Results in Physics 31 (2021) 104882

journal homepage: www.elsevier.com/locate/rinp

Contents lists available at ScienceDirect

Results in Physics

Results ins

Check for

Diverse approaches to search for solitary wave solutions of the fractional e

modified Camassa—Holm equation

Asim Zafar®", M. Raheel ?, Kamyar Hosseini °, Mohammad Mirzazadeh ¢, Soheil Salahshour ¢,

Choonkil Park ©*, Dong Yun Shin

a Department of Mathematics, COMSATS University Islamabad, Vehari Campus, Pakistan
b Department of Mathematics, Rasht Branch, Islamic Azad University, Rasht, Iran

¢ Department of Engineering Sciences, Faculty of Technology and Engineering, East of Guilan, University of Guilan, P.C. 44891-63157 Rudsar-Vajargah, Iran

d Faculty of Engineering and Natural Sciences, Bahcesehir University, Istanbul, Turkey
¢ Research Institute for Natural Sciences, Hanyang University, Seoul, 04763, South Korea
f Department of Mathematics, University of Seoul, Seoul 02592, South Korea

ARTICLE INFO ABSTRACT

Keywords:

Modified Camassa—Holm equation
Beta-derivative

Three diverse techniques

Solitary wave solutions

In this study, an integrable dispersive modified Camassa-Holm equation is considered with the essence of
fractional beta derivative. The aforesaid equation is a shallow water equation and a bi-Hamiltonian having an
associated isospectral problem of second order. Three diverse techniques namely the extended Jacobi’s elliptic
function expansion, the new version of Kudryashov and the Exp, function methods are enforced. A variety
of complex solitary wave solutions including, Jacobi’s elliptic function solutions, bright and dark solitons and

many other analytical solutions are developed. The obtained results are explicated graphically depending upon
the physical and fractional parameters. These results may also be used to illuminate the significance of applied
methods to many other related non-linear physical phenomena.

Introduction

Nonlinear partial differential equations (NLPDEs) have much im-
portance because of their use in applied sciences. NLPDEs always
represent some nonlinear physical phenomena in different physical or
applied fields such as water wave theory, quantum physics, optics,
fluid mechanics, applied chemistry and many others [1-5]. Nonlin-
ear Schrodinger equations are some important model equations that
represent the physical phenomenons in the structures of mathematical
NLPDEs [6-10]. Furthermore, fractional differential equations (FDEs)
are the generalized forms of FDEs [11,12]. The most important task is
to find their approximate and analytical solutions through some reliable
techniques. Among different kinds of solutions, the exact solitary wave
solutions of any FDEs have much significant role to understand the
corresponding physical. Many many analytical schemes have been
employed to secure such wave solutions for nonlinear FDEs [13-17].

Moreover, Biswas and Alqahtani have discussed the Semi-inverse
Variational method for two types of solutions to the PGI equation [18].
Also, the variational principle method has been explored for periodic
type wave solutions to the KMN equation in (2 + 1)-dimension [19].

*  Corresponding authors.

Moreover, the Riccati equation method has been employed to se-
cure several optical solitons in the field of optics [20]. The modi-
fied extended tanh expansion technique has been used to discuss the
non-linearity of Biswas and Arshed model in [21].

Here, we consider the simplified modified Camassa—Holm equation
from the family of significant equations called the modified a-equations
discussed by Wazwaz [22]:

9 — Qxxe + (a+ 1)q2qxx T ®GxGxx ~ Gxxx = 0. a>0. (€3]

By taking a =2 in the above Eq. (1), then the Eq. (1) takes the form

9 — dxxt + 3q2qxx - quqxx “lxxx = 0. @

This form is known as modified Camassa-Holm equation. Further sim-
plified form of the Eq. (2) is given as

4 + 28G5 — Gy + 74%qx = 0. 6eR, y>0. 3)

Here 6 and y are the non-zero parameters and this form is called the
simplified modified Camassa—Holm equation [23].

Different techniques have been utilized to find the different kinds
of wave solutions of the aforementioned model. For example, the Gen-
eralized (G’ /G)-Expansion method was applied to determine the exact

E-mail addresses: asimzafar@hotmail.com (A. Zafar), baak@hanyang.ac.kr (C. Park).

https://doi.org/10.1016/j.rinp.2021.104882

Received 24 August 2021; Received in revised form 20 September 2021; Accepted 1 October 2021

Available online 12 October 2021
2211-3797/© 2021 The Authors.

(http://creativecommons.org/licenses/by-nc-nd/4.0/).

Published by Elsevier B.V. This is an open access

article under the CC BY-NC-ND license


http://www.elsevier.com/locate/rinp
http://www.elsevier.com/locate/rinp
mailto:asimzafar@hotmail.com
mailto:baak@hanyang.ac.kr
https://doi.org/10.1016/j.rinp.2021.104882
https://doi.org/10.1016/j.rinp.2021.104882
http://crossmark.crossref.org/dialog/?doi=10.1016/j.rinp.2021.104882&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/

A. Zafar et al

solitons for the aforesaid model in [23]. The solitary wave solutions
for the same model have been reported by applying the Exp-function
method [24]. Distinct solutions of this model have been found by apply-
ing Riccati-Bernoulli sub-ODE method [25]. Moreover, solitary wave
solutions have also been determined for the simplified MCH-equation
in [26].

The extended Jacobi elliptic expansion function method (JEEFM),
the Kudryashov method (KM) and the Exp, function method have
been exercised to explore many prolific mathematical models. For
example, different soliton solutions have been gained for highly dis-
persive non-linear Schrodinger equation with CQS nonlinearities by
using the extended JEEFM [27]. Optical soliton solutions of highly
dispersive non-linear Schrodinger’s equation with Kerr law nonlinearity
has been produced by applying extended JEEFM [28]. Diverse traveling
wave solutions have been constructed by using the extended JEEFM
in [29]. With the help of KM, some new types of solutions of the
GEW-Burgers models have been reported [30]. The PGI equation was
explored for soliton solutions via KM by Hosseini et al. [31]. Similarly,
these techniques have also been applied to solve the other nonlinear
Schrodinger equations in [32].

In fractional calculus, the f— derivative is known as the generaliza-
tion of classical derivative [33]. We recall the definition and some of
its characteristics as

Definition. Consider a defined function g(6) V non-negative 6. Conse-
quently, beta-time fractional derivative of g of order g is as follow:

5 g0+ €0+ —=—)'"P) - g(6)
T8O _ i A . pe1].
dor e—0 €

DP(g(0)) =

Few expedient characteristics of the beta-time fractional derivative
have been given in [34-36].

Since Zulfiqar and Ahmad [24] obtained rational Exp-function type
exact solutions of the simplified MCH-Equation. The hyperbolic and
trigonometric function solutions have been reported for the said model
by Alam and Akbar in [23]. But our task is to search for some new
analytical solutions, for the aforesaid equation possessing space-time
fractional derivatives, in the form of Jacobi’s elliptic, rational hyper-
bolic and rational exponential functions. The extended JEFEM, the
KM and the Exp, function method are employed for the first time to
complete this task.

Description of the model and the schemes of solutions

Consider the simplified MCH-equation given in the Eq. (3) with beta
space-time fractional derivative:
Iq 559" _0%q 29%q _
orP oxP 0x2otP oxP

Now suppose the given traveling wave transformations:

0. 4

g(x, H=Y(y), where n= %(x + %ﬂ))ﬂ + %(z + %ﬁ))ﬂ (5)

here w and 4 are the non-zero constants. By inserting the above
transformations into the Eq. (4), we yield the following nonlinear ODE

(A+26@)Y — 20*Y" + ?W =0. 6)

Description of the extended JEEFM

Let us consider the following PDE to explain the main steps for the
extended JEEFM [27].
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G s dxrdugs dxrdxtr ) =0 %)

with g = g(x, 7). Let u represent the soliton speed and assume the given
wave transformation.

j,)=Ym), n=x—ut ®

Inserting the Eq. (8) into Eq. (7), we obtain the below non-linear
ordinary differential equation:

F,Y2Y',y",y",..)=0. 9

The above Eq. (9) has the below shape of solution by utilizing the
extended JEEFM:
N
Y= ), ad*m ao
k=—M

here M, N, a(k = —M, ..., N) are undetermined to be found later
while J shows the Jacobi’s elliptic (JE) function, ie. , J = J(n) =
snnp = sn(n,m) or cn(n,n) or dn(n,n) where 0 < n < 1 is the amplitude
of JE functions. The highest derivative and nonlinear terms in Eq. (9)
will produce the values of M and N due to the homogeneous balance
principle. After that, Eq. (10) into the Eq. (9), we may have a system
of algebraic equations in terms of a,(k = —M, ..., N). Now by using
symbolic software Mathematica, one can solve the above system of
equations for «,. By inserting the obtained values into Eq. (10) then
the general form of JE function solutions of Eq. (7) can be secured.

Moreover, n — 1, JE functions will be transformed into hyperbolic
functions as:

sn(n, n) — tanh(n), cn(y, n) — sech(y) and dn(y, n) — sech(n).

Description of Kudryashov method (KM)

The procedure of KM [31] is explained abiding by:
Step 1: Assume Egs. (7), (8) & (9).
Step 2: Consider the solutions of the Eq, (9) is of the type:

MOEDWAAO! an
k=0
with ay(k = 0,1,2,3,...,m) are unknowns and «; # 0. The positive
integer m will be determined by homogeneous balance method.
The function ¢(y) accomplish the below auxiliary equation:

(@' )* = $* ()1 — z*(n)). 12)
with
o) = da (13)

(4a? — ) sinh(n7) + (4a2 + ) cosh(ny)’
x = 4ab, a and b are constants. Step 3: By putting the Eq. (11) in
Eq. (9) along with Eq. (12) and adding up the same order terms in ¢(n)
coefficients. Setting each coefficient equals to zero to get over a system
of algebraic expressions having «;, p and other parameters. One can
use an appropriate symbolic software for the solutions of said system.

Step 4: Using the unknowns obtained in Step 3 along with the
solution Eq. (13), one will acquire the solutions of Eq. (7).

Representation of Exp, function method

Consider Egs. (7), (8) and (9), let us assume a solution of the Eq. (9)
is of the below type [37]:

ay+ o R* + ...+ @, R™
Y(r) = )
Po+ PR + -+ f, R
here ¢, (0 < k < m) and f,(0 < k < m) are unknown parameters and
to be found later. The positive integer m in Eq. (9) is produced with
the help of homogeneous balance principle. Using Eq. (14) in Eq. (9),
yields

a#0,1, a4

@(R) =6y + ¢, D" + -+ +¢,D" = 0. 15)
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Putting ¢, (0 < k < 1) into Eq. (9) equals to zero, a set of algebraic

equations is secured given as.
¢, =0, where k=0,...,t. (16)

On solving the above set of equations, one can get the non-trival
solutions of Eq. (7).

Solutions with the extended JEEFM

Balancing the terms Y” and Y? using homogeneous principle on
Eq. (6) implies M = N = 1. So the Eq. (10) reduces

Y() = a_ I + ag + a, T (). 17)
Case 1: If J = J(n) = sn(n,m), Eq. (17) becomes:
Y(n) =a_, sn_l(r], m) + ag + aysn(n, m). (18)

By putting Eq. (18) into the Eq. (16), yields the successive solution sets:
Set 1:

2v/3v/6/mo i 260

a_1 =0, qy=0,a; =F A=—
-7 (m+ D2 +1) (m+ De? +1
(19)
By using Egs. (19) and (18) into Eq. (5), we get
24/34/6
qx,0 =7 V3V Sn(%)(x + %ﬂ)ﬂ*
=7 ((m+ Dw? +1)
260 1,
0w ——)"). 20
B+ a2+ T TH)) @0
Set 2:
{a_| = R2iw 36 ,ap =0,
y((m—6 m+1>w2+1>
) = H2iw 36m s
y((m—G m+1)a)2+1)
J=— 26w 1. 1)
(m—6 m+l>a)2+1
By inserting Egs. (21) and (18) into Eq. (5), we get
. 35 o 1
(x,1) = 2 Fsn (= (x+ —==)
> !w\/y((m—6ﬁ+l)w2+l) N 5T TR
26w 1
- t+—=—))
B(m—6y/m+Dw?+1)  TH)
@ Loy 25w Ly 29
£ msn((x+ F) ﬁ((m_a\/z+1>w2+1>(’+ ) @2
Set 3:

{a_; = “2iw 3 ,a) =
y((m + 6+/m + Dew? + 1)

a; = —2iw 36m

! y(m+6+/m+ De? + 1)

= 20 (23)
(m+ 6+/m + Doo? + 1

By using Egs. (23) and (18) into Eq. (5), we obtain

_ . 36 _1,@ 1 5
0 = -2 (sn7' (2 e+ =)
o lw\/y((m+6\/ﬁ+1)w2+1) A7)

26w 1
B((m + 61/m + De? + 1)( F(ﬂ)) )

[2) 1 26w L
+ —(x+ —) - t+ — . 24
\/an(ﬁ(x F(ﬂ)) ﬁ((m+6\/ﬁ+1)w2+1)( F(ﬁ)))) 29
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Set 4:
36
{a_; = 2iw ,ap =0,
\ y((m+6ﬁ+ 1>w2+ 1)
36m
a; = 2iw , (25)
\ y(<m+6\/ﬁ+l)w2+1)
_ 26w }. (26)
(m+6\/ﬁ+1)a;2+1
By using Egs. (25) and (18) into Eq. (5), we secure
o 36 1, 1
,) = 2, Zlx + ——
aen lw\/y((m+6\/§+ Da? + 1) o (ﬁ(x F(ﬂ>)
26w 1
- t+—=—="
Bm+6y/m+Dw?+1)  T(H)
< Loy 260 Ly 27
+ \/an<ﬁ(x+ Tk ot ovms D T S r” (27)
Set 5:
a_; = 2\/5\/560 ,a0=0,a]=0,i=—2§—w2
—y (m+ a2 +1) (m+ Deo” + 1
(28)
By using Egs. (28) and (18) into Eq. (5), we get
g(x. 1) = 2BVow @y =)
7 ((m+ Da? +1) b )
26w B
R — ). 29
ﬁ((m+1)w2+1)(t+T(ﬂ))) 29)

Soliton solutions

When m — 1 then Egs. (20), (22), (24), (27) and (29) produce the
dark and singular soliton solutions:

2V3V60 o 1 26w 1
a(x, ) = F——=—"—— tanh(=(x+ —=) - ————(t+—)").
-7 (202 +1) B rp) pRe2+1) TP
(30)
oy — P com(P s Ly 20 1y
q(x,1) = 2iw S da? t 1)(+ coth(ﬂ(x+ F(ﬂ)) S da & 1)(t+ 1"(/3)) )
Doy Ly 20 Ly
+ tanh(ﬂ(X+ F(ﬂ)) B Cia? 1 1)(t+ F(ﬂ)) ))- (31)
= iy 36 @y L y__ 20 Ly
q(x,1) = =2iw TG 1)( coth(ﬂ (x+ F(ﬂ)) P8a 1 1)(t+ F(ﬂ)) )
Doer L yp_ 20 Ly
+ tanh(ﬂ(x+r(ﬂ)) ﬂ(8w2+1)(t+1"(ﬁ)) ). (32)
[ 3 » 1 26w 1
= 2i —_— h(= . L0 _1 VB
q(x,1) iw B & 1)( cot (ﬂ(x+ F(ﬂ)) PG + 1)(r+ F(ﬁ)) )
1 26w 1
anh(Z (x + =) = —=2—(t+ ——)"). 33
+tan(ﬂ(x+1_(ﬂ)) ﬂ(8a)2+1)(t+1"(ﬁ)))) (33)
q(x,1) = :M coth(Z(x+ ——yf = 200, 1 )

ARw* + 1) re

V-7 (207 +1) b re

Since Egs. (20), (22), (24), (27) and (29) produce the dark soliton (30),
singular soliton (34) and combined dark-singular soliton (31). The 3D

(34
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(a) (b)

Fig. 1. 3D wave simulations of Eq. (30) are presented in (a) and (b) for fractional
parameter = 0.75,1.0 and w = 0.5.

(a) (b)
400
800
300
600
= 400

100 200

t 2 40 X t 2 0 X

Fig. 2. 3D wave simulations of Eq. (34) are presented in (a) and (b) for fractional
parameter § =0.75,1.0 and w = 1.

graphs, by taking y = 0.6 and § = 0.6, are displayed in Figs. 1-3 for
aforesaid solutions to visualized their dynamics.
Case 2: If Y = Y (&) = cn(&, m), then Eq. (17) becomes:

Y(n) = a_lcn_l(r], m) + agy + a;cn(n, m) (35)

By putting Eq. (35) in Eq. (16), we have the successive solution sets:
Set 1:

= F M_L Vm_lm,ao =0,0,=0,A= _%
y((2m—1)co2—1) —2mw? + w?> + 1
(36)
By using Egs. (35) and (36) into Eq. (5), we get
q(x’ [) = im—m_lw cn_l((ﬁ(x + FL)ﬂ
y (@m - De? - 1) s &
B0____p Ly, @7

T Camra+ D) TR
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(a) (b)

100
300

80
) 200

100

10

t 10 10 X t 0 -0 X

Fig. 3. 3D wave simulations of Eq. (31) are presented in (a) and (b) for fractional
parameter § =0.75,1.0 and w = 1.

Set 2:

2V/3V/6/me ., 26w

a_; =0,0g=0,a; =F A== > >
y((1—2m)w2+1) —2mw? + w* + 1

(38)
By using Egs. (38) and (35) into the Eq. (5), we have
2315
q(x,1) = ¢MCH(Q(X + FL)ﬂ
y (0 =2mw? +1) h ®
. Vo . Ly
B(=2mw? + o + 1)0 + I‘(ﬁ)) ) 39
Set 3:
35(m— 1) (6 = Dma* + 2m - a? — 1)
Y g =0,
for =% N\ T (e —a2m— 1)t + Gm—22 = 1) "
36m (6 = Dma* + @m — a? — 1)
= +2 B
e w\ v (32m2 = 32m = 1) &* + (4m — w? — 1)

2%w (6\/(m “Dma® + 2m— Da? — 1)
A=- . 40
(32m2 = 32m — 1) 0* + (4m — ) — 1 ) “0

By using Egs. (40) and (35) into Eq. (5), we obtain

’ \/ 35(64/(m — mw* + 2m — Dw? — 1)
N 7B —32m = Dot + (Gm - 2)? — 1)

X (FVm— lcn‘l((iﬂ)(x + %ﬂ))ﬂ

_ 26w(64/(m — D)me* + (2m — Daw? — 1) - 1y
B((B2m? —32m — Dw* + (4m = 2)w? — 1)( F(ﬂ)) )
L)ﬂ _ 260(6y/(m - Dmw* + 2m — Dw? — 1)

TP~ pB2m? = 32m — De* + (dm — 2)w? — 1)

1y 1
X (1 + F(ﬁ)) )- (41)

q(x,1)

=+ ﬁcn(%(x +

Set 4:

35(m— 1) (—6 (m = Dma* + @m = a? — 1)
{a_; = 20

,ap =0,
7 (322 —32m— 1) + Gm -2 — 1) °
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35m (—6
v ((32m2

(= Dma* + @m - a? — 1)

ay = 2w s
! -32m—1) o + (4m - 2)w? — 1)
26w (6 (= Dma® + (1 = 2m)a? + 1)

A= . 42
(32m2—32m—1)w4+(4m—2)a)2—1} “42)

By using Egs. (42) and (35) into Eq. (5), we get

— 4 — 2 _
Jot) = —Zw\/ 36(—-6y/(m — Dmw* + 2m — Nw? — 1) (\/_lcn’l

;/((32m2 32m — Dw* + (4m —2)w? — 1)
)\
x G+ )
26w(64/(m — Hmw* + (1 — 2m)w* + 1) 1
HGm —3m— Do 1 @m -2 =D T T

+ vmen(3 [ SR 25“’<6\/m+(1—2m)w2+1)

re A((32m? = 32m — Dow* + (4m — 2)w? — 1)

X (1+ F(p))”)) (43)
Set 5:
385(m—1) (-6 = Dma* + 2m — a? — 1)
{a_; =20 ,op =0,
\ 7 (2w —32m—1) 0t + (4m—2)0? —1)
36m (-6 = Dma* + 2m - 1a? — 1)

a = Zw\

2%w (6 (= Dma® + (1 = 2m)a? + 1)
A= }. (44)
(32m? = 32m — 1) 0* + (4m - Dw? — 1

By using Egs. (44) and (35) into Eq. (5) yield

\/ 36(=6y/(m — Dma* + 2m — Dew? — 1)

y((32m? = 32m — l)a)4 +(4m —2)w? — 1)

1 W\
(Vm—1len™ ( (x+1"(ﬂ))

26w(64/(m — DHmw* + (1 — 2m)w?* + 1) P SR
B((32m? = 32m — Dw* + (4m — 2)w? — )( * T(ﬂ)) )
— 4 _ 2
+ \/_cn( o+ =)+ 26w(64/(m — mw* + (1 = 2m)w” + 1)

F(ﬁ) A((32m? = 32m — Dw* + (4m = 2)w? - 1)

p
x (t+ F(ﬁ)) ) (45)

7 ((32m2 = 32m — 1) w* + (4m — Dew? — 1)

q(x, 1)

X

Soliton solutions

When n — 1 then Egs. (37), (39), (41), (43) and (45) produce the
bright soliton solutions as:

qx, 1) = F————— 2v3Vbo sech(Z(x + F—)ﬂ 25—2(”1( F_)ﬂ)
ey TR e T TR
(46)
B 36(@? — 1) Ly
q(x,1) = +2w —y(—w4 207 1) sech(2 5 x+ — F(ﬂ)
_ 28w(@* = 1) 1y
Feat+22 -0 T F(ﬂ)) ) 47

Since Eq. (46) produces the bright soliton solution and the following
3D graph displays the solution dynamics by taking y = 0.6 and 6 = 0.6.
Case 3: If J = J(¢) = dn(&, m), then Eq. (17) becomes:

Y(n) = a_ldn_l(n, m) + ay + a;dn(n, m). (48)

By putting Eq. (48) into the Eq. (16), we obtain the successive solution
sets:

Results in Physics 31 (2021) 104882

(a) (b)

0
t 5 5 X

Fig. 4. Bright soliton wave simulation of Eq. (46) is presented in (a) and (b) for
fractional parameter f = 0.75,1.0 and w = 0.5.

Set 1;

2i \/5 \/E Vm—lw B 26w

oy = 72O VRD Y om0 =04 -
v ((m=2)a? +1) (m = 2o +1

(49)
By using Egs. (49) and (48) into Eq. (5), we secure
glx.t) = gV VI Y 2Y3VéVm Lo dn~(F+ F(ﬂ))”
¥ ((m = 2)w? +1)
_ —2560 L s 50
im0 TR 0
Set 2:
o =0.ap= 0.0, =% 2V/3V60 = 2o
7 ((m=2)w? +1) (m =2’ +1
(51)
By using Egs. (51) and (48) into Eq. (5), we have
q(x,[) = xﬂd ( (x+ F_))ﬂ
¥ ((m=2)0? +1) 4 @
26w B
-+ 52
T T 62
Set 3:
36(m — 1) (—6 —(m— Do + (m — 2)a? + 1)
{a_, = Fiw2 a4y =0,
¥ ((m? +32m = 32) 0* + 2(m - )w? + 1)
35 (—6 —(m - Do + (m - 2)a? + 1)
a =w+2

y ((m2 +32m = 32) o + 2(m — 2)? + l) '
2%w (—6 “m— Da* + (m - ) + 1)
A= - }. (53)
(m? +32m = 32) w* + 2(m — Dw? + 1
By using Egs. (53) and (48) into Eq. (5), we obtain

\/ 36(=6y/—(m — Do* + (m — 2)a? + 1)
q(x,1) = 2w

y((m? + 32m — 32)0* + 2(m — 2)w? + 1)
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X (FiVm - ldn‘l(%(x + ﬁ)ﬂ
_ 2o(6y—(m-Dohtm-2’+1 1,
p((m? +32m = 32)w* +2(m — D2 + 1) T'(B)

26w(—6/—(m — D) + (m — 2)w? + 1

+ dn(g(x + L)ﬁ —

BT B+ 32m— 32wt + 2m - 2)a” + 1)
L
— ). 54
X (t+ I‘(ﬁ)) ) 54
Set 4:
360m = 1) (6V/=(m— Do + ((m =2 +1) )
{a_; = “2iw ,ap =0,
¥ ((m? +32m = 32) 0* + 2(m - 2)w? + 1)
36 (6v/=0n = D + ((m—2)0? + 1))
a = 2w

¥ ((m? +32m — 32) 0* + 2(m - 2w + 1)’

2%w (6 “(m— Da* + (m— 2o + 1)
A=— ). (55)
(m? +32m - 32) w* + 2(m — D? + 1

By using Egs. (55) and (48) into Eq. (5), we get

—Zw\/ 35(6y/—(m — Dw* + (m — 2)w? + 1)

y((m? +32m — 32)w* + 2(m — 2)w? + 1)

X (iVm— ldn’l(%(x"' ﬁ)ﬁ
~ 26w(61/—(m — Da*) + (m = 2)0? + 1 (t+ L)ﬂ)
A((m? +32m = 32)0* +2(m - Dw? + 1) T(B)

260(61/—(m — Da*) + (m — ) + 1

q(x, 1)

+dn(2(x+ ——) -

p rp B((m? + 32m — 32)w* + 2(m — 2)w? + 1)
L
— ). 56
X (t+ F(ﬂ)) ) (56)
Set 5:
3(m - 1)8 (6 “m— Da* + (m = e? + 1)
{a_; = 2iw ,ap =0,
¥ ((m2+32m = 32) 0* + 2(m — 2)w? + 1)
35 (6 “m— Da* + (m = 2)w? + 1)
a = 2w

y ((m?+32m—32) 0t +2(m = 2)a? + 1)

2w (6 “m— Dt + (m - 2o’ + 1)
A=— }. (57)
(m? +32m = 32) w* + 2(m — D? + 1

By inserting Egs. (57) and (48) into Eq. (5), we achieve

(x,1) = 36(6V—(m — Do* + (m = 2)? + 1)
au e y((m? +32m — 32)w* + 2(m — 2)w? + 1)

x (i\/ﬁdn—‘(%(ﬁ %ﬂ))ﬂ

_ 260(6y/—(m — Do*) + (m — 2)w? + 1 “+ L)ﬂ)
B((m2 +32m — 32)w* + 2(m — 2)w? + 1) rp)
\/—(m — 4 _ 2
+ dn(g(x+L)ﬂ— 26w(6 (m—1Do*)+(m—-2)w” + 1
B rep) B((m? + 32m — 32)w* + 2(m — 2)w? + 1)

L s
. 58
X (t+ F(ﬁ)) ) (58)

Solutions with Kudryashov method

Since from Eq. (6) we secure m = 1, then Eq. (11) reduces to:

Y(n) = ap + a;(n) (59

Here o, and «; are unknowns. By inserting the Eq. (59) along Eq. (13)
into the Eq. (6) and summing up the coefficients of each power of ¢(y),
yields an algebraic system of expressions containing «,, «; and other
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(a) (b)

Fig. 5. Bright soliton (61), 3D simulation is presented in (a) and (b) for fractional
parameter § =0.75,1.0 and g, =1 = ;.

parameters. With the help of symbolic software, we have the successive
solution sets:

Set 1:
2
=0, = — VaVive | _ 200 1. (60)
¥ (] _ wz) w* -1
By using Egs. (60) and (59) into Eq. (5) yield
24/34/d+/é6
q(n) = - V3Vd oo . (61)
Vy — yw*((a — b) sinh(y7) + (a + b) cosh(y))
where 7 is given by Eq. (5).
Set 2:
=0, = 2V3VdVoo |, _ 200 1 62)
y (1 _ a)z) w” =1
By using Egs. (62) and (59) into Eq. (5), we get
24/34/d\/ 6
q(n) = V3vd o (63)

Vy — yo*((a — b)sinh(y) + (a + b) cosh(n)).
where 7 is given by Eq. (5). Since Eq. (61) produces a general form
of bright solitons and the following Figs. 5-6 describe the solution
dynamics corresponding to y = 0.6 =6, d = 1 and w = 0.5 (see Fig. 4).

Solutions with Exp, function method

As we know m = 1 for Eq. (16), then Eq. (14) reduces to:
_ag+a D"
" po+BD
where ag, @), f; and p; are parameters. By putting the Eq. (64) into
the Eq. (16) and collecting the coefficients of each power of D", yields
the system of algebraic expressions containing «, «;, f), #; and other
parameters. By solving this system, we gain the successive solution sets:
Set 1:

___Vopsemd) - Vepveold) s
0= 2 = A=
\/—y (a? lnz(D)+2) \/_}, (a)2 lnz(D)+2) @? In*(D) +2

(65)

Y (64)
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Fig. 6. Multiple solitons (61), 3D simulation is presented in (a) and (b) for fractional
parameter § =0.75,1.0 and g, =1, §, = —1.

(a) (b)

t 5 5 X t 5 5 X

Fig. 7. 3D wave simulation of Eq. (66) is presented in (a) and (b) for fractional
parameter f=0.75,1.0 and w = 1.

By putting Egs. (65) and (64) into Eq. (5), we get

1] 1 i 1
by - ﬂlD(;<x+m>ﬂ+ﬁ(r+—>”>

6V éwIn(D T®)
q0) = — V6\/601In(D) A 66)
\/=7(@? 1n2(D) +2) \ By + p, D7 TR+ T
Set 2:
oo VopVoomp) _ Vepewind) 50
(| R y— 5 [ A==
V7 (@ n’(D)+2) V=7 (@? (D) +2) @ In*(D) +2
(67)
By using the Egs. (67) and (64) into Eq. (5), we get
(2 (x4 P42 (14 = )F)
— 4 D FTTH TR
) = Vovewind) | h— B €8)

[CH I S/ I Y WY}
\ =@ n*(D) +2) \ By + By Dl TR 5 i ))

The Eq. (66) produce the dark soliton and the following 3D graph
displays its dynamics corresponding to y = 0.6 = 6§ and D = 1 (see
Fig. 7).
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Conclusion

We have succeeded to explore a water wave equation namely
dispersive modified Camassa—Holm equation for a variety of solitary
wave solutions with space-time fractional derivative. We have acquired
novel solutions in the form of Jacobi’s elliptic, hyperbolic, periodic and
rational exponential functions via three prolific schemes. The obtained
results have been verified and also depicted with the help of numerical
simulations. This work has much importance because the methods
applied and the Beta-derivative both have been exercised for the first
time to the aforesaid equation. The obtained results may have an
impact on further investigations for the nonlinear fractional physical
model equations.
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