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1. Introduction

Ulam [33] gave a fascinating and famous lecture in 1940 that encouraged the study of stability
problems for various functional equations. He discussed a number of important unsolved problems in
mathematics. Among them, a question of the stability of group homomorphisms seemed too abstract
for anyone to come to any conclusion. In fact, he asked the following question about the stability of
homomorphisms:

Let (G, %) be a group and let (G,, ©) be a metric group with a metric d. Given € > 0, does there
exist a 6 > 0 such that if a function f : Gy — G, satisfies the inequality d(f(x *y), f(x) o f(y)) < 6 for
all x,y € Gy; then there is a homomorphism h : G, — G, with d(f(x), h(x)) < &€ for all x € G;?

If the answer is affirmative, the functional equation of homomorphisms is called stable. In 1941,
Hyers [11] was able to give a partial solution to the Ulam’ question, which was the first important step
forward and a step towards further solutions in this field. He was the first mathematician to present
the result about the stability of functional equations. He masterly answered the question of Ulam for


http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.2022188

3380

the case in which it is assumed that G, and G, are Banach spaces. Aoki [3] and Th. M. Rassias [29]
extended the Hyers’ theorem by considering an unbounded Cauchy difference. They tried to weaken
the condition for the bound of the norm of the Cauchy difference as follows:

1f(x+y) = f) = fWI < e(llxll” +yI7),  x,y€X.

where 0 < p < 1. In 1994, Gavruta [9] provided a generalization of Rassias’ theorem by replacing the
bound &(||x||” + ||y||”) by a general control function ¢(x, y). In recent decades, several stability problems
for various functional equations and also for mappings with more general domains and ranges have
been investigated by a number of mathematicians. We refer the interested reader the following books
and surveys [5,6,12,16,17] and the references therein for more detailed information.

It will also be interesting to study the stability problems of additive and quadratic functional
equations on restricted domains. More precisely, the goal is whether there is a true additive (resp.
quadratic) function in the neighborhood of a function f which only satisfies || f(x +y) — f(x) = f(V)|| <
e (resp.|lf(x+y)+ f(x—y)—2f(x) —2f(y)|| < €) in a restricted domain. Skof [32] was the first
person to address the stability on a bounded domain. She proved the following theorem and applied
the result to the study of an asymptotic behavior of additive functions.

Theorem 1.1. Let E be a Banach space, and let d > 0 be a given constant. Suppose a function
f 1 R — E satisfies the inequality

If(x+y)—f)—fOlI<e, |xl+]yl>d.

for some € > 0. Then there exists a unique additive function A : R — E such that
lf(x) —AX)|I <9, xeR.

Using this theorem, Skof [32] investigated an interesting asymptotic behavior of additive functions,
as we see in the following theorem.

Theorem 1.2. Let X and Y be a normed space and a Banach space, respectively. Suppose 7 is a fixed
point of Y. For a function f : X — MY the following two conditions are equivalent:

(D) fx+y) = f(x) = f) = zas||Ixll + |lyll = oo;
@) f(x+y)—f(x)— f(y) =zforall x,y € X.

Z. Kominek [18] introduced a stability result for the Jensen’s equation on a bounded domain.
Another stability result of the Jensen’s equation on an unbounded and restricted domain was obtained
by S. M. Jung [14]. He was able to prove an asymptotic property of the additive functions which may
be regarded as a modification of Skof’s result mentioned above.

Among the normed linear spaces, inner product spaces play an important role. In an inner product
space E the parallelogram law is an algebraic identity, i. e.,

lx + Y2 + [l =yl = 2P + 2IyI°, - x,y € E.
This translates into a functional equation well known as the quadratic functional equation

fx+y)+ f(x=y)=2f(x) +2f(), x,y€X.
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where X is a linear space. Most mathematicians may be interested in the study of the quadratic
functional equation since the quadratic functions are applied to almost every field of mathematics.
Skof [32] was the first person who proved the Hyers—Ulam stability of the quadratic functional equation
for the functions f : X — Y, where X is a normed space and Y is a Banach space. In 1998,
Jung [13] investigated the Hyers—Ulam stability of the quadratic and Fréchet functional equations
on the unbounded restricted domains. He also investigated the asymptotic behavior of quadratic and
Fréchet functional equations. J. M. Rassias [30] improved the bounds and thus the stability results
obtained by S. M. Jung. Besides, he established the Ulam stability for more general functional
equations on a restricted domain. For more detailed information on the stability of the Cauchy and
quadratic functional equations, we can refer to [10, 19,21-28,30, 31].

In this paper, we investigate the Hyers—Ulam stability of additive and Fréchet functional equations
on some restricted domains. Moreover, we improve the bounds and thus the results obtained by S. M.
Jung and J. M. Rassias. As a consequence, we obtain asymptotic behaviors of functional equations
of different types. One of the objectives of this paper is to bring out the involvement of functional
equations in various characterizations of inner product spaces.

Throughout this paper, X, Y are normed linear spaces and Y is a Banach space.

2. Stability of additive functional equation on some restricted domains

Theorem 2.1. Let f : X — Y be an even function. If

If(x+y)—f)—-fOll<e lx+yll>d (2.1)
Then f is bounded, i.e., ||f(x)|| < 3& for all x € X. Especially, lim,_,, f(”x) =0 forall x € X.

Proof. Let Y be the completion of Y. Letting y = x in (2.1), we get

If(2x) =2f(ll <&, x|l > d. (2.2)
Therefore
(2n+1 ) (2mx)
Hf o A Z s ll>d. n>m>0. (2.3)
k=m
This implies that the sequence ({20 (;x)} is Cauchy for all x € X. Define 7 : X — Y by
2I’l
T(x) := lim A x), € X.

n—ooo 2N

Since f is even, T is even. In view of the definition of 7', (2.1) implies that T(x + y) = T(x) + T(y) for
all x,y € X with x + y # 0. Since T is even, we obtain

Tx—y)=TxX)+T(y)=T(x+y), xzxy=+0. 2.4)

By the definition of T, we have T'(2x) = 2T (x) for all x € X. Setting x = 3y, the last Eq (2.4) yields
T(2y) = T(4y) for all y € X (notice that T(0) = 0). Then T(y) = O for all y € X. Letting m = 0 and
allowing n tending to infinity in (2.3), we get

Ifl <e, Il >d. (2.5
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Let x € X be an arbitrary element, and choose y € X such that |[y|| > d + ||x]|. It is clear that ||x + y|| > d
So (2.5) implies that

IfMIl<e and |f(x+yll<e

These together with (2.1) give || f(x)|| < 3&. This completes the proof. O

Theorem 2.2. Let X be a linear normed space and Y a Banach space. Suppose that f : X — Y
satisfies

If(x+y) = f) - fWIl<e  llx+yl>d. (2.6)

for some d > 0. Then there exists a unique additive function A : X — M such that
lf(x) —AX)| <3e, xeX. 2.7)

Proof. We know the function f : X — Y can be written as f(x) = f.(x) + f,(x) for all x € X, where
_ SO+ - _ JO)-f=) :
fo(x) = + is called the even part of f and f,(x) = =——— is called the odd part of f. It is clear
that f, is even and f, is odd.
It is easy to see that f, and f, satisfy

lfe(x +y) = fe(x) = fOI < &, llx+yll >d, (2.8)
Ifo(x +y) = fo(x) = oIl <& llx+ )l > d, (2.9)
By (2.8) and Theorem 2.1, we infer that lim,, @ =0 forall x € X.
Letting y = x in (2.9), we get
Ifo2x) = 2fo(0ll <&, x| = d
Therefore
2" X)) f,(2"x) o €
f - f < > s Wll>d n>m=>0. (2.10)
k=m

This implies that the sequence {f”(2 Dy is Cauchy for all x € X. Define A : X — Y by

A(x) := lim w,

n—oo 2

€ X.

In view of the definition of A, (2.6) implies that A(x + y) = A(x) + A(y) for all x,y € X with x +y # 0.
Since A is odd (we notice that f, is odd), we conclude that A is additive.
It is clear that

im 7ED) _ g oED LD, 520

5 o =A(x), xeX
It follows from (2.6) that
Q2™'x)  f(2"x) &
Hf Sr ! <D 5er ll>d o nzm>o. @.11)
k=m
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Letting m = 0 and allowing » tending to infinity in (2.11), we get
If(x) Al <e, |lxll>d. (2.12)

To extend (2.12) to the whole X, let x € X and choose y € X such that ||y|| > d + ||x||. Then ||x + || > d,
and (2.12) yields

If)-AWll<e and [If(x+y)-Ax+y)ll<e

Using these inequalities together with (2.6), we obtain

lACx +y) — A(y) — f0)I| < 3e.
Since A is additive, we get (2.7). The uniqueness of A follows easily from (2.7). O

Corollary 2.3. Suppose that f : X — Y satisfies

If(x+y) = f) = fOll <& lxl+ Iyl > d.
for some d > 0. Then there exists a unique additive function A : X — M such that
Ilf(x) —AX)| < 3e, xeX

Proof. Because {(x,y) €e X X X : [[x+y|| > d} C{(x,y) € X XX : |[x]| +[[yl]| > d}, the result follows by
Theorem 2.2. a

Remark 2.4. We improved the bounds and thus the results of Losonczi [20] and S. M. Jung [15] by
obtaining sharper estimates.

Theorem 1.2 is a consequence of Theorem 2.2.

Corollary 2.5. Let X and Y be linear normed spaces. Suppose z is a fixed point of Y. For a function
[+ X = Y the following conditions are equivalent:

(@) limy sl f(x+y) — f(X) = fO)] = 2
(i) imyygpyoe [ f (X +y) = f(X) = fO)] = 2
(i) fx+y) - f(0) - f) =z xyeX

Proof. It is clear that if f satisfies (i), then f satisfies (7). To prove (i) = (iii), let f satisfy (). Define
g(x) := f(x) + zfor all x € X. Then

lim [g(x+y) —g(x) —g(»)] = 0.

[lx+yll—c0

Let £ > 0 be an arbitrary real number. By (i) there exists d. > 0 such that

llgx +y) —g(x) —gWll <& llx+yll > ds.

Let Y be the completion of Y. In view of Theorem 2.2 there exists a unique additive function A, : X —
Y such that
lg(x) = A0l < 3e, xeX.
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Then

llg(x +y) = Ac(x + Y + [lg(x) — Ac(Oll + [lg(y) — AW
9¢, x,yelX.

llg(x +y) — g(x) — gl

NN

Since ¢ is arbitrary, we get g is additive. Then

Ja+y) - f)-f=gx+y)-gx)-g+z=2 xyeX
This implies (ii7). The implication (iii) = (ii) is obvious. Hence the proof is complete. O

Corollary 2.6. Let X and Y be linear normed spaces and let ¢ : X X X — [0, +00). Suppose z is a fixed
point of Y. A function f : X — Y satisfies

fa+y)-f-fMW=z xyeX
if one of the following conditions holds:

() lim  @(x,y) = +oo, limsup o(x, f(x+y)— f(x) = f(y) -zl <oo;

lheyi=oo [lx+yll—e0

(@) lim  @(x,y) = +eo,  limsup ¢(x, YIIf(x+y) = f(x) = f(y) =zl < oco.

llxll+yll =00 [Ixl+Iyll—o0

Proof. It is obvious that (ii) implies (i). According to (i), there exist constants d > 0 and M > 0 such
that

P (x+y) = f(x) = fO) =2l <M, |lx+ Il > d.

Since im0 ¢(x,y) = +00, we infer that

lim [|f(x+y) = f(x) = f() =2l = 0.

llx+yll =0

Hence by Corollary 2.5 we conclude that f(x +y) — f(x) — f(y) = zfor all x,y € X. O

Theorem 2.7. Let X be a linear normed space and Y a Banach space. Suppose that f : X — Y
satisfies

If(x+y) = f(0) = fOIl <& min{|lxl], |Iyll} > d. (2.13)

for some d > 0. Then there exists a unique additive function A : X — M such that
IfOIl<7e and |If(x)-AX)| <3e, xeX\{0}
Proof. Letting y = x in (2.13), we get
If(2x) =2fll <&, x|l > d.

Therefore

2k+1 ’

f@) @)
2n+1 om

<> 2 Idizd n>m>o0. (2.14)
k=m
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This implies that the sequence {%:x)}n is Cauchy for all x € X. Define A : X —» Y by

Ax) = Tim 220

n—oo 2N

, xeX

In view of the definition of A, (2.13) implies that A(x + y) = A(x) + A(y) for all x,y € X \ {0}. Since
A(0) = 0, we conclude that A is additive. Letting m = 0 and allowing n tending to infinity in (2.14), we
get

If(x) —AIl <& Il > d. (2.15)

To extend (2.15) to the whole X, let x € X \ {0} and choose a positive integer such that ||nx|| > d. Then
(2.15) yields

lf(—nx) — A(—nx)[| < e and || f(n+ 1)x)—A((n+ Dx)|| < e.
On the other hand, (2.13) implies

1f(x) = f((n+ Dx) = f(=nx)ll < &.
Using these inequalities, we obtain
lf(x) = A(=nx) — A((n + Dx)I| < 3e.

Since A is additive, we get || f(x) — A(x)|| < 3e for all x € X\ {0}.
Now, let x € X \ {0}. Then (2.13) yields ||f(0) — f(x) — f(—x)|| < &. Hence

IO < £ 0) = f(x) = fF=0ll + [lf(x) = A + [ f(=x) = A(=x)]]

<
<e+3c+3e="Te.

The uniqueness of A follows easily from (2.7). O

Corollary 2.8. Let X and Y be linear normed spaces. Suppose z is a fixed point of Y. For a function
f 1 X = Y the following conditions are equivalent:

(0) Timypingpy—eoLf (X +y) = () = fO)] = 2z,
(@) limypax - Lf (x +3) = f(X) = fO)] = z;
@) fx+y)—f-f»=z xyekX

Corollary 2.9. Let X and Y be linear normed spaces and let ¢ : X X X — [0, +00). Suppose z is a fixed
point of Y. A function f : X — Y satisfies

[+ -fO-fO0) =z xyeX
if one of the following conditions holds:

(@)  lim  o(x,y) =400, limsup o(x, Y)|f(x+y)— f(x)— f(y)—zll <oo;

min(]|x]],y|[}— o0 min{]|x]l,y|[}— oo

lim  (x,y) = +oo, limsup @(x,y)llf(x+y) = f(x) = f(y) =zl < oo.

max{{lx(L,[[yll} —oo max{][x|],|lyll} = o

AIMS Mathematics Volume 7, Issue 3, 3379-3394.



3386

Proof. 1t is obvious that (i7) implies (i). According to (i), there exist constants d > 0 and M > 0 such
that

e MIf(x+y) = f(x) = f) =2l < M, min{|lx], [lyll} > d

Since limmin{”x”,”y”}_m <p(x, y) = 400, we infer that

lim — |[f(x+y) = f(x) = f(y) -2l =

min{]|x]l, [yll}—oco
Hence by Corollary 2.8, we have f(x +y) — f(x) — f(y) = zforall x,y € X. |

Corollary 2.10. Let X and Y be linear normed spaces, € > 0 and let p < 0. Suppose z is a fixed point
of Yand f : X — Y satisfies

If(x+y) = f(0) = fO) =zl < e(llxl” +IIP),  x,y € X\ {0},
Then f(x+y)— f(x) — f(y) = zforall x,y € X \ {0}.

3. Stability of Fréchet functional equation on some restricted domains

A function f : X — Y between linear spaces X and Y satisfies the Fréchet equation if

Ja+y++ f)+fO)+f@)=fx+n+f+D+fx+2), xyzeX (3.1

Theorem 3.1. Suppose that € > 0 and f : X — Y is an odd function satisfies

If(x+y+2)+f)+fO)+ f@) - flx+y) - fy+2) - flx+2)l <& (3.2)

forall x,y,z € X with ||x +y + Z|| > d, where d > 0 is a constant. Then there exist a unique additive
function A : X — Y such that
IIf(x) —AX)| <4de, xeX (3.3)

Proof. Letting z = —y in (3.2), yields
If(x+y)+ fx=y) =2fll <& |lxll >d. (3.4)

Settings y = x in (3.4), yields
If2x) -2fl<e, lIxll>d

Therefore
f(2n+l (2mx)
H o Z o Wl>d n>m>0. (3.5)
Then it is easy to infer that the sequence {f @0 s Cauchy for all x € X. Define A : X —» Y by
2n
A = tim L&Y cex

n—oo 2N

Obviously, A is odd. In view of the definition of A, (3.4) implies that

Ax+y)+A(x—y) =2A(x), x#0.
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Since A is odd, we conclude that A is additive. Letting m = 0 and allowing n tending to infinity in (3.5),
we get
1f(x) —AXI <&, x> d. (3.6)

It is natural to expect to extend this to the whole X. Let z € X \ {0} and choose a positive integer n such
that ||nz|| > d. Setting x = (n + 1)z,y = nzin (3.4) yields

1/(2n+ 1)2) + f(z) - 2f((n+ D2 < &.
On the other hand, (3.6) implies
IA(2n+ 1)z) — f(2n+ 1))l <& and [2f((n + 1)z) — 2A((n + 1)2)|| < 2e.
Using these inequalities, we obtain
I1f(2) + A(2n + 1)z) = 2A((n + D)2)|| < 4e.

Since A is additive, we get || f(z) — A(z)|| < 4¢ for all z € X \ {0}. Since A(0) = f(0) = 0, the last
inequality yields (3.3).
The uniqueness of A follows easily from (3.3) O

Theorem 3.2. Suppose that € > 0,d > 0 and f : X — Y is an even function satisfies (3.2) for all
x,y,z2 € X with||x +y + z|| > d. Then there exist a unique quadratic function Q : X — M such that

low -0+ B2 < 2 o - s < 3, wex (3.7)
Proof. Letting z = —y in (3.2), yields
LG+ )+ FOr= ) = 20 = 20 + fOll <& Il > d. (38)
Settings y = x in (3.8), yields
1£2x) =470 + 2Ol < &, Il > d.

Therefore

4n+l1 4k+1 4k+1 ’

fQ™x)  f(2"x) - £(0)
‘ - +2;ﬂ

<> e IMlzd n=m>o0. (3.9)
k=m

Then it is easy to infer that the sequence (£29) is Cauchy for all x € X. Define Q : X — Y by

2Vl
f(2")
4

Obviously, Q is even. In view of the definition of Q, (3.8) implies that
Ox+y)+ Qx—y) =20(x) +20(y), x#0.

Since Q is even and Q(0) = 0, we conclude that Q is quadratic. Letting m = 0 and allowing n tending
to infinity in (3.9), we get

€ X.

O(x) := lim

< llxl| > d. (3.10)

o - o+ S0 < £
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Now we extend (3.10) to all of X. Let y € X and choose x € X such that ||x|| > d + |[y|l. Clearly,
llx + y|| > d. By (3.10), we obtain

oy - e n+ 20 < 5
o=y - ra-n+ 20 < 5
20 - 2000 - 350 < 5
Adding these inequalities and (3.8), gives
QG +7) + 00 =) = 2009 = 2/() + O <

Since Q is quadratic, the last inequality yields

7
12000 - 2f() + fO)ll < ; yeX.

Besides from(3.8) with y = 0, we get that || f(0)|| < €. This gives the desired result (3.7).
The uniqueness of Q follows easily from (3.7) O

Theorem 3.3. Suppose that € > 0 and f : X — Y is a function satisfies (3.2) for some d > 0. Then
there exist a unique additive A : X — Y and a unique quadratic function Q : X — Y such that

17
IA(xX) + () — FOIl < 7‘9 xeX

Proof. We know every function f : X — Y can be written as f(x) = f.(x) + f,(x) for all x € X, where
fo(x) = W is called the even part of f and f,(x) = w is called the odd part of f. It is clear
that f, is even and f, is odd.

It is easy to see that f, and f, satisfy (3.2). By Theorems 3.1 and 3.2, there exist a unique additive
A : X — Y and a unique quadratic function Q : X — Y such that

5
19(x) = fe(Il < ?8 and  JA(x) - fo(0)ll <4e, xeX.

Then .
IA(X) + O(x) — f()]] < Tg xeX

Remark 3.4. We note that
{6y, e XXXXX: |x+y+zl>d C{(x,y,0) e XXX XX ||xl| + Iyl + llzll > d},

the above results remain valid if the condition ||x +y+z|| > d in (3.2) is replaced by ||x|| + ||y|| + ||z]| = 4.

It should be noted that S. M. Jung [13] obtained the bound 21¢ in inequalities (3.3) and (3.7). Later,
J. M. Rassias [30] improved this bound by replacing the bound 21& with the bound 15&. Obviously,
our bounds in inequalities (3.3) and (3.7) are also sharper than the corresponding inequalities of S. M.
Jung [13] and J. M. Rassias [30].

AIMS Mathematics Volume 7, Issue 3, 3379-3394.



3389

Remark 3.5. If the condition ||x + y + z|| > d in (3.2) is replaced by min{||x||, |[yl|, ||z]]} > d, the results of
Theorems 3.1, 3.2 and 3.3 are still valid. In fact, the proofs are quite similar and the arguments can be
easily completed.

Now, we can prove the following corollary concerning an asymptotic property of the functional
Eq (3.1). For convenience, let

Df(x,y,2) = fx+y+ 2+ )+ fO + f(&) = fx+y) - f+2) - f(x+2), xyzeX
foragiven f : X — Y.

Corollary 3.6. Let b € Y be a fixed element. Suppose that f : X — Y satisfies one of the following
asymptotic behaviors

(0) iy esoo DS (X, ¥, 2) = by
(ll) lirn||x+y+z||—>oo Df(x’ ) Z) = b;
(it0) Myingap ity —o0 DS (X, ¥, 2) = b;
(V) Mg Iyt —c0 DS (X, ¥, 2) = b.

Then f has the form f = b+ A + Q, where A : X — Y is additive and Q : X — Y is quadratic.

Corollary 3.7. Let ¢ : X x X x X — [0, +00) and b be a fixed point of Y. A function f : X — Y satisfies
Df(-x’yaZ):b, X,y,ZEX.

if one of the following conditions holds:

@(x,y,2) = +0o0,

min{][xIL,[[ylL.||zll} =00

limsup  @(x,y,2IDf(x,y,2) = bl < oo;

min{][xlL,[[yll.||zll} =00

(i) lim @(x,y,7) = +o0,

max({]|xlIIyll.llzll}—>c0

lim sup ‘P(X,y, Z)”Df(x’ya Z) - b” < 0o,

max({]|xlIIyll.llzll}—>c0

w(x,y,7) = +00,

\|x||+‘||y||+IIZII—><>o
limsup  ¢(x,y, DIDf(x,y,2) — b|| < oo,
[Ixl+Iyll+|zl|— 00
(Gv) lim (x,y,7) = +oo,
[lx+y+z||—=00

limsup ¢(x,y,2)|[Df(x,y,z) — bl < .

[lx+y+z]|—00

Corollary 3.8. Let p < 0 and b is a fixed point of Y. Suppose a function f : X — Y satisfies
IDf(x,y,2) = bll < &(llxll” + IylI” + 1I21”),  x,y,z € X\ {0}.
Then Df(x,y,z) = b forall x,y,z € X \ {O}.
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4. Some characterizations of inner product spaces

Some known characterizations of inner product spaces and their generalizations can be found in
[1,2,4] and references therein. In this section we give various characterizations of inner product
spaces. Eq (3.1) was applied by Fréchet [8] in a characterization of the inner product spaces.

Theorem 4.1 (Fréchet). A normed linear space (X, ||.||) is an inner product space if and only if
o+ y + 2l + 1P + IP + 1P = D+ 3P + Dy + 2P + D+ 2P, x,p,z€ X
Theorem 4.2. Let X # {0} be a real normed linear space such that
[+ y -+ 2l + el + 1yl + Il =l + I + Iy + 2 +llx+2l”,  xpze X (4.1)

for some real numbers p,q, s,t,a, B,y € (0,+00). Then X is an inner product space.

Proof. Letting y = z = 0 and choosing ||x|| = 2 in (4.1), we get 27 + 29 = 2% + 27, Letting z = 0 and
y = x with ||x|| = 1 in (4.1), we obtain 2” = 2%. Then p = @ and ¢ = . Letting x = 0 and z = y with
llyll = 1 in (4.1), we infer that p = 8. Letting y = 0 and z = x with ||x|| = 1 in (4.1), we infer that p = .
Hence p = ¢ = @ = B = . Setting x = z = 0 and choosing ||y|| = 2 in (4.1), we obtain s = S. Finally,
Setting x = y = 0 and choosing ||z]| = 2in (4.1), we obtain t = y. Therefore p =g=s=t=a=8=1.
Puttingy = xand z = —x with |[x|| = 1in (4.1), wegeta =2. Thenp=g=s=t=a ==y =2.
Hence Theorem 4.1 provides the desired result. m|

Let us recall the following result from [2].

Theorem 4.3. Let X be a normed linear space and ¢ : R — R be continuous with ¢(0) = 0,¢(1) = 1
and satisfy

¢llx + ylD) + @(llx = ylD) = 2(lIx(D) + 28(yID,  x.y € X.

Then X is an inner product space.
Now we consider a generalization of Theorem 4.3.

Theorem 4.4. Let X be a normed linear space and ¢; : R — R (1 < i < 4). Suppose that ¢; is
continuous with ¢;(0) = 0, ¢;,(1) = 1 for some i, and

e1llx + yID) + @a(llx =yl = @3(llxl)) + @alllylD,  x,y € X.
Then X is an inner product space.

Proof. We may assume without loss of generality that ¢; is continuous with ¢;(0) = 0 and ¢;(1) = 1.
Define f; : X — R by
fix) =g, xeX, i=123,4

Each f; is even and we have

fix+y) + Lx—y) = 0+ fa(), xyeX (4.2)
By [17, Theorem 4.28], each f; — f;(0) is quadratic and

L=A+£0), fs=2/+f/0), fi=2f+ fi(0).
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Then
SHix+y) + filx=y) + £200) =2f1(x) + 2/1(y) + /3(0) + f2(0), x,yeX.
Since f1(0) = 0, it follows from (4.2) that f,(0) = f5(0) + f4(0). Therefore

Hx+y)+ filx =) =2/(0) +2/(), xyeX

This means
e1(llx + yID) + @1(lx = yID) = 2@1(IxD) + 21 (lI¥ID,  x,y € X.

Hence X is an inner product space by Theorem 4.3. O

It is proven that if for all x,y € X (y # 0), the corresponding function ¢ : R — R given by
@(t) = ||x + ty||> is a polynomial in ¢ of degree 2, then X is an inner product space (see [2]). Now we
prove the following result.

Proposition 4.5. Suppose that the continuous function f : R — R is such that, for each x,y € X (y #
0), the function ¢ : R — R given by ¢(t) = f(llx + ty||*) + f(|x — tyl|?) is a polynomial in t of degree 2.
Then X is an inner product space.

Proof. Let
o) = flx+ tyl*) + f(llx = tyl*) = ar® + bt + ¢,

where a, b, c are functions of x and y. It is clear that ¢ = ¢(0) = 2£(]|x||*) and

1
FUlx+31P) + flx =3P = Sle+e(=Dl=a+c= 2f(IMP) +a,  x,ye€X

Letting x = 0, the equation above yields a = 2f(||y||*) — 2f(0). Define ¢ : X — R by ¢(x) :=
F(IxI1?) = £(0) for all x € X. Then

Yx+y) +P(x —y) = 24(x) + 20(y), x,y€X. (4.3)

Since f is continuous, i is continuous. Therefore (4.3) yields y(tx) = *y(x) for all x € X and ¢ € R.
Setting x € X with [|x]| = 1, we get

£ = £ = f(IVexIP) - £(0)
=Y ( \/;x)
= tp(x) = tLf(IdP) = FO)] = (Lf (1) = fO)], > 0.

So we conclude that ¥(x) = ||x|[*[£(1) — £(0)] for all x € X. Since () is a polynomial in ¢ of degree 2,
we infer f(1) — f(0) # 0, and (4.3) implies

[l + Y17+l = yIP = 2113 + 2l x,y € X.

Thus X is an inner product space. O

Corollary 4.6. Let ||x + ty||*> + ||x — ty||* be a polynomial in t of degree 2 for x,y € X (y # 0). Then X is
an inner product space.
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Now, we recall a result from [2].

Theorem 4.7. Let X be a real normed linear space such that
Ix+y+zdP +lx+y—2dP —llx—y+ad’ - llx-y-2P, xyzeX

is independent of z. Then X is an inner product space.

Theorem 4.8. Let p,q,r, s > 0 be real numbers and X # {0} be a real normed linear space such that
Ix+y+zlP +lix+y—zl! =llx—y+zl" - llx-y-2zl’, xyzeX 4.4)

is independent of z. Then X is an inner product space.

Proof. Setting z = x+ y and z = 0 in (4.4), we obtain

2Pl + 3P = 270Xl = 27101 = e + 3l + lle+ 11 =l =yl = lle = I, xyeX.  (45)

Letting y = 0 and choosing x with ||[x|| = 1 in (4.5), we infer p = r. Similarly by letting x = 0 and
choosing y with |[|y|| = 1 in (4.5), we infer p = s. Hence p = r = 5. Letting y = x with ||x|| = 1 and
|x]] = 2 in (4.5), respectively, we obtain
47 —3x 2P =29 and 87 -3 x47 =41,
Therefore
49 =8P —3 x4 =2P[47 -3 x 2P =2P21 — p=gq.
Hence 47 — 3 x 27 = 27 implies p = 2. Then p = ¢ = r = s = 2, and we conclude
Ix+y+zP +lx+y -2 —llx=y+ 2’ = llx-y-2P, xyzeX
is independent of z. Now, by Theorem 4.7, we obtain the result sought. O

5. Conclusions

In this work, we established a new strategy to study the Hyers-Ulam stability of additive and Fréchet
functional equations on restricted domains. We also improved the bounds and thus the results obtained
by S. M. Jung and J. M. Rassias. As a consequence, we obtained asymptotic behaviors of functional
equations of different types. One of the objectives of this paper was to bring out the involvement of
functional equations in various characterizations of inner product spaces.
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