, ~ 0.06355, Y, =~
0.49452, F, ~ 30.85423, G, ~ 52.60651.

(i) Let the nonlinear functions f and g be defined on [1 1 2] by

1 _ 1 _ 1 _ 1 _ — — —
5,92—5,93—5,51—3,52—“,53—ﬁ, 4 = 25, A=

A==

¢ R e et DRI L) P
Wy, Wy, W w sinws,
PR ER I = 1012 + 1) T 2501 + 22\ T |+ 1) 1057
< _
18({, w1, wr, w3)| < 56000 + 1) 20601\ 3 +3w; |+ (55053
It is obvious to check that the above functions satisfy
1
|f({, w1, wa, w3)| < Tol ﬁ(wz“'wl)*‘ 105>
1 1 1
18({, w1, wr, w3)| < 36 201(a)2+a)1)+ T55%%

which can set py = ﬁ, pP1L=p2= ﬁ, p3 = ﬁ, qo = %, g1 =q> = ﬁ, gz = 155 as in the hypothesis

(H,) of Theorem 3.2. Then we can find that
M; ~0.91469 < 1, M, ~ 0.86329.

Thus all assumptions of Theorem 3.2 are satisfy. The conclusion of Theorem 3.2 implies that problem
(5.1) has at least one solution on [1 T 2] Now checking the Lipschitz condition for f and g, we obtain

1/ (&, w1, w2, w3) = f(L, w1, @2, 03)] < %(lwl 01| + |wy = o] + |ws — @3,
18({, w1, w2, w3) = (L, W1, 2, 3)| < ﬁﬂ(m w1 + lwy — o] + w3 — s)).
Then, by setting = % and Q = 250 the condition (H;) of Theorem 3.3 is fulfilled. In addition we

find that
[Fi + FLlP + G+ GL]R + [ X + Xo] + [Y, + Y] = 0.70614 < 1.

AIMS Mathematics Volume 7, Issue 5, 8012-8034.
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Therefore, the system (5.1) has a unique solution on [}L, %], by the benefit of the Theorem 3.3.
Moreover,
A=1-%KK, ~0.70244 > 0

is also satisfied. Thus system (5.1) is HU stable, generalized HU stable, HU-Rassias stable and
generalized HU—-Rassias stable.
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