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ABSTRACT In this paper, we propose a game-based coupling controller to solve the problem of
autonomous vehicles in the trajectory tracking process. The controller ensures path tracking accuracy and
shows good tracking performance for the desired speed profile that changes based on navigation while
driving. Furthermore, it improves ride comfort and addresses the lateral stability problems that occur when
applying classical model predictive control (MPC) controllers. We implemented this controller to plan the
trajectory by considering the fundamental interaction between longitudinal and lateral vehicle dynamics, as
well as to track the trajectory by using a receding horizon strategy. A comparative study was conducted to
compare the proposed controller with the classical MPC controller. Based on CarMaker-Matlab/Simulink
co-simulations, this controller outperformed the classical MPC in terms of trajectory tracking performance.
Moreover, it exhibits excellent ride comfort and lateral stability that passengers will experience.

INDEX TERMS Trajectory tracking, intelligent vehicle, control, motion planning.

I. INTRODUCTION

The autonomous driving algorithm consists of four stages:
perception, localization, decision, and control. Among these,
the decision stage determines the target trajectory at which
the vehicle will move, and the control stage calculates the
input value such that the actual vehicle can follow the deter-
mined target path and speed profile. Thus far, in trajectory
tracking research for autonomous driving, numerous path
tracking studies focusing on tracing the target path have
been conducted under the assumption that the longitudinal
controller tracks the desired speed profile. Since longitudinal
and lateral dynamics, which are in a nonlinearly complex
relationship, are difficult to deal with in a coupled form, they
are simplified and dealt with separately. And these path track-
ing studies can be broadly classified into two types: those
involving geometric path tracking methods (e.g., the pure
pursuit method and the Stanley method [1]–[3]), and those
involving the dynamic path tracking methods (e.g.,model
predictive control (MPC) based on the lateral dynamic model
[4], [5]).

Geometric methods are representative path tracking tech-

niques in which the model is simple. For instance, the pure
pursuit method is a geometric path tracking method that
functions by calculating the curvature for the vehicle to move
from the current position to the target point [1]. The key to
this algorithm is to select a target point on the path located a
certain distance ahead of the vehicle. The distance referred to
here the look-ahead-distance (LD) is considerably important
because the path tracking method changes depending on the
setting. Setting a short LD offers the advantage of allowing
the vehicle to return to the route quickly; however, setting it
excessively short carries the risk of lateral oscillation. Con-
versely, setting a long LD allows the vehicle to travel along
a path more smoothly than before; however, an excessively
long LD can degrade the path tracking performance when
encountering large curvatures at corners. Therefore, parame-
ter optimization should be performed according to the driv-
ing speed, but the control performance may be rather poor
within a specific speed range. Overcoming the disadvantages
of pure pursuit involves a method of switching to another
algorithm under a specific boundary condition [6]; however,
this approach is not appropriate in terms of stability because
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the control input can change suddenly and discontinuously
during switching.

Another geometric path tracking method, the Stanley
method [2] was used by the Stanford University team that
won the DARPA Grand Challenge in 2005. Unlike pure
pursuit, the target point is set based on the front wheel. In the
cross-track error term, the formula is built to ensure smaller
steering angles at higher speeds, similar to the pure pursuit
method. The Stanley method exhibits superior path tracking
performance, as compared to pure pursuit, because it controls
the steering by considering both the cross-track error and the
heading error. However, similar to pure pursuit, the Stanley
method can suffer from poor control performance within
a certain speed range. Furthermore, the geometric method
does not deal with the various dynamic factors that must
be considered in actual vehicle control because the model
is simple. For example, the actuator and tire force effects
are not considered, which can lead to undesirable riding
characteristics.

By contrast, dynamic path tracking methods can reflect
the dynamic characteristics of the model well. Among these,
MPC, based on a lateral dynamic model, numerically solves
the optimization problem at each time step [4], [5]. And
this method is characterized in that it can consider various
constraints for state variables and steering input. This method
considers various constraints for state variables and steering
inputs. Therefore, it shows relatively robust performance in
terms of system parameter changes [7], [8], which has been
considered a problem in geometrical methods. Although the
lateral dynamic model is more complicated than the kine-
matic model, it can represent the actual vehicle behavior even
under high-speed driving conditions.

The method described thus far is a decoupling control
strategy that performs longitudinal control, followed by lat-
eral control. Although this control strategy is easy to im-
plement and it achieves high tracking accuracy [9], These
decoupled design approaches described so far do not take
into account the fundamental interaction characteristic of tire
forces between longitudinal and lateral motion from a vehicle
dynamics point of view. For example, the steering angle
directly affects the tire slip angle, which constitutes the tire
force. Tire force also affects the vehicle’s lateral, longitudinal
and yaw rate. However, in the case of longitudinal control,
only curvature-based velocity profile information is used and
information on steering angle changes is not sufficiently
used. This can cause problems near handling limits at high
speeds or on slippery roads. This leads to ride comfort and
lateral stability issues in autonomous driving.

Therefore, the proposed approach uses an integrated ve-
hicle dynamics model in which the longitudinal and lateral
dynamics are not separated. And here we use differential
games [10]–[12] to let each controller plan a control strategy
that takes into account the effect on each other as game
players participating in a simultaneous game. In game theory,
differential games provide a framework for dealing with the
conflict problems in dynamical systems. Each player in the

game is responsible for one of the controls and aims to
minimize their own costs. However, this cost is determined
by the player’s own control strategy and is also affected by
the opponent’s control strategy. In this case, even if the op-
ponent’s decision is unknown and the opponent’s initial state
and structure are known, the player can prepare a rational
trajectory plan that minimizes its cost, regardless of the oppo-
nent’s response. When players execute these plans, they are
in Nash Equilibrium [10], [13], [14]. Using this differential
game approach, the proposed controller aims to effectively
address the interaction problem between longitudinal and
lateral controllers to improve trajectory tracking accuracy
and lateral stability and ride comfort. The related applied
studies are [15] and [16]. Subsequently, the proposed cou-
pling controller iteratively revises the initially set trajectory
plan through linear approximation. Through the correction,
the controller calculates a suitable trajectory for a nonlinear
system [15], [17]. Subsequently, the vehicle tracks the target
speed and path by using the first input value in the trajectory
plan. Here, the receding horizon strategy is applied. The
remainder of this paper is organized as follows: Section II
describes the Dynamic Bicycle Model, a vehicle model used
in the proposed controller to use the differential game, and
describes the cost function setting process for each player.
And the process of solving the differential game using the set
model and cost function is explained. Section III evaluates
the system in two scenarios. The first scenario is a scenario
in which there is a sharp curve road section at a constant
period in a situation where a constant speed profile is given
regardless of the road curvature. The second scenario is a
scenario in which a straight road section appears again after
passing through a curved section in a straight section when
the speed profile changes according to the curvature of the
road. Finally, conclusions are presented in Section IV.

II. DESIGN OF GAME-BASED COUPLING CONTROLLER
In this section, we describe the overall design procedure
of the proposed game-based trajectory tracking controller.
First, we describe the coupling dynamic model used for
controller design. Then, we present a method to combine
the longitudinal and lateral dynamics of a vehicle by using
a differential game. We also explain how to use an iterative
correction strategy [15], [17] for trajectory tracking studies.

A. MATHEMATICAL MODEL
In the trajectory tracking problem, the vehicle model setting
affects the tracking performance [9]. In this study, we used
the dynamic bicycle model, shown in Figure 1, to consider
the effect on the tire force when the vehicle turns at high
speeds. By applying Newton’s second law, the dynamic
bicycle model is expressed as Eq. (1), which indicates the
lateral tire force affecting the lateral, longitudinal, and yaw
rates. Eq. (2) shows the lateral tire force to be proportional
to the tire slip angle. Furthermore, the tire slip angle is
proportional to the steering angle; even if the same steering
input is provided, the tire slip angle may increase when the
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TABLE 1. Symbols and Definitions in Dynamic Bicycle Model.

Symbol Definition
m Vehicle weight
δf Front wheel steering angle
vx Vehicle longitudinal speed in vehicle coordinate systems
vy Vehicle lateral speed in vehicle coordinate systems
ψ̇ Yaw rate
Fcf Lateral force on front tires
Fcr Lateral force on rear tires
Cαf Lateral cornering stiffness for the front wheel
Cαr Lateral cornering stiffness for the rear wheel
αf Front tire slip angle
αr Rear tire slip angle
β Side-slip angle
Iz Yaw inertia moment
lf Distance from center of mass to front axle
lr Distance from center of mass to rear axle

longitudinal speed is higher, as compared to that when the
longitudinal speed is low.

Ẋ = vxcosψ − vy sinψ

Ẏ = vxsinψ + vy cosψ

ψ̇ = vx
lf+lr

tan δf

v̇x = ψ̇vy + ax

v̇y = −ψ̇vx + 2
m (Fcfcosδf + Fcr)

ψ̈ = 2
Iz
(lfFcf − lrFcr),

(1)



Fcf = Cαfαf

Fcr = Cαrαr

αf = δf − β − lf ψ̇
vx

αr = β + lrψ̇
vx
,

(2)

With such complex dynamics, decoupling is difficult.
However, configuring the controllers by arbitrarily decou-
pling the longitudinal and lateral dynamics may cause the
control performance to become unstable owing to the in-
teraction among variables. Therefore, this study does not
decouple the dynamics of complex relationships; instead, a
multi-input-multi-output (MIMO) system, in which steering
and acceleration inputs are coupled with each other, as shown
in Eq. (1), was used for the game-based trajectory tracking
research. The state variables and control inputs of the MIMO
system are expressed in Eq. (3).

x(t) = [X,Y, ψ, vx, vy, ψ̇]
T (3a)

u(t) = [uδ, uaccel]
T (3b)

B. SETTING UP PLAYER COSTS
A typical optimal control method for a MIMO system in-
volves finding an input that minimizes the cost function,

FIGURE 1. Dynamic bicycle model.

defined as the integral of running costs. A typical optimal
control method for a MIMO system involves finding an input
that minimizes the cost function, defined as the integral of
running costs. By contrast, in the case of the game-based
trajectory tracking method presented herein, the running cost
related to the lateral dynamics of the vehicle and the running
cost related to the longitudinal dynamics are set separately, as
in Eqs. (4a) and (4b). And it was assumed that the target path
(i.e., Xref , Yref and ψref ) was generated based on an High
Definition Map (HD Map). Since the points on the generated
path are dense and expressed with high accuracy, in this
paper, the target path was created using curve interpolation
rather than curve fitting [18]. The target speed profile (i.e.,
vxref

) was created based on curvature [19].

gLat = g1 =
1

2

[
(X(t)−Xref )

TQ11(X(t)−Xref )

+(Y (t)− Yref )TQ22(Y (t)− Yref )
+(ψ(t)− ψref )TQ33(ψ(t)− ψref )

+uδ(t)
TR11uδ(t)

]
(4a)

gLong = g2 =
1

2

[
(vx(t)− vxref )TQ44(vx(t)− vxref )

+ uaccel(t)
TR22uaccel(t)

]
(4b)
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C. PROBLEM FORMULATION
This study applies the differential game framework reported
in [10] such that each player can be in the Nash equilibrium.

First, we discretized the mathematical model and player
cost described in the previous subsection and expressed it as
Eq. (5). We used this expression to construct the framework.

x(t+ 1) = A(t)x(t) +
2∑
i=1

Bi(t)ui(t) (5a)

Ji(t, x(t)) =
T∑
t=0

gi(t, x(t), u1:2(t)) (5b)

According to Bellman’s principle of optimality, the relation-
ship between costs can be expressed as Eq. (6a). And assume
that the value function is in quadratic form or lower, such as
Eq. (6b).

Ji(t, x(t)) =
1

2
(x(t)TQi(t)x(t) +

2∑
j=1

uj(t)
T
Rij(t)uj(t))

+ li(t)
Tx(t) +

2∑
j=1

rj
Tuj(t) + ζi(t)

Tx(t)

+ Ji(t+ 1, x(t+ 1)) (6a)

Ji(t+ 1, x(t+ 1)) =
1

2
x(t+ 1)TZi(t+ 1)x(t+ 1)

+ ζi(t+ 1)Tx(t+ 1), (6b)

Secondly, assume strong convexity and set gradient to
zero to find input ui. We established the coupled Riccati
differential equation expressed in Eq. (7). Subsequently, we
solved the coupled Riccati differential equation, expressed in

FIGURE 2. Nash equilibrium strategy of game- based coupling control.

Eq. (7), to achieve a Nash Equilibrium between the lateral
controller (i.e., Player 1) and the longitudinal controller (i.e.,
Player 2). Here, dynamic programming was used to solve the
coupled Riccati differential equation.

Zi(t) =F (t)
TZi(t+ 1)F (t) +

2∑
j=1

Pj(t)
T
Rij(t)Pj(t)

+Qi(t)
T (7a)

ζi(t) =F (t)
T (ζi(t+ 1) + Zi(t+ 1)

2∑
j=1

(Bj(t)αj(t))

+li(t) +
2∑
j=1

(Pj(t)
T
Rij(t)αj(t)− Pj(t)T rj(t))

(7b)

{
F (t) = A(t)−

2∑
j=1

Bj(t)Pj(t) (7c)

After obtaining the Zi and ζi parameter for each player,
the input gain of each player can be calculated using Eq. (8):

(Rii(t) +Bi(t)
TZi(t+ 1)Bi(t))Pi(t) (8a)

+Bi(t)
TZi(t+ 1)

2∑
j 6=i

Bj(t)Pj(t) = Bi(t)
TZi(t+ 1)A(t)

(Rii(t) +Bi(t)
TZi(t+ 1)Bi(t))αi(t)

= Bi(t)
T ζi(t+ 1) + rii(t) (8b)

Finally, the optimal input u∗i for each player, as shown in Eq.
(9), is planned:

ui
∗(t) = Pi(t)x(t) + αi(t) (9)

D. LINEAR APPROXIMATION FOR NONLINEAR SYSTEM
The control strategy described thus far followed linear-
quadratic formalism. However, because the actual vehicle is
a nonlinear system, a model mismatch problem arises. This
may increase the forecast error within the horizon time and
degrade the trajectory tracking performance of the vehicle.
Therefore, we need to linearly approximate the system model
and cost function to fit the actual vehicle control. In this
study, we used the iterative linear quadratic game (iLQ game)
method, an approximation technique introduced in [15] and
[20].

Eqs. (10a) and (10b) indicate the first-order local approx-
imations of the system model. Similarly, Eqs. (10c) and
(10d) are the second-order local approximations of the cost
function. Thereafter, input ui obtained in this approximate
environment is input to the coupled dynamic model, which
is a non-linear system, to calculate a new x̂. This process
was repeated until the x̂ obtained here converged; finally, the
optimal input u∗i was determined.
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FIGURE 3. Overall procedure of game-based coupling control scheme for autonomous vehicle trajectory tracking.

ẋ =f(t, x, u1:2)

≈f(t, x̂, û1:2) +∇x(t),u1:2(t)f(t, x̂, û1:2)

 δx(t)
δu1(t)
δu2(t)


(10a)

δẋ ≈A(t)δx(t) +
2∑
i=1

Bi(t)δui(t) (10b)

gi(t, x, u1:2) ≈ gi(t, x̂, û1:2)

+

 δx(t)
δu1(t)
δu2(t)

T∇x(t),ui(t)gi(t, x̂, û1:2) (10c)

+
1

2

 δx(t)
δu1(t)
δu2(t)

T∇2
x(t),ui(t)gi(t, x̂, û1:2)

 δx(t)
δu1(t)
δu2(t)


≈gi(t, x̂, û1:2) +

1

2
δx(t)T (Qi(t)δx(t) + 2li(t))

+
1

2

2∑
j=1

δuj(t)
T
(Rij(t)δuj(t) + 2rij(t)) (10d)

{
δx(t)

∆
= x(t)− x̂(t), δui(t)

∆
= ui(t)− ûi(t) (10e)

E. MOTION PLANNING AND RECEDING HORIZON
CONTROL
As shown in Figure 3, this motion planner transmits informa-
tion regarding the target path and speed profile to the vehicle
control level. With the received information, the game-based
coupling controller solves the finite-horizon optimal control
problem through the iLQ game. Among the optimal control
inputs, the vehicle control uses only the input corresponding
to the first step; at the next sampling time, solving the finite-
horizon optimal control problem in the same manner yields
the control input.

III. SYSTEM EVALUATION
To evaluate the proposed game-based coupling controller,
we conducted a series of simulation experiments using
CarMaker-Matlab/Simulink co-simulations. Figure 3 shows
the structure of the simulation. We divided the scenarios into
two types according to the following reference path types:
sinusoidal and curved. To prove the validity of the tracking
method proposed herein, we compared the results when using
the classical MPC controller based on the coupled dynamic
model shown in Eq. (1) for trajectory tracking. Table 2 lists
the vehicle model parameters, and we tested both controllers
with a prediction horizon of the same length. The constraints
of the vehicle in each scenario indicate the maximum steering
angle at 30° and the acceleration command at -5 to 2 m/s2.

A. SCENARIO 1: SINUSOIDAL PATH TRACKING
Under this scenario, we checked the path and speed tracking
performance under a constant target speed (54 km/h) input to
the controller. Figure 4 shows the road used under Scenario 1.
The minimum turning radius of the road in this scenario was
52 m. A characteristic of this road is that the turning radius
changes regularly and rapidly. For the vehicle to maintain a
constant speed along this path, an acceleration input consid-
ering the lateral acceleration is required. The experimental
results were as follows.

In Figures 4 and 5, when the MPC controller is used,
it can be seen that the vehicle does not follow the path
properly in the straight section, unlike when the proposed
controller is used. And rather, in the curved section, the MPC
controller performed control to be closer to the path than the
proposed controller. When evaluated with these results alone,
the MPC controller may show better control performance
in the curved section than the proposed controller. Even in

TABLE 2. Vehicle model parameters.

m (kg) Iz (kg •m2) lf (m) lr (m)
1350 4000 1.016 1.562
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the results of lateral error analysis for quantitative evaluation
shown in Table 3, the performance difference between the
two controllers is not large. However, as shown in Figure 6,
When using the MPC controller, the vehicle has excessive
side slip. As a result, it is expected to be pushed outward from
the curve section and closer to the center of the path. On the
other hand, the proposed controller shows good performance
in terms of lateral stability due to less side slippage in Figure
6. And in Figure 7, the proposed controller, unlike the MPC
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TABLE 3. Analysis of lateral deviation under Scenario 1.

Game-based coupling
controller

Classical MPC
controller

Mean absolute
error(m) 0.31 0.26

Root mean square
error(m) 0.34 0.30

Maximum absolute
error(m) 0.52 0.56
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FIGURE 10. Lateral acceleration under Scenario 1.

controller, is smooth in the curve section and does not change
the steering in a short time. This means that the proposed
controller controlled the vehicle to move along the inner
course of the path by considering the longitudinal and lateral
interactions.

As shown in Figure 8, both controllers showed good speed
tracking performance under a constant target speed. How-
ever, when comparing the results of the lateral acceleration
shown in Figure 10, under Scenario 1, the game-based con-
troller shows less change in the lateral acceleration within the
curved section than the classical MPC controller. By contrast,
in the case of MPC, the lateral acceleration value was large
and the change was significant. This can be inconvenient for
the driver in terms of the ride comfort performance.

On comparing the lateral stability performance with Figure
11, the yaw rate change in the curved section was small when
using a game-based controller. Conversely, the conventional
MPC controller exhibited high-frequency results. Therefore,
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FIGURE 11. Yaw rate under Scenario 1.

the proposed controller is better in terms of lateral stability.

B. SCENARIO 2: CURVED PATH TRACKING
Unlike Scenario 1, where the target speed was constant,
Scenario 2 involved different target speeds for each section
based on curvature information, as shown in Figure 12.
Figure 13 shows the road selected for the simulation, with
the minimum turning radius of 165 m. We assumed that
the curvature information of the road was obtained from the
navigation system. In this scenario, the vehicle decelerates
for safe driving when entering the circular curved section
from the transition curve section of the road. When entering
a straight road from the circular curve section through the
transition curve section, returning to the original set speed
requires acceleration.

The simulation results are as follows. First, as shown in
Figure 14, the MPC controller and the game-based con-
troller showed excellent performance in tracking the rapidly
changing target speed. However, as shown in Figure 15,
the conventional MPC controller affords high-frequency ac-
celeration results. Unlike the game-based controller, which
considers the Nash balance between longitudinal and lateral
motions, the MPC controller blindly pursues speed tracking
accuracy. Furthermore, as shown in Figure 16, the game-
based controller shows less change in the lateral acceleration
than the existing MPC, similar to the results for Scenario 1.
Thus, the game-based coupling controller enables a better

TABLE 4. Analysis of lateral deviation under Scenario 2.

Game-based coupling
controller

Classical MPC
controller

Mean absolute
error(m) 0.09 0.20

Root mean square
error(m) 0.12 0.23

Maximum absolute
error(m) 0.25 0.45
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FIGURE 12. Target speed setting strategy under Scenario 2.
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FIGURE 13. Pre-determined path and tracking path under Scenario 2.

ride.
As depicted in Figure 17, when each controller is used, the

side-slip change does not occur excessively in all sections.
Therefore, unlike Scenario 1, where quantitative evaluation
was difficult, Scenario 2 performed a quantitative evaluation
of path tracking accuracy using Table 4. The maximum
lateral error of the proposed controller is 0.25 m. This value
is less than the maximum error (0.45 m) when using the
conventional MPC controller. The RMSE (0.12 m) and MAE
(0.09 m) were also lower than the RMSE (0.23 m) and MAE
(0.20 m) of the MPC controller, respectively. In other words,
when using the game-based coupling controller, the lateral
error was lower than that under MPC and distributed evenly,
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FIGURE 14. Pre-determined speed profile and tracking speed under Scenario
2.
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FIGURE 15. Longitudinal acceleration under Scenario 2.
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FIGURE 16. Lateral acceleration under Scenario 2.
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FIGURE 17. Side-slip angle under Scenario 2.
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FIGURE 18. Lateral tracking error under Scenario 2.
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FIGURE 19. Front steering angles under Scenario 2.
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FIGURE 20. Yaw rate under Scenario 2.

TABLE 5. Performance analysis of two controllers.

Game-based coupling
controller

Classical MPC
controller

Speed tracking
accuracy High High

Path tracking
accuracy High Mid

Ride comfort Good Bad
Lateral stability Good Bad

indicating good performance in terms of the path tracking
accuracy.

Finally, as shown in Figure 20, the MPC controller showed
a high-frequency yaw rate within the turning section; how-
ever, when using the proposed controller, the change in the
yaw rate was smooth and a better lateral error result was
obtained simultaneously. Thus, both lateral stability and path
tracking performance are guaranteed simultaneously. Table
5 presents the performance analysis results obtained through
the two scenarios described herein.

IV. CONCLUSION
In this paper, we proposed a game-based coupling controller
to improve speed tracking and path tracking performance.
In the proposed controller, each player in charge of the
longitudinal and lateral dynamics plans a control strategy
to reach the Nash equilibrium in game theory for control
by considering the fundamental interaction of dynamics.
Subsequently, we iteratively modified the initially planned
strategy to realize control suitable for the actual vehicle (a
nonlinear system). We used this final revised plan to track the
target velocity and path through a receding horizon strategy.

The effectiveness of the proposed controller was verified
by CarMaker-Matlab/Simulink co-simulations. The game
based coupling control algorithm was implemented in MAT-
LAB/Simulink, and the actual plant used in the simulations
was a CarMaker vehicle model. The conclusions drawn from
the simulation results are as follows.
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• The game-based coupling controller exhibits high accu-
racy in following the target path and is stable in terms of the
lateral stability performance.

• When following a rapidly changing target speed, the
accuracy of speed tracking is good. In addition, control is
performed in consideration of the acceleration change; hence,
it achieves excellent control performance in terms of ride
comfort.

To summarize, we expect the proposed controller to enable
safe trajectory tracking on highway entrances/exits or sharp
curves based on navigation information and simultaneously
provide considerable stability for the driver.
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