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Abstract: In this paper, we study the indefinite linear-quadratic (LQ) stochastic optimal control
problem for stochastic differential equations (SDEs) with jump diffusions and random coefficients
driven by both the Brownian motion and the (compensated) Poisson process. In our problem
setup, the coefficients in the SDE and the objective functional are allowed to be random, and the
jump-diffusion part of the SDE depends on the state and control variables. Moreover, the cost
parameters in the objective functional need not be (positive) definite matrices. Although the solution
to this problem can also be obtained through the stochastic maximum principle or the dynamic
programming principle, our approach is simple and direct. In particular, by using the It6-Wentzell’s
formula, together with the integro-type stochastic Riccati differential equation (ISRDE) and the
backward SDE (BSDE) with jump diffusions, we obtain the equivalent objective functional that
is quadratic in control u under the positive definiteness condition, where the approach is known
as the completion of squares method. Then the explicit optimal solution, which is linear in state
characterized by the ISRDE and the BSDE jump diffusions, and the associated optimal cost are
derived by eliminating the quadratic term of u in the equivalent objective functional. We also verify
the optimality of the proposed solution via the verification theorem, which requires solving the
stochastic HJB equation, a class of stochastic partial differential equations with jump diffusions.

Keywords: stochastic systems with jump diffusions and random coefficients; completion of squares
method; stochastic HJB equation with jump diffusions; verification theorem

1. Introduction

We first provide the precise problem statement. The detailed literature review and the
comparison of our paper with the existing results are then provided.

1.1. Problem Statement

Let R" be the n-dimensional Euclidean space. For x,y € R", x T denotes the transpose
of x, (x,y) is the inner product, and |x| := (x, x)1/2. Let S" be the set of n x n symmetric
matrices. Let Tr(-) be the trace operator.

Let (O, F,P) be a complete probability space with the natural filtration F := {F, 0 <
s < t} generated by the following two mutually independent stochastic processes and
augmented by all the P-null sets in /: (i) an r-dimensional standard Brownian mo-
tion W := [W; --- Wr]T defined on [0, T] and (ii) an E;-marked right continuous
Poisson random measure (process) N; defined on E; x [0,T] with j = 1,...,1, where
Ej = E \ {0} with E; C R is a Borel subset of R equipped with its Borel o-field B(E;).
Let Nj(dej, ds) := Nj(dej,ds) — Aj(dej)ds, j = 1,...,1, be the associated Fs-martingale
compensated Poisson process of N;, where A; is a o-finite Lévy measure on (Ej, B(E;))
satisfying fE]_(1 Alej|*)A;(dej) < oo for j=1,...,1[1] (Chapter 2).
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Let C2(R") be the space of F;-adapted R"-valued stochastic processes, which is
cadlag and satisfies E[sup, ¢ (o 7y |x(t) 2]2 < oo forx € CA(R"). Let E%,p(R") be the space
of Fi-predictable (The stochastic processis Fi-predictable if it is Fi-measurable for each

t e [O T] and left continuous [1] (page 216).) R"-valued stochastic processes satisfying

E[f) [x(t) (£)]2df]2 < oo for x € L3 ,(R"). Forj =1,...,1 let G*(E;, B(E;), Aj;R") be the
space of square integrable functlons such that for k € G*(E;, B(Ej),A;;R"), k : Ej — R"
satisfies [[kl|g2 = ([ [k(ej)*A;(dej))? < oo. Forj = 1,...,1 let G2 (E;, B(Ej),A;R")
be the space of stochastic processes such that for k € Q%IP(E]-,B(E]-),/\J-;R"), k:Qx
[0, T] x E; — R" is an P x B(E;)-measurable R"-valued JF;-predictable process satisfying

fo l|k() || G2dt] < oo, where P denotes the o-algebra of F;-predictable subsets of ) x

/1]

In this paper, we study the linear-quadratic (LQ) stochastic optimal control problem
for jump-diffusion models with random coefficients. Specifically, let U := Lf ,(R™) be

the set of admissible controls. Then our problem is to minimize the following objective
functional over u € U:

o[ ) 28]k wmsn], o

subject to the stochastic differential equation (SDE) with jump diffusions given by:
dx(s) = [A(s)x(s—) + B(s)u(s) +f(s)]ds

+2[ =)+ Di(s)us) +oi(s) | dWis)
@)
+ 2/ j(ej,8)x(s—) + Gj(ej, s)u(s) + 4)]'(‘3]"5)} Nj(dej, ds)

x(0) =4,

where x € R" is the controlled state process with the initial condition x(0) = a and u € R™
is the control process. Note that the SDE in (2) is a stochastic system driven by both the
Brownian motion and the (compensated) Poisson process. We note that there are various
applications of SDEs (with deterministic and/or random coefficients). Specifically, SDEs
arise in diverse fields of applications, such as mathematical finance, economics, biology,
mechanical systems, communication networks, analysis of (stochastic and deterministic)
PDEs, and interacting large-scale mean-field systems. For various applications of SDEs
(with deterministic and /or random coefficients), see [2-15] and the references therein.
Equivalently, the problem studied in this paper is given by:

(P): inf J(u), subject to (2).
ueld

In (1) and (2), we have the following standing assumptions:

HD)Fori=1,...,randj=1...,1,AC;: Qx[0,T] - R",B,D; : Qx [0,T] - R™",
F : Qx [0, T] = G*(Ej, B(Ej),A;;R"), Gj : Q x [0, T] — G*(E;, B(Ej),A\j;R"), f,0; :
Qx[0,T]— R", and ¢; : Q x [0, T] x E; — R

H2)Fori=1,...,randj=1...,1, A B, C; D;j, i and G;j are Fs-predictable stochastic
processes, which are uniformly bounded in a.e. (w,s) € Q x [0,T]. Moreover,
f,oi € £%F,p(R”) and ¢; € Q]%,p(E]-,B( AR fori=1,...,randj=1...,1;

H3)L:QOx[0,T] =S, R: Qx[0,T] - S",S:Qx[0,T] > R and M: Q — S";

(H4)L, R and S are F;-predictable stochastic processes, which are uniformly bounded in
a.e. (w,s) € Q x [0, T]. Moreover, M is uniformly bounded in a.e. w € Q.
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Note that based on [1], (Theorem 6.2.3) (see also [16], (Theorem 1.19) and [17]),
(Lemma 2.1) under (H.1)—(H.4), there exists a unique solution of (2) in CIZF (R™).

Remark 1. (a) In the SDE of (2), the jump-diffusion part depends on the control and state
variables due to the presence of C;, D;, F; and G;. Moreover, the additive signal terms, f, o;
and ¢j, are included in the SDE.

(b)  Inview of (1)«(2) and (H.1)—(H.4), (P) can be referred to as the indefinite linear-quadratic
(LQ) stochastic optimal control for jump-diffusion models with random coefficients. Here, the
“indefinite” means that the cost parameters (L, R and M) in (1) are not needed to be (positive)
definite matrices. Furthermore, the “random coefficients” implies that the coefficients in (1)
and (2) are explicitly dependent on Q) from (H.1)-(H.4).

(c) If the coefficients in (1) and (2) are independent of ), (P) is reduced to the case of the
deterministic coefficients, which is a simplified problem of (P).

To solve (P), in Section 2.1, we first develop the direct method, also known as the
completion of squares method, which constructs the equivalent objective functional of Equa-
tion (1), which is quadratic in u under the positive definiteness condition (see Theorem 1).
Specifically, by using the It6-Wentzell’s formula for general Lévy type stochastic integrals
(see [18]), together with the integro-type stochastic Riccati differential equation (ISRDE)
with jump diffusions (see Equation (3)) and the backward stochastic differential equation
(BSDE) with jump diffusions (see Equation (4)), we are able to obtain the equivalent ob-
jective functional of | in (1) (see the equivalent expression of | in (14)). Then under the
positive definiteness condition in (5), we can see that the equivalent objective functional
of | in Equation (14) is quadratic in u. Hence, the explicit optimal solution for (P) (see
Equation (6)) can be characterized by eliminating the quadratic term of u in the equivalent
objective functional. Moreover, the explicit optimal cost can be derived easily by checking
the optimality of the (quadratic) equivalent objective functional under the optimal solution
of (P). Note that in our direct approach, the additional positive definiteness condition is
induced due to the indefiniteness of the cost parameters and the dependence of the control
on the jump-diffusion term. We also note that the corresponding optimal solution for (P)
in Equation (6) is a linear state-feedback controller, where the associated parameters of
the optimal solution are determined by the solutions of the ISRDE and the BSDE with
jump diffusions.

Next, in Section 2.2, we verify the optimality of the proposed solution in Theorem 1 via
the verification theorem (see Appendix A), which requires solving a certain class of stochas-
tic Hamilton-Jacobi-Bellman (SHJB) equations with jump diffusions (see Equation (16) and
Proposition 3). This means that unlike the direct approach (equivalently, the completion
of squares method) developed in Section 2.1, Proposition 3 needs to solve the complex
SHJB equation with jump diffusions (see Remark 7). Note that the SHJB equation of this
paper is a class of integro-type stochastic partial differential equations (SPDEs) with jump
diffusions. Based on the verification theorem (see Appendix A), if the SHJB equation with
jump diffusions in Equation (16) admits a unique (smooth) solution, then the corresponding
solution constitutes the optimal cost of (P), i.e., it is the value function of (P). In addition,
the associated minimizer of the Hamiltonian is the optimal solution of (P). We show that
the minimizer of the Hamiltonian is equivalent to the optimal solution of (P) in Theorem 1,
i.e., it is equivalent to Equation (6). Moreover, we find the explicit solution of the SHJB
equation that is quadratic in x, which leads to the optimal cost of (P) (see Proposition 3).

Finally, we apply Theorem 1 to three different examples (see Examples 1-3). Note that
by Theorem 1, we are able to characterize the explicit optimal solutions for these examples
in terms of the ISRDE and the BSDE with jump diffusions.

Now, the main results of this paper can be summarized as follows:

(@) Under the positive definiteness condition, we construct the quadratic equivalent
objective functional, by which the explicit optimal solution for (P) and the associated
optimal cost are characterized via the completion of squares method (see Theorem 1).
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The optimal solution is linear in state, and its parameters are determined by the
solutions of the ISRDE and the BSDE with jump diffusions;

(b) We use the verification theorem to validate the optimality of the proposed solution.
We first solve the SHJB equation with jump diffusions and find the explicit solution
that minimizes the Hamiltonian. In Proposition 3, we show that the correspond-
ing solution is equivalent to that obtained by the completion of squares method in
Theorem 1.

We should mention that the approach in (a) is more convenient than that of (b), where
(a) does not need to solve the complex SHJB equation. A detailed comparison between (a)
and (b) can be found in Remark 7.

The organization of the paper is as follows. A detailed literature review is given in
Section 1.2. We provide the main results of (P) in Section 2. Two different examples of (P),
including the modified mean-variance portfolio optimization problem, are also discussed
in Section 2. We conclude the paper in Section 3. Appendix A provides the verification
theorem of (P).

1.2. Literature Review and Comparison

Linear-quadratic (LQ) stochastic optimal control with random coefficients and its
applications to mathematical finance, engineering and science have been studied exten-
sively in the literature; see [2,19-33] and the references therein. We should note that the
aforementioned references considered the case when the SDE in Equation (2) is driven
by Brownian motion only (equivalently, F; = G; = ¢; = 0 forj = 1,...,1) with/without
additive signal terms (equivalently, f = 0; = ¢ =0 fori=1,...,randj=1,...,1). We
can easily observe that both problem formulations are special cases of (P) studied in our
paper. We also note that nonlinear stochastic control problems with random coefficients
were studied in [34,35], where their SDEs are also driven by the Brownian motion only.
Moreover, the LQ mean-field type game problems were studied in [36,37], where their
coefficients are deterministic.

Recently, LQ stochastic optimal control for jump-diffusion models with random
coefficients was studied in [38,39]. However, the corresponding SDE does not have the
additive signal terms (equivalently, f = 0; = ¢; = 0fori =1,...,randj =1,...,]).
Moreover, [38,39] did not consider the characterization of the explicit state-feedback optimal
solution using the completion of squares approach and the validation of the proposed
solution via the verification theorem. We mention that the problem formulation and the
approaches established in our paper are different from those of [38,39]. Furthermore, the
completion of squares method and the validation of the optimal solution for (P) via the
verification theorem have not been studied in the existing literature, which we address in
our paper.

We note that our paper can be viewed as a generalization of [32,38]. The main
comparisons of (P) with [32,38] are stated as follows:

(i)  Unlike [38], we consider the explicit characterization of the optimal solution for (P)
via the completion of squares approach. Moreover, different from [38], we consider
the case, where the SDE in Equation (2) also includes the additive signal terms of
f, 0i and o fori=1,...,randj =1,...,I. In addition, our objective functional in
Equation (1) includes the state-control coupling term with S, whereas [38] did not
consider any coupling nature in the corresponding objective functional;

(ii) Unlike [32], we consider the jump-diffusion model, where the jump-diffusion part
also depends on the state and control variables. Note that [32] considered the situation
when the SDE is driven by the Brownian motion only (equivalently, F; = G; = ¢; = 0
forj=1,...,1in (2)).

We note that the generalization stated in (i) is not trivial, since by including the additive
signal terms in Equation (2), the associated optimal solution is not of the pure state-feedback
form, and the additional bias term is induced (see Equation (6) in Theorem 1). Note that this
additional bias term is characterized by the solution of the BSDE with random coefficients.
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When there are no additive signal terms in Equation (2) (equivalently, f = 0; = ¢; =0
fori =1,...,rand j = 1,...,I), the solution of the BSDE with random coefficients is
zero and the additional bias term does not appear in the optimal solution (see Remark 4).
Moreover, [38] focused on the general solvability of the ISRDE with jump diffusions, but
did not consider the explicit characterization of the optimal solution via the completion
of squares method. We should note that the completion of squares method is an effective
approach to characterize the optimal solution of LQ problems, since the approach relies on
neither the dynamic programming principle nor the stochastic maximum principle. In fact,
various completion of squares approaches have been developed for several LQ problems;
see [32,33,37,40-42] and the references therein. Furthermore, the completion of squares
method for nonlinear stochastic control problems was developed in [43-45].

The extension stated in (ii) is also not straightforward due to the inclusion of the
jump-diffusion part in Equation (2) and its dependence on the state and control variables.
In particular, unlike [32], we need to handle the integro-type SRDE (ISRDE) and the BSDE
with jump diffusions, meaning that constructing the equivalent objective functional in
the completion of squares method is more involved than the case without jumps in [32].
In addition, finding the positive definiteness condition for the existence of the optimal
solution in Theorem 1 is more involved than [32] due to the dependence of the state and
control variables on the jump-diffusion part. Finally, due to the jump-diffusion process,
we need to solve the SHJB equation with jump diffusions in the verification theorem (see
Equation (16) and Proposition 3). In fact, solving the SH]B equation with jump diffusions
in our paper (see Equation (16)) is more challenging than the case without jumps in [32]
due the presence of the nonlocal integral part in terms of the Lévy measure as seen from
Equation (16).

It should be noted that a similar problem of (P) was studied in [46]. However, the
optimal solution in [46] is of the open-loop type in terms of the forward-backward SDE,
which was obtained by the stochastic maximum principle. Notice that our optimal solution
in Theorem 1 is of the state-feedback type in terms of the ISRDE with jump diffusions. Hence,
unlike [46], the optimal solution in Theorem 1 is more applicable for various practical
situations. Moreover, the approach developed in our paper is different from that used
in [46].

The efficiency of the proposed method compared with [32,38,39,46] is summarized
in Table 1.

Table 1. Efficiency of the Proposed Method.

Feature [32]1 [38] [39] [46] This Work

Brownian motion & Jump diffusions v v v v
Additive signal terms

(f,O'l,...,O'r,4)1,...,(Pl)750 v v v

State-control coupling (S # 0) v v v

Integro-type SRDE v v v

Completion of Squares (Direct) v v

approach

Verification approach v v v v

State-feedback type optimal control v v v v

Simulation results v

We finally mention that there are several examples of LQ stochastic control problems.
In particular, the LQ pollution level control problem was considered in [47]. Ref. [28]
studied the LQ mean-variance portfolio optimization problem. The stochastic control
problem for electric water heating loads was studied in [10]. In [9], the stochastic power
adjustment problem of wireless communication networks was studied. Several different
applications of LQ control problems can be found in [2] and the references therein.
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2. Main Results

In this section, we first characterize the optimal solution for (P) via the completion of
squares method. Then we verify the optimality of the proposed solution by the verification
theorem solving the stochastic Hamilton-Jacobi-Bellman equation with jump diffusions.

2.1. Characterization of the Optimal Solution for (P)

We first introduce the following integro-type stochastic Riccati differential equation
(ISRDE) with jump diffusions:

dP(s) = — | A(s) "P(s—) + P(s—)A(s) + L(s)

+iﬁmwﬁw—xxw+q¢fgwy+g@mmﬂ
i=1
1

+Z/E (¢;,5) T P(s—)E;(ej,s) + Fie;,5) T Zile;,5) i}, 5)
+Fi(e;,s) " Z(ej,s) +zj(ej,s)Fj(ej,s)]Aj(dej)

- (zc1 (s) + i /E 'zcz,j(ej,s))\j(dej)) 3)
Rl +Z/ sz e], de])) B
(Kr(5) + Z/ Ka,(ej,s) de]))T]ds

+ 2 Qi(s)dW;(s) + Z /E Zj(ej,s)N(dej,ds)
i=1 j=1"Ej

P(T) = M,

where:

Ru(s) == R(s) + Y Di(s) T P(s—)Dy(s)
=1
(P(5=) + 2y )G D )

K1(s) := P(s—)B(s) + Z[Qz( )Di(s) + Ci(s) " P(s—)Di(s)] + S(s)

i=1

1=
Rzlj(ej,s) = G]'((:‘j, )T

Koi(ej,s) = Zi(ej,s)Gj(ej,s) + Fj(ej,s)T(P(s—) + Zj(ej,s))Gjlej,s).
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Moreover, the linear BSDE with jump diffusions and random coefficients is given by:

p(s) = = | A(0)Tp(s-) + Pls-)6) + LG
1
+ % [ Ble)z(e)2(dey) + Y K i(5)en(s)
=175 i=1
1 4
+ ; A ’C4J(€],S)¢](€],S)A](d€])] ds @)
Z s)dW; (s -+Z/‘ ej, ds)
p(T) =0,

where:

-1

Afs) = A(s) - R1+Z/Rm% j(dey))

x (Ki(s) + Z /E ’szf(ejfs)/\j(deJ‘»T

Ci(s) := Cis) — Di(s) (R (s +2/ Raj(ej,s)A;(de;)) !

X (IC1(S) + Z /E lCzlj(e]-,s)/\j(de]-))T
Fi(ej,s) := Fi(ej,s) — Gi(ej, s)(Ra(s) + Z/ Ry jej,s)Ai(dej)) -

x (K1(s) + ;/E_lcz,j(ejrs)/\j(dej))T

/
Kai(s) i= Y [Ci(5) TP(s=) + Qi(s)] = (Kals +2//c2]e], j(de)))

i=1

% (Ri(s +2/ Ra(e;,5)A;(dej)) " Dy(s)TP(s—)
Kajejs) = Fi(ej,5) ' P(s—) + Fi(e,5) ' Zj(ej ) + Zj(ej, )
- (Kals +2/&my mmm1+Z/Rm@>wwﬁ
(G e) Plo) + ey )2 ).

Remark 2. (a)  The solution of the ISRDE with jump diffusions in Equation (3) corresponds to the
tuple (P,Q1,...,Qy, Z1,...,Z;) satisfying Equation (3). By (H.1)-(H.4), (P, Q1,...,Qr Z1,
Z;), the solution of Equation (3), is symmetric and a class of S"-valued (matrix-valued)
BSDE with jump diffusions and random coefficients.
(b)  Wealso note that Equation (4) is the linear BSDE with jump diffusions and random coefficients,
whose coefficients are explicitly dependent on the solution of the ISRDE with jump diffusions.

Based on [38] (Theorems 4.1 and 5.2), (see also [39] (Theorem 5.3)), we first state the
sufficient condition for the solvability of the ISRDE with jump diffusions in Equation (3).
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Proposition 1. Assume that (H.1)-(H.4) hold. Suppose that R is uniformly positive definite
for ae. (w,s) € Q x [0,T|, L is positive semidefinite for a.e. (w,s) € Qx[0,T], S = 0
and M is positive semidefinite for a.e. w € Q. Then, Rq(s) + 2;-:1 ij Ra (e, s)Aj(dej) is
uniformly positive definite for a.e. (w,s) € Q x [0, T], and the ISRDE with jump diffusions in
(3) admits a unique solution of (P, Q1,...,Qr, Z1,...,2Z;) € CH%(S”) X E%FIP(S” X o0 x S") x
g]%,p(El,B(El),)tl; Sn) X+ X QIZFIP(EI,B(EI),)&I; Sn)

Then in view of [48] (Lemma 2.4) (see also [49] (Lemma 3.1)), the solvability of the
BSDE with jump diffusions in Equation (4) is given as follows:

Proposition 2. Assume that (H.1)-(H.4) hold. Suppose that there is a unique solution of the
ISRDE with jump diffusions in Equation (3) satisfying (P,Q1,...,Qs, Z1,...,7Z;) € C%(S") X
L5 ,(S" x -+ x ") x G§ (1, B(E1),Ai;S") X - - x G (E1, B(E1), A;S™). Then the BSDE
with jump diffusions in Equation (4) admits a unique solution satisfying (p, q1,...,qr, 21,-..,21) €
CR(RM) x L3, (R x - x R") x G2 (E1, B(Ex), M) x - - x G2 (Ey, B(E), A E").

Remark 3. (1)  Suppose that the coefficients in Equations (3) and (4) are deterministic, i.e.,
they are independent of (). Then in the ISRDE of Equation (3), Q; = Z; = 0 for all
i=1,...,vrand j = 1,...,1. In this case, the ISRDE is reduced to the integro-type
deterministic Riccati differential equation. Moreover, in the BSDE of Equation (4), we have
qi=zj=0foralli=1,...,randj=1,...,1, and since p(T) = 0, we can easily see that
(r.q1,---,qr,21,---,21) = (0,0,...,0,0,...,0) is the unique solution of the BSDE with
jump diffusions in Equation (4).

(b)  If the SDE in Equation (2) does not have the additive signal terms (equivalently, f =
i =¢;=0fori=1,...,randj =1,...,1), then since p(T) = 0 in Equation (4),
we can show that the solution of the BSDE with jump diffusions in Equation (4) satisfies
(v,q1,---,9r21,--.,21) = (0,0,...,0,0,...,0).

We now state the main result of this paper.

Theorem 1. Assume that (H.1)-(H.4) hold. Suppose that the tuple given by (P, Q1,...,Qr, Z1, ...,
Zy) € CR(S") x L5 ,(S" x -+ x §") x G ,(Ex, B(Ev), A;S") x -+ x Gg (Ey, B(Ey), Ai;S")

is the solution of the ISRDE with jump diffusions in Equation (3), and the tuple (p, q1,...,qr, 21, - - -,
z;) € C3(R") X E%,p(R" x X R") x gﬁ%‘/p(EllB(El)r}\l;RH) XX g]%,p(El/B(El)//\z;R")
is the solution to the BSDE with jump diffusions in Equation (4). Assume that:

1
Ris)+ Y] /E Raj(ej,s)Ai(de;) > 0, ae, (w,s) € QO x [0,T], )
j=17E;

ie, Ri(s) + 25‘21 ij Ra,j(ej, s)A(de;) is uniformly positive definite in a.e. (w,s) € Q x [0, T].
Then the optimal solution for (P) can be written as:
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u(s) = Rl )+ E/ Raj(ej,s) de])) (6)

i=1 j=17"5i
r
+ Y Di(s)TP(s—)ai(s +Z/ (e55) T (P(s—) + 2461, 9))95(e1,9)).
i=1
Moreover, the corresponding optimal cost under Equation (6) is given by:
. 1
J(u*) = SE|(a, P(0)a) +2(a, p(0)) @)

+f §{<o-i<s>,1><s—>ai<s>> F2(f(3), pls—) +2(ei(s), 4i(5))) | ds
r
+ by / 6190 (=) + 2365 5))y 63 5)) (e s
l
+2/0TZ/E<4)](e]/5),ZJ(EJ,S)>)\](C1€])CIS
/0 (K(s) —O—Z/ Roj(ej,s de))lﬁ(s))ds],

where:

r !

K(s) := B(s) "p(s—) + Y_ Di(s) "qi(s) + Z/ Gj(ej,5) " zj(e; 5)2(dey)

i1 j=1"Ej

+£D,~() )ois +2/ (e;,5)T(P(s—) + Z(e},5))i(e, ).

Proof. We prove the theorem by establishing the completion of squares method using the
solutions of the ISRDE and the BSDE with jump diffusions.

By applying the It6-Wentzell’s formula for general Lévy-type stochastic integrals
(see [18]), we have:
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dx(s)x(s)" = [A(s)x(s—) + B(s)u(s) +f(s)}x(s—)Tds 8)

+x(s—) [A(s)x(s—) + B(s)u(s) + f(s)} Tds
T Zr; x(s—) [Ci(S)x(s—) + Dj(s)u(s) + al-(s)] wai(s)

i(ej,8)x(s—) + Gj(ej, s)u(s) + 4)]'(3]‘/5)} TNj(deJ" ds)

£ Y [C)x(s) + Difs)us) +03(5)] [Culs)xls—) + Dy(s)uls) + ()] s

< [Ey(ey5)x(s=) + Gyl s)uls) + 9y (e;,5)] | Ny(dley, ds).

Using the solution of the ISRDE with jump diffusions in Equation (3) and the expres-
sion in Equation (8), we apply the It6-Wentzell’s formula to get (note that Tr(-) denotes the
trace operator):
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= (B(s)u(s) + £(5), P(s—)x(s—))ds — » Y~ (x(5—), Ci(s)P(s=)C;(s)x(s—) s

i=1

> [Cils)xls—) + Dils)u(s) +ai(s)] P(s—) [Culs)x(s—) + Dyls)u(s) +0i(s)]ds

i=1
1
+ Z/E (Gile;, s)u(s) + ¢(e;,s), Zi(ej, 5)x(s—))Aj(de;)ds
=175
K -k Ai(de)) (R MR Ai(de))
+ 1“”;/@, 2,(€1,9)21(dey)) 1<s>+];/Ej 2,(€1,9)2(dey))
1
X (/Cl(S) —|—]; /E]- /Cz,j(ej,s)/\j(dej))"—ds
- %(x(s—) L(s)x(s—))ds
+ ﬁ{;x(s—» Qi(s)x(s=)) + (P(s=)x(s=), Ci(s)x(s=) + Dy(s)u(s) + oi(s)) | dW;(s)
1
+ 21/E<(P(S_) +Zj(ej,s))x(s—), Fi(ej, s)x(s—) + Gj(ej, s)u(s) +¢j(e]-,s)>ﬁj(dej,ds)
=175
l ~
—i-]; /Ej<x(s—) Zi(ej,s)x(s—))Nj(dej, ds)

—+ Z /E {Pj(ejrS)x(S*) + Gj(ej, s)u(s) + qu(ej,s)} Zi(ej,s)

x [Bleys)x(s-) + Gyleg s)u(s) + gy(ey )] Ny, ).

Moreover, using a similar approach, we can show that:

©)
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!

+y L (2(¢j,), F(ej,5)x(5=) + Gylej, 9)u(s) + y(ey, ) Nj(dej, ds)

j=17Ej

+Zx Tgi(s)dWi(s —1—2/ z] ej,s)N, -(dej,ds).

]1]

Let,

(10)

(11)
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Note that J(u) = E[J(u)]. Moreover, P(T) = M, p(T) = 0 and x(0) = a. Then
integrating Equations (9) and (10) from 0 to T and summing them yields:

)
Il

| =
—
[
)
—
(=)
~—
~

J(u) a) + (a,p(0)) + (B(s)u(s) + f(s), P(s—)x(s—))ds

N

(12)

_|_

NI—= NI

01 L0~
—
=
—
V2]
L
0
=2
¥2)
~—
ae,
—~~
V2]
L
0
—~~
v5)
~—
=
—
v2)
L
~
Q.
V2]

I
—

[Cie)x(s-) + Dyfs)u(s) +ou(s)]

X
i~

(s—) [Ci(s)x(s—) + Di(s)u(s) + Ui(s)} ds

_l_

NI =
X .
— Ir1-

.
Il

+2/E (Gj(ej,s)u(s) + pi(ej,5), Zj(ej,5)x(s—))A;(de;)ds

IC] +Z/ Kz] de Rl +Z/ RZ] ))71

x (Ki(s +2/ Ko (e5,5)A(de;)) " ds —%(x(s—),L(s)x(s—»ds

+ {A(s)x(s—) + B(s)u(s) +f(s)} p(s—)ds

—x(s—)T{g Z s)qi(s +Z/ j5)Aj(dej)

=1

+N%U@+Z&ﬁh@+24ﬁM%WWwWMM®
i=1 j=1"E;
+§% 5=) + Di(s)u(s) + oi(s))ds

1
+Z/E 2i(ej,5), File;,s)x(s—) + Gile;,s)u(s) + ¢j(e;,5)) A;(de;)ds

7

+ L W) +2/j\/'e], (dej, ds),

where W;, i = 1,...,r, and /\/']-, i=1..., I, are components in the stochastic integrals,
which can be obtained from Equations (9) and (10).

We are now completing the expression of ] in Equation (12) in terms of u. Let ||x|3 :=
x"Sx for S € S". Then it follows from the definition of | in Equation (11) that:
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J(u) = 5(a,P(0)a) + (a, p(0)) (13)

ds
Rl (S)*sz':l fE] RZ,j (e]-,s)/\]- (de])

+ [ 3lete) Playnte) + (5(e) pls-))+ Ler(s), i)
+) /Ev<¢j(€jf5)/ (P(s—) + Zj(ej,s))¢j(ej,5))Aj(de;)
j=1"E;j
—0—}; /E]-<(P](€] s),zj(ej,s))A;(de;)
1, ! -1
- (KGs) (Rl(s)+];/Ej Rajle5)A(de))  K(s))]ds
r !
+ Y Wi(s)dWi(s) + Z/E Ni(e;,s)N;(de;, ds)
i=1 j=17E;

Note that the stochastic integrals in Equation (13) are Fs-martingales. This implies that their
expectations are zero, i.e., E [ZL1 Wi(s)dWi(s)} =0and E [Z;Zl Je. Nilej, S)Nj(dej, ds)}
j
= 0. Hence, it follows that:

o~

J(u) =E[J(u)] = E %(ﬂ/P(O)@ + (a,p(0)) (14)

ds
R1 (5)+Z§:1 fgj Ry,j(ej,s)A;(de;)

i=1 ji=1""%j
l ]
—0—}; /15j<¢j(€j s) z](e] s)))\](de])
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Note that Ry (s) + Z§:1 fE]_ Ro,j(ej,s)A;(de;) is uniformly positive definite in a.e. (w, s)
€ 3 x [0, T]. This implies that | in Equation (14) is quadratic in u, which is the equivalent
expression of the original objective functional in Equation (1). Hence, with u = u* given in

Equation (6), in view of the fact that | in Equation (14) is quadratic in u, it follows that for
anyu €U,

5 (@, P(0)a) + (2, p(0)) (15)

Iy

1

J) = J(u*) =E

3 61(), P(s=)ai()) + (F(5),pls—) + - er(s), i)

! i=1
I,
+]; /Ej<¢/(ej’S)/Zj(ejrs»)tj(dej)
l
+ 2 A<¢](€],S)/ (P(S—) + Z](e],s))(l)](e]/ S)>A](d€])
j=1"%i

@m@mwé@m#ﬁM%D%whm

N~

Note that Equation (15) shows that u* € U/ given in Equation (6) is the optimal solution
of (P) and Equation (7) is the corresponding optimal cost. This completes the proof of
the theorem. [

Remark 4. (a) As mentioned in (a) of Remark 3, when all the coefficients are deterministic, i.e.,
they are independent of (), the second and third components of the ISRDE in Equation (3)
and the BSDE in Equation (4) become zero. In this case, the optimal solution in Equation (6)
is as follows:

r

w (s) = = (R(s) + 1 Di(s) TP(s=)Di(s)

=

1

I
*L ),
J;E

j

Gj(e]-,S)TP(S—)Gj(ej,s)/\j(dej))71
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(b)  When the SDE in Equation (2) does not have the additive signal terms (equivalently, f =
i =¢;j=0fori=1,...,rand j =1,...,1as seen from (b) of Remark 3), the optimal
solution in Equation (6) becomes as follows:

w'(5) = — (Rals +2/ Raej,s) de]))il

X (IC1(S) + Z;/E‘ICzrj(ej,s))\j(dej))Tx(s—).
]= ]

In fact, with the absence of the additive signal terms, the optimal solution is of the pure
state-feedback form.

(c)  When the SDE in Equation (2) does not have the jump-diffusion part (equivalently, F; =
Gj=¢;=0forj=1,...,1), the results of this paper (including Theorem 1) are reduced to
those for the case without jumps studied in [32].

Remark 5. In Equation (6), we define:
R(s,P,Q,Z) := Ra(s +Z/R2] i,8)A;(de;)
R(s,P,Q,7) = Ky(s +Z/ Ko j(e;,5)A;(de;)
K(s,P,Q Z,p,q,% f,0,¢) := B(s) " p(s—) + Y Di(s) ai(s)
+ Z / (ej,5) zi(ej,5)A;(de;)
# L D(9) Pla-)n()
+ Z [, Gilens) (PG5 1))

Then Equation (6) can be written as:

u*(s) = —R(s,P,Q,Z) 'K(s,P,Q, Z)x(s—)
— ﬁ(s, P, Q,Z)_llz(s, P,Q,Z,p,q,zf,0,).

Note that this expression means that the parameters of Equation (6) are dependent on the
solutions of the ISRDE in Equation (3) and the BSDE with jump diffusions in Equation (4).

2.2. Verification

In this subsection, we verify that u* € U given in Equation (6) is the optimal solution
of (P) using the verification theorem obtained from the dynamic programming principle.
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By the verification theorem in Theorem A1 of Appendix A (see also [16] (Theorem 3.1)
and [2] (Theorem 5.1, Chapter 5)) , we need to solve the following stochastic Hamilton-
Jacobi-Bellman (SHJB) equation with jump diffusions:

dV(s,x) = —H(s,x, (V,DV,D?*V,A,DA)(s,x),T(s, x,-))ds

Z i(s,x)dW;(s +Z/ i(s,x,¢,)N;(dej, ds), (s,x) € [t,T) x R" (16)

i=1

1
=~ (x, Mx), x € R",

V(T,x) = 5

where H: Q x [t, T] x R" x R x R" x §" x R x R™" x G2(E, B(E), \;R!) — Ris the

Hamiltonian with random coefficients defined by:

H(s,x,(V,DV,D*V,A,DA)(s,x),T(s,x,-)) 17)

T
=in f{ (DV (s, x), Ax + Bu) +Tr<Z[Cix+Diu—i—ai}DAi(s,x)>
i=1
T
+ Tr(Z [Cix + Dju + 0;][Cix + Dju -}-O'i]TDZV(S,X))
i=1

N =

Il
+]Z%/Ej[ tx—l-z ej)x + Gj(ej) + pjlej)])

I
—V(s,x) — (DV(s,x) 2 i(ej)x + Gj(ej) + pilej)])] Aj(de))

—i—Z/ sx—i—z ej)x + Gj(ej) + el ) — F](sxe)])\(de)

e m>}-

Remark 6. (1)  Note that the SH]B with jump diffusions in Equation (16) is a class of integro-
type second-order stochastic partial differential equations, where (V,Aq,..., Ay, T1,...,T})
define the solution of Equation (16). Moreover, as in (a) of Remark 3, if the coefficients in
Equation (16) (or (1) and (2)) are deterministic, then A; = 0 and L= Ofori=1,...,rand
ji=1...,1L

(b)  In view of the verification theorem in Theorem Al of Appendix A, if we solve the SHJB with
jump diffusions in Equation (16), then the minimizer of the Hamiltonian in Equation (17) is
the optimal control for (P) and V is the corresponding optimal cost. In fact, V constitutes the
value function for (P) in the dynamic programming principle.

We now conjecture that the solution of Equation (16) is quadratic in x, i.e., V, A; and
I'j are quadratic in x, where:

V(s x) = 5(x,T(s)x) + (x(s), p(s)) +11(s)
(x, Qi(s)x) + (x(s),qi(s)) +7i(s), i =1,...,7 (18)

1 ~ ~ .
Ti(s, x,e) = E(x, Zi(ej,s)x) + (x(s),zj(ej,8)) +1i(ej,s), j=1,...,1

NI~

Ai(s, x) =

N~

Now, based on Equation (18) and using Equation (17), we can show that if:
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R(s) + Y. Di(s) TT(s—)Di(s) (19)
1
+ Z/E Gi(e;,s) T (T(s=) + Zi(e;,5))Gj(e;,5)Ai(dej) > 0, ae, (w,s) € QA x [0,T],

that s, it is uniformly positive definite in a.e. (w,s) € Q x [0, T], then the unique minimizer
of the Hamiltonian in Equation (17) exists, which can be written as follows (see the notation
in Remark 5):

i*(s) = —R(s,T,9,2) 'K(s, T, Q, Z)x(s—) (20)
—R(s,T,Q,2)7K(s,T,Q,2,0,3,%,f,0,¢).

Moreover, by substituting Equation (20) into (17), we can show that if:

(T,Q1,--,Qr 21, .., 1) € CR(S") X L5 ,(S" x -~ x S") (1)
x g%‘,p(Elllg(El)/Al;Sn) X X g]%"p(El,B(El),)\l,'Sn)

satisfies the ISRDE with jump diffusions in Equation (3), and the BSDE with jump diffu-
sions in Equation (4) holds with the following expressions:

(Pt e 21, 51) € CHRY) x L3, (R" x -+~ x RY) (22)
X gﬂ%,p(El,B(El),/\l;R”) X oo X gﬂ%,p(El,B(El),Al;R”),

then Equation (18) solves the SHJB equation with jump diffusions Equation (16). That is,
Equation (18) is the solution of the SHJB equation with jump diffusions in Equation (16),
provided that Equation (21) satisfies (3), and the BSDE (4) holds with the expressions in
Equation (22), where the unique minimizer of the Hamiltonian Equation (17) is given in
Equation (20) under the condition that Equation (19) is uniformly positive definite in a.e.
(w,s) € A x[0,T].

By the verification theorem in Theorem A1, this implies that Equation (20) is the
optimal control for (P) and V in Equation (18) is the corresponding optimal cost (see (b) of
Remark 6). Since Equation (21) satisfies Equations (3) and (22) and holds (4), we can easily
check that Equation (20) is equivalent to (6) in Theorem 1, where Equation (5) is equivalent
to (19). Moreover, it can be observed that V (0, 2) in Equation (18) is equivalent to (7). This
verifies that under the condition that Equation (19) is uniformly positive definite in a.e.
(w,s) € Q x [0, T] (equivalent to (5)), (20) (equivalently (6)) is the optimal solution of (P)
and V in (18) is the corresponding optimal cost, which is equivalent to Equation (7).

In summary, we state the following result:

Proposition 3. Assume that (H.1)-(H.4) hold. Suppose that Equation (21) satisfies the ISRDE
with jump diffusions in Equations (3) and (22) hold the BSDE with jump diffusions in Equation
(4). Assume that Equation (19) is uniformly positive definite in a.e. (w,s) € Q x [0, T]. Then
Equation (18) with the minimizer of the Hamiltonian (17) given in (20) solves the SHJB equation
with jump diffusions in Equation (16). Hence, Equation (20), which is equivalent to Equation (6), is
the optimal solution for (P), and V (0, a) in Equation (18) is the corresponding optimal cost, which
is equivalent to Equation (7).

Remark 7. The superiority of the direct approach established in Theorem 1, compared with the
verification theorem approach in Proposition 3, is that in Theorem 1 we do not need to solve the
complex stochastic HJB equation with jump diffusions in Equation (16). Note that to solve the
SHJB equation in Equation (16), we need prior knowledge of the structure of the solution to the
SHJB equation as in Equation (18). In the direct approach, this initial guess is not required as seen



Mathematics 2021, 9, 2918

19 of 26

from the proof of Theorem 1. Furthermore, Theorem 1 explicitly shows that Equation (6) is the
optimal solution provided that Equation (5) holds, by constructing the equivalent cost functional in
Equation (14) that is quadratic in u under the condition in Equation (5).

2.3. Examples

We now discuss three examples of (P). We assume that r = [ = 1 and drop the
subscript i and j in (2) to simplify the notation.

Example 1. The modified LQ problem studied in [47] (Example 3.1) and [32] (Example 1) to
jump-diffusion models is given by:

T
T(u) = EE[/O [L(s)x(s)? + R(s)u(s)2]ds + W(T)x(T)Z],

where the corresponding SDE with jump diffusions is as follows:

{dx(s) = F(s)ds + [x(s—) + u(s)|dW(s) + /E[x(s—) +u(s) + p(e, s)]N(de, ds)
x(0) = a.

Based on Theorem 1, the corresponding optimal solution can be written as:

w(s) =~ (R(s) + Pls=) + [ (P(s=) + Z(e,s))A Mde))
% (Q(s) + P(s— +/ 2Z(e,s) + P(s—)]A(de))x(s—)
- ( +/ )+ Z(e, s))A(de))_1

+/ e,s) de —i—/ )+ Z(e,s))¢p(e,s)A(de)),

provided that R(s) )+ [e(P(s—) + Z(e,s))A(de) is uniformly positive definite in a.e.
(w,s) € A x[0,T] from (5) Here, the ISRDE with jump diffusions is given by:

dP(s) = —

L(s) +20Q(s) + /E (3Z(e,s) + P(s—))A(de)

B (Q(s) + P(s—) + [¢[2Z(e,s) + P(s—)]A(de))? ds
R(s) 4+ P(s—) + [¢(P(s—) 4+ Z(e,s))A(de)

+ Q(s)dW(s) —i—/EZ(e,s)N(de, ds)
P(T) = W(T),

where it admits a unique solution when R is uniformly positive definite in a.e. (w,s) € Q x [0, T|
in view of Proposition 1. Moreover, the BSDE with jump diffusion and the corresponding optimal
cost can be derived from Equations (4) and (7), respectively. Note that by Proposition 1, the positive
definiteness condition holds when R and L are uniformly positive definite in a.e. (w,s) € Q x [0, T].

Example 2. Next, we extend the (indefinite) mean-variance portfolio optimization problem of [28]
(Example 4.7) and [32] (Example 2) to the case for jump-diffusion models. In particular, we have:

J(u) = %E[/Ol x(s)2ds + x(1)2]
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and:

dx(s) = [x(s—) + B(s)u(s)]ds + u(s)dW(s +/ “)N(de, ds)
x(0) = a.

(23)

Note that the state process captures the wealth process, where the jump-diffusion part
describes the random jumps in the stock market. By Theorem 1 and (b) of Remark 4, the optimal
portfolio strategy is given by:

u'(s) = x(s—), (24)

provided that P is uniformly positive definite in a.e. (w,s) € Q x [0, T] from (5), where (P, Q, Z)
satisfy the ISRDE given by:

dP(s) = — |1+ 2P(s +/ ) +3Z(e,5))A(de)
(P(s—)B(s) +Q(s)) . (25)
- P(s—) ds + Q(s)dW(s) + /E Z(e,s)N(de,ds)
P(1) = 1.

Assume that a = 1 and B(s) = W(s) in (23), i.e., B is the random coefficient. Furthermore,
assume that E = {1} with A = 1, i.e., the Poisson process has a unit magnitude of jumps with
the rate of 1 (A = 1). The simulation results of Equation (25) and the controlled state process in
Equation (23) under the optimal control in Equation (24) are depicted in Figure 1. Note that P in
Figure 1(left) is positive. The plots were obtained by using the finite difference method for BSDEs
based on Monte Carlo simulations as well as the (stochastic) Euler’s method [5,50-52]. Note
that the drift term of Equation (25) has the quadratic growth in Q. Hence, in some situations, the
explicit Euler scheme used in this simulation to obtain Figure 1 may show some numerical issues
(e.g., blowing up in finite time and/or negative solutions for positive processes). Fortunately, in our
case, since the simulation time is short, the terminal condition of P is a constant, and the quadratic
growth in Q is normalized by P, we did not observe such numerical issues in Figure 1.

3.5

State

04k L L L L 05 L L L L
0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Time Time

Figure 1. The simulation results of Example 2: the sample path of the ISRDE with jump diffusions
in Equation (25) (left); the sample path of the controlled state process in Equation (23) under the
optimal control in Equation (24) (right).

Example 3. We study the two-dimensional problem of (P). Consider the minimization of:

J(u) =E [/02 [xl(s)2 + x5(5)% + u(s)z]ds +x1(2)% + szz(z)z}
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o] =llo allaer] ol fawer« e o,
Xo=a

Here, Mj is an R-valued random variable that is positive semidefinite and uniformly bounded
ina.e. w € Q). Note that this problem holds the conditions in Proposition 1 and Equation (5). We
can easily see that the corresponding ISRDE is the S>-valued stochastic process with (P, Q,Z) =

[Pn P12:| [Qn le} [Zn Z12
Pip Pp|" Qi Qn]'[Zi2 Zx

_(|P1| |71 |A
(7. 42) (Lﬂz]' LIZ]' LJ )
The corresponding ISRDE is given by:

] ), and the BSDE is the R2-valued stochastic process with

dPii(s) = — [1 - P12(S)2} ds + Qq1(s)dW(s) + /E Z11(e,s)N(de,ds)
dPpp(s) = — [Pn(s) - Plz(s)Pzz(s)}dS + Q12(s)dW(s) + /E Z12(e,s)N(de,ds)

dPaa(s) = = [2P1a(s) + 1= Pra(5)?]ds + Qua(6)AW(s) + [ Zaa(e,)N(de,ds)
Pi1(2) =0, P1»(2) =0, Pn(2) = M,

(27)

and the BSDE with jump diffusions as follows:

dpi(s) = —[~Pr(s)pa(s) + Qua(s) + [ Zua(e,s)A(de) ds
+01(5)AW(s) + [ z1(e,5)N(de,ds)

dpa(s) = = [p1(5) = Pa()pa(s) + Qu(s) + [ Zm(es)A(@e)]ds  @9)
+02(8)AW(s) + [ za(e,5)N(de, ds)

p1(2) =0, pa(2) =0,

By Propositions 1 and 2, Equations (27) and (28) admit unique solutions. Then, due to the
terminal conditions in Equations (27) and (28), it can be easily seen that (P11, Q11, Z11) = (0,0,0),
(P12, Q12,Z12) = (0,0,0), and (p1,91,z1) = (0,0,0). Hence, by Theorem 1, the optimal solution
to the above problem can be obtained by:

u*(s) = —Pr(s—)xa(s—) — pa(s—). (29)
Assume thata = [0 1] T My =W(2)2and E = {1} with A = 2. The simulation results
of (Pa2, Qa2, Zpo) in Equation (27), (p2, g2, z2) in Equation (28), and the controlled sample path
in Equation (26) under the optimal control in Equation (29) are shown in Figure 2. Similar to
Example 2, the drift term of Equation (27) has the quadratic growth in Pyy. Fortunately, in our case,
since the simulation time is short and all the parameters are constants, we did not observe numerical
issues in Figure 2.
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0.6

BSDE

0 05 1 15 2 .
Time time

1.2

1
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0.4}

State

02t
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041
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-0.8

0 0.5 Ti:“e 15 2
Figure 2. The simulation results of Example 3: the sample path of the ISRDE with jump diffusions
(P22, Q22, Z»7) in Equation (27) (left); the sample path of the BSDE with jump diffusions (pa, q2,22)
in Equation (28) (middle); the sample path of the controlled state process in Equation (26) under the
optimal control in Equation (29) (right).

3. Concluding Remarks

In this paper, we have established the direct approach, the completion of squares
method, to find the explicit optimal solution and the optimal cost of the LQ stochastic
optimal control problem for jump-diffusion models with random coefficients. The approach
constructs an equivalent objective functional that is quadratic in # under the positive
definiteness condition dependent on the solution of the ISRDE. Using the equivalent
objective functional, the explicit optimal solution and the optimal cost have been obtained,
where the corresponding optimal control is linear in the state characterized by the ISRDE
and the BSDE with jump diffusions. The optimality of the proposed solution has been
validated via the verification theorem, which requires solving the complex SHJB equation
with jump diffusions.

One immediate future research problem is to generalize the SDE in Equation (2) to
the Markov regime-switching jump-diffusion model. Another problem would be the
case where there are multiple players, which can be treated by the stochastic zero-sum
game framework. Moreover, it would also be interesting to consider the general noise
model in the SDE, such as the fractional Brownian motion. Finally, it is necessary to study
more general conditions than those in Proposition 1 for the existence and uniqueness of
the solution to the ISRDE with jump diffusions in Equation (3). As mentioned in [38]
(Section 1.3), this problem is challenging, compared to the case without jumps studied in
the earlier references (e.g., [22] (Section 3), [26] (Sections 4 and 5), [29]) (Section 3), since
(R1(s) + Z§:1 f E; Raj(ej,s)A(dej)) ~1in Equation (3) includes not only the first component
of the solution of Equation (3) (that is P) but also the last components (jump-diffusion part)
of the solution (that is Z), where Z is only the square integrable. This problem will be
addressed in the near future.

Author Contributions: ].M.: problem formulation, analysis, general writing and editing, revising
the paper, simulations; J.-H.C.: analysis, general writing and editing, revising the paper. All authors
have read and agreed to the published version of the manuscript.



Mathematics 2021, 9, 2918

23 of 26

Funding: This research was supported in part by the National Research Foundation of Korea (NRF)
Grant funded by the Ministry of Science and ICT, South Korea (NRF-2021R1A2C2094350, NRF-
2017R1A5A1015311) and in part by the Institute of Information and communications Technology
Planning and Evaluation (IITP) grant funded by the Korea government (MSIT) (No. 2020-0-01373,
Artificial Intelligence Graduate School Program (Hanyang University)).

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.
Data Availability Statement: Not applicable.

Acknowledgments: The authors would like to thank the two anonymous reviewers for their valuable
comments on the earlier version of the manuscript.

Conflicts of Interest: The authors declare no potential conflict of interests.

Appendix A. Verification Theorem

In this appendix, we state and prove the verification theorem of (P) used in Section 2.2.
For convenience, we rewrite Equation (17) as follows:

H(s,x,(V,DV,D?*V,A,DA)(s,x),T(s,x,-))
.= inf H(s,x, (V,DV,D?V,A,DA)(s,x),T(s, x,-); 1)
u

= irb}f{Ifll(s, x,(V,DV,D?V, A, DA)(s, x),T(s, x,-); 1) + %< m [SLT ;} m >}

Then the verification theorem of (P) can be stated as follows:

Theorem A1. Suppose that the (r + 1 + 1)-tuple (V,Aq,..., Ay, T1,...,T) solve the SHJB
equation with jump diffusions in Equation (16). Then it holds that:

V(0,x) < J(u), Vx e R", u € U.

Moreover, assume that () € R™ with il := (il(s))scpo,r) € U is the minimizing solution of
the Hamiltonian in Equation (17) for s € [0, T], P-a.s., i.e.,

H(s,x(s),(V,DV,D?V,A,DA)(s,x(s)),T(s,x(s),-))
= H(s,x(s),(V,DV,D?>V,A,DA)(s,x(s)),T(s, (s),-);ii(s)), Vs € [0, T], P-a.s.

Then @ := (i(s))sejo,r) € U is the optimal control of (P) and the optimal cost of (P) is
V(0,x) = J(u) for x € R™.
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Proof. For ii € U, by applying the It6-Wentzell’s formula, we have:

E[V(T, x(T))]
T

=V(0,x)+E [ﬁl (s,x(s),(V,DV,D?V,A,DA)(s,x(s)),T(s, x(s),-); i(s))

S~

— H(s,x(s), (V,DV,D*V, A, DA)(s, x(s)),T(s, (s), )] ds]

=V(0,x)+E /OT [ﬁl(s,x(s), (V,DV,D*V,A,DA)(s,x(s)),T(s,x(s),-); ii(s))

— H(s,x(s),(V,DV,D?*V, A, DA)(s, x(s)),T(s, (s),-); i(s))] ds]

B 1 T/Tx(s)] [L(s) S(s)][x(s)
Vg M <{ﬁ<s>]' {sw R(sﬂ {ms)} )%
This, together with the terminal condition of the SHJB equation in (16), implies:

von =\ [} [ R[] e emaman] o

= J(i).
Furthermore, note that for any u € U,

,x(s),-)) (A2)
(s, (s),-); u(s))-

Then by applying the Itdo-Wentzell’s formula and using (A2),

H(s,x(s),(V,DV,D*V,A,DA) (s, x(s)),T(s
< H(s,x(s),(V,DV,D?V,A,DA)(s, x(s)),

E[V(T,x(T))]

=V(0,x)+E /OT [Ifll (s,x(s), (V,DV,D?*V,A,DA)(s,x(s)),T(s, x(s),); u(s))

— H(s,x(s),(V,DV, D2V, A,DA) (s, x(s)),T(s, (s), ~))]d51

>V(0,x)+E /(;T [Ifll (s,x(s),(V,DV,D?>V, A, DA) (s, x(s)),T(s, x(s),-); u(s))

— ﬁ(s, x(s), (V,DV, D?V, A, DA)(s,x(s)),T(s,(s),-); u(s))} ds]

Fables wlkehe]

Hence, with the terminal condition of the SH]B equation in (16), we have for u € U,

PR LD e e

1
=V(0,x) - 5E

V(0,x) < %]E

= J(u).
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Note that in (A3), the inequality becomes equality as in (A1) when u = & € U. Then
(A1) and (A3) show the desired result. This completes the proof. [
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