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Abstract

We study a mathematical relationship between holographic Wilsonian renormalization group and stochastic quantization
framework. We extend the original proposal given in arXiv:1209.2242 to interacting theories. The original proposal suggests
that fictitious time (or stochastic time) evolution of stochastic 2-point correlation function will be identical to the radial evo-
lution of the double-trace operator of certain classes of holographic models, which are free theories in AdS space. We study
holographic gravity models with interactions in AdS space, and establish a map between the holographic renormalization
flow of multi-trace operators and stochastic n-point functions. To give precise examples, we extensively study conformally
coupled scalar theory in AdS,. What we have found is that the stochastic time ¢ dependent 3-point function obtained from
Langevin equation with its Euclidean action being given by S = 2/ is identical to holographic renormalization group
evolution of holographic triple-trace operator as its energy scale r changes once an identification of = r is made. /  is the
on-shell action of holographic model of conformally coupled scalar theory at the AdS boundary. We argue that this can be
fully extended to mathematical relationship between multi-point functions and multi-trace operators in each framework.

Keywords Stochastic quantization - Holographic Wilsonian RG - Langevin equation - Multi-trace operators

1 Introduction called the stochastic force vector. The stochastic force vector
# shows Gaussian distribution as
The best way to illustrate stochastic process is to discuss a

simple example of the thermal relaxation process [1, 2]'. Statistical distribution of 7

One of them is Brownian motion. To describe the Brownian exp (_ﬁ [ dt i) - ﬁ(;)) (12)
motion, one may consider a statistical velocity profile in one = , '
dimension or statistical velocity vector bundle’s profile in f [Dn]exp (—ﬁ f dr (1) - ﬁ(t))
d-dimension(d > 1). The velocity profile satisfies Langevin
equation, which is given by which is called probability distribution, where the A = akgT

and the kj is the Boltzmann constant. The solution of the
mdz(tt) = —av(t) + 7(?), (1.1 Langevin equation is given by

1
where ¥ is the velocity of a test particle, which is injected  ¥(¢) = e~ n'v(0) + % / en" ()t . (1.3)
0

into a thermal bath with its temperature 7 and the « is a
friction constant being positive. The 7 provides an interac-

5 X ehat Using the solution, one can evaluate a statistical expectation
tion between the test particle and the thermal bath, which is

value of the kinetic energy as

(K) =3m(3(0) - 5(0)

3 w1 Lo 1.4
>4 Jae-Hyuk Oh =2k T (1= ") + Smii(0) - F(O0)e ™"
jaehyukoh@hanyang.ac.kr 2 2
! Department of Physics, Hanyang University, Seoul 04763, I
South Korea ! To explain the stochastic process, we mostly follow the review [2]
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The expectation value of the kinetic energy approaches to
(K) = %kBT regardless of its initial velocity, v(0) as t — .
This means that the injected test particle is to become in
a statistical equilibrium state for large time. This is also
because the stochastic process is Markovian which means
that the collision between the test particle and the particles
in the bath washes out the information of the test particle
before the collision.

One can apply such a stochastic process to understand
Euclidean field theories. In this context, statistical correla-
tions of a field ¢ are equivalent with the computations of the
following path integrals:

(Pxy, 0)...p(x,,, 1)
_ JDIP(p(x, 1), DP(xy, 1)...(x,,, 1)
J[DIP(p(x, 1), 1)

(1.5)

where P(¢, 1) is called probability distribution becoming
weight of the field integration. The field ¢ satisfies Lan-
gevin equation

op(,1) _ 1 8Sg
o 28p(x,0)

+n(x, 1), (1.6)

where the action, Sy is a Euclidean theory of the field ¢ that
we want to get its correlation functions? In fact, the correla-
tion functions of the field  are given by

(n(xy, 0)..n(x,, 1))

_ [ [Dn1P((x, 1), Hn(x,, 1)..0(x,, 1) (1.8)
[[DnlP(n(x, 1), 1)
where
P(n(x,1),1) = exp <—% / dt / dx n(x, t)2>, (1.9)

which is Gaussian form, so # is called white Gaussian noise
field. The correlation functions of the white Gaussian noise
can be easily computed by performing Gaussian integral,
and they are given by

2 To derive the path integral, we use an identical relation of stochas-
tic partition function

Z= / [Dp1P($(x, 1), 1) = / [DnlP(n(x, 1), 1), (1.7)

through the field redefinition using Langevin equation.

O springer KES Y3

(odd number of ) = 0,
(@, o', 1)) = 8(t — )6 (x - x'),
(n(xy, 1)..0(x,, 1,))
= > [T st )

[all possible pair combinations] [pairs]

(1.10)

The probability distribution also satisfies a Schrodinger type
equation as

oy
ot

= Hppy;, (1.11)

where

w,(¢, 1) =P(¢, 1)eS:/?, and

_1( 1 68 1 68
Hpp —§< I(x) + > 6¢>(x)> <H(x) + > 5¢(x)>.
(1.12)

The I(x) is the canonical conjugate of the field ¢(x), i.e.,
5

IIx) = oo where there is no the imaginary number, and
“i” in its definition, since it is defined in Euclidean space.
"H r-p is called Fokker—Planck Hamiltonian. Even though one
can start with an arbitrary probability distribution in the very
early stochastic time ¢, for the very large time ¢, it gets
reached a fixed point, where d,r, = 0. One of the trivial

solutions in the fixed point is

(523
op(x)

where the solution of y,=¢ and this gives
P(¢,t — o0) = eS¢, In fact, in the very large time, the sto-
chastic correlation functions are those of a Euclidean field
theory of S, where we seth = 1.

Namely, stochastic quantization is to get quantum cor-
relation functions by considering the probability distribu-
tion P(¢,t — oo) as a Euclidean path integral weight with
identification kzT = h. In fact, it is also discussed that the
stochastic time evolution of the weight in the path integral
P(¢, t) for the Euclidean theory Sy is equivalent to that we
solve the corresponding Langevin equation

1 6Sg
2 6p(x)

)w;(cb,t) =0, (1.13)

—5¢/2

op(x,1) 1 68
o 26¢(x1)

+ n(x, 1), (1.14)
together with the Gaussian distribution P(#) of the stochastic
force fields #(x, 1).

Holographic Wilsonian renormalization group (RG)
describes flows of deformations to dual gauge field theories
as their energy scale changes by employing the holographic
dual gravity models [8, 9, 13, 14]. It turns out that the holo-
graphic Wilsonian RG equation can be described by Ham-
ilton—Jacobi equation
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HreWn = 0wy, (1.15)

where Hp is the Hamiltonian being obtained by Legendre
transformation from a certain holographic gravity model
Lagrangian. The variable r is corresponding to an energy
scale of the dual field theory. This equation describes the
evolution of the wave function

Wy = exp(—Sp) (1.16)

as the energy scale r changes, where Sy is a collection of
the boundary deformations, which are those of a certain
composite operators corresponding to normalizable mode
of excitations in the dual gravity model.

Recently, an interesting idea is proposed in [3—7]. The evolution
of the boundary deformations is identical to a complete different
framework: stochastic quantization. For holographic (free) gravity
models in AdS space, the proposal suggests the three conditions

e The stochastic time ‘7’ is identified with the variable, “7’ which
mediates holographic renormalization group energy scale.

e The Euclidean action Sy, is identified with the holographic on-
shell action 1, as S = 21 ..

o The Fokker—Planck Hamiltonian,  ;5(#) has the same form with
the holographic renormalization group Hamiltonian, H z(r).
Namely, Hz;(r) = Hpp(t), provided thatr = ¢,

where ¢ is the stochastic time and /,; is the on-shell action com-
puted in the gravity model at the conformal boundary in AdS space
without any boundary counter terms. Once these three conditions
are satisfied, the result is that the stochastic two-point correlation
function precisely gives the evolution of holographic double-trace
deformation.

The precise map is

1 6%S

—1 E
AGTA G 28,06, (1)’

= (£, (1), (1)) (1.17)

where (f,(1)f,;(1))s is the stochastic two-point correlation
function and

528,
3, (N3 (1)

J,(r)is the field in the gravity model and f,(7) is the stochas-
tic field originally defined in Sg(f,). This relation is tested
in many holographic models: massless scalar in AdS, and
U(1) gauge fields in AdS, [3], conformally coupled scalar
in AdS, [4], massive scalar in AdS, [6], and massless and
massive fermions in AdS, [5, 7]. They are all free theories.

In this paper, we study the features of mathematical relationship
between stochastic quantization and holographic Wilsonian RG
more in detail and extend the relation (1.17) to interacting theories.
The main results are twofold. We illustrate these in order.

Gy (DY, = (1.18)

First, we clarify how the third condition H ; = H ;p suggested
above can be understood. It turns out that this condition needs not
to address, but it is derived from the first two conditions, » = ¢ and
Sg = 21 for certain classes of holographic models. This condition
is somewhat crucial, since this ensures that the two evolutions of
the wave function, y, and y,;, share the same form of solutions of
Hamilton—Jacobi equations, (1.11) and (1.15), respectively. This tells
us that holographic Wilsonian RG is nothing but the Fokker—Planck
approach in stochastic framework. However, once the first two condi-
tions are satisfied, then H ,; becomes precisely the same with H ;.p.

To show this, we investigate the fixed points of holographic Wil-
sonian RG, namely d,y; = 0, and then, it means that H ;y,; = 0
at the fixed point. This condition allows us to rewrite the dual grav-
ity action in terms of S, which is evaluated at the fixed point. With
this action, one can compute equation of motion, its solution of the
action, and finally compute its on-shell action. It turns out that the
on-shell action is given by /,; = +S5. Once we use the condition
Sg = 21, = +25, and we replace every Sy by such a i% in the
gravity model action, then what we have found is that the gravity
model action becomes precisely the form of the Fokker—Planck
action in the classical limit. We note that the argument for the proof
applies to all the kinds of free theories defined in AdS space [3-7]
and conformally coupled scalar with its self-interaction in AdS space
is also applicable.

Second, we extend the relation to holographic gravity models
with interactions. Especially, we study conformally coupled scalar
theory in AdS,. The reasons why we study this model are as follows.
(1) There are several advance studies with this model [3, 4, 12] to
explore the relation(1.17). (2) Conformally coupled scalar theory has
nice property. The theory in AdS space can be effectively defined
in flat space of R4 x {0, o0}, where R is d-dimensional Euclid-
ean space. This is good in a sense that stochastic process is usually
defined in such a space. R“ s the space that the theory S is defined
on and the stochastic time ¢ € {0, oo }.

What we have found is the relation between the evolutions of
triple trace operator computed from the holographic gravity models
and the stochastic three-point functions. The precise map is given by

o, (O, (O, (D)=

3
= (f,, 0, ), )5 [ [, -, 05"
i=1 (1.19)

1 838, /=0

26f, (05, (05, ()

s

where (73,1 (t)fpz(t)fm(t))g is the stochastic (connected) three-
point correlation function and

538y =0

0, (10, (r)ofy, (1)

oy, (O, (0, (D) = (1.20)

,,,,,,,,,,,,,,,,,,,,,,
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We note that the three-point function is evaluated up to lead-
ing order(the first order) in A, where A is a coupling constant
of three-point self-interaction appearing in conformally cou-
pled scalar theory in AdS,.

2 A brief review of conformally coupled
scalar in AdS space

To discuss the conformally coupled scalar theory as a holo-
graphic model, we consider an action

S= / drd'x\[gL(¢,0¢) + S}, 2.1

where the theory is a probe theory in Euclidean AdS,
space, whose metric is given by

d
ds® = g, dxVdx" = l2 <dr2 +Y dxfdx’),
r

i=1

2.2)

where the indices, y, v are d + 1-dimensional (Euclidean)
spatial indices running over 1.. to d + 1 and the parameter e
is a certain radial cut-off of AdS space. The x' are the coor-
dinate variables along AdS boundary directions, whereas r is
the radial variable of AdS space. The term, Sg, is a boundary
term on the » = e boundary, which will make boundary vari-
ation problem be well posed.

The detailed Lagrangian density of conformally coupled
scalar theory is

2(d+1)

—gﬂva 0,0 + m2¢2+ d) 1

L(¢p,0¢) = (2.3)

For the theory to enjoy a scale symmetry, the mass m needs
not to be an arbitrary value, but

d> -1
2—_
m- = YR

2.4

In fact, the mass term comes from a coupling of the scalar
field with background curvature of AdS space.

Such a mass plays interesting roles in holographic con-
text. It turns out that in a mass range of

2 2
—d—szs—dZH,

(2.5)
both of the non-normalizable and normalizable modes of
the excitations in the gravity theory (in AdS space) can
be sources of the deformations to the dual boundary field
theory. The field theory operators coupled to either of the
source terms become unitary in this mass range.

Another is again scaling property emerging in the value
of the mass. Using this scaling property, we can perform a
field redefinition as

@ Springer KCJS '2 El§||§-]

PO = 1T f(), (2.6)

and then, the action (2.1) with the Lagrangain density (2.3)
becomes

S= / drdx ( 59, f(00,f(x) + f = (x))
r>e o7

In this action, the theory is effectively defined in a half of
the flat space, R? x [0, c0).

We note that thiz(s“tl%leory shows self-interaction being
proportional to ~ f -1, where again f is the field which is
newly introduced by the relation(2.6). The exponent, 2(d+1),
is fractional in general, but if d =3 ord =5, it becomes
an integer. If someone considers quantum theory with this
model, it is probably reasonable that one considers d = 3,

which will give f*-theory or d = 5 which will do f3-theory.

3 Areview of holographic Wilsonian RG
of conformally coupled f3-theory

3.1 Derivation of Hamilton-Jacobi equation

In this section, we will discuss holographic Wilsonian renor-
malization group equation for conformally coupled scalar
theory. The most of our discussion is already appeared in
[12] and we faithfully follow the argument therein. In [12],
the authors discuss the case that d = 5 mostly, which means
that the theory is massless scalar theory defined in six-
dimensional flat space. In this case, the interaction vertex
is three-point self-interaction. The theory is defined by the
following form of the action in momentum space:

S :/ dr [% / dSdek’5(5)(k + k’)(()rfk()rfk/ + szkfk’)
r>e

3
ot [ (34)

+ Sp(e),
3.1

where to derive the action, we employ a Fourier transform as

(271_1)5/2 / Ske—zkx,f ().

Therefore, k; is the momentum along the five-dimensional
boundary directions. The Sy is the boundary term atr = €
near the conformal boundary. In fact, this contains even the

flr,x) = (3.2)
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boundary terms generated in the process of the field redefini-
tion(2.6), and then, it is

) r=e
d5x@ (3.3)

To derive Hamiltonian of the theory, we define our conjugate
momentum of the field f and its equations of motion as

0Sp
=0,/ = o
5 31 K (3-4)
arI—Ik =kfk+_ (2 )S/Zﬁ‘f}‘ k'

where the second equality of the first equation guarantees
that variation of the action S is well defined even on the r = €
boundary surface. The theory S will not depend on the cut-
off scale, e. By applying this fact, we request % = 0 and that
leads a Hamilton—Jacobi type equation, which will describe
the evolution of the boundary term Sy as the radial cut-off
runs. Its form of the equation is given by

[ 5) (o)
2 of(e) ) \ of_i(€)

+ % / k&K' 59 (k + KK f fy

3 3
+§/11;[d5kfk[5<5><2 kj).

J=1

0.5p(e) = —

3.5)

Now, we try to solve this equation. The form of the trial
solution is designed to be an expansion in the weak field of
fin momentum space. The precise form of the solution is
given by

Sp(e) =A(e) + / J(e)f 1 (e)d’k

2 2
" [/ Hdskfkm] Di?@(@é“)(ij)
i=1 j=1
oo n+2
+ A [ / 11 dskifki(e)]
n=1 i=1
n+2
o, o0°(Z)

=

(3.6)

Once we substitute the ansatz into the Hamilton—Jacobi
equation, we obtain a series of terms with products of the
field f with certain momentum-dependent coefficients in
front of them. We stress that the Hamilton—Jacobi equa-
tion is an identical equation in the field f. Therefore, the

coefficients in front of f” for an arbitrary n on the both of
the left- and right-hand sides of the equation should be the
same. The equations for these coefficients are listed below:

1
aEJk(e) — _2Jk(€)D(2) k(e) (38)
0.0 p)(e)
_ 10 @ -p?
_ 2(4D(p,_p)(e)D(_M)(e) P (3.9)
5 (3)
~32 / kI (€)D, 11 _1(€)
(3)
0D 14 (©)
3
3 1 ) )
= W - Z(Zijs_kj>( )D ki ky ks (€) (310)
=
5 4
— 41 / d kJ_k(e)D(k s, kl—k2+k,—k)(€)
9.0y (@
==2( ¥ p? D"
(z (k;, k)>(€) (CISRANES ) l1 k/)( ©
_ % Z(n/ +2)(n—n')
n'=1
/ 3.11
'Per D(I’l +2) 'l (€) ( )
Kpseooskp = Xy )

D(n—n’)
n—1
(ku’+z k 1,—21_1 k;

)€ )}

—An+1) | &k D‘"“)
(l’l )/ k(e) kyseoky_y k= E,n:

for n >4,

where Per{} denotes all possible permutations of momen-
tum labels in the curly bracket.

3.2 Solutions of Hamilton-Jacobi equation

Looking at the above equations, D™, the coefficients of f"
is coupled to D', the coefficients of f™ where m # n. Since
they are coupled one another, it is rather hard to get their solu-
tions. However, if one assumes that J, = 0, then (3.9) becomes
an equation of one unknown, D® only. Once we assume that

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘



908

J-H.Oh

Ji, = 0, then the boundary cosmological constant A becomes
a constant, meaning that it shows no e-dependence. The solu-
tions of D can be obtained from the solutions of D™, where

n<m.
The solutions of D™ for n > 2 are given by
1 9/,(€)
DY (e)=5——, (3.12)
PP 2 f,(e)
3)
(kyky »k3)(€)
1S @@ (@)de' + 6
4@y i, @, )y (€) ’
(3.13)
D(”)
(kl,..-,k,,,l. Zjl j (6)
01 (Tt
Hi:]fk,»(e) 2 H1:1fk,(€)
n—3
X Y (' +2)(n—n) (3.14)
n'=1
Per{D(’HZ) RG]
Ky 1= T k)
(n—n')

( )}’
(k»x’+2""’kn—l’ Z/ 11k Zj +1

where C® and C™ are integration constants. The solution
fp(e) is one of the followings:

f,(e) = C, cosh[|p|(e — O],

3.15
or f,(e) = C,sinh[|p|(e — 0)], (3.15)

where C,, C‘p, 6 and @ are arbitrary, momentum p-depend-
ent constants. In fact, one solution can be obtained from
another by employing an analytic continuation of the con-
stants in the solution. For example, the second fp(e) maps to
the first solutlon fp(e) once we define that § = 6 + 15 and
C = C e, Therefore, we will use the second solution f (e)
only for the later discussion.
The solution of Dl(f)_p is given by

<2> (€ )_ coth [pl(e — 0)]. (3.16)
Again, we have another solution
Dl(f)_p(e) = %I tanh[|p|(e — 6)], which can be obtained by the

analytic continuation. This solution shows unique behavior
as € — oo, which is understood as the infra-red fixed point
of the coupling of double-trace operator deformation to the
boundary field theory where the operator is coupled to the
boundary value of the field f on the conformal boundary. As

) — Il
€ > 00, Dp,_p(oo) >

@ Springer KCJS 'E Elgu'g.]

The solution of D; )k s is given by
(3)
AD 1 (©)
A

- 4Q2x)5/2 [T._, sinh[|k;| (e — 6)]
cosh (Zle [1k;(e — 9)])
DI

c®
P

3
Hl‘=1 Ck[

+

FNP

| & cosh (L [lkle - )1 = 2[1k (e - 6] )
ZZ 3 ’

j=1 2t Kl = 21K

which shows its fixed point

A
ADY) = :
ky.ky ks 4(27[)5/2(2?:1 |k1|) (3.17)
as € — o0.

The fixed points of D™ wheren > 4 ase — oo, are given
by

L 2D(”) (OO)

(ki
5 n-3
= n+2)(n—-n
2(2, kD 4 z( X )
) (3.18)
Per{D(" 2 ., (c0)
(P Z,-"J k)

(n—n")

X D . . (00) P
(kn’+2*""kn 1 Z/ |1 ka Hk)

For an explicit example, D®(c0) is

2y®
A°D, Ko, k4(oo)
342
4
2Qry (X kD

1
<(Ik1I + k| + lky + Ky DCIks | + kgl + 15 + Ky ])
+ (ky © k) + (k; © k).
(3.19)
We note that J, # 0 solutions are not much valid for further

discussion. For more discussion on this issue, see the end
of Section.4 in [12].
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4 Stochastic framework and holographic
Wilsonian RG

4.1 First-order formulation for holographic theories

Let us start this subsection with review of the previous
works [3-7] on the research of the relation between sto-
chastic quantization and holographic Wilsonian RG. In the
series of these papers, it is suggested that the holographic
Wilsonian renormalization group equation is nothing but a
classical limit of Fokker—Planck approach once one identi-
fies the classical action, Sy with the boundary on-shell action
in holographic context. As described in Sect.1, probability
distribution P(f(), ¢) in stochastic partition function satis-
fies a Schrodinger type equation given in (1.11) and (1.12).
We note that f(¢) is the stochastic field and ¢ is stochastic
time. Holographic Wilsonian renormalization group equa-
tion shows a form of Hamilton—Jacobi equation. With an
observation on the mathematical similarity between the two
frameworks, it is suggested that holographic dual gravity
model and its boundary theory can be described by sto-
chastic frame. The most strong evidence obtained from the
previous research is a fact that the radial evolution of holo-
graphic double-trace operator in r is completely captured by
(stochastic) time evolution of stochastic two-point function
in ¢, where r is AdS radial variable.

To derive this result, we need three conditions, where
some quantities in stochastic framework match with those in
holography. The suggested conditions between the quantities
in the both frameworks are the following:

¢ The first condition: The stochastic time, “f” is identified
with the variable, “r” which mediates holographic renor-
malization group energy scale. r is AdS radial variable.
e The second condition: The Euclidean action, S is iden-
tified with the holographic on-shell action 1, as S = 21

e The third condition: The Fokker—Planck Hamilto-
nian, Hyp(?) has the same form with the holographic
renormalization group Hamiltonian, Hy;(r). Namely,
Hre(r) = Hpp(t), provided that r = ¢.

For every case that the authors look at [3—7], such an identi-
fication, S = 21 recovers the dual gravity action(also Ham-
iltonian) generating the on-shell action as a Fokker—Planck
Lagrangian (also Hamiltonian) density. In other words, the
Fokker—Planck Lagrangian density being given from S has
the same form with the holographic action if its boundary
on-shell action is given by I, = 2S,. This supports the third
condition addressed above, Hp;(r) = Hpp(1),

In fact, the third condition is derived from the first two
conditions, ¢t = r and Sy = 2[ . This can be understood if

one looks at fixed points of the holographic Wilsonian renor-
malization group equation. Consider the most general form
of the gravity dual action of scalar fields as

S = / dr<% / dkdK 8Dk + K Yd fd f, + £(f(r))>
r>e (41)

in momentum space, where L(f(r)) is the Lagrangian density
which does not contain radial derivative terms. Namely, it
does not have d.f,. The symbol d, denotes d, = d . We
note that we assume that the term L£(f(r)) has no explicit
r-dependence at all, but it depends on r only through the
field f(r). Any free theory model of holographic gravity
models in AdS space transform into this type of Lagrangian
by employing an appropriate field redefinition together with
redefinition of radial variable r(See [6]). Conformally cou-
pled scalar theory with interactions is also this type.

For example, if we restrict the case to conformally cou-
pled scalar theory in d = 5 case (3.1), then

L) = / dkdK 6Dk + K'Y f

3 3
A St 5O
3G / gd k.6 Z}kj :

4.2)

The Hamilton—Jacobi equation describing holographic Wil-
sonian renormalization group at classical level is given by

agSB = HRG’ (43)
where
He = / dr[l / dkd'K 5Dk + K

r>e (4.4)

oS oS
(&) (&) -]

o ) \ o
Now, consider fixed points of the equation. Fixed points can
be obtained by requesting d,.Sz = 0, and then, we demand
that Hp; = O for the fixed points, too. Using the relation

Hre = 0 at the fixed points, one can replace L(f) by the

term, = / dkdK' 5Dk + k') <5SB ) (:;SB ) in the holographic

dual gravity action (4.1). Then, the action becomes

_ / dr% / dkd K 5Dk + )
r>e

585\ [ 58 @5)
i (52)(52)]

3 This reason why we use the symbol d, rather than 9, here is to use
Eq. (4.9). If some quantity Y depends on r but not through explicit
r-dependence, 9,Y = 0, but d,Y # 0. In other sections, we use 0, only.

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘
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We note that we need to be careful to derive the above
action. The relation Hy; = 0 is hold only at the fixed points.
However, the £(f) in (4.1) has radial variable r dependence.
Therefore, even if we get the relation, Hy,; = O at the fixed
point, in the action (4.5), we promote the field f, — f,(r) for
it to become generic r dependence.

Now, let us discuss equation of motion of the action(4.5).
Variation of the action gives

o= (52)(22)
k r 2 .

o /J\ of2,
After multiplying d.f, to the both side of the equation of
motion, we consider the following object:

d fi (DA (r) + d f_ (Pd>fi(r)

—<%> &Sy d,f- (>+<‘S ) &Sy d f(r).
VAT ARV
4.7

We note that for the next step in this computation, we will
use a fact that

(4.6)

dasy () 0Sx(f)\ d) N
W) _ (850 dh , 95, ws)
dr of dr  or
and the last term vanishes. Therefore
dSg(f) 6Sp(f)
= df,.
o < ) “9)

This is because the Sy is not usual one, but it evaluates at
fixed points and assign r-dependence only on the field f,.
Thus, the Sy has no explicit r-dependence at all.

Using that d fr = d.., this object becomes a total deriva-

tive form as

Sz \ [ 68,
Lfomsan-(3)(82)] o

The left-hand side of the above equation can be factorized
and one can rewrite it as

55, 55,
o= (572 Joro+ (52)] -

where C, has no r dependence, namely just a boundary
momenta, k-dependent constant and C;, = C_,.

The equation of motion (4.6) is non-linear equation in the
field f,, and so, it is rather hard to get its solution, since Sy

(4.10)

@11

@ Springer KCJS 'E E]§|l§_]

can be a generic function of the field f,. However, in a case
that the integration constant C, = 0, we have two first-order
equations. The two equations are

df()+<5S > 0.
r
¢ f 1

In fact, the solutions of holographic dual gravity theories
obtained in [3-7] are all these kinds.

Let us take these solutions and compute on-shell action
of the dual gravity action in holographic setting(4.5). We
manipulate the form of the action as

= / ark / dkdk 5Pk + k')
r>e

afi= 28 (a5 = 22) 5 Lios,
T k= éfk, Tar TR

The first term in the above action vanishes thanks to the
equation of motion, and the second term is boundary term
at r = e. Therefore, up to equation of motion, we get holo-
graphic boundary on-shell action as

4.12)

(4.13)

I

s = £Sp(r =e€).

4.14)

Finally, we understand that once we identify
Sg =21, = £25; recalling the second condition that we
address in the beginning of this subsection, the action (4.5)
becomes Fokker—Planck action in the classical limit if we
set r = t (the first condition). The form of the Fokker—Planck
Lagrangian is given by

r _l(dfk(t)><df—k(t)>
FPa\ dr dt

and the last term is known as higher order in 7, where we
seth = 1[1, 2]. Thus, we ignore the last term in the follow-
ing discussion. This also means that the Hamilton—Jacobi
equation for holographic Wilsonian renormalization group
is nothing but Fokker—Planck equation(1.11).

So far, we justify that the identification Sy = 2/ ; pro-
vides a feature that the holographic Wilsonian renormali-
zation group equation is the same with the Fokker—Planck
Hamiltonian equation. According to this result, we under-
stand that the solution of each Hamiltonian equation of
wave function should be the same in the classical limit.
The wave function of holographic Wilsonian renormali-
zation group equation y = exp(—Sg) can be identified
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to the wave function of the Fokker—Planck equation
v = P(f,) exp(%), where P(f,) is the probability distribu-
tion in stochastic framework. The forms of the wave func-
tions are given in Sec.1.

Let us develop our discussion on the probability dis-
tribution. The stochastic n-point correlation function is
given by

<H@m>=/mmwmmmﬂﬁm
i=1 s I=1

where the f,(7) is the stochastic field to be quantized. The
probability distribution is defined to be P(f(7), 1) = e~V ®),
where the S, is the weight for the correlations, being given
by

%meZ[

=2

(4.16)

I1 / fkf(t)dskf]
j=1

J=

Pi(ky, --~ki;t)5(5)<2 kj>’

=1

4.17)

where P; are coefficients in front of n-multiples of the field
fi- Recalling the discussion given in [3] and as addressed
previously, we identify the two objects: y; = exp(—S;) and
v = P(f,) exp(s—;). In the classical limit

1
SBZS[)_ESE' (4.18)
This relation is translated into a form of
2D (o) =Pk, ki)
Io-%n e=t
1 (4.19)

- an(kl, ks,
where G, is given by
Sp=, / lek[dSki O, ky, ... k), (4.20)

n=2 i=1
where
Oy, ... . k,) = Gn(kl,...,kn)é(d)<z ki>. 4.21)
i=1

We also use (3.6) and (4.17) to derive this.

4.2 Stochastic correlation functions and the precise
map of the two- and three-point functions
with double- and triple-trace operators
in holographic Wilsonian renormalizaion group

In this subsection, we will develop the precise maps for the
two- and three-point functions in stochastic framework and
double- and triple-trace operators given in (1.17)—(1.19).
We start with the stochastic partition function (1.5), which
is given by

Z= / [Df,]e™S

2

= / [Df,] exp l— / Pk k)8 Py + ko) [ [ 1,0k

i=1

3
- / Py(ky, ko, k)6 + ky + k) [ [ 1,0k

i=1
-t /kadek],
(4.22)

where we assume that the interaction P, for n > 2 is sup-
pressed by a small coupling constant in it. Namely, we sup-
pose that P, (k;.t) ~ O(g"~?) for a certain small coupling con-
stant g. The last term is a source term coupled to the field
Ji- We expand the partition function up to first order in P,
and then, we have

Z:/[ka]{l —/P3(k1,k2,k3)5(d)(k1 +ky + k3)

3

H id5 k;] + higher order interactions
i=1 6Jki

, 4.23)

X exp l— / P,k k)8 Dk, + k) [ [ i,k

i=1
+ / kadek] ,

where we replace every f; by % in the expansion of curly
k

bracket. After this, we integrate the field f;, and then, we
have

z :{ 1- / Py(ky, Ky, k3)8D (k) + Ky + k3)
3

H id5 k;] + higher order interactions
i=1 6Jki

1 s s 60 +py)
— | &p,d°p,———J, (1), (1)].
XeXp[ 4/ Pdpy Prpropa) o, (D, (D)
4.24)

qqqqqqqqqqqqqqqqqqqqqq
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Now, we are ready to compute correlation functions. The
two-point correlation function is

8log Z 1 :
g s Yk ). @a2s)
5760, 2Py(ky, ki)

<fk,fk2>s =

i=1
and the three-point function is

8 log Z
1 2 3

3
=31P;(ky. ko ki) [ | 1 5®

LL2P, (k;, =kt
3
(24)
i=1

These correlation functions are obtained up to leading order
in the implicit coupling constant g. Namely, (f; f;, }s ~ O(1)
and (f; fi fi,)s ~ O(g). We ignore all the other subleading
corrections. We also ignore the tadpole diagrams which are
not connected one. Inverse relations of these are

(4.26)

1
Py(ky, ky3t) =§<fk1fk2>S’ and

| 3 (4.27)
Paky ko, kyst) =3 0F fifi s [ s )5
: i=1
where we drop the delta functions. Using a fact that
P O — S and
kl k” l’l' 5fkl ...(ka"
Gulkyo o k) =20 e
PRI 0 ofy of,

the relation (4.19) for n = 2 and n = 3 cases is translated into

(AT i

= (f,(0f ()5 — %% (4.29)
and
(o, O, (P, (D)™
3
= (f,,, O, Of,, (D)5 go;i(t)f_pi(t»gl .

1 58 =0

24, 06,5,

bl

respectively, where

@ Springer KCJS 'E E]§|l§_]

52S
G () = m 2
and
(F,, (), (), (1)) oSy B (4.32)
p, (T, () = .
P S G (16, (Nf, (1)

5 Stochastic three-point function and check
the relation (4.30)

In this section, we interpret the holographic description
of the renormalization group in the language of stochastic
quantization.

5.1 Construction of Euclidean action, S

The Fokker—Planck Lagrangian that we employ is given by

8Sp\ [ 6S;\ 1 8%
Lrr= a";’ Wt <5fp><f >_15J;5f_,,'

5.1)

The last term is a higher order in /2, which corresponds to the
quantum correction of the theory. We ignore this term for
further discussion. Now, we define the Euclidean action as

Sp=) / lekidSki
n=2 i=1

where the coefficients, O, (k|, ..., k,) are unknowns yet and
will be determined soon. There are two different ways to get
the exact form of O, (k,, ..., k,). One way is to get them by
using the second condition that S = 21 for the correspond-
ing stochastic system by computing the on-shell action, I,
explicitly, which is proposed in [3-7].

The other way to obtain this is by employing the con-
dition of Hy; = 0 at the fixed points in holographic RG
equation where Hy; is given in (4.4) together with the
fact that the on-shell action is given by /,, = +S; at the
conformal boundary. Namely, Sp = 2/, = +255. We use
this method in the following and it turns out that which
is completely identical with the first method. We replace
every Sg by = in the Hamiltonian H; given in (4.4) and
request HRG = 0, and then, we have

(5) ()
8/“"(612 o .

1
=/drd5k<§k2fkf_k 20n )5/2 /fkfk’fk k’dk>
(5.3)

O,k .... k), (5.2)

where
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(5) ()
/ drd "( TAGE

= / drdSqizN: / lﬁfkidki]

N=2 n=2
n(N +2 —n)Per{O,(k,, ...
Oppialhys o ky, =)}

54

’ kn—l’ q)

To derive the above equation, we assume that the operator
O,(k,, ..., k,)is permutation invariant under exchanging of
the momentum labels.

To find the correct form of the Euclidean action, we
request that the relation (5.3) is identically satisfied.
Since the form of the Euclidean action is comprised of a
power expansion of the field f,, we request the coefficient
of the n-multiples of the field fp i.e., the coefficient of
[H:': 4 fkidki] in both sides of the relation(5.3) are the same.
For example, the coefficients of the bilinear of the field
fp in the both sides of the equation(5.3) are identified as

I ] / & qdrPer( O, (k;, )0y (ky, —4))

1 2
— [T k] [ Paartiliets® e + 059, - o
5.5
and then

O, (ky, ky) = 8O (ky + ky)

z Ik,| (5.6)
B (3).

i=1

&y | + [k, |
2

which is manifestly invariant under permutations of the
momentum labels. Next, we look at O;(k,, k,, k3). The tri-
linear term in the left-hand side of Eq. (5.3) is given by

3 3
% lekidSki] /dr(z |ki|>(’)3(k1, ky, k3)
i=1 i=1

/1 3 3 5.7
_ S ®)
RVTC ST lgﬁcid k,] /dr5 <; k,)
From this, we get
Oy (k). ky. k3) = 89 Zk) (5.8)

22z )5/2(2, kD=

The right-hand side of Eq. (5.3) does not have terms contain-
ing Hfil fkidSki factor, when N > 4. Therefore, the general
equation to obtain the multi-linear terms, Oy(k, ..., ky), for
N > 4 1is given by

N N
= / drd°q Y / lek[dki] n(N +2—n)
n=2 i=1

Per{O,(k,, ...

5.9
s kn_]s q)ON—n+2(kn7 ceey kN’ _Q)}

We pick out the N-multiple terms, Oy and separate it from
others, and then, the equation becomes

N N
0 =5<5><2 k,.> l4<2 |ki|>GN(k1, o ky)
i=1 i=1

N-1
+ Y n(N+2-n)
XPer{G,(ky, ... . ky_1, DCio_pKps - k. =)}
(5.10)

where we define the quantity G, as

O, ki, ... k) = 5“)(2 >G (k... k).

i=1

(5.11)

We will not compute every Oy explicitly except the O,
below. The tetra-linear term is obtained by solving the above
equation as

Gy(ky, ky, ks, ky)
342
4
16(2;:)5(zl.=1 |k[|>

1
<(Ik1| + k| + 1ky + k(3| + k| + k3 + ky])
+ (ky © k) + (k; © k).
(5.12)

5.2 Evaluation of stochastic three-point correlation

The Langevin equation is given by

WO 1 58,
o 25f (1)

+ 11, (0), (5.13)

where the Euclidean action is given by (5.2) and (5.11). The
1,(t) is the stochastic noise function satisfying (1.10). We
plug the Euclidean action into the Langevin equation, and
we have

=—‘Z l/kadk O,k ... kg, =p)

+ 1, (2).

6f ®

(5.14)

Since there are many of the terms on the right-hand side of
the equation, we solve the equation with a power expansion

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘
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order by order in the small coupling A. The quantity,
O,(k,,...,k,), is suppressed by A2 as seen in the solutions
of them being obtained previously. The trial solution of the
equation is

AGCED WO (5.15)
n=0

where we assume that fp(”‘2)(t) is an object in order of A"~2.
More practical form of the equation for the generic n is
given by

oF=2(0)

ot
n S 4 n'—1
I 1] (RO
2n’=2 My, Ty =2 i=1 l
Oy (ky, k1. =p)] + 1,0,

where Y'(the second sum) denotes that it is a summation
satisfying a condition that

n'—1
n=2-n+ Z n;,
i=1

and we assume that the Gaussian noise, #, is an O(1%)
quantity.

Now, we evaluate the solutions of Eq. (5.16) step by step
below. First, we consider n = 0 or 1. In these cases, the form
of the equation is given by

o0 o)
= =0

(5.17)

, (5.18)
ot ot
and their solutions are given by
F0 =A@ f00 = Ip)a, (5.19)

where A(p) and J(p) are arbitrary momentum-dependent
O(A%) functions. For a moment, we assume that they vanish,
ie., A(p) =J(p)=0.

Second, we consider the solution in O(1%), namely, n = 2
case. In this case, the Langevin equation becomes

0 .
=— = ~Gap, =p)f, (O + 1, (1), (5.20)
and the most general solution of the equation is
t
100 = / ey (Nt (5.21)

where 7 is a constant which is introduced to set an initial
boundary condition. We just pose here a moment and get

D Springer KESYAEAY

stochastic two-point correlation function for later use, which
is given by

(L 0fy (@) =/ / dr'di” exp [—Gg(t -1) - G[;(f - t”)]

(,(Omy (D)),
(5.22)

where 7,(¢) is the Gaussian noise function (1.10), satisfying

(M, 0, (1)) = 8PPy +py)S(t) — 1), (5.23)

Using this noise correlation function, we evaluate the ¢ and
¢" integrations, and we get

sinh[G’z’(T -]

’ = —6(d) ! .
(1,0 ) P +p) T oxpl=Gle — D] (5.24)
The equation in O(4) is given by
oD@
o= == Gy, —p)} )
2 (5.25)

03(k1,k2§ - D),

_% / lnﬁ?)dski

i=1

and equation in O(4?) is given by

of (1)
ot

2
i=1
GORD + D)5y ko = p)

3
- 204(](1, k2a k3; - P) lez?)dskl] .

i=1

In fact, the general form of the nth-order equation in 4 has
a form of

of (¢
"0 G =P @) + . (5.26)
ot P p
where
1 =n,, (5.27)
3 2
0
nD=— 3 / lﬂ fki &k, | 05k, kys — p), (5.28)
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2
3
2 — 5
) =- 5 / ll_ll d’k;

0 0
(f}il) 1521) +fk(]1)fk(2))o3(k1’k2; -p)

3
=20,k ky, k33 — p) le,f9)d5ki] and so on.
=1
(5.29)
The general solution of Eq. (5.26) is given by
1
‘flfn)([) = / e_Gz(p’_p)(t_t/)r]](’n)(l,)dl,. (530)

To be more precise, we show some of the explicit solutions
of the above equations and the stochastic correlations. We
concentrate on three-point function. The three-point function
up to its leading order in A is given by

h, @f,,f, )
= OO L) + Py < py) + Py py)

3
= exp <—Z G,(pi» _Pi)t>
i=1
t
/ecz(Pl’—[’1)f'+Gz(I’z’—Pz)l”'*'Gz(P}’—Pz)l'"dt/dt//dt”/
T

x { OO D) + (py = pant o ")
+(py & p3. 1" = 1)},

where to derive this, we use the general form of the solution
of Langevin equation (5.30), and

AU GOURIGO)

2
3
~ T2 / lH dski] 82 (ky + ky = p3)Gs(ky kys = p3)
i=1
t”/

% / dt,dt, o= Galki=k A" =1))=Galky=ky) (1" 1)
X (Wpl(t/)”lpz(t")ﬂkl (tl)ﬂkz(tz»-
5.31)
The form of 11;]) given in (5.28) and the solution of fp(o) given
in (5.21) are used to derive (5.31). Using the fact that the
correlations of white Gaussian noise #(t)
(1, (f,)’?pz (t”)”kl (1), (1))
= 69, +p5(t' — )5 (ky +ky)5(t, 1)
+8%(p; + k)3 = 1))6%(p, + kp)s(" — 1)
+89(p, + k)3 = )6 (py + k(" — 1)),

(5.32)

we get

()@@ ")

3 2
=-3 / [Hi:l d5ki]5(5>(k1 + ky — p3)Gs(ky kys — )

k1 ko "
1— e(Gz +G, ) (z—1"")
x{ 00y +p)d( = )8V + k)
G, +G,
+®([/H _ t’)@(t", _ t”)
(gcgl (’/_’/”)"'ng(’”_’m)5(5)(171 + kl)a(s)(p2 + kz)
(5.33)

where we define a new symbol, G, = G,(p, —p) = |pl.

A long and tedious calculations take us more compact
form of the three-point function. The three-point correla-
tion is comprised of two parts: one is disconnected dia-
gram, i.e., tadpole, and another is connected correlation
function. The tadpole diagram (disconnected) is given by

(I, O, (O, D)y
3 N
= —-269(p3)6® (p, + lim —————
3 (3)67(py +p2) p}l_)o 2G12)3

/ &k, Gk, —kl;p3)Lkl (5.34)
26

y <1 — P 263 =) _ ezc’z’l(r—r)>
D1 D k ’
26, 26y - Gy)

and the connected three-point function is

h, 0 O, O

3 .

= _25(5)< z P~> G3(=p1, —P2; — P3)
! D1 P
2 4G21 G22

i=1
1 —exp <Z?=1 Ghi(r - t))
3 i
pyyct

exp (2(G)! + GP)(x — 1)) — exp (zle Glix - t)>
G+ G -Gy
exp (262 (z — 1)) — exp (2; Gli(z - t))
Gy + Gy -G
exp (2G%(z — 1)) — exp (2; Gli(z - z))

V3 1 P2
Gy +G,) -G,

+ (P < p3) + (p; < p3).
(5.35)

@ Springer KCJSQEEHQE
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Finally we get a compact form of the connected three-point
function, which is given by

h, 0,08, )
3
3 G3(=p1, =Py — P3)
=—=5® Pi)
4 <Z:, [T, G& exp{~GY'(z = 1)}]
3 3 G[’I
{_1+2< _ 21:1 2 p})
J=1 2171:1 Ggm - 2G2j
3
+exp {— PNeACE r)}
=1
3 3
+Zsmh{<2 GY 2Gp’"> T—l)}
m=1 j=1

cosh [(zzzl Gy — ZGI;j)(T - t)]

3 m j

Zm:l Gg - 2G§
3
=1

Recall the relation for three-point functions that we compute

QNG NG

(5.36)

+
M-

3
= (f, 0)f,, (Of,, (O g%i(t)f_,,i(t»;l 537

1 5Sg ~

28, 08, (06f,, ()

i

where (}jy1 00, (0, (1)) is the stochastic three-point correla-
tion function and

5, =0

Oy, (10, (r)fy, (1)

o, (O, (0, (D) = (5.38)

To check if this quantity matches with evolution of the holo-
graphic triple-trace operator in r, we compute the right-hand
side of the relation(5.37), which is given by

O springer KES Y3

R.H.S of (5.37)
3
B POV (S W G e Ll e
4 i=1 Hl , sinh[G) (7 — 1)]

3
T Y L
S G —2GY
J=1 Zm=l 2 2

3
+ cosh lz Gy(t - r)l (5.39)
j=1
s | cosh [ (20, G5 - 26 ) - 1)
) JZ; 2;3;1=1 Ggm - 2G§i
3
=1
where we use an identity
3
[[sinh (G5 -0}
i=1
{ 3
=7 lsinh {2 G’z”'(r - t)} (5.40)
j=1

3 3
— )’ sinh {(2 Gy - 2G§m>(f - t)}] :

The expression (5.39) is completely matched with the triple-
trace operator expression(3.17) when t=r, 7 =60 and

_1 + 23 E[ IGFI 4c(3)
ij=1 3 GPm 2611 H‘ le

m 1 2

We note that in the solution of triple trace operator(3.13),
rather than introducing the integration constant C®® and
indefinite integration, we use definite integration with ini-

tial condition as

Jy (f, (i, (€ (€))de’
L ©f Ofi )

p® _ 1
Dy (€)= (5.41)

4Q2n)5/

then, the lower limit of the integration, 8 precisely repro-

26 ) in (5.39).

duces the constant, —1 + Z;=1 <m
m=1 "2 —<Y2
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