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A B S T R A C T

In this study, an integrable dispersive modified Camassa–Holm equation is considered with the essence of
fractional beta derivative. The aforesaid equation is a shallow water equation and a bi-Hamiltonian having an
associated isospectral problem of second order. Three diverse techniques namely the extended Jacobi’s elliptic
function expansion, the new version of Kudryashov and the 𝐸𝑥𝑝𝑎 function methods are enforced. A variety
of complex solitary wave solutions including, Jacobi’s elliptic function solutions, bright and dark solitons and
many other analytical solutions are developed. The obtained results are explicated graphically depending upon
the physical and fractional parameters. These results may also be used to illuminate the significance of applied
methods to many other related non-linear physical phenomena.
Introduction

Nonlinear partial differential equations (NLPDEs) have much im-
portance because of their use in applied sciences. NLPDEs always
represent some nonlinear physical phenomena in different physical or
applied fields such as water wave theory, quantum physics, optics,
fluid mechanics, applied chemistry and many others [1–5]. Nonlin-
ear Schrödinger equations are some important model equations that
represent the physical phenomenons in the structures of mathematical
NLPDEs [6–10]. Furthermore, fractional differential equations (FDEs)
are the generalized forms of FDEs [11,12]. The most important task is
to find their approximate and analytical solutions through some reliable
techniques. Among different kinds of solutions, the exact solitary wave
solutions of any FDEs have much significant role to understand the
corresponding physical. Many many analytical schemes have been
employed to secure such wave solutions for nonlinear FDEs [13–17].

Moreover, Biswas and Alqahtani have discussed the Semi-inverse
Variational method for two types of solutions to the PGI equation [18].
Also, the variational principle method has been explored for periodic
type wave solutions to the KMN equation in (2 + 1)-dimension [19].

∗ Corresponding authors.
E-mail addresses: asimzafar@hotmail.com (A. Zafar), baak@hanyang.ac.kr (C. Park).

Moreover, the Riccati equation method has been employed to se-
cure several optical solitons in the field of optics [20]. The modi-
fied extended tanh expansion technique has been used to discuss the
non-linearity of Biswas and Arshed model in [21].

Here, we consider the simplified modified Camassa–Holm equation
from the family of significant equations called the modified 𝛼-equations
discussed by Wazwaz [22]:

𝑞𝑡 − 𝑞𝑥𝑥𝑡 + (𝛼 + 1)𝑞2𝑞𝑥𝑥 − 𝛼𝑞𝑥𝑞𝑥𝑥 − 𝑞𝑥𝑥𝑥 = 0. 𝛼 > 0. (1)

By taking 𝛼 = 2 in the above Eq. (1), then the Eq. (1) takes the form

𝑞𝑡 − 𝑞𝑥𝑥𝑡 + 3𝑞2𝑞𝑥𝑥 − 2𝑞𝑥𝑞𝑥𝑥 − 𝑞𝑥𝑥𝑥 = 0. (2)

This form is known as modified Camassa–Holm equation. Further sim-
plified form of the Eq. (2) is given as

𝑞𝑡 + 2𝛿𝑞𝑥 − 𝑞𝑥𝑥𝑡 + 𝛾𝑞2𝑞𝑥 = 0. 𝛿 ∈ ℜ, 𝛾 > 0. (3)

Here 𝛿 and 𝛾 are the non-zero parameters and this form is called the
simplified modified Camassa–Holm equation [23].

Different techniques have been utilized to find the different kinds
of wave solutions of the aforementioned model. For example, the Gen-
eralized (𝐺′∕𝐺)-Expansion method was applied to determine the exact
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solitons for the aforesaid model in [23]. The solitary wave solutions
for the same model have been reported by applying the Exp-function
method [24]. Distinct solutions of this model have been found by apply-
ing Riccati–Bernoulli sub-ODE method [25]. Moreover, solitary wave
solutions have also been determined for the simplified MCH-equation
in [26].

The extended Jacobi elliptic expansion function method (JEEFM),
the Kudryashov method (KM) and the 𝐸𝑥𝑝𝑎 function method have
een exercised to explore many prolific mathematical models. For
xample, different soliton solutions have been gained for highly dis-
ersive non-linear Schrödinger equation with CQS nonlinearities by
sing the extended JEEFM [27]. Optical soliton solutions of highly
ispersive non-linear Schrödinger’s equation with Kerr law nonlinearity
as been produced by applying extended JEEFM [28]. Diverse traveling
ave solutions have been constructed by using the extended JEEFM

n [29]. With the help of KM, some new types of solutions of the
EW-Burgers models have been reported [30]. The PGI equation was
xplored for soliton solutions via KM by Hosseini et al. [31]. Similarly,
hese techniques have also been applied to solve the other nonlinear
chrödinger equations in [32].

In fractional calculus, the 𝛽− derivative is known as the generaliza-
ion of classical derivative [33]. We recall the definition and some of
ts characteristics as

efinition. Consider a defined function 𝑔(𝜃) ∀ non-negative 𝜃. Conse-
quently, beta-time fractional derivative of 𝑔 of order 𝛽 is as follow:

𝐷𝛽 (𝑔(𝜃)) =
𝑑𝛽𝑔(𝜃)
𝑑𝜃𝛽

= lim
𝜖→0

𝑔(𝜃 + 𝜖(𝜃 + 1
𝛤 (𝛽) )

1−𝛽 ) − 𝑔(𝜃)

𝜖
, 𝛽 ∈ (0, 1].

Few expedient characteristics of the beta-time fractional derivative
have been given in [34–36].

Since Zulfiqar and Ahmad [24] obtained rational Exp-function type
exact solutions of the simplified MCH-Equation. The hyperbolic and
trigonometric function solutions have been reported for the said model
by Alam and Akbar in [23]. But our task is to search for some new
analytical solutions, for the aforesaid equation possessing space–time
fractional derivatives, in the form of Jacobi’s elliptic, rational hyper-
bolic and rational exponential functions. The extended JEFEM, the
KM and the 𝐸𝑥𝑝𝑎 function method are employed for the first time to
complete this task.

Description of the model and the schemes of solutions

Consider the simplified MCH-equation given in the Eq. (3) with beta
space–time fractional derivative:

𝜕𝛽𝑞
𝜕𝑡𝛽

+ 2𝛿
𝜕𝛽𝑞
𝜕𝑥𝛽

−
𝜕3𝛽𝑞

𝜕𝑥2𝛽𝜕𝑡𝛽
+ 𝛾 𝑞2

𝜕𝛽𝑞
𝜕𝑥𝛽

= 0. (4)

ow suppose the given traveling wave transformations:

(𝑥, 𝑡) = 𝑌 (𝜂), 𝑤ℎ𝑒𝑟𝑒 𝜂 = 𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽 + 𝜆

𝛽
(𝑡 + 1

𝛤 (𝛽)
)𝛽 (5)

here 𝜔 and 𝜆 are the non-zero constants. By inserting the above
transformations into the Eq. (4), we yield the following nonlinear ODE

(𝜆 + 2𝛿𝜔)𝑌 − 𝜆𝜔2𝑌 ′′ +
𝛾𝜔
3
𝑌 3 = 0. (6)

Description of the extended JEEFM

Let us consider the following PDE to explain the main steps for the
extended JEEFM [27].
2

℘

𝐺(𝑗𝑡, 𝑗2𝑗𝑡, 𝑗𝑥, 𝑗𝑡𝑡, 𝑗𝑥𝑥, 𝑗𝑥𝑡,…) = 0 (7)

with 𝑔 = 𝑔(𝑥, 𝑡). Let 𝜇 represent the soliton speed and assume the given
wave transformation.

𝑗(𝑥, 𝑡) = 𝑌 (𝜂), 𝜂 = 𝑥 − 𝜇𝑡 (8)

Inserting the Eq. (8) into Eq. (7), we obtain the below non-linear
ordinary differential equation:

𝐹 (𝑌 , 𝑌 2𝑌 ′, 𝑌 ′′, 𝑌 ′′′,…) = 0. (9)

The above Eq. (9) has the below shape of solution by utilizing the
extended JEEFM:

𝑌 (𝜂) =
𝑁
∑

𝑘=−𝑀
𝛼𝑘𝐽

𝑘(𝜂) (10)

ere 𝑀 , 𝑁 , 𝛼𝑘(𝑘 = −𝑀,… , 𝑁) are undetermined to be found later
hile 𝐽 shows the Jacobi’s elliptic (JE) function, 𝑖.𝑒. , 𝐽 = 𝐽 (𝜂) =
𝑛𝜂 = 𝑠𝑛(𝜂, 𝑚) or 𝑐𝑛(𝜂, 𝑛) or 𝑑𝑛(𝜂, 𝑛) where 0 < 𝑛 < 1 is the amplitude
f JE functions. The highest derivative and nonlinear terms in Eq. (9)
ill produce the values of 𝑀 and 𝑁 due to the homogeneous balance
rinciple. After that, Eq. (10) into the Eq. (9), we may have a system
f algebraic equations in terms of 𝛼𝑘(𝑘 = −𝑀,… , 𝑁). Now by using
ymbolic software Mathematica, one can solve the above system of
quations for 𝛼𝑘. By inserting the obtained values into Eq. (10) then
he general form of JE function solutions of Eq. (7) can be secured.

Moreover, 𝑛 → 1, JE functions will be transformed into hyperbolic
unctions as:

sn(𝜂, 𝑛) → tanh(𝜂), cn(𝜂, 𝑛) → sech(𝜂) and dn(𝜂, 𝑛) → sech(𝜂).

escription of Kudryashov method (KM)

The procedure of KM [31] is explained abiding by:

tep 1: Assume Eqs. (7), (8) & (9).

tep 2: Consider the solutions of the Eq, (9) is of the type:

(𝜂) =
𝑚
∑

𝑘=0
𝛼𝑘𝜙

𝑘(𝜂). (11)

ith 𝛼𝑘(𝑘 = 0, 1, 2, 3,… , 𝑚) are unknowns and 𝛼𝑗 ≠ 0. The positive
nteger 𝑚 will be determined by homogeneous balance method.

The function 𝜙(𝜂) accomplish the below auxiliary equation:

𝜙′(𝜂))2 = 𝜙2(𝜂)(1 − 𝜋𝜙2(𝜂)). (12)

ith

(𝜂) = 4𝑎
(4𝑎2 − 𝜋) sinh(𝜂) + (4𝑎2 + 𝜋) cosh(𝜂)

, (13)

𝜋 = 4𝑎𝑏, 𝑎 and 𝑏 are constants. Step 3: By putting the Eq. (11) in
Eq. (9) along with Eq. (12) and adding up the same order terms in 𝜙(𝜂)
coefficients. Setting each coefficient equals to zero to get over a system
of algebraic expressions having 𝛼𝑘, 𝜇 and other parameters. One can
use an appropriate symbolic software for the solutions of said system.

Step 4: Using the unknowns obtained in Step 3 along with the
solution Eq. (13), one will acquire the solutions of Eq. (7).

Representation of 𝐸𝑥𝑝𝑎 function method

Consider Eqs. (7), (8) and (9), let us assume a solution of the Eq. (9)
is of the below type [37]:

𝑌 (𝜏) =
𝛼0 + 𝛼1𝑅𝜏 + ... + 𝛼𝑚𝑅𝑚𝜏

𝛽0 + 𝛽1𝑅𝜏 +⋯ + 𝛽𝑚𝑅𝑚𝜏 , 𝛼 ≠ 0, 1, (14)

ere 𝛼𝑘(0 ≤ 𝑘 ≤ 𝑚) and 𝛽𝑘(0 ≤ 𝑘 ≤ 𝑚) are unknown parameters and
o be found later. The positive integer 𝑚 in Eq. (9) is produced with
he help of homogeneous balance principle. Using Eq. (14) in Eq. (9),
ields

(𝑅𝜏 ) = 𝓁 + 𝓁 𝐷𝜏 +⋯ + 𝓁 𝐷𝑡𝜏 = 0. (15)
0 1 𝑡
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Putting 𝓁𝑘 (0 ≤ 𝑘 ≤ 𝑡) into Eq. (9) equals to zero, a set of algebraic
equations is secured given as.

𝓁𝑘 = 0, 𝑤ℎ𝑒𝑟𝑒 𝑘 = 0,… , 𝑡. (16)

On solving the above set of equations, one can get the non-trival
solutions of Eq. (7).

Solutions with the extended JEEFM

Balancing the terms 𝑌 ′′ and 𝑌 3 using homogeneous principle on
Eq. (6) implies 𝑀 = 𝑁 = 1. So the Eq. (10) reduces

𝑌 (𝜂) = 𝛼−1𝐽
−1(𝜂) + 𝛼0 + 𝛼1𝐽 (𝜂). (17)

Case 1: If 𝐽 = 𝐽 (𝜂) = 𝑠𝑛(𝜂, 𝑚), Eq. (17) becomes:

𝑌 (𝜂) = 𝛼−1𝑠𝑛
−1(𝜂, 𝑚) + 𝛼0 + 𝛼1𝑠𝑛(𝜂, 𝑚). (18)

By putting Eq. (18) into the Eq. (16), yields the successive solution sets:
Set 1:

⎧

⎪

⎨

⎪

⎩

𝛼−1 = 0, 𝛼0 = 0, 𝛼1 = ∓
2
√

3
√

𝛿
√

𝑚𝜔
√

−𝛾
(

(𝑚 + 1)𝜔2 + 1
)

, 𝜆 = − 2𝛿𝜔
(𝑚 + 1)𝜔2 + 1

⎫

⎪

⎬

⎪

⎭

.

(19)

y using Eqs. (19) and (18) into Eq. (5), we get

(𝑥, 𝑡) = ∓
2
√

3
√

𝛿
√

𝑚𝜔
√

−𝛾
(

(𝑚 + 1)𝜔2 + 1
)

sn(𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽

− 2𝛿𝜔
𝛽((𝑚 + 1)𝜔2 + 1)

(𝑡 + 1
𝛤 (𝛽)

)𝛽 ). (20)

Set 2:

{𝛼−1 = ∓2𝑖𝜔
√

√

√

√

3𝛿

𝛾
((

𝑚 − 6
√

𝑚 + 1
)

𝜔2 + 1
) , 𝛼0 = 0,

1 = ±2𝑖𝜔
√

√

√

√

3𝛿𝑚

𝛾
((

𝑚 − 6
√

𝑚 + 1
)

𝜔2 + 1
) ,

= − 2𝛿𝜔
(

𝑚 − 6
√

𝑚 + 1
)

𝜔2 + 1
}. (21)

y inserting Eqs. (21) and (18) into Eq. (5), we get

(𝑥, 𝑡) = 2𝑖𝜔
√

3𝛿
𝛾((𝑚 − 6

√

𝑚 + 1)𝜔2 + 1)
(∓ sn−1(𝜔

𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽

− 2𝛿𝜔
𝛽((𝑚 − 6

√

𝑚 + 1)𝜔2 + 1)
(𝑡 + 1

𝛤 (𝛽)
)𝛽 )

±
√

𝑚sn(𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽 − 2𝛿𝜔

𝛽((𝑚 − 6
√

𝑚 + 1)𝜔2 + 1)
(𝑡 + 1

𝛤 (𝛽)
)𝛽 )). (22)

Set 3:

{𝛼−1 = −2𝑖𝜔
√

3𝛿
𝛾((𝑚 + 6

√

𝑚 + 1)𝜔2 + 1)
, 𝛼0 = 0,

𝛼1 = −2𝑖𝜔
√

3𝛿𝑚
𝛾((𝑚 + 6

√

𝑚 + 1)𝜔2 + 1)
,

𝜆 = − 2𝛿𝜔
(𝑚 + 6

√

𝑚 + 1)𝜔2 + 1
}. (23)

By using Eqs. (23) and (18) into Eq. (5), we obtain

𝑞(𝑥, 𝑡) = −2𝑖𝜔
√

3𝛿
𝛾((𝑚 + 6

√

𝑚 + 1)𝜔2 + 1)
( sn−1(𝜔

𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽

− 2𝛿𝜔
𝛽((𝑚 + 6

√

𝑚 + 1)𝜔2 + 1)
(𝑡 + 1

𝛤 (𝛽)
)𝛽 )

+
√

𝑚sn(𝜔 (𝑥 + 1 )𝛽 − 2𝛿𝜔
√

(𝑡 + 1 )𝛽 )). (24)
3

𝛽 𝛤 (𝛽) 𝛽((𝑚 + 6 𝑚 + 1)𝜔2 + 1) 𝛤 (𝛽) s
Set 4:

{𝛼−1 = 2𝑖𝜔
√

√

√

√

3𝛿

𝛾
((

𝑚 + 6
√

𝑚 + 1
)

𝜔2 + 1
) , 𝛼0 = 0,

𝛼1 = 2𝑖𝜔
√

√

√

√

3𝛿𝑚

𝛾
((

𝑚 + 6
√

𝑚 + 1
)

𝜔2 + 1
) , (25)

𝜆 = − 2𝛿𝜔
(

𝑚 + 6
√

𝑚 + 1
)

𝜔2 + 1
}. (26)

By using Eqs. (25) and (18) into Eq. (5), we secure

𝑞(𝑥, 𝑡) = 2𝑖𝜔
√

3𝛿
𝛾((𝑚 + 6

√

𝑚 + 1)𝜔2 + 1)
( sn−1(𝜔

𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽

− 2𝛿𝜔
𝛽((𝑚 + 6

√

𝑚 + 1)𝜔2 + 1)
(𝑡 + 1

𝛤 (𝛽)
)𝛽 )

+
√

𝑚sn(𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽 − 2𝛿𝜔

𝛽((𝑚 + 6
√

𝑚 + 1)𝜔2 + 1)
(𝑡 + 1

𝛤 (𝛽)
)𝛽 )). (27)

Set 5:

⎧

⎪

⎨

⎪

⎩

𝛼−1 = ∓
2
√

3
√

𝛿𝜔
√

−𝛾
(

(𝑚 + 1)𝜔2 + 1
)

, 𝛼0 = 0, 𝛼1 = 0, 𝜆 = − 2𝛿𝜔
(𝑚 + 1)𝜔2 + 1

⎫

⎪

⎬

⎪

⎭

.

(28)

By using Eqs. (28) and (18) into Eq. (5), we get

𝑞(𝑥, 𝑡) = ∓
2
√

3
√

𝛿𝜔
√

−𝛾
(

(𝑚 + 1)𝜔2 + 1
)

𝑠𝑛−1(𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽

− 2𝛿𝜔
𝛽((𝑚 + 1)𝜔2 + 1)

(𝑡 + 1
𝛤 (𝛽)

)𝛽 ). (29)

Soliton solutions

When 𝑚 → 1 then Eqs. (20), (22), (24), (27) and (29) produce the
dark and singular soliton solutions:

𝑞(𝑥, 𝑡) = ∓
2
√

3
√

𝛿𝜔
√

−𝛾
(

2𝜔2 + 1
)

tanh(𝜔
𝛽
(𝑥+ 1

𝛤 (𝛽)
)𝛽− 2𝛿𝜔

𝛽(2𝜔2 + 1)
(𝑡+ 1

𝛤 (𝛽)
)𝛽 ).

(30)

𝑞(𝑥, 𝑡) = 2𝑖𝜔
√

3𝛿
𝛾(−4𝜔2 + 1)

(∓ coth(𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽 − 2𝛿𝜔

𝛽(−4𝜔2 + 1)
(𝑡 + 1

𝛤 (𝛽)
)𝛽 )

± tanh(𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽 − 2𝛿𝜔

𝛽(−4𝜔2 + 1)
(𝑡 + 1

𝛤 (𝛽)
)𝛽 )). (31)

𝑞(𝑥, 𝑡) = −2𝑖𝜔
√

3𝛿
𝛾(8𝜔2 + 1)

( coth(𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽 − 2𝛿𝜔

𝛽(8𝜔2 + 1)
(𝑡 + 1

𝛤 (𝛽)
)𝛽 )

+ tanh(𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽 − 2𝛿𝜔

𝛽(8𝜔2 + 1)
(𝑡 + 1

𝛤 (𝛽)
)𝛽 )). (32)

𝑞(𝑥, 𝑡) = 2𝑖𝜔

√

3𝛿
𝛾(8𝜔2 + 1)

( coth(𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽 − 2𝛿𝜔

𝛽(8𝜔2 + 1)
(𝑡 + 1

𝛤 (𝛽)
)𝛽 )

+ tanh(𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽 − 2𝛿𝜔

𝛽(8𝜔2 + 1)
(𝑡 + 1

𝛤 (𝛽)
)𝛽 )). (33)

𝑞(𝑥, 𝑡) = ∓
2
√

3
√

𝛿𝜔
√

−𝛾
(

2𝜔2 + 1
)

coth(𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽 − 2𝛿𝜔

𝛽(2𝜔2 + 1)
(𝑡 + 1

𝛤 (𝛽)
)𝛽 ).

(34)

ince Eqs. (20), (22), (24), (27) and (29) produce the dark soliton (30),
ingular soliton (34) and combined dark-singular soliton (31). The 3𝐷
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Fig. 1. 3𝐷 wave simulations of Eq. (30) are presented in (a) and (b) for fractional
parameter 𝛽 = 0.75, 1.0 and 𝜔 = 0.5.

Fig. 2. 3𝐷 wave simulations of Eq. (34) are presented in (a) and (b) for fractional
parameter 𝛽 = 0.75, 1.0 and 𝜔 = 1.

graphs, by taking 𝛾 = 0.6 and 𝛿 = 0.6, are displayed in Figs. 1–3 for
aforesaid solutions to visualized their dynamics.

Case 2: If 𝑌 = 𝑌 (𝜉) = 𝑐𝑛(𝜉, 𝑚), then Eq. (17) becomes:

𝑌 (𝜂) = 𝛼−1𝑐𝑛
−1(𝜂, 𝑚) + 𝛼0 + 𝛼1𝑐𝑛(𝜂, 𝑚) (35)

By putting Eq. (35) in Eq. (16), we have the successive solution sets:
Set 1:

⎧

⎪

⎨

⎪

⎩

𝛼−1 = ∓
2𝑖

√

3
√

𝛿
√

𝑚 − 1𝜔
√

𝛾
(

(2𝑚 − 1)𝜔2 − 1
)

, 𝛼0 = 0, 𝛼1 = 0, 𝜆 = − 2𝛿𝜔
−2𝑚𝜔2 + 𝜔2 + 1

⎫

⎪

⎬

⎪

⎭

.

(36)

By using Eqs. (35) and (36) into Eq. (5), we get

𝑞(𝑥, 𝑡) = ∓
2𝑖
√

3
√

𝛿
√

𝑚 − 1𝜔
√

𝛾
(

(2𝑚 − 1)𝜔2 − 1
)

cn−1(𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽

− 2𝛿𝜔
𝛽(−2𝑚𝜔2 + 𝜔2 + 1)

(𝑡 + 1
𝛤 (𝛽)

)𝛽 ). (37)
4

Fig. 3. 3𝐷 wave simulations of Eq. (31) are presented in (a) and (b) for fractional
parameter 𝛽 = 0.75, 1.0 and 𝜔 = 1.

Set 2:

⎧

⎪

⎨

⎪

⎩

𝛼−1 = 0, 𝛼0 = 0, 𝛼1 = ∓
2
√

3
√

𝛿
√

𝑚𝜔
√

𝛾
(

(1 − 2𝑚)𝜔2 + 1
)

, 𝜆 = − 2𝛿𝜔
−2𝑚𝜔2 + 𝜔2 + 1

⎫

⎪

⎬

⎪

⎭

.

(38)

By using Eqs. (38) and (35) into the Eq. (5), we have

𝑞(𝑥, 𝑡) = ∓
2
√

3
√

𝛿
√

𝑚𝜔
√

𝛾
(

(1 − 2𝑚)𝜔2 + 1
)

cn(𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽

− 2𝛿𝜔
𝛽(−2𝑚𝜔2 + 𝜔2 + 1)

(𝑡 + 1
𝛤 (𝛽)

)𝛽 ). (39)

Set 3:

{𝛼−1 = ∓2𝜔

√

√

√

√

√

3𝛿(𝑚 − 1)
(

6
√

(𝑚 − 1)𝑚𝜔4 + (2𝑚 − 1)𝜔2 − 1
)

𝛾
((

32𝑚2 − 32𝑚 − 1
)

𝜔4 + (4𝑚 − 2)𝜔2 − 1
) , 𝛼0 = 0,

𝛼1 = ±2𝜔

√

√

√

√

√

3𝛿𝑚
(

6
√

(𝑚 − 1)𝑚𝜔4 + (2𝑚 − 1)𝜔2 − 1
)

𝛾
((

32𝑚2 − 32𝑚 − 1
)

𝜔4 + (4𝑚 − 2)𝜔2 − 1
) ,

𝜆 = −
2𝛿𝜔

(

6
√

(𝑚 − 1)𝑚𝜔4 + (2𝑚 − 1)𝜔2 − 1
)

(

32𝑚2 − 32𝑚 − 1
)

𝜔4 + (4𝑚 − 2)𝜔2 − 1
}. (40)

By using Eqs. (40) and (35) into Eq. (5), we obtain

𝑞(𝑥, 𝑡) = 2𝜔

√

3𝛿(6
√

(𝑚 − 1)𝑚𝜔4 + (2𝑚 − 1)𝜔2 − 1)
𝛾((32𝑚2 − 32𝑚 − 1)𝜔4 + (4𝑚 − 2)𝜔2 − 1)

× (∓
√

𝑚 − 1cn−1(𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽

−
2𝛿𝜔(6

√

(𝑚 − 1)𝑚𝜔4 + (2𝑚 − 1)𝜔2 − 1)
𝛽((32𝑚2 − 32𝑚 − 1)𝜔4 + (4𝑚 − 2)𝜔2 − 1)

(𝑡 + 1
𝛤 (𝛽)

)𝛽 )

±
√

𝑚cn(𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽 −

2𝛿𝜔(6
√

(𝑚 − 1)𝑚𝜔4 + (2𝑚 − 1)𝜔2 − 1)
𝛽((32𝑚2 − 32𝑚 − 1)𝜔4 + (4𝑚 − 2)𝜔2 − 1)

× (𝑡 + 1
𝛤 (𝛽)

)𝛽 )). (41)

Set 4:

{𝛼−1 = −2𝜔

√

√

√

√

√

3𝛿(𝑚 − 1)
(

−6
√

(𝑚 − 1)𝑚𝜔4 + (2𝑚 − 1)𝜔2 − 1
)

((

2
)

4 2
) , 𝛼0 = 0,
𝛾 32𝑚 − 32𝑚 − 1 𝜔 + (4𝑚 − 2)𝜔 − 1
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𝛼1 = −2𝜔

√

√

√

√

√

3𝛿𝑚
(

−6
√

(𝑚 − 1)𝑚𝜔4 + (2𝑚 − 1)𝜔2 − 1
)

𝛾
((

32𝑚2 − 32𝑚 − 1
)

𝜔4 + (4𝑚 − 2)𝜔2 − 1
) ,

𝜆 =
2𝛿𝜔

(

6
√

(𝑚 − 1)𝑚𝜔4 + (1 − 2𝑚)𝜔2 + 1
)

(

32𝑚2 − 32𝑚 − 1
)

𝜔4 + (4𝑚 − 2)𝜔2 − 1
}. (42)

By using Eqs. (42) and (35) into Eq. (5), we get

𝑞(𝑥, 𝑡) = −2𝜔

√

3𝛿(−6
√

(𝑚 − 1)𝑚𝜔4 + (2𝑚 − 1)𝜔2 − 1)
𝛾((32𝑚2 − 32𝑚 − 1)𝜔4 + (4𝑚 − 2)𝜔2 − 1)

(
√

𝑚 − 1cn−1

× (𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽

+
2𝛿𝜔(6

√

(𝑚 − 1)𝑚𝜔4 + (1 − 2𝑚)𝜔2 + 1)
𝛽((32𝑚2 − 32𝑚 − 1)𝜔4 + (4𝑚 − 2)𝜔2 − 1)

(𝑡 + 1
𝛤 (𝛽)

)𝛽 )

+
√

𝑚cn(𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽 +

2𝛿𝜔(6
√

(𝑚 − 1)𝑚𝜔4 + (1 − 2𝑚)𝜔2 + 1)
𝛽((32𝑚2 − 32𝑚 − 1)𝜔4 + (4𝑚 − 2)𝜔2 − 1)

× (𝑡 + 1
𝛤 (𝛽)

)𝛽 )). (43)

Set 5:

{𝛼−1 = 2𝜔

√

√

√

√

√

3𝛿(𝑚 − 1)
(

−6
√

(𝑚 − 1)𝑚𝜔4 + (2𝑚 − 1)𝜔2 − 1
)

𝛾
((

32𝑚2 − 32𝑚 − 1
)

𝜔4 + (4𝑚 − 2)𝜔2 − 1
) , 𝛼0 = 0,

𝛼1 = 2𝜔

√

√

√

√

√

3𝛿𝑚
(

−6
√

(𝑚 − 1)𝑚𝜔4 + (2𝑚 − 1)𝜔2 − 1
)

𝛾
((

32𝑚2 − 32𝑚 − 1
)

𝜔4 + (4𝑚 − 2)𝜔2 − 1
) ,

𝜆 =
2𝛿𝜔

(

6
√

(𝑚 − 1)𝑚𝜔4 + (1 − 2𝑚)𝜔2 + 1
)

(

32𝑚2 − 32𝑚 − 1
)

𝜔4 + (4𝑚 − 2)𝜔2 − 1
}. (44)

By using Eqs. (44) and (35) into Eq. (5) yield

𝑞(𝑥, 𝑡) = 2𝜔

√

3𝛿(−6
√

(𝑚 − 1)𝑚𝜔4 + (2𝑚 − 1)𝜔2 − 1)
𝛾((32𝑚2 − 32𝑚 − 1)𝜔4 + (4𝑚 − 2)𝜔2 − 1)

× (
√

𝑚 − 1cn−1(𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽

+
2𝛿𝜔(6

√

(𝑚 − 1)𝑚𝜔4 + (1 − 2𝑚)𝜔2 + 1)
𝛽((32𝑚2 − 32𝑚 − 1)𝜔4 + (4𝑚 − 2)𝜔2 − 1)

(𝑡 + 1
𝛤 (𝛽)

)𝛽 )

+
√

𝑚cn(𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽 +

2𝛿𝜔(6
√

(𝑚 − 1)𝑚𝜔4 + (1 − 2𝑚)𝜔2 + 1)
𝛽((32𝑚2 − 32𝑚 − 1)𝜔4 + (4𝑚 − 2)𝜔2 − 1)

× (𝑡 + 1
𝛤 (𝛽)

)𝛽 )). (45)

Soliton solutions

When 𝑛 → 1 then Eqs. (37), (39), (41), (43) and (45) produce the
bright soliton solutions as:

𝑞(𝑥, 𝑡) = ∓
2
√

3
√

𝛿𝜔
√

𝛾
(

−𝜔2 + 1
)

𝑠𝑒𝑐ℎ(𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽 − 2𝛿𝜔

𝛽(−𝜔2 + 1)
(𝑡 + 1

𝛤 (𝛽)
)𝛽 ).

(46)

𝑞(𝑥, 𝑡) = ±2𝜔

√

3𝛿(𝜔2 − 1)
𝛾(−𝜔4 + 2𝜔2 − 1)

𝑠𝑒𝑐ℎ(𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽

−
2𝛿𝜔(𝜔2 − 1)

𝛽(−𝜔4 + 2𝜔2 − 1)
(𝑡 + 1

𝛤 (𝛽)
)𝛽 ). (47)

Since Eq. (46) produces the bright soliton solution and the following
3𝐷 graph displays the solution dynamics by taking 𝛾 = 0.6 and 𝛿 = 0.6.
Case 3: If 𝐽 = 𝐽 (𝜉) = 𝑑𝑛(𝜉, 𝑚), then Eq. (17) becomes:

𝑌 (𝜂) = 𝛼−1𝑑𝑛
−1(𝜂, 𝑚) + 𝛼0 + 𝛼1𝑑𝑛(𝜂, 𝑚). (48)

By putting Eq. (48) into the Eq. (16), we obtain the successive solution
sets:
5

Fig. 4. Bright soliton wave simulation of Eq. (46) is presented in (a) and (b) for
fractional parameter 𝛽 = 0.75, 1.0 and 𝜔 = 0.5.

Set 1;

⎧

⎪

⎨

⎪

⎩

𝛼−1 = ∓
2𝑖

√

3
√

𝛿
√

𝑚 − 1𝜔
√

𝛾
(

(𝑚 − 2)𝜔2 + 1
)

, 𝛼0 = 0, 𝛼1 = 0, 𝜆 = − 2𝛿𝜔
(𝑚 − 2)𝜔2 + 1

⎫

⎪

⎬

⎪

⎭

.

(49)

By using Eqs. (49) and (48) into Eq. (5), we secure

𝑞(𝑥, 𝑡) = ∓
2𝑖
√

3
√

𝛿
√

𝑚 − 1𝜔
√

𝛾
(

(𝑚 − 2)𝜔2 + 1
)

dn−1(𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽

− 2𝛿𝜔
𝛽((𝑚 − 2)𝜔2 + 1)

(𝑡 + 1
𝛤 (𝛽)

)𝛽 ). (50)

Set 2:

⎧

⎪

⎨

⎪

⎩

𝛼−1 = 0, 𝛼0 = 0, 𝛼1 = ∓
2
√

3
√

𝛿𝜔
√

𝛾
(

(𝑚 − 2)𝜔2 + 1
)

, 𝜆 = − 2𝛿𝜔
(𝑚 − 2)𝜔2 + 1

⎫

⎪

⎬

⎪

⎭

.

(51)

By using Eqs. (51) and (48) into Eq. (5), we have

𝑞(𝑥, 𝑡) = ∓
2
√

3
√

𝛿𝜔
√

𝛾
(

(𝑚 − 2)𝜔2 + 1
)

dn(𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽

− 2𝛿𝜔
𝛽((𝑚 − 2)𝜔2 + 1)

(𝑡 + 1
𝛤 (𝛽)

)𝛽 ). (52)

Set 3:

{𝛼−1 = ∓𝑖𝜔2

√

√

√

√

√

3𝛿(𝑚 − 1)
(

−6
√

−(𝑚 − 1)𝜔4 + (𝑚 − 2)𝜔2 + 1
)

𝛾
((

𝑚2 + 32𝑚 − 32
)

𝜔4 + 2(𝑚 − 2)𝜔2 + 1
) , 𝛼0 = 0,

𝛼1 = 𝜔 ± 2

√

√

√

√

√

3𝛿
(

−6
√

−(𝑚 − 1)𝜔4 + (𝑚 − 2)𝜔2 + 1
)

𝛾
((

𝑚2 + 32𝑚 − 32
)

𝜔4 + 2(𝑚 − 2)𝜔2 + 1
) ,

𝜆 = −
2𝛿𝜔

(

−6
√

−(𝑚 − 1)𝜔4 + (𝑚 − 2)𝜔2 + 1
)

(

𝑚2 + 32𝑚 − 32
)

𝜔4 + 2(𝑚 − 2)𝜔2 + 1
}. (53)

By using Eqs. (53) and (48) into Eq. (5), we obtain

𝑞(𝑥, 𝑡) = 2𝜔

√

3𝛿(−6
√

−(𝑚 − 1)𝜔4 + (𝑚 − 2)𝜔2 + 1)

𝛾((𝑚2 + 32𝑚 − 32)𝜔4 + 2(𝑚 − 2)𝜔2 + 1)
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× (∓𝑖
√

𝑚 − 1dn−1(𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽

−
2𝛿𝜔(−6

√

−(𝑚 − 1)𝜔4) + (𝑚 − 2)𝜔2 + 1
𝛽((𝑚2 + 32𝑚 − 32)𝜔4 + 2(𝑚 − 2)𝜔2 + 1)

(𝑡 + 1
𝛤 (𝛽)

)𝛽 )

± dn(𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽 −

2𝛿𝜔(−6
√

−(𝑚 − 1)𝜔4) + (𝑚 − 2)𝜔2 + 1
𝛽((𝑚2 + 32𝑚 − 32)𝜔4 + 2(𝑚 − 2)𝜔2 + 1)

× (𝑡 + 1
𝛤 (𝛽)

)𝛽 )). (54)

Set 4:

{𝛼−1 = −2𝑖𝜔

√

√

√

√

√

3𝛿(𝑚 − 1)
(

6
√

−(𝑚 − 1)𝜔4 +
(

(𝑚 − 2)𝜔2 + 1
)

)

𝛾
((

𝑚2 + 32𝑚 − 32
)

𝜔4 + 2(𝑚 − 2)𝜔2 + 1
) , 𝛼0 = 0,

𝛼1 = −2𝜔

√

√

√

√

√

3𝛿
(

6
√

−(𝑚 − 1)𝜔4 +
(

(𝑚 − 2)𝜔2 + 1
)

)

𝛾
((

𝑚2 + 32𝑚 − 32
)

𝜔4 + 2(𝑚 − 2)𝜔2 + 1
) ,

𝜆 = −
2𝛿𝜔

(

6
√

−(𝑚 − 1)𝜔4 + (𝑚 − 2)𝜔2 + 1
)

(

𝑚2 + 32𝑚 − 32
)

𝜔4 + 2(𝑚 − 2)𝜔2 + 1
}. (55)

By using Eqs. (55) and (48) into Eq. (5), we get

𝑞(𝑥, 𝑡) = −2𝜔

√

3𝛿(6
√

−(𝑚 − 1)𝜔4 + (𝑚 − 2)𝜔2 + 1)
𝛾((𝑚2 + 32𝑚 − 32)𝜔4 + 2(𝑚 − 2)𝜔2 + 1)

× (𝑖
√

𝑚 − 1dn−1(𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽

−
2𝛿𝜔(6

√

−(𝑚 − 1)𝜔4) + (𝑚 − 2)𝜔2 + 1
𝛽((𝑚2 + 32𝑚 − 32)𝜔4 + 2(𝑚 − 2)𝜔2 + 1)

(𝑡 + 1
𝛤 (𝛽)

)𝛽 )

+ dn(𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽 −

2𝛿𝜔(6
√

−(𝑚 − 1)𝜔4) + (𝑚 − 2)𝜔2 + 1
𝛽((𝑚2 + 32𝑚 − 32)𝜔4 + 2(𝑚 − 2)𝜔2 + 1)

× (𝑡 + 1
𝛤 (𝛽)

)𝛽 )). (56)

Set 5:

{𝛼−1 = 2𝑖𝜔

√

√

√

√

√

3(𝑚 − 1)𝛿
(

6
√

−(𝑚 − 1)𝜔4 + (𝑚 − 2)𝜔2 + 1
)

𝛾
((

𝑚2 + 32𝑚 − 32
)

𝜔4 + 2(𝑚 − 2)𝜔2 + 1
) , 𝛼0 = 0,

𝛼1 = 2𝜔

√

√

√

√

√

3𝛿
(

6
√

−(𝑚 − 1)𝜔4 + (𝑚 − 2)𝜔2 + 1
)

𝛾
((

𝑚2 + 32𝑚 − 32
)

𝜔4 + 2(𝑚 − 2)𝜔2 + 1
) ,

𝜆 = −
2𝛿𝜔

(

6
√

−(𝑚 − 1)𝜔4 + (𝑚 − 2)𝜔2 + 1
)

(

𝑚2 + 32𝑚 − 32
)

𝜔4 + 2(𝑚 − 2)𝜔2 + 1
}. (57)

By inserting Eqs. (57) and (48) into Eq. (5), we achieve

𝑞(𝑥, 𝑡) = 2𝜔

√

3𝛿(6
√

−(𝑚 − 1)𝜔4 + (𝑚 − 2)𝜔2 + 1)
𝛾((𝑚2 + 32𝑚 − 32)𝜔4 + 2(𝑚 − 2)𝜔2 + 1)

× (𝑖
√

𝑚 − 1dn−1(𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽

−
2𝛿𝜔(6

√

−(𝑚 − 1)𝜔4) + (𝑚 − 2)𝜔2 + 1
𝛽((𝑚2 + 32𝑚 − 32)𝜔4 + 2(𝑚 − 2)𝜔2 + 1)

(𝑡 + 1
𝛤 (𝛽)

)𝛽 )

+ dn(𝜔
𝛽
(𝑥 + 1

𝛤 (𝛽)
)𝛽 −

2𝛿𝜔(6
√

−(𝑚 − 1)𝜔4) + (𝑚 − 2)𝜔2 + 1
𝛽((𝑚2 + 32𝑚 − 32)𝜔4 + 2(𝑚 − 2)𝜔2 + 1)

× (𝑡 + 1
𝛤 (𝛽)

)𝛽 )). (58)

Solutions with Kudryashov method

Since from Eq. (6) we secure 𝑚 = 1, then Eq. (11) reduces to:

𝑌 (𝜂) = 𝛼0 + 𝛼1𝜙(𝜂) (59)

Here 𝛼0 and 𝛼1 are unknowns. By inserting the Eq. (59) along Eq. (13)
into the Eq. (6) and summing up the coefficients of each power of 𝜙(𝜂),
yields an algebraic system of expressions containing 𝛼 , 𝛼 and other
6

0 1
Fig. 5. Bright soliton (61), 3𝐷 simulation is presented in (a) and (b) for fractional
parameter 𝛽 = 0.75, 1.0 and 𝛽0 = 1 = 𝛽1.

parameters. With the help of symbolic software, we have the successive
solution sets:

Set 1:
⎧

⎪

⎨

⎪

⎩

𝛼0 = 0, 𝛼1 = −
2
√

3
√

𝑑
√

𝛿𝜔
√

𝛾
(

1 − 𝜔2
)

, 𝜆 = 2𝛿𝜔
𝜔2 − 1

⎫

⎪

⎬

⎪

⎭

. (60)

By using Eqs. (60) and (59) into Eq. (5) yield

𝑞(𝜂) = −
2
√

3
√

𝑑
√

𝛿𝜔
√

𝛾 − 𝛾𝜔2((𝑎 − 𝑏) sinh(𝜂) + (𝑎 + 𝑏) cosh(𝜂))
. (61)

where 𝜂 is given by Eq. (5).
Set 2:

⎧

⎪

⎨

⎪

⎩

𝛼0 = 0, 𝛼1 =
2
√

3
√

𝑑
√

𝛿𝜔
√

𝛾
(

1 − 𝜔2
)

, 𝜆 = 2𝛿𝜔
𝜔2 − 1

⎫

⎪

⎬

⎪

⎭

. (62)

By using Eqs. (62) and (59) into Eq. (5), we get

𝑞(𝜂) =
2
√

3
√

𝑑
√

𝛿𝜔
√

𝛾 − 𝛾𝜔2((𝑎 − 𝑏) sinh(𝜂) + (𝑎 + 𝑏) cosh(𝜂))
. (63)

where 𝜂 is given by Eq. (5). Since Eq. (61) produces a general form
of bright solitons and the following Figs. 5–6 describe the solution
dynamics corresponding to 𝛾 = 0.6 = 𝛿, 𝑑 = 1 and 𝜔 = 0.5 (see Fig. 4).

Solutions with 𝐸𝑥𝑝𝑎 function method

As we know 𝑚 = 1 for Eq. (16), then Eq. (14) reduces to:

𝑌 (𝜂) =
𝛼0 + 𝛼1𝐷𝜂

𝛽0 + 𝛽1𝐷𝜂 (64)

where 𝛼0, 𝛼1, 𝛽0 and 𝛽1 are parameters. By putting the Eq. (64) into
the Eq. (16) and collecting the coefficients of each power of 𝐷𝜂 , yields
the system of algebraic expressions containing 𝛼0, 𝛼1, 𝛽0, 𝛽1 and other
parameters. By solving this system, we gain the successive solution sets:

Set 1:

⎧

⎪

⎨

⎪

⎩

𝛼0 = −

√

6𝛽0
√

𝛿𝜔 ln(𝐷)
√

−𝛾
(

𝜔2 ln2(𝐷) + 2
)

, 𝛼1 =

√

6𝛽1
√

𝛿𝜔 ln(𝐷)
√

−𝛾
(

𝜔2 ln2(𝐷) + 2
)

, 𝜆 = − 4𝛿𝜔
𝜔2 ln2(𝐷) + 2

⎫

⎪

⎬

⎪

⎭

.

(65)
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Fig. 6. Multiple solitons (61), 3𝐷 simulation is presented in (a) and (b) for fractional
parameter 𝛽 = 0.75, 1.0 and 𝛽0 = 1, 𝛽1 = −1.

Fig. 7. 3𝐷 wave simulation of Eq. (66) is presented in (a) and (b) for fractional
parameter 𝛽 = 0.75, 1.0 and 𝜔 = 1.

By putting Eqs. (65) and (64) into Eq. (5), we get

𝑞() = −

√

6
√

𝛿𝜔 ln(𝐷)
√

−𝛾(𝜔2 ln2(𝐷) + 2)

⎛

⎜

⎜

⎝

𝛽0 − 𝛽1𝐷
( 𝜔𝛽 (𝑥+

1
𝛤 (𝛽) )

𝛽+ 𝜆
𝛽 (𝑡+

1
𝛤 (𝛽) )

𝛽 )

𝛽0 + 𝛽1𝐷
( 𝜔𝛽 (𝑥+

1
𝛤 (𝛽) )

𝛽+ 𝜆
𝛽 (𝑡+

1
𝛤 (𝛽) )

𝛽 )

⎞

⎟

⎟

⎠

. (66)

Set 2:

⎧

⎪

⎨

⎪

⎩

𝛼0 =

√

6𝛽0
√

𝛿𝜔 ln(𝐷)
√

−𝛾
(

𝜔2 ln2(𝐷) + 2
)

, 𝛼1 = −

√

6𝛽1
√

𝛿𝜔 ln(𝐷)
√

−𝛾
(

𝜔2 ln2(𝐷) + 2
)

, 𝜆 = − 4𝛿𝜔
𝜔2 ln2(𝐷) + 2

⎫

⎪

⎬

⎪

⎭

.

(67)

By using the Eqs. (67) and (64) into Eq. (5), we get

𝑞(𝑥, 𝑡) =

√

6
√

𝛿𝜔 ln(𝐷)
√

−𝛾(𝜔2 ln2(𝐷) + 2)

⎛

⎜

⎜

⎝

𝛽0 − 𝛽1𝐷
( 𝜔𝛽 (𝑥+

1
𝛤 (𝛽) )

𝛽+ 𝜆
𝛽 (𝑡+

1
𝛤 (𝛽) )

𝛽 )

𝛽0 + 𝛽1𝐷
( 𝜔𝛽 (𝑥+

1
𝛤 (𝛽) )

𝛽+ 𝜆
𝛽 (𝑡+

1
𝛤 (𝛽) )

𝛽 )

⎞

⎟

⎟

⎠

. (68)

The Eq. (66) produce the dark soliton and the following 3𝐷 graph
displays its dynamics corresponding to 𝛾 = 0.6 = 𝛿 and 𝐷 = 1 (see
Fig. 7).
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Conclusion

We have succeeded to explore a water wave equation namely
dispersive modified Camassa–Holm equation for a variety of solitary
wave solutions with space–time fractional derivative. We have acquired
novel solutions in the form of Jacobi’s elliptic, hyperbolic, periodic and
rational exponential functions via three prolific schemes. The obtained
results have been verified and also depicted with the help of numerical
simulations. This work has much importance because the methods
applied and the Beta-derivative both have been exercised for the first
time to the aforesaid equation. The obtained results may have an
impact on further investigations for the nonlinear fractional physical
model equations.
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