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Abstract

We concern Cz—compactness of the solution set of the boundary Yamabe problem on smooth compact Riemannian manifolds
with boundary provided that their dimensions are 4, 5 or 6. By conducting a quantitative analysis of a linear equation associated
with the problem, we prove that the trace-free second fundamental form must vanish at possible blow-up points of a sequence
of blowing-up solutions. Applying this result and the positive mass theorem, we deduce the C2—compactness for all 4-manifolds
(which may be non-umbilic). For the 5-dimensional case, we also establish that a sum of the second-order derivatives of the trace-
free second fundamental form is non-negative at possible blow-up points. We essentially use this fact to obtain the C 2-compactness
for all 5-manifolds. Finally, we show that the C2—c0mpactness on 6-manifolds is true if the trace-free second fundamental form on
the boundary never vanishes.
© 2021 L’ Association Publications de 1’Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Let (M, g) be an N-dimensional (N > 3) smooth compact Riemannian manifold with boundary M. Let also A,
be the Laplace-Beltrami operator on M, R[g] the scalar curvature on M, v the inward normal vector to dM, and
H|[g] be the mean curvature of dM. In [22], Escobar asked if (M, g) can be conformally deformed to a scalar-flat
manifold with boundary of constant mean curvature. This problem, which we will call the boundary Yamabe problem,
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can be understood as a generalization of the Riemann mapping theorem and is equivalent to finding a positive smooth
solution to a nonlinear boundary value problem with critical exponent
L,U=0 in M,
N_ (1.1)
B,U=0Q0WM,oM)UV=2 onoM.

Here L, is the conformal Laplacian and By is the associated conformal boundary operator defined as

N-=-2 0o N-=-2
LgZ—Ag+—R[g] and Bg=—a+TH[g]’

and Q(M, 9M) is a constant whose sign is determined by the conformal structure of M.
Weak solutions to (1.1) correspond to critical points of the functional

Ju(VeU g + g 1)R[g]U Ydvg + [y, HIg1U%d vy
Sy U1 duy) 31

defined for an element U in the Sobolev space H'(M) with U # 0 on M, where V, represents the gradient on
(M, g), h is the restriction of the metric g on 9 M, and dv, and dvy, are the volume form on M and on d M, respectively.
Escobar [22] proved that the Sobolev quotient

o) =

OM,dIM) = inf[Q(U) :UeH M), U+#0on aM}

attains its minimizer if Q(M, dM) < Q(BY, dB") where the unit ball BY = {x € RV : |x| < 1} is endowed with the
Euclidean metric. This is analogous to the observation of Aubin [7] for the classical Yamabe problem.

Thanks to the effort of several researchers, the existence of a solution to (1.1) is now well-established: Escobar
[22,24], Marques [42,43], Almaraz [1] and Chen [12] found a minimizer of the functional Q for almost all manifolds.
By applying the barycenter technique of Bahri and Coron, Mayer and Ndiaye [34] covered all the remaining cases.
Regularity property of (1.1) was investigated by Cherrier [13].

Concerning multiplicity of solutions to (1.1), the only interesting case is when Q(M,oM) > 0.If Q(M, M) <O,
the conformal covariance of the operators L, and B, shows that (1.1) has only one solution. If Q(M,dM) =0, itisa
linear equation and its solution is unique up to positive multiplicative constants. On the other hand, the case that M is
conformally equivalent to the unit ball BY (so that OM,oM) = Q(IB%N ,0BY) > 0) is special, and the solution set of
(1.1) was completely classified thanks to the works of Escobar [21] and Li and Zhu [39]; see Subsection 2.2.

In about two decades, several results on C2(M )-compactness of the solution set of (1.1) appeared under the as-
sumption that Q(M, dM) > 0. Felli and Ould Ahmedou [25,26] deduced compactness results for locally conformally
flat manifolds and 3-manifolds provided that their boundaries are umbilic. Very recently, the umbilicity condition was
lifted for 3-manifolds by Almaraz et al. [5]. If the dimension N of the manifold M satisfies N > 7 and the trace-free
second-fundamental form on d M is nonzero everywhere, the result of Almaraz [2] shows that the CZ(M )-compactness
continues to hold. If either N > 8 and the Weyl tensor of M never vanishes on d M, or N = 8 and the Weyl tensor of
dM never vanishes on dM, the C%(M)-compactness is still true for manifolds M with umbilic boundary, as shown by
Ghimenti and Micheletti [27].

Compactness results for other boundary Yamabe-type problems can be found in Han and Lin [30], Djadli et al.
[17,18], Disconzi and Khuri [16], and so on. By using the compactness property, Caddenas and Sierra [11] yielded
uniqueness of solutions to (1.1) for some manifolds whose metrics are non-degenerate.

As far as the authors know, compactness results on (1.1) have been known only for manifolds with boundary of
dimension N =3 or N > 7, unless manifolds are locally conformally flat. The main purpose of this paper is to treat
all manifolds with boundary of dimension N =4 and 5, and generic manifolds with boundary of dimension N = 6.

Theorem 1.1. For N =4, 5,6, let (M, g) be an N -dimensional smooth compact Riemannian manifold with boundary
M such that Q(M,dM) > 0 and M is not conformally equivalent to the unit ball BN . If N = 6, we also assume that
the trace-free second-fundamental form never vanishes on dM. Then, for any ey > 0 small, there exists a constant
C > 1 depending only on M, g and &g such that

C'sUu<C onM and ||U|c2p <C
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for any solution U € H' (M) to

L,U=0 inM, 12)
B,U=Q(M,dM)UP ondM ’

with p € [1 + &0, 325 .

The transversality argument shows that if N > 4, the set of metrics on M whose trace-free second fundamental
form on d M vanishes nowhere is open and dense in the space of all Riemannian manifolds on M. This justifies the
terminology ‘generic’ used above. Also, as can be observed in Theorem 1.1, we will deal with a slightly generalized
equation (1.2) instead of (1.1).

Our strategy follows the argument in the lecture note [44] of Schoen where he raised the question of C>-
compactness of the solution set of the classical Yamabe problem and resolved it for locally conformally flat manifolds.
It has been further developed by Li and Zhu [40], Druet [19], Marques [41], Li and Zhang [37,38] and Khuri et al.
[31]. Furthermore, Li [35] and Li and Xiong [36] studied compactness results of the Q-curvature problem, which is
the fourth-order analogue of the Yamabe problem.

Once Theorem 1.1 is established, one can deduce the existence of a solution to (1.1) by applying the standard
Leray-Schauder degree argument as in [25,30]. There also should exist the strong Morse inequality in our framework
asin [31, Theorem 1.4].

We leave two more remarks for the theorem.

Remark 1.2. The key idea of our main theorem is to perform a fine analysis of associated linearized equations with
(1.2) in proving that the trace-free second fundamental form must vanish at possible blow-up points of a sequence
of blowing-up solutions. Interestingly, this process is somehow related to the way that Marques [43] constructed test
functions in his existence theorem for (1.1) on low-dimensional manifolds with non-umbilic boundary. Indeed, his test
functions consist of not only truncated bubbles but also some additive correction terms. This is a distinctive feature of
the boundary Yamabe problem compared with the classical one.

Our argument can be further applied in the following settings.

(1) Based on the existence results of Marques [42] and Almaraz [1] for (1.1) on manifolds with umbilic boundary,
we expect that one can lower the threshold dimension 8 in the aforementioned compactness theorem of Ghimenti
and Micheletti [27] to 6.

(2) As a matter of fact, the boundary Yamabe problem can be seen as the special case of the fractional Yamabe prob-
lem where the symbol of the differential operator is the same as that of the half-Laplacian. In [33], we proved that
the solution set of the fractional Yamabe problem is C2-compact on conformal infinities of asymptotically hyper-
bolic manifolds, under the assumptions that the dimension is sufficiently high and the second-fundamental form
never vanishes. In view of our existence result [32], we expect that the compactness result holds for conformal
infinities of dimension > 4 as far as the same geometric condition is maintained.

(3) To examine stability issue under small perturbation of (1.1), Ghimenti et al. [28,29] constructed blowing-up
solutions when the linear perturbation of the mean curvature on the boundary is strictly positive everywhere; see
also Deng et al. [15] where analogous results were derived in the setting of the fractional Yamabe problem. In
building suitable approximation solutions, they had to analyze an associated linearized equation with (1.1) which
is essentially the same as ours. Due to this reason, their results require some dimensional assumptions. Our method
can allow one to treat lower-dimensional cases.

Remark 1.3. The proof of the main theorem shows that remarkable phenomena happen on 5-manifolds (M, g) with
boundary.

(1) Given a point yp € M, let Gy, be the Green’s function defined in (7.1). In Lemma 2.4 and the first paragraph of

_4_
Section 7, we construct an asymptotically flat manifold (M \ {yo}, Gy, *g), which we call a conformal blow-up
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of (M, g). Corollary 7.4 reveals that its mass is involved with not only the Green’s function G, but also the trace-
free second fundamental form on the boundary dM. Therefore, the mass carries global and local information
simultaneously. This is in striking contrast with manifolds without boundary in that the mass of their conformal
blow-ups depends only on the Green’s function, namely, global information.

(2) In Subsection 5.2, we will see that the sign of the local information of mass is encoded in the €3 log €|-order of
the expansion of a local Pohozaev identity (2.9) with respect to a small scaling parameter € > 0. This is totally
different from the classical Yamabe problem. In the classical one, the order involving the logarithm contains
meaningful geometric information only if the manifold is even-dimensional.

In [3], Almaraz constructed manifolds with umbilic boundary of dimension N > 25 on which the solution set of
(1.1) is L*°-unbounded (in particular, C2—noncompact). In view of the full compactness result of Khuri et al. [31] and
the non-compactness results of Brendle [8] and Brendle and Marques [10] for the classical Yamabe problem, a natural
expectation is that the solution set of (1.1) is C2-compact for all manifolds with boundary of dimension N < 24 under
the validity of the positive mass theorem. However, although Schoen’s argument in [44] works in principle and we
develop several efficient methods for the boundary Yamabe problem in this paper, fully achieving this seems still a
difficult task.

To establish the C2-compactness result for general manifolds of high dimension, we must prove that the trace-less
second fundamental form and the Weyl tensor vanish up to some high order at each blow-up point. This requires a very
accurate pointwise estimate of blowing-up solutions, which can be achieved only if one has a good understanding of
linearized equations. In the analysis on the classical Yamabe problem, Khuri et al. [31] observed that solutions of their
linearized problems can be written explicitly in the form of rational functions. Unfortunately, the boundary Yamabe
problem seems not to have a similar property.

On the other hand, we may also need a quite precise control of the Green’s function G of the conformal Laplacian
with Neumann boundary condition; see (7.1) of its definition. In our analysis, we only need a rough control of G
(described in Lemma 2.4) as in the proof of the compactness theorem for 3-dimensional manifolds [5].

The rest of the paper is organized as follows:

- In Section 2, we recall some analytic and geometric tools which we need throughout the proof of Theorem 1.1.
These include the expansion of the metric in Fermi coordinates, definition of the bubbles, a local Pohozaev’s
identity and the positive mass theorem on asymptotically flat manifolds with boundary.

- In Section 3, we characterize blow-up points of solutions to (1.2) and provide basic qualitative properties of
solutions near blow-up points.

- In Section 4, we study a linearized equation associated with (1.2) arising from the first-order expansion of the
metric. In order to treat low-dimensional manifolds, we need to understand its solution more precisely than higher-
dimensional cases. For this aim, we decompose the solution into two pieces and analyze them quantitatively. This
is one of the key parts of the proof. We also perform a refined blow-up analysis.

- In Section 5, we carry out the proof of the vanishing theorem of the trace-free second fundamental form at any
isolated simple blow-up point. For 5-manifolds, we also establish that a sum of the second-order derivatives of
the trace-free second fundamental form is non-negative at each isolated simple blow-up point. These results are
based on the quantitative analysis of the linearized equation conducted in the previous section.

- In Section 6, employing the vanishing theorem, we prove a local Pohozaev sign condition that guarantees that
every blow-up point is isolated simple.

- In Section 7, by applying the positive mass theorem, we conclude that the solution set of (1.2) is C2-compact for
every 4- and 5-manifold unless it is conformally equivalent to the unit ball. For 6-manifolds, we also show that the
C?-compactness of the solution set holds provided that the trace-free second fundamental form on the boundary
never vanishes.

- In Appendix A, we provide technical arguments regarding the two pieces of the solutions to the linearized equation
to (1.2).

To elucidate our method, we will omit most of the proofs of intermediate results which closely follow the correspond-
ing ones in similar settings, leaving appropriate references instead.

1766



S. Kim, M. Musso and J. Wei Annales de I’ Institut Henri Poincaré — Analyse non linéaire 38 (2021) 1763-1793

Notations.

- Let n = N — 1. Moreover, for any x € RY = {(x1, -+, xn, xn) € RY 1 xy > 0}, we denote X = (x1, - -+, x,) € R™.
We often identify x € R"” and (x,0) € 8Rﬂ\_’.

- We will sometimes use 9, = %, Ogp = i,xf—gx]], etc.

- Given x € Rﬁ ,x€R"and r > 0, let Bﬁr\' (x, r) be the N-dimensional upper half-ball centered at x of radius r, and
B"(x, r) the n-dimensional ball centered at x of radius r. We often identify B" (x, r) and BBjY ((x,0),r)N BIR_’X . Set
9rBY ((x,0),r)=0BY((x,0),r) NRY.

- S represents a surface measure. Its subscript x or x denotes the dependent variables.

- DI’Z(RQ ) is the homogeneous Sobolev space in Rf defined as
D2RY) = {U eLV2@®RY): VU € L%M)} .
- |S™1| is the surface area of the unit (n — 1)-sphere S"~ .

- The metric / on the boundary 0 M of the Riemannian manifold (M, g) is the restriction of the metric g to dM.

-Forany y € 9M and r > 0 small, Bg(y, r) and By, (y, r) stand for the geodesic half-ball on (M, g) and the geodesic
ball on (M, h), respectively. Also, d is the distance function on (M, g).

- The Einstein summation convention for repeated indices is adopted throughout the paper. Unless otherwise stated,
the indices i, j, k and / always range over values from 1 to n, while a, b, ¢ and d take values from 1 to N. Also, 8,p
is the Kronecker delta.

- We denote by R;pcq[g] the full Riemannian curvature tensor on (M, g), by R;p[g] the Ricci curvature tensor on M,
and by R[g] the scalar curvature on M. The quantities R;jx[h], R;j[h] and R[h] are the corresponding curvatures
defined on the boundary (0 M, h).

- We write by II[g] the second fundamental form of dM, by H[g] = Lpij II;;[g] the mean curvature on M, and by

n

m[g] =1I[g] — Hg the trace-free second fundamental form of d M. Furthermore, ||7[g] ||2 = hikh-/lnij [g]mri[g] stands
for the square of its norm.

- For an r-tensor T, we write

1
Symi|~-ir Ti..i, = ! E Tiy 1o

‘oes,

where S, is the symmetric group over a set of r symbols.

- For a multi-index o = (ay, - -+, az) € (N U {0O})",
n n
d 0% o%n
|a|=Zai, a!zl_[ai! and Ezmw (1.3)
i=1 i=1

B, B’ and B” also denote multi-indices.
- The letter C denotes a generic positive constant that may vary from line to line.
2. Preliminaries
2.1. Metric expansion and conformal Fermi coordinates

Fix a point y, € 9M. For any y € dM near y,, let x = (x,---, x,) € R" be normal coordinates on d M (centered
at y,) of y. Denote by v(y) the inward normal vector to d M at y. We say that x = (X, xy) € Rﬁ are Fermi coordinates
on M (centered at y,) of the point exp, (xyv(x)) e M.

In Lemma 2.2 of Marques [42], the following expansion of the metric g near y, was given.
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Lemma 2.1. In Fermi coordinates centered at y, € M, it holds that

gij(x)=268;j +A;j(x)+ o (x|,
gin(x)=0and gnn(x) =1, where

1
Ajj(x) = —210;5(glxn — gRikjl[h]xkxl — 200 k[glxkxn + (—Rinjnlg] + W[l [g DXy
1 2
- gRika,m[h]kame + <_Hij,kl lg] + gsymij(Riksl[h]Hsj [g])> XkXIXN
+ (= Rinjn kgl +28ym;; (i 4 [g1ls; [g])) xexy,

1
+ 3 (=2Rinjn.NIg]+ 8Sym;; (Lis[g1RjnsngD) X3y

Every tensor in the expansion is evaluated at y, and commas denote covariant differentiation.
The next lemma describes the existence of conformal Fermi coordinates. Refer to Propositions 3.1 and 3.2 of [42].

Lemma 2.2. For a given point y, € M and an integer k > 2, there exists a metric § on M conformal to g such that

detg(x) =1+ O(|x|) 2.1
in g-Fermi coordinates centered at y,. In particular,
Hlgl=H,lgl=Rijlh1 =0 and Rwnigl=—Ix[gll® at y. (2.2)

4
Moreover, g can be written as §¢ = wV-2g for some positive smooth function w on dM such that w(y,) = 1 and
Vw(y,) =0.

2.2. Bubbles in the Euclidean half-space

Assume that N > 3. For A > 0 and £ € R", let a bubble W), ¢ be a function defined as

N-2
A2
N2

(X &P+ @nv +12) 7

Wie(x) = for x e RY, (2.3)

2AN=1)
which is an extremal function of the Sobolev trace inequality D'>(RY) < L™¥=2 (R"); see Escobar [20]. According
to Li and Zhu [39], any solution to the boundary Yamabe problem on ]Rf

—~AU =0 in RY,
U=>0 in RY, (2.4)
U

2 —(N—2)U¥2 onR"
axN

must be a bubble. Note that a sequence {W1 ,},en of bubbles exhibits a blow-up phenomenon as n — 00, and in

particular, the family of all bubbles is not LOO(Rﬁ)-bounded. Furthermore, Dévila et al. [14] proved that the solution
space of the linear problem

—AD=0 in RY,
0d 2

——:Nw)f’;@ on R”,
3)CN ’

[®(:, 0)][ Loorr) < 00,
where wy ¢ (x) = Wy ¢(x,0) on R", is spanned by

W, AW, AW,
o= et Ze= 2 and 70 = -
£ 8g £ 3g, : 9%

refer also to Lemma 2.1 of [2].
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2.3. Conformally invariant equations

Leté = % — p > 0. It turns out that it is more convenient to deal with the following form of the equation

L = M
{gU 0 on M, 2.5)

B,U=(N—-2)f°UP ondM

4
than (1.2). Indeed, by the conformal covariance property of the operators Lg and B, the metric § = w V-2 g conformal
to g and the function U = w~'U > 0 on M satisfy

L;U=0 M
{ iU on M, 2.6)

BzU=(N—-2)f%0" ondM

where f = wf. Obviously, it is an equation of the same type as (2.5).
We will study a sequence {U,, },,<N of solutions to (2.5) with suitable choices of exponents p = p,,, € [1+¢o, %]

and § =6, = % — Pm, metrics g = g;,; on M and smooth positive functions f = f;,;, on 9 M. Although we postpone

their specific description to Section 3, we stress that our choices will induce that p,, — po, gm — go in C*(M, RN *N)
and f;, — fo>0in C2(BM) as m — oo, and g is a metric on M.

2.4. Pohozaev’s identity

In the analysis of blowing-up solutions, we shall rely on the following version of local Pohozaev’s identity. For its
derivation, see Proposition 3.1 of [2].

Lemma 2.3. Assume that N > 3. Let U € H! (B_IX (0, p1)) be a solution to

~AU=Q in BY (0, p1),
oU N =2

——— +——HU = fU? onB"(0,p1)
3)CN 2

where p €1, %], Qe L°°(Bi’(0, p1)) and H, f € C'(B™(0, p1)). For any p € (0, p1), we define

N-2\_ U p au |?
"(U, p) = ——=u—=-Zvup? —1 |ds 2.7
P(U, p) /[(2)81) 2|I+p'av}x 2.7)
31 BY 0.p)
and
P(U,p>=P/(U,p>+# [ fUPTds; (2.8)
9B"(0,p)

where v is the inward unit normal vector with respect to 0y Biv (0, p). Then we have

N-2
P, p)=— / Q[xaaaU—i—(T)U}dx

BY(0.p)
N-=2 N-=2 _
+ 5 H|x;0,U + 5 U|Udx (2.9)
B"(0,p)
1 N —1 N =2
- f X8 fUPH dx + (— - —) / furtlaz
p+1 p+1 2
B"(0,p) B"(0,p)

forall p € (0, p1).
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2.5. Positive mass theorem

In [4], Almaraz et al. introduced the mass of N-dimensional asymptotically flat manifolds with non-compact
boundary and proved the associated positive mass theorem for arbitrary manifolds of dimension 3 < N < 7 and
spin manifolds of dimension N > 3. In [5], Almaraz et al. used the positive mass theorem to describe the asymptotic
behavior of the Green’s function of the conformal Laplacian on a smooth compact Riemannian manifold (M, g) with
boundary in terms of the mass.

The version of the positive mass theorem which we will apply in this paper is summarized in the following lemma.
This is a combination of Theorem 1.3 of [4] and Proposition 3.5 of [5].

Lemma 2.4. For 3 < N <7, let (M, g) be an N -dimensional smooth compact Riemannian manifold with boundary,
and ygy be an arbitrarily fixed point on M. Suppose that we have the metric expansion

8ab () = 8ap + Aap(¥) + O(Ix %), d = LNT_ZJ (2.10)
with

Ain() = Ayn() =0, Ay(0) =0 (x|, trace(A(x)) = O(|x**?) @211
in Fermi coordinates centered at yo. Assume also that G is a smooth positive function on M \ {yo} such that

G =N+ o) (2.12)
in the same coordinates, where ¢ is a smooth function on M \ {yo} satisfying

¢(x)=0(|x|“PNlog|x|]) as|x| - 0. (2.13)
Let

To0m =255 [ (P60 - anP60) s,

B0 (2.14)
- / (0772 a8 Aap(6) = 2Np' N 03, A0 () ) dS,.
31 BY (0.p)

If

R[GV2g]>0 onM\{yo) and H[G¥2g]>0 ondM\ {yo}, (2.15)
then the manifold (M \ {yo}, G ¥ g) is asymptotically flat with the mass

mo = gi_)rr%)I(yo, p) = 0. (2.16)

Furthermore, mo > 0 provided that (2.15) holds and M is not conformally equivalent to the standard unit ball in RN .

The integral expression Z for the mass was introduced by Brendle and Chen [9]. In Lemma 7.3, we will examine
the relationship between the integral Z and the function P’ defined in (2.7), after choosing the function G concretely.

3. Basic properties of blow-up
3.1. Characterization of blow-up points

We recall the notion of blow-up, isolated blow-up and isolated simple blow-up. By virtue of Proposition 3.2, it is
enough to consider when the blow-up occurs near a point on the boundary. The version we will use here is identical

to those in [2,5].
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Definition 3.1. Pick a small number p; > 0 such that g,,-Fermi coordinates centered at y € d M is well-defined in the
closed geodesic half-ball B _’X (y,p1) C M foreverym e N and y € M.

(1) yo € dM is called a blow-up point of a sequence {U}eN in H'(M) if there exists a sequence of points
{ym}meN C OM such that y,, is a local maximum of U,, |3 satisfying that Uy, (y,,) — oo and y,, — yp as m — oo.
For the sake of brevity, we will often say that y,, — yo is a blow-up point of {U,, },,eN-

(2) yo € 9M is an isolated blow-up point of {U,, },,eN if yo is a blow-up point such that

1
Un(y) = Cdg,, (y, ym) =1 forany y € M\ {ym}, dg, (¥, ym) < p2
for some C > 0 and p, € (0, p1].

3)Let U, be a weighted spherical average of Uy, i.e.,

U, (p) ppm pm—1 ('[BIB ()m p) Urnngm

‘fal B+ m.p) ngm

), p € (0, p1). 3.1

We say that an isolated blow-up point yg of {U,,},,eN is simple if there exists a number p3 € (0, p2] such that U
possesses exactly one critical point in the interval (0, p3) for large m € N.

Hereafter, we always assume that U, € H L(M) is a solution to (2.5) with P = Pm, & = &m and f;,;, = 1 for each
m € N. For simplicity, we will just say that {U,,},,cN 1s a sequence of solutions to (2.5). We also assume that y,, —
Yo € dM is a blow-up point of {Uy,},,eN- Set My, = Uy (i) and €,, = M,,:(p’"_l) for each m € N. Obviously, M, —

oo and €,;, — 0 as m — 0.
4

Choose a suitable positive smooth function w,, on M so that the metric g, = m > gm on M satisfies properties
deplcted in Lemma 2.2 where y, is replaced with y,,. Then Um =w, ~1U,, is a solution to (2.6) with § = g,, and
f = fin=wmfm, anda sequence {gm}meN of the metrics converges to a metric go in C (M, RN*Ny as m — co. We
shall often use x € RN to denote g,,,-Fermi coordinates centered at y,, so that U can be regarded as a function in RN
near the origin.

3.2. Basic properties of blowing-up solutions

Firstly, we study asymptotic behavior of a sequence {U,,},,eN of solutions to (2.5) near blow-up points. It can be
proved as in e.g. Proposition 1.1 of [30] or Proposition 3.2 of [25].

Proposition 3.2. Assume that N >3 and p € [1 + &, %]. Given arbitrary small €1 > 0 and large R > 0, there are

constants Cy, C1 > 0 depending only on (MmN, 8), €0, €1 and R such that if U € HY(M) is a solution to (1.2) with
the property that maxy U > Cy, then N — p < &1 and Uy possesses local maxima yo1, - -+ yoN € OM for some
integer N' = N'(U) > 1, for which the followmg statements hold.:

(1) It is valid that

B,(Yomy » Pmy) 0 Br(Yoms» Pmy) =@ for 1 <mj#my <N
where py, = RU(yOm)_(”_l).
(2) Foreachm =1, --- |, N, we have

|00 U (UGom ™) = Wi

=é]
Cc2(BY(0,2R))

in g-Fermi coordinates centered in y,.

(3) It holds that
1
U()’)dh(y»{ym""’)’0/\/})”71 SCI foryGM.

1771



S. Kim, M. Musso and J. Wei Annales de I’ Institut Henri Poincaré — Analyse non linéaire 38 (2021) 1763-1793

Secondly, we discuss behavior of a sequence of solutions {U,, },,eN to (2.5) near isolated blow-up points. The next
lemma can be proved as in e.g. Proposition 1.4 of [30] or Lemma 2.6 of [25].

Lemma 3.3. Let y,, — yo € 0M be an isolated blow-up point of a sequence {Uy,},,eN of solutions to (2.5). In ad-
dition, suppose that {R;;}neN and {T,}neN are arbitrary sequences of positive numbers such that R,, — oo and
Ty —> 0 as m — 00. Then pym — 5= as m — 00, and {UslgeN and {pe}eeN have subsequences {Uy,, }neN and
{Pe,, ImeN such that

1

Peyy, —1
Egmm Uy, (eﬁm') - Wio =Tm (3.2)

C2(BY (0.Rw))

in gm-Fermi coordinates centered in y,, and Ry€p, — 0 as m — oo.

Therefore, we can select {R),},,eN and {Uy,, }neN satisfying (3.2) and Ry, €
we will use {Up, },eN instead of {Uy,, };yeN, and so on.

The following result is a simple consequence of Lemma 3.3 with the selection 1, = %wlgo(Rm). Its proof is given
in Corollary 3.6 of [33].

— 0. In order to simplify notations,

m

Corollary 3.4. Suppose that y,, — yo € dM is an isolated blow-up point of a sequence {Uy,},,eN of solutions to (2.5).

(1) If {ﬁm}meN is a sequence of solutions to (2.6) constructed as in Subsection 3.1, then y, — yo € dM is an isolated
blow-up point of (U} meN-

(2) The function U,, in (3.1) has exactly one critical point in the interval (0, Ry€y) for large m € N. In particu-
lay, if the isolated blow-up point yo € OM of {Uy}meN is also simple, then ﬁ:n (r) <0 forall r € [Ryem,13); see
Definition 3.1 (3).

Thirdly, we examine how a sequence {U,,},,cN of solutions to (2.5) behaves near isolated simple blow-up points.
See Proposition 4.3 of [2] for its proof.

Proposition 3.5. Assume that N > 3 and y,, — yo € 9M is an isolated simple blow-up point of a sequence {Upn}meN
of solutions to (2.5), and {U,,},eN is a sequence of solutions to (2.6) constructed as in Subsection 3.1. Then there
exists C > 0 and p4 € (0, p3) independent of m € N such that

M,, ‘Vgﬁm(x)’ <Clx| V=240 4 {x eRY:0 < |x| 5,04} 3.3)
for£=0,1,2 and
M) 2 €' G(x) in {x € RY : Ry < || < pa

in gn,-Fermi coordinate system centered at y,,. Here, G, is the Green’s function satisfying

L, Gm =0 in BY (0, pa),
Bgm Gm = 80 on Bl’l (07 /04),
Gm=0 on 3;BY (0, pa),

limyej o x|V 72 G (x) = 1,
and 8y is the Dirac measure centered at 0 € ]Rﬁ. Also,
L_[’m
M =M " 51 asm— . (3.4)
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4. Linear problems and refined blow-up analysis
4.1. Linear problems

In this subsection, we study the linear problem

— AWV =2em;jxy0;jWi,0 in Rﬁ:Rn x (0, 00),
2

v . 4.1
— lim — =Nw/' ;¥ onR", @D

which arises from the first-order expansion of the metric on M; see Lemma 2.1. Here, € > 0 is a small parameter,

W10 is the function defined in (2.3), wy o(x) = Wj o(x, 0) for x € R", and & is a trace-free symmetric 2-tensor (that
is, n X n-matrices).

Proposition 4.1. Suppose that N > 3. There exists a smooth solution W to (4.1) and a constant C > 0 depending only
on N such that

1

¢ . N
‘v \Il(x)‘ <Ce (,-,,-J,‘.’.‘.,n |mj|> =l 4.2)
for any £ € N U {0},
oW I o
YO)y=—@©0)=:---= 0)=0 and / w{'? Wdx =0. 4.3)
dx1 ax, ’

R~7

Proof. Pick a smooth function yx : [0, c0) — [0, 1] such that x(¢) =1 on [0, 1] and O in [2, 00). Set also xa () =
X (%) for any A > 0. In Proposition 5.1 of [2], it was proved that for each A > 0, there exists a smooth function W
to

— AW =2em;j xa(IxDxnd;; Wio inREY,
2

v - 4.4
— lim — =Nuw/ >V on R” “.4)

satisfying (4.2)-(4.3) for some constant C > 0 depending only on N (thereby being independent of A > 0).
Now, we choose a sequence {A,, },,eN of positive increasing numbers which diverges to co. By the standard elliptic
estimates, we may assume that the sequence {W,, },,eN of solutions to (4.4) with A = A,, converges to a smooth

solution W to (4.1) in C2_(RY). Tn particular, W satisfies (4.2)-(4.3). O

Remark 4.2.If N > 5, we infer from (4.2) that ¥ € D'2(RY). In this case, one can argue as in Proposition 4.1 of
[33] to deduce the above proposition. Also, (4.1), (4.3) and the condition trace(sr) = 0 imply
/ VY. VWi odx =0.
RY
For a better understanding of the function W, we decompose it into two pieces: The first part @ is a rational
function with parameters a1, a» € R whose Laplacian is the same as that of W in Rﬁ, whose precise form is given

in Lemma 4.3. The second part E is a harmonic function with prescribed boundary condition, which is described in
Lemma 4.5. The proof of the lemmas are postponed until Appendix A.

Lemma 4.3. Suppose that N > 4. Given any a1, az € R, let

ET;iXiXj N-=-2 ai(xy +1) ar
*x) = — [( ) — D+ = +— } 45
@ (ZP + oy + DT LU 2 N = D e T 022 T R T G £ 102 @5)

in Rﬁ. Then it is a solution of

—AD =2em;jxN0;jWio in Rﬁ. (4.6)
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Remark 4.4. The function @ in (4.5) and the correction term ¢ defined in Page 387 of Marques [43] share a similar
pointwise behavior. However, ® have two degrees of freedom on the coefficients, while 1 has only one.

Lemma 4.5. Suppose that N > 4. The function E = ¥ — ® satisfies

—AE=0 in RY,
0= 2 4.7
_hmoax =Nw/’E+qg onR" @.7)
XN— N
where
_ €T jXiXj N -2 { 1 4 } 2a; :|
X) = +a — —_ — —_ — 48
9 (|i|2+1)%[ 2 NP+ @GP+ 03 (FP+ 12 *8)
on R".

We prove an auxiliary lemma that comes from the mountain pass structure of the boundary Yamabe problem in
]Rf . It will be used in the proof of Proposition 5.1 for N =5 and 6.

Lemma 4.6. For N > 5, it holds that € € D">(RY) and

f|V”|2dx—N/ 5 E2dx > 0. (4.9)

Rn

Proof. By (4.2) and (4.5), we readily observe that E € DI'2(RY).
Testing 2 in (2.4) and Wy ¢ in (4.7) gives

N
(N — 2)/ 5axzfva-vwl,odx

B}
e e
=N/w1’6 de+/qw1,0dx=N/wl’6 Edx
R~ R~ R~

where the last equality holds owing to the condition that trace() = 0. Thus

N
f VE~VW1,0dx=/wffaz Edx =0. (4.10)

Rﬂ ]Rn
One can now argue as in the proof of Lemma 4.5 of [15] to deduce the validity of (4.9). Here we provide a more direct

proof.
Define the energy functional J of (2.4) as

( 2)2 2(N=1)
J(U) = /IVU|2d SN—D) V2 dx forU e D"A(RY)

RN Rn

and the Nehari manifold M associated with J as

2(1\1 1)

M=1{UeD"*®RY)\{0}: /|VU|2dx—(N 2)/ dx
]RN

where Uy = max{U, 0}. Then J is a functional of class C 2 M is a C'-Hilbert manifold and W1.0 € M. Moreover,
the tangent space Ty, , M of M at Wy g is
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>< 1

Tw, oM = U € D"*(RY): /VW10 Vde—(N—l)f
RN R~

In particular, (4.10) implies that E € TWI,OM. By Theorem 1.1 of [20], W} ¢ is a minimizer of J in M. Therefore

2
/|v 2dx—N/ o’ B

d>J (Wi 0+ €eEB)
0<
 de2

whichis (4.9). O
4.2. Refined blow-up analysis

By using Proposition 4.1, we can analyze the €,,-order behavior of a sequence {U,, },,en of solutions to (2.5) near
isolated simple blow-up points. Owing to Corollary 3.4 (i) and Lemma 2.2, y,, — yg is an isolated blow-up point of
a sequence {U }meN of solutions to (2.6) constructed in Subsection 3.1, and M,,, = U Vm)-

Proposition 4.7. Suppose that N > 4 and y,, — yo € OM is an isolated simple blow-up point of {Up,}neN- Let Wy,
be the solution of (4.1) with € = €, and w = w[gm]1(ym), and

1

Vi () = €0 Upy (emx) in BY (0, paeyy ). (4.11)
Then there exists C > 0 and ps € (0, p4] independent of m € N such that

C2

V)%Vm — Vf(Wl,o +W)| (x) < W

in BY (0, pse; ") 4.12)
fort£=0,1,2.
For N > 5, the proposition was proved in Proposition 6.1 of [2] and Proposition 4.2 of [33]. Also, a slight modifica-

tion of the arguments in [2,33] shows that it also holds for N = 4. Check Proposition 5.3 of [5] where its 3-dimensional
version was derived.

5. Quantitative analysis on the trace-free second fundamental form
5.1. Vanishing theorem of the trace-free second fundamental form

In the next proposition, we prove that the trace-free second fundamental form must vanish at each isolated simple
blow-up point of blowing-up solutions when N =4, 5, 6. An analogous result for N > 7 can be found in Theorem 7.1
of [2].

Proposition 5.1. Suppose that N =4,5,6 and y,, — yo € 0M is an isolated simple blow-up point of the sequence
{Un}meN of the solutions to (2.5). If {gm}meN is a sequence of the metrics constructed in Subsection 3.1, then there
exists C > 0 independent of m € N such that

C
I | for N =4,
0g €
1 Lam )2 < { o2 " _ 5.1)
Ceplloge,,| for N =35,
Cep for N =6.

Particularly, 7[go](yo) =0
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Let {U Jmen be a sequence of solutions to (2.6) depicted in Subsection 3.1. By appealing g,-Fermi coordinates
on M centered at y,,, we regard U as a function defined near 0 € ]RN For brevity, we write 7, = 7w[g,](yn,) for all

m e N.
Denoting g, = g (€,,+) and fm = fm (€m+), we see from (2.6) that the function \7,,, introduced in (4.11) solves

~ N-=2 2 oo~ ~ ~ . N -1
—AVy = AN=D €nRI&m1(€m) Vi + (Ag, — AV in BI(0, pse,, ),
Vm [N-2
— em HGn)(€n) Vi = (N = 2) fu " V" on B"(0, pse,, ).
3)61\/ 2
Thus, employing Pohozaev’s identity (2.9), one can write
(5.2)

P(Vm,pe,gl) P1m<m,pe >+pm+ P2m<m,,oe ) for any p € (0, ps]

where P is the function defined in (2.8) with f = (N —2) f;,,

i

Pim(U, p)
= N=2 |2 pig U |- N-2

BY(0,p)
(5.3)

N -2 B N =2 _
+ (T) en f Hignlen-) [xiaiU + (T) U] Uds
B"(0,p)

and
oA _ N-2 _ _
Pan(U,p) == | xidi fon fyy O U AR + (T) futmurmtidz.
B"(0,p) B"(0,p)

The left-hand side of (5.2) involves with the boundary integrals only. By (3.3), (3.4) and (4.11), there exists a
constant C > 0 independent of m € N and p € (0, p5] such that
(5.4)

P (Vo pe') = 0N 2.

The right-hand side of (5.2) involves with the interior integrals. We can take p so small that
(5.5)

Pom (VWU ,06,,_11) >0.
Also, choosing k > 2 in (2.1), we may assume that the second integral in the right-hand side of (5.3) is bounded by

~ - ~ N-=2\~|~,._
€m / |H [gm](emX)| |Xi0; Vin + (T) Vin \Vm|dx
B"(0.pey")
< Celt! W gi— o)+ 0 :
B"(0.pe ")
see the derivation of (7.2) below. Hence, by fixing p small enough and invoking (4.12), we get
0(€2) for N =4,

Pin (Vs o) = Fn(W1.0, W10+ [Fn(Wi,0, W) + Fn(W, Wi.0)]+{ (€3 llogenl) for N =5, (5.6)
0() for N > 6

where
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N=2 1, .
Rviv= VT | R RIERN DV (A = A )V

BY (0.pm")

X |:x -VV + (NT2> V2:| dx (5.7)

and W, is the solution of (4.1) with € = ¢, and = = 7,,,. To estimate (5.6), we divide the cases according to the
dimension N. We examine the case N =5 first, N = 6 second, and N =4 at last.

CASE N =5:Byputtingn =4 and y = % in (5.9) of [33], one can compute that

Fn(W10, Wi,0) = Crepllmm|I* + O (e} | log ) (5.8)
where
o o0
1 9 x2dxs dt
Cr=—— [ x21ViW, o2d =——‘S3‘/ 5 f
1 8fx5| iWiol"dx = —2 s+ D] 2+ 1)
RS 0 0
s
914 1 1 1|
___S»‘._._z_ )s)
8 3 24 64

Besides, it was shown in (5.10) of [33] that

Fn(W10, ) + Fn (W, Wi 0) > O(e) | 10g €)).

However, it is not enough to deduce the proposition because C; < 0. We will improve the estimate in the next result.

Lemma 5.2. It holds that

Fm(Wl,Oa W) + Fin (W WI,O) (5.9

1 aq 11a2 ar ajay a2
>S3’ LT U 1L, %2 daa 94 2 24 0311 ) _
—‘ ( 128 7480 60480 T 160 1680 _ 1680 ) <m!ITmll” + O(€llog m - iz )

Proof of Lemma 5.2. We see from Derivation of (5.10) of [33] that

Fm(Wl,O’ \I"m) + Fm(‘ym’ WI,O)

3
= =26 (Tm)ij / x50;; W10 (x -V, + —\I-’m> dx + / xSaij\IJmZ(l) odx
k] 2 >
R R>,
+ O(e) [logen| - 7mll)
. (5.10)
— ()i / x50 Wi.09; Wndx + O(€3 1ogén - [ )
RS
5

=26, ()i /xsaijWLo(Dmdx-i-/xsaijWLoEmdx + O(e) | logem| - 7mlD)
R R3
where ®,, and &, are defined by (4.5) and (4.7) with € = ¢, and 7 = 7, and so ¥, = D, + E,,.
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On the other hand, by testing &, in (4.1), we obtain

2em ()i f x50;; W1,0Emdx

R}
2
= / V\IJm~VEmdx—5/wl30\IJmEmd)E
RS R4
3 2 3 2
=/V@m-VEmdx—S/wfocmemdiJr/|VEm| dx—S/waEmdi.
RS R4 RS R4

Testing ®,, in (4.7), we find

2
/VEm.VQDmdx=5/wfozm<D dx+fqm®mdi

Ri R4 R4
where ¢, is the function defined by (4.8) with € = €, and & = m,,,. Thus it follows from (4.9) that
2€m ()i / x50;;W1,08mdx > /qubmdf- (5.11)
R} R*
Combining (5.10) and (5.11), we obtain
Fm(Wl,Ov \I"m) + Fm(\l"m» Wl,O)
> ()ij | 2€m / x50;j W1,0Ppndx +/6]m¢mdf + 0(e | logen| - |ml).  (5.12)
R R*
By applying (4.5), we evaluate
2en(rny [ x50 Wo®pd
EY
XiXjX5
= 30ep, (7Tm)ij - 7 D, dx
(X1 + (xs + D)2
]RS
3 xs(xs — 1)
=30€2 (71);; (T /xxxx[
m( m)lj( m)kl iXjAEX] B (|x|2+()C5+1)2)6
]RS
3
xs5(xs5 + 1) Xs ]
+ay)— dx 5.13
(IXI2 + (XS + D)8 TP RP 4 (s + DY o1

o0
_‘83‘ 15 /xs(xs—l)dx5 f tdt 5a1 xs5dxs / t'di
B (xs + 1* e s+ D7) @2+13

52 Xxs5dxs t'dt 2” ”2
[ asv e ] @@y Em T

1
— 83 _ 2 2
‘ ‘ (64 3360 960) €17
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/qm¢mdi

and

R4
IR XX [3 1 4 _ 2w
= G | Gz 3 [2+“1{<|x|2+1)2 FE+D7 |~ (R + 17
R
3 aj a, B
2 d
X[ 2+(Ii|2+1)2+|i|2+1} *
1 v 7 3 1 4 2
r an
- |s3 e — — 5.14
12‘ ‘0/(r2+1)5[2+“‘{(r2+1)2 (r2+1)3} (r2+1)2:| 19

3 al ar - 2 2
X I:_§+ I+ 12 + r2+li|dx'€m||ﬂm”

3 aj 11612 an ajar (12
:’83‘( + Ly @2 4B D)2 2

128 560 60480 ' 192 1680 1680
Putting (5.12)-(5.14), we deduce (5.9). O

Corollary 5.3. It holds that
Fn (W10, Wi.0) + [Fu (W10, W) + Fin (W, W10) ]
> 25% 3| €2 llmnll> + O (e} logenl) + O(el llogenl - Imnl). (5.15)
Proof. Thus we conclude from (5.8) and (5.9) that

Fu(W1,0, W1,0) + [ Fn(W1,0, W) + Fon (W, Wi0) ]

> |83 (a1, a)el Il + O(ej, l1ogenl) + O (el 1ogen - Iul)

where
3 a ai  a @@y a3
Pa,a)=——~+— — 160 16%0 1620
@10) = =18 T 480 60480 T 160 1680 1680
It holds that
63 105 3
max_Pa,a)=P|—-—,—|= '
omax 48 2560

Hence the assertion follows. O

Completion of the proof of Proposition 5.1 for N = 5. Because g,, — o in C*(M,R¥*N) as m — oo, the values
of ||, || are uniformly bounded in m € N. From (5.2), (5.4), (5.5) and (5.15), we discover

3
06 = 325 |S°| enlln | + 063, log ).
Accordingly,
Oten) 2 7o 8] Il + O el ogen)
"= 2560 " " e
Taking m — oo on the both sides, we get (5.1) for N =5. O
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CASE N = 6: The strategy is the same as the case N = 5. By inserting n =5 and y = 5 in (5.9) of [33], one can
compute that

Fin(W1,0. Wi,0) = O(ep).
Also, computing as in Lemma 5.2, we obtain

Lemma 5.4. It holds that

Fp(Wi0, W) + Fu (W, Wio)

2 2
b4 a|mw 3aim a)mw  apaxm asm
84‘ T _ 2% _ ) 2 2 03,
‘ ( 320 T 3584~ 163840 T 1280 16384 16384 | mlmmITH OfEn)
Choosing the parameters a; = 128 and a; = 53454, we get

Corollary 5.5. It holds that

Eu (W10, Wi0) + [Fn (W10, W) + B (W, W1.0)] 2 0= |83 €2l 4+ O ().

= 78400

From this, the desired result (5.1) for N = 6 follows.

CASE N = 4: Because of the integrability issue on W o, the computation becomes a little bit trickier than before.
Especially, it turns out that the terms involving a; and a; contribute nothing. This is because the integrals involving
them are 0(631), while the main order of Py, (Vi, penjl) is e,%l loge,,|. Hence we set a; = ap =0.

Lemma 5.6. It holds that

b/ —
Fu(Wi0. Wi0) = =3 |82 I7l1%€], g€, ) + O(€3). (5.16)

Proof. Lemma 2.2 and the Gauss-Codazzi equation implies that

R[gnl(emx) = —||7nll* + O(enlx]) in B0, pey,").
From this, Lemma 2.1 (more precisely, Lemmas 3.1 and 3.2 of [22]) and (5.7), we find that

Fin(W1,0, W1,0) = Fom + Fim + Fam + O(€2) (5.17)
where
~ _l 2 5 0
Fom = 6 €n R[gm](emx)wl,ozl’()dx
B4(0.pen")
1
=——6m||7fm|| / Wi ozlodx+0(6 ),
BL(0.p6x")
Fip = / (6" - gll?{)alj Wi,0Z1,0dx
B4 (0.p€n")
1
=36 [3imlP + Rontzalow)] [ adacwiZigde+ o)

BY(0.p6m")
2
=-3 €2 lmml? / Xz AFW10ZY odx + O(ep)

B4(0,0en")
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and

- 9,/12
Fopy =— / M 8929, W1 0Z1 0dx
V |&m|

B4(0.pen ") (5.18)
= &% (1717 + Run 8] o) | f & W1,0Z1,0dx + O(e) = O(ep).
B(0.pen")
On the other hand, since
/ W10Z{ ydx
BL(0, pe,#)
f / i S +o()
= xXax,
(TP + (g + D23
,06,; &) m
dxy tdr xzdx4 t2ds
- 82’ / 4 / o(l
’ xa+1) @2+1)3 + (xa+1D3J 2413 +oM
0
= T 1s?|1og(pe=") + 0(1)
i g(pe, ,
we have
~ T _
Fon =2 (SZ( 1711262 log(pe ) + O(2). (5.19)
Moreover,
/ X3 AW 0Z] dx
B, pe;‘)
X3 [112 =30+ D] (1 — | — x7)
=2 dx
(%12 + (x4 + 1)2)5
Py oo
rixi[r? =30+ D] rF +xD)
=—2(S2’f[ 4 ¥ drdxs +0(1
2+ (x4 + 1)2) 4+ oM
0
T Q2 —1
=2 )S ‘log(pem )+ 0(1),
from which we deduce that
~ T _
Fin = =35 |82 Iul%€}, log(pe, ) + O(€D). (5.20)

Combining (5.17)-(5.20), we obtain (5.16). O

Unlike the cases N = 5 and 6, we do not exploit the mountain pass structure of the boundary Yamabe problem in
Rﬁ . Instead, we use the integrability (or the decay property) of the functions involving the problem.
We define

Ds(x) = €m;jxix; |: (5.21)

4 — 1 1)
- +
(5P + (s + %) <|)2|2+(x4+1>2>3}
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for § small, which resembles the modified correction term v s defined in Page 400 of [43]. If § = 0, the function @5
is reduced to ® in (4.5) with a; = ap = 0. Let also E5 = W — ®5 where W is the solution of (4.1). Then it satisfies

95671’,']')6,')6]‘

—ABs = - inRY,
ae (X2 4 (xa + D)2 (5.22)

Es
— lim —2 =4w; 085 +¢gs onR3
x4—0 0Xx4

ETjjXiXj 567t,-jx,-x]-

= on R,
I¥2+D* 52+ 1)3

Lemma 5.7. It holds that

64 SZ 2 -1 2 2
Fn(Wi0,Wm) + Fu(Wm, Wio) = +—1055+0(5) € log(pe, Dllmmll” + O(e,)  (5.23)
for § small.

Proof. Let ®,, 5 be the function ®; in (5.21) with € =€, and w = 7,,. Set &, 5 and gy, 5 in an analogous manner.
By (4.5) and (4.2) of [33], it holds that

_ Cepml|mm| - Ceml|mm|
[P s (O] + [B s ()] £ == and [V Py ()] + [VEp s(x)] < ——2 (5.24)
1+ |x| I+ |x|
where |7, |00 = max; j=1,2,3 |(7);}|. Integrating by parts, and employing (5.24),
dx 1 d
t
f i ‘ / 2‘82‘/ = _—om
P+ (e r3+(pe e+l
B3(0,p6y") 0
and
PEm! PEy" 1
dx (peydxs ~1)2dxy
———==C = 0(1),
L+ x| 1+ (pem )3+x4
0 3B3(0,pex") 0 0
we calculate that
Fm(Wl,Oa "Ijm) + Fm("pm’ WI,O)
pey"
= =26y (7Tm)ij / / x4 [0 W10 ek Ok W + x404 Wy + W)
0 B3(0.pem")
+3; W (xk W10 + x434 W1 0 + Wi 0) | dXdxs + O(ep)
peh‘l
= 26n1(7Tm)tj / / 48 Wy, 08 W + 0; W1 O(xkajk“p +X4814\I’m) (5.25)
0 B3(0,pe;,

+ (i 9k W10 + x40:4 W1,0)0; Wy | dx + 0(e2)

1782



S. Kim, M. Musso and J. Wei

Pey
= 26, (Tm)ij / x4 W1,08; Wndx + O (e2)
0 B3(0.p6,")
PeR"

=2€m ()i / / (x40ij W1,0®m,s5 + x40ij W1,08m,5) dx + 0(e2).

0 B30.pn")

On the other hand, by testing &, s in (4.1) and applying (5.24) once more, we obtain

pen!
26 (7Tm)ij / / x40 W1,0Em,sdx
0 B30.0ex")

P Em

/ / Vd,s- Vumgdx—i—/ / |V Em.sldx + O(e2).

0 B3(0,p¢,

Also, testing ®,, s in (5.22) shows

Pem
/ VEms - VO sdx
0 B3(0.pem")
98€m7rijxixj
5 N
(IXI + (a4 +1)7)2
0 B3(0,pe;,!
Consequently,
ey
2€m (TTm)ij / x40;j W1,0Emdx
0 B3(0,pe 1)

986m7rijx,-xj

(%2 + (xg + 1)2)2

o

0 B30.p6,")
Combining (5.25) and (5.26), we obtain

—1
PEm

0 B3(0,pe;,

d>m,5dx + / qm,écbm,Sd)TC + 0(631)'

B3(0,pen")

<I>m’5dx + f qm,Sq)m,Bd)z + 0(61%1)

B3(0,pen")

Fon(W1,0, W) + Fiu (Wi, Wi0) = ()i 26m/ / x40 W1,0®Pp,sdx

0 B3(0,pep,

—1
PE,

o]

0 B30.pen")

)

95€m7'[ijxin

(512 + (g + D)3

CDm’adx

+ f G s®msdi | + 0(€2).

B3(0,pen")
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By applying (5.21), we evaluate

oe!
2€m (Tm)ij / / x40;j W1,0Pp,sdx

0 B3(0,pen")
oen!

= 16€2 (7Tm)ij (Tm)k1 / / Xi X jXkX]

0 B30,pe5")

2
Xy X4 2
_ +§ dx + O(e,,
[(|x|2+<x4+1)2>5 (|)E|2+(x4+1)2)3] o

_32 Sz‘ x4dX4 / 1Odr
15 s+ 13 ) 241)°

P 6m

(5.28)

o0
xqdx4 / 10dr

2 2 2
12 5 | €mllmmll” + O(e)

2+ 1)2

s 2 —1
ikl 1 .
(24+1055>\S |2 log(pe, il + O(€D).

-1
PEp

XiXj
986m(77m)ij - 3 Dy sdx
(1% + (xa + D)2
0 B30.pex")

PEm

=98€2 () ij (Tm)ka f f - alid il sdx (5.29)
: (%2 + (xg + 12)2

0 B3(0,p¢,"
+ 0 (8% log(pey N ImmlI?) + O ()

8]82| €2 1og(oe, i I + 06> og(pe, 1) + O(e2)

and

_ XiXjXRX] )
qm,sPm sdx = €,6 (7)1 (Tm)ki ————=dx + O(e,)
(x> +1)2

B3(0,pen") B3(0,pen") (5.30)
5[52| €2 1og(pes, >

Putting (5.27)-(5.30), we deduce (5.23). O

Corollary 5.8. It holds that

64 2 2| 2 —1 2 2
Fn(Wi,0, Wi,0)+[Fn(Wi0, W) + Fyu (Wi, Wi0)] = 3+ 0(8%) ) |S?| €, log(pe,, Himml“+ O(e;,)

105

for § small.

Proof. The result immediately follows from (5.16) and (5.23). O
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Completion of the proof of Proposition 5.1 for N = 4. By taking § > 0 in Corollary 5.8 small enough, we infer
from (5.2), (5.4) and (5.5) that

0) = =3 [5%] & logtoey MmnlP + 0.

Accordingly,

1 2 1
o > ™+ O :
|log €l |log €|

This implies that (5.1) holds for N =4. O

5.2. Non-negativity of a sum of the second-order derivatives of the trace-free second fundamental form

To derive Proposition 5.1, we analyzed the ¢;, 2 _order of the asymptotic expansion of the term Pj,, ( > PE€m ) We
will prove the next result by examining its em| log €, |-order.

Proposition 5.9. Suppose that N =5 and y,, — yo € OM is an isolated simple blow-up point of the sequence
{Un}YmeN of the solutions to (2.5). If {gm}meN is a sequence of the metrics constructed in Subsection 3.1, then

mwlgolij,ij(yo) = 0. (5.31)
Proof. Fix any p € (0, ps]. By appealing (5.1), one can improve the error in (5.6) so that

Pim ( m» /06 ) = Fm(Wl,Os Wl,O) + [Fm(Wl,Oa W) + Fn (Wi, WI,O)] + 0(€r3n)
where F}, is the map defined in (5.7). From this, (5.2), (5.4) and (5.5), we deduce

O(&3) = Fu(W1.0. W1,0) + [Fnn (W10, W) + Fiu (W, W1,0)] + OCe). (5.32)
Moreover, arguing as in the proof of Lemma 5.6, we see

Fn (W10, Wi0) + 2 [8%] € m

= —6,3,, (TTm)ij ki / X5xX10; j W1,OZ(1),0dx

B3.(0,pem")

— Zéi(ﬂm)ij,ik f x5xk8j WLOZ?’de + 0(631)

B3(0,pep")

5 " slF = 13— )
s X5|Xx — X7 — X5
3 € (TTm)ijij / /4 (1X|2 + (x5 + 1)2)0 *

x5 EP0 — 7 —xD) 3
+ Jentm i f/ (R + (s + 12y F F O

2[5 e tostoe Hetmisis + 06,

To deduce each equality, we took « > 4 in Lemma 2.2 so that Ryn n[8n]1(ym) = 0, and used Lemma 2.1, the symme-
try of the integral and (5.1). After setting a; = —% and a; = % as in the proof of Corollary 5.3 and applying (5.1)
once more, we arrive at
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Fu(Wi0, W1,0) + [Fn(W1,0, W) + Fiu (W, Wi0)]

9
€2 |7 1> — o

3
2 2560 ‘S3 83‘ €2 102(pe ) (Tm)ij.ij + O(€)) + O (el 1ogem| - 7m D)

9 B 7 3
- ‘83‘ e log(per ) m)izi; + 0(€3) + 0 (6,721|10gem|2> .
Inserting this estimate to (5.32), we obtain

oL )52 ’S*’( i 4+ 0 (——) + 0 (e2l1ogen!?
—— 87| (7Tm)ij.ij €nlloge .
llogen] ) = 64 mij;ij Tog €] m| 108 €m

Taking m — oo on the both sides, we obtain (5.31). O

6. Local sign restriction and set of blow-up points
Under the validity of Proposition 5.1, we derive the local sign restriction of the function P’.

Proposition 6.1. Assume that N > 4 and y,, — yo € OM is an isolated simple blow-up point for the sequence
{Un}meN to the solutions to (2.5). Then, given m € N large and p > 0 small, there exist constants Cy > 0 and
C1, Ca, C3 > 0 independent of m and p such that

eN-1pN-1¢;
2N=DFoD) | H2(N=D+o(1)

N 2P (U (0) U, p) = €2,Co — €2T1p>1C) — e 2p N30y —

for N >5 and
el p’Cy

2 1 ry ry 2 —1 2
6m+0( )7)/ (Um(O)Um, p) > € lOg(l + PE,, )C() — GmCI — m
m

for N =4, in g,,-Fermi coordinates centered in y,,. Here, P’ is the function defined in (2.7), n > 0 is an arbitrarily

small number and 6,7,(1) — lasm— o0.

Proof. If N > 5, the proof follows the same lines as that of Lemma 6.1 in [33]; cf. Theorem 7.2 of [2]. Slightly mod-

ifying the argument, one can also establish the inequality for N = 4. Here we allow the possibility that 7w [g9](yg) =0
as opposed to [33]. Thus we cannot exclude that Co =0. O

From the previous proposition, we conclude the following results. It can be derived as in Section 6 of [33].

Lemma 6.2. Assume that N > 4, and yo € M is an isolated blow-up point for the sequence {U,,},,eN to (2.5). Then
it is an isolated simple blow-up point of {Up}imeN-

Proposition 6.3. Assume the hypotheses of Theorem 1.1. Let g, €1, R, Co and C| be positive numbers in the statement
of Proposition 3.2. Suppose that U € H' (M) is a solution to (2.5) and {y1, - - - , ynr} is the set of its local maxima on
dM. Then there exists a constant Co > 0 depending only on (M, g), N, €o, €1 and R such that if maxyy U > Co, then
dnYmy s Ymy) = Ca for all 1 <my # my < N(U). In particular, the set of blow-up points of {Upn}meN is finite and it
consists of isolated simple blow-up points.

7. The compactness result

Let Gy, be the normalized Green’s function of the conformal Laplacian on (M, go) with Neumann boundary
condition with pole at yp € d M, that is, the solution of

LzGyy(y)=0 in M,

B3, Gy (y) =8y, ondM, (7.1)
lim  dg (v, y)V 2Gy () =1

dg, (y.y0)—>0 20’ ot

1786



S. Kim, M. Musso and J. Wei Annales de I’ Institut Henri Poincaré — Analyse non linéaire 38 (2021) 1763-1793

where 8, is the Dirac measure centered at yg. It will serve as the function G when we apply the positive mass theorem
(described in Lemma 2.4).

In the following two lemmas, we verify the necessary conditions to apply Lemma 2.4 for 4- and 5-manifolds. Note
that the number d in (2.10) is 1.

Lemma 7.1. Suppose that N =4 or 5, yo € 0M is an isolated simple blow-up point of the sequence {Uy,},eN Of the
solutions to (2.5). If we take k > 4 in (2.1), we can expand the metric g = go as in (2.10) and (2.11).

Proof. By Lemma 2.1 and Proposition 5.1, it clearly holds that
AN =Ayn() =0 and  A;(x) = O(x).
Therefore,
expA(x) =1+ Ax)+O(x|Y andso g(x)=expAx)+ O(x|*
where [ is the N x N-identity matrix. From this, we see that
detg(x) = eMCAOTOWNY) _ 1 4 trace(A(x)) + O(Ix|Y).
By virtue of our choice k > 4, it follows that trace(A(x)) = O(|x|4) as desired. O

Lemma 7.2. Suppose that N =4 or 5, and yg € OM is an isolated simple blow-up point of the sequence {U,,};neN of
the solutions to (2.5). If we choose the integer k in (2.1) large enough, we obtain that

Ix|72 + O(llog |x|]) for N =4,

Gy (x)=
. Ix|73 4+ 0(x|~|logx|]) for N=35

in go-Fermi coordinates centered at yo. As a particular consequence, Gy is a smooth positive function on M \ {yo}
which can be expressed as in (2.12)-(2.13).

Proof. We will employ Proposition B.2 of [6], in which Almaraz and Sun constructed the Green’s function on mani-
folds with boundary using parametrices.
According to their result, if there exists a sufficiently large integer «o such that

|H[Z0l(»)| < Cdgy (v, yo)** forally e dM, (7.2)

then one can find a smooth positive solution G, on M \ {yo} to (7.1) with g = go. Moreover, if go = exp B for some
2-tensor B on M, then

n d
~ - C(1 +|log|x|]) for N =34,
— |x|>N . la|+2—N
Gy @) = PN <C 3 3 B0 ] +[ CLf N N o (7.3)

i,j=1la|=1

in go-Fermi coordinates centered at yy, where d = LNT_QJ as before. Check also (1.3) for the notations involving
multi-indices.
Differentiating (3.4) of [22] |B|-times, we obtain

3 3130l gt [ 8y/Ihol 9 H{go]
9 Y

— (.0 =
SBIBT | dxg g

(x) forx eR”", (7.4)
oxy 0dxg

ﬂ/_,'_ﬁ//:

in normal coordinates on d M centered at yp. Here fzo is the restriction of gg to M. In light of (2.1) and (7.4), the
coefficient of xgxy in the Taylor expansion of /|go| at x =0 has to be

_n PH[g]
(1B1+ D! dxg

0 =0 forall|B] <k —1.
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Thus, if we take « > o, all partial derivatives of H of order < xp — 1 must vanish at 0, and so (7.2) holds.
On the other hand, we know that A(x) = O(|]x|?) and o = expA + O(|x|*) from the proof of Lemma 7.1. There-
fore, for || =1,

Bija(x) = Ajja(x) + O(lx]) = O(Ix]), andso B;j(0) =0.
This implies that the right-hand side of (7.3) is bounded by

C(Ix[*=N + 14 [log|x||) = C(1 + |log|x|) = O(|log|x]|) for N =4,
Clx[*N =cClx|”' = 0(x|" ! log|x|]) for N =5.

The proof is finished. O

We next examine the relationship between the flux integral Z(yo, p) given in (2.14) and the quantity P'(G ,, p)
defined by (2.7).

Lemma 7.3. Under the assumptions of Lemma 7.1, it holds that

1
, L0, p) +0(p) Jor N =4,
PGy, =1 % 3 a (1.5)
—55L00.0) — o5 |S%|w[g0lis.ij (vo0) + O(pllogpl)  for N =S5.

Proof. Lemma 3.2 of [5] leads us that

N-=-2 _ _ Xa
P/(Gym p)=— <T) / (|X|2 NaaGyo(x) - 8a|-x|2 NGyo(x)) mde

9B (0.p) (76
+ 0(p* Nlogp).
Therefore, we infer from (2.14) that

(N —2)

PGy P ==en_D

[Z(y0. p)

+ / (p3—2NxaabAab(x)—2Np1—2Nxabeah<x>)dsx +0(p* Nlogpl). (1.7)

31 BY (0.p)
On the other hand, by setting ¥ > 4 in Lemma 2.2 and applying Proposition 5.1, we obtain
Symy,, Rixjimlhol = Symy, H 11[80] = Ry k[80] = Rvn,n[80]1 =0 atyo (7.8)
where hy = golTam - Thanks to (2.11), (2.2), (7.8), the Ricci identity and the symmetry of the integral, we find

31BY (0.p)

2(N -3
=,057N|S’171| [ ( )

onl.: . 6—N
(N_1)(N+1)(N+3)j|7f[80]u,zj(y0)+0(;0 ) (1.9

for any N > 4.
Combining (7.7) and (7.9), we derive (7.5). O
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The above lemma shows that Proposition 3.6 of [5] is valid for N =4, but is not in general for N = 5.
As a by-product of the previous lemma, we can evaluate the mass my.

Corollary 7.4. Under the assumptions of Lemma 7.1, it holds that

—6 lirr})P/(GyO, p) for N =4,
p—>

mo = 32 . 1 -
—== lim P'(Gyy, p) — — |S?| w[80)ij.ij (30) for N=5.
9 p—0 48

Proof. Taking p — 0 on the both sides of (7.5) and using (2.16), we get the result. O

One can see from (2.7) or (7.6) that the value of P'(G,, p) is completely determined by the Green’s function
G y,. Therefore, the above corollary tells us that the mass is involved with not only the Green’s function but also the
trace-free second fundamental form if N = 5. As mentioned in Remark 1.3, it is a unique property of manifolds with
boundary.

We are now ready to complete the proof of our main result.

Proof of Theorem 1.1. Suppose that yg € 9 M is a blow-up point of the sequence {U,, },,en of the solutions to (2.5).
By Proposition 6.3, it is isolated simple. By Proposition 3.5 and elliptic regularity theory, there also exists a constant
a > 0 such that

Un ym)Unm — aGy, in C*(Bg,(yo, p) \ o)) asm — oo.

Thanks to Proposition 6.1, it follows that
minf P’ (aG y,, p) = a® liminf P'(G,, p) > 0. (7.10)
p—0 p—0

We split the proof into two cases according to the dimension of the manifold M.

CASE N =4 AND 5: By virtue of Lemmas 7.1 and 7.2, all the conditions needed to apply Lemma 2.4 hold. Besides,

_4 4
(7.1) yields that R[Gy,*g] =0 and H[G,>g] =0 on their respective domains, which trivially implies (2.15).
Employing Lemma 2.4, Corollary 7.4, Proposition 5.9 and (7.10), we deduce

—6 lim P'(Gy,. p) <0 for N =4,
p—0

O<m0= 32 ) , 1 3 .
—=1im P'(Gyy, p) — — |S?| w[g0lijij (30) <O for N =35,
9 p—0 48

a contradiction. Consequently, there is no blow-up point of a solution to (2.5), which means that its solution set is
L (M)-bounded. Elliptic regularity tells us that it is C>(M)-compact. Theorem 1.1 must be true in this case.

CASE N = 6: We remind that the trace-free second fundamental form m[g] is assumed to be never zero on dM.
There is a positive smooth function wg on M such that gg = wpg on M. In Proposition 1.2 of [23], it was proved that
w[go] = ~/wm[g] on dM. This produce a contradiction, since Proposition 5.1 reads

0= [7[20](0)ll = ()2 |7 [g](yo) | > 0.

The same reasoning as above shows that Theorem 1.1 is also valid in this case. O
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Appendix A. Proof of Lemmas 4.3 and 4.5

Throughout this section, we assume that N > 5. The case N =4 can be handled similarly.

In order to prove Lemma 4.3, we first need two preliminary observations.

Lemma A.1. Suppose that N > 5. The function

xy+1 xy+1
AN —4) = v T iy
(N =D (172 + (xn + D2) 2 X2+ (y + 1D

P (x) = in RY

for ay € R satisfies

xy +1

—Ad| = - pva
(X2 + (xny + D> T

. N
in R,

Proof. It holds that

1 1 1
W N—2 :_( )8N|: N4] inRﬁ'
|2 2y 5= N —4 |2 2y 7
(Ix[*+ (xny + D7) 2 (Ix[*+ (xny + D7) 2
Thus, if we have a solution ®q of the equation
1
(F2 4 ey + DD T

we will be able to choose

—AD) = in RY,

1
O =—|—— ) oydo. Al
1 <N—4> N Do (A.1)
On the other hand, we see that

1
- |x|N_4

—A[®o(x, xy — D] = inR" x (1, c0).

(%12 +x3)"T
If we assume that ®g(x, xy — 1) is radial symmetric, i.e., ¢pg(|x|) = Po(x, xy — 1), then it is reduced to

N -1

r

1
_d)o —

1
b=—— in (0, 00).
¢() rN*4 n ( OO)

Its general solution is expressed as

1 1 aq
+ +a forN=50rN>7
_ N=6 N—2 1 =5
go(r) = WV O
gr aq ’
" +r—4+a1 for N =6

for r € (0, 00) and ay, aﬂ € R. Consequently,
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1 1 n al +
= — ta2
AN =6) (T2 + (xy + D)'T (TR + (v + DT
Do(x) = | . for N=50rN >7, (A2)
——log(Jx> + (xny + 1)) + — +d
3 g(1x|” + (xn + 1)7) (P + Gy + D22 1
for N =6
in RY.
By (A.1) and (A.2), the assertion in the statement holds. O
Lemma A.2. The function
5 (x) ! + ! +a, inRY
2(x) = — +ap — +a, inRY
2N =4) (52 + oy + DDT (R + Gy + DT
for az, a} € R satisfies
1 N
—A(Dz = mn R+. (A3)

_ N-2
(1F2 + Gy + D)
Proof. Equation (A.3) is equivalent to

1 1

—A[®(F, xy — D] = =
(ZP2+x2)' xIV?

- N
inRY.
If we assume that &, (x, xy — 1) is radial symmetric, i.e., ¢p2(|x|) = P2(x, xy — 1), then it is reduced to

" n., 1 .
—¢y — —¢py = —— in (0, 00).
¢2 r ¢2 r N=2 ( )
The general solution is expressed as

1 a,

PO =N v TN

+a,
for r € (0, 00) and ay, aé € R. As aresult, the assertion in the statement holds. O

Corollary A.3. The function

1 xy —1 xy+1
(@1 — ) (x) = o — A — T
N =D (72 + ay + D)7 X+ @v+ D2z . oy
1 mRJr
aj

+ap - Y
(x> + @y + D>z

foray, az, a), € R satisfies

XN

—A(P — Py) = — N2
(X2 + @ +DH 7

=xyWio in Rﬁ.

Proof. It is a direct consequence of Lemmas A.1 and A.2. O
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Completion of the proof of Lemma 4.3. Define 5,~ = 0ij (P — D3) so that ® =27;; 55,- ;. By Corollary A.3,

~ xy —1 dij XiXj
Bijn) = —=— | — g (N )
(X2 + @y + D> (x> + (xy + D)2
5‘. XX
+ai(xy +1) | — Y 5 — (N +2)— s = | inRY.
(x> + v+ D22 (X2 + (xny + D22
+ax Sij —N XiXj

(F2+ Gy +DDT (F2+ y + D)

Since the trace of  is assumed to be 0, we have (4.5). This completes the proof. O
Completion of the proof of Lemma 4.5. It follows from (4.1) and (4.6) that U is harmonic in ]Rﬁ . Note also that

oUu ad 2
lim — + Nw';’U =— lim — — Nw';>® onR".
xny—0 axN ’ ’

Plugging (4.5) into the right-hand side, we find the boundary condition that U satisfies. O

References

[1] S. Almaraz, An existence theorem of conformal scalar-flat metrics on manifolds with boundary, Pac. J. Math. 248 (2010) 1-22.
[2] S. Almaraz, A compactness theorem for scalar-flat metrics on manifolds with boundary, Calc. Var. Partial Differ. Equ. 41 (2011) 341-386.
[3] S. Almaraz, Blow-up phenomena for scalar-flat metrics on manifolds with boundary, J. Differ. Equ. 251 (2011) 1813-1840.
[4] S. Almaraz, E. Barbosa, L.L. de Lima, A positive mass theorem for asymptotically flat manifolds with a non-compact boundary, Commun.
Anal. Geom. 24 (2016) 673-715.
[5] S. Almaraz, O.S. de Queiroz, S. Wang, A compactness theorem for scalar-flat metrics on 3-manifolds with boundary, J. Funct. Anal. 277 (7)
(2019) 2092-2116.
[6] S. Almaraz, L. Sun, Convergence of the Yamabe flow on manifolds with minimal boundary, Ann. Sc. Norm. Super. Pisa, CI. Sci. (5) 20 (3)
(2020) 1197-1272.
[7]1 T. Aubin, Equations différentielles non linéaires et probléme de Yamabe concernant la courbure scalaire, J. Math. Pures Appl. 55 (1976)
269-296.
[8] S. Brendle, Blow-up phenomena for the Yamabe equation, J. Am. Math. Soc. 21 (2008) 951-979.
[9] S. Brendle, S. Chen, An existence theorem for the Yamabe problem on manifolds with boundary, J. Eur. Math. Soc. 16 (2014) 991-1016.
[10] S. Brendle, F. Marques, Blow-up phenomena for the Yamabe equation II, J. Differ. Geom. 81 (2009) 225-250.
[11] E. Cardenas, W. Sierra, Uniqueness of solutions of the Yamabe problem on manifolds with boundary, Nonlinear Anal. 187 (2019) 125-133.
[12] S.S. Chen, Conformal deformation to scalar flat metrics with constant mean curvature on the boundary in higher dimensions, preprint, arXiv:
0912.1302.
[13] P. Cherrier, Problémes de Neumann non linéaires sur les variétés Riemannienes, J. Funct. Anal. 57 (1984) 154-206.
[14] J. Davila, M. del Pino, Y. Sire, Nondegeneracy of the bubble in the critical case for nonlocal equations, Proc. Am. Math. Soc. 141 (2013)
3865-3870.
[15] S. Deng, S. Kim, A. Pistoia, Linear perturbations of the fractional Yamabe problem on the minimal conformal infinity, Commun. Anal. Geom.
(2021), in press.
[16] M.M. Disconzi, M.A. Khuri, Compactness and non-compactness for the Yamabe problem on manifolds with boundary, J. Reine Angew. Math.
724 (2017) 145-201.
[17] Z. Djadli, A. Malchiodi, M. Ould Ahmedou, Prescribing scalar and boundary mean curvature on the three dimensional half sphere, J. Geom.
Anal. 13 (2003) 255-289.
[18] Z. Djadli, A. Malchiodi, M. Ould Ahmedou, The prescribed boundary mean curvature problem on B*, J. Differ. Equ. 206 (2004) 373-398.
[19] O. Druet, Compactness for Yamabe metrics in low dimensions, Int. Math. Res. Not. 23 (2004) 1143-1191.
[20] J.F. Escobar, Sharp constant in a Sobolev trace inequality, Indiana Univ. Math. J. 37 (1988) 687-698.
[21] J.F. Escobar, Uniqueness theorems on conformal deformation of metrics, Sobolev inequalities, and an eigenvalue estimate, Commun. Pure
Appl. Math. 43 (1990) 857-883.
[22] J.F. Escobar, Conformal deformation of a Riemannian metric to a scalar flat metric with constant mean curvature on the boundary, Ann. Math.
136 (1992) 1-50.
[23] J.F. Escobar, The Yamabe problem on manifolds with boundary, J. Differ. Geom. 35 (1992) 21-84.
[24] J.F. Escobar, Conformal metrics with prescribed mean curvature on the boundary, Calc. Var. Partial Differ. Equ. 4 (1996) 559-592.
[25] V. Felli, A. Ould Ahmedou, Compactness results in conformal deformations of Riemannian metrics on manifolds with boundaries, Math. Z.
244 (2003) 175-210.
[26] V. Felli, A. Ould Ahmedou, A geometric equation with critical nonlinearity on the boundary, Pac. J. Math. 218 (2005) 75-99.

1792


http://refhub.elsevier.com/S0294-1449(21)00029-9/bib22863B2844768ECABF70FE26132EE4DCs1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib197CDCC53F062530D6256EDDC6FC18E6s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bibF7784C936CF0FB6E8C577165F89BEB55s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib4A0E26BCFE8DDBC496F49B29FF0C2978s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib4A0E26BCFE8DDBC496F49B29FF0C2978s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib8944370D65AEC4048700A2640EE07B69s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib8944370D65AEC4048700A2640EE07B69s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bibA2C29192484301FA800100E16E494ACFs1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bibA2C29192484301FA800100E16E494ACFs1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib515322AF1EB924F2A4CEE609D1F39BFAs1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib515322AF1EB924F2A4CEE609D1F39BFAs1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib8D37869EBC7AF08A31DF14FE3F48BEE2s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bibF85B7B377112C272BC87F3E73F10508Ds1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib5089FA881630360A9B3361469C1A0C5Ds1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib8D7E99C73CD5A10ADAAF4C9F9A520368s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib93ADA40DA341D3F06C6B5392C2A501C5s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib93ADA40DA341D3F06C6B5392C2A501C5s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib46CE6EED09DD5A60280B497637D1697As1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib9B20752F14503BE0510115D06D64BBDCs1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib9B20752F14503BE0510115D06D64BBDCs1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib39161102BEEBE8C6F944AA045E03093Fs1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib39161102BEEBE8C6F944AA045E03093Fs1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bibDD65EF9A5579D4E518C6D4ABBD0CB1C6s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bibDD65EF9A5579D4E518C6D4ABBD0CB1C6s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib5A55A4436AD736905DB647BF78C98924s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib5A55A4436AD736905DB647BF78C98924s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib34D6951F0B0E1E3B9AF40C330F5D87ABs1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib611E23EAF4A64D2F06F86C7485A55E78s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bibB9C4E09915D204604B92161F5D364B2Es1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib968A530F508CE32BA152D83E6257DC48s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib968A530F508CE32BA152D83E6257DC48s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib24DD08CF43692996CF27A1BC921CE3BEs1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib24DD08CF43692996CF27A1BC921CE3BEs1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib1F707F9E2A7CA116F8D7C7B63026C660s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bibB594766C1EF3E26D39FB99FB0BF82898s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bibC0398FB66542BBCF6E14417A0A6751F4s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bibC0398FB66542BBCF6E14417A0A6751F4s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib29BC4DACE727451DA7392F46B558262Bs1

S. Kim, M. Musso and J. Wei Annales de I’Institut Henri Poincaré — Analyse non linéaire 38 (2021) 1763-1793

[27] M. Ghimenti, A.M. Micheletti, A compactness result for scalar-flat metrics on manifolds with umbilic boundary, Nonlinear Anal. 200 (2020)
111992.

[28] M. Ghimenti, A.M. Micheletti, A. Pistoia, Linear perturbation of the Yamabe problem on manifolds with boundary, J. Geom. Anal. 28 (2018)
1315-1340.

[29] M. Ghimenti, A.M. Micheletti, A. Pistoia, Blow-up phenomena for linearly perturbed Yamabe problem on manifolds with umbilic boundary,
J. Differ. Equ. 267 (2019) 587-618.

[30] Z.-C. Han, Y.Y. Li, The Yamabe problem on manifolds with boundary: existence and compactness results, Duke Math. J. 99 (1999) 485-542.

[31] M. Khuri, F. Marques, R. Schoen, A compactness theorem for the Yamabe problem, J. Differ. Geom. 81 (2009) 143-196.

[32] S. Kim, M. Musso, J. Wei, Existence theorems of the fractional Yamabe problem, Anal. PDE 11 (2018) 75-113.

[33] S. Kim, M. Musso, J. Wei, A compactness theorem of the fractional Yamabe problem, Part I: The non-umbilic conformal infinity, J. Eur. Math.
Soc. (2021), in press.

[34] M. Mayer, C.B. Ndiaye, Barycenter technique and the Riemann mapping problem of Cherrier-Escobar, J. Differ. Geom. 107 (2017) 519-560.

[35] G. Li, A compactness theorem on Branson’s Q-curvature equation, preprint, arXiv:1505.07692.

[36] Y.Y. Li, J. Xiong, Compactness of conformal metrics with constant Q-curvature. I, Adv. Math. 345 (2019) 116-160.

[37] Y.Y. Li, L. Zhang, Compactness of solutions to the Yamabe problem II, Calc. Var. Partial Differ. Equ. 25 (2005) 185-237.

[38] Y.Y. Li, L. Zhang, Compactness of solutions to the Yamabe problem III, J. Funct. Anal. 245 (2006) 438-474.

[39] Y. Li, M. Zhu, Uniqueness theorems through the method of moving spheres, Duke Math. J. 80 (1995) 383—417.

[40] Y. Li, M. Zhu, Yamabe type equations on three dimensional Riemannian manifolds, Commun. Contemp. Math. 1 (1999) 1-50.

[41] E.C. Marques, A priori estimates for the Yamabe problem in the non-locally conformally flat case, J. Differ. Geom. 71 (2005) 315-346.

[42] E.C. Marques, Existence results for the Yamabe problem on manifolds with boundary, Indiana Univ. Math. J. 54 (2005) 1599-1620.

[43] E.C. Marques, Conformal deformations to scalar-flat metris with constant mean curvature on the boundary, Commun. Anal. Geom. 15 (2007)
381-405.

[44] R. Schoen, Course Notes on “Topics in Differential Geometry” at Stanford University, 1988, available at https://www.math.washington.edu/
~pollack/research/Schoen-1988-notes.html.

1793


http://refhub.elsevier.com/S0294-1449(21)00029-9/bib64F3BD1741AB8D6BA545A1AE09BB8728s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib64F3BD1741AB8D6BA545A1AE09BB8728s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib5CADAAA0D5A9AF6F6035DCA369ED3D0Es1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib5CADAAA0D5A9AF6F6035DCA369ED3D0Es1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bibC439A86712855EBA46B5B6EB0147BDC8s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bibC439A86712855EBA46B5B6EB0147BDC8s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib272B2F9936D3FF309C30011BF32004C6s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib4A4DF63C87B4F42081B846D9B9189984s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib09E79E74A8A6DC9EF3ABCBFB43694F1Bs1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib7D042079BFAEED2FDF9BC55D7DC144D0s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib7D042079BFAEED2FDF9BC55D7DC144D0s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib943AFAF25AC17FE7BC39FDAAE916E3A4s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib8640D08847FE5E081F0A41C4579BF26As1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bibB4B6E894569917B9CA2210BAE107C888s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib435AEBF33C2947893BC8AE2A2B0F8B3Bs1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bibF08D7353E4DA65209C3EE3924CD82093s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib7F77856FE0CA82E4F1FA7D3CC82D4683s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bibD3DBF177C74EE18F4C0066DF61B9CF1Fs1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib1CE81DDC23283076762F440BFCC36D37s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib080DCEB1FE64C923945B595A69A36F02s1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib111C6FD1B94759E1F85390654DF5F44Es1
http://refhub.elsevier.com/S0294-1449(21)00029-9/bib111C6FD1B94759E1F85390654DF5F44Es1
https://www.math.washington.edu/~pollack/research/Schoen-1988-notes.html
https://www.math.washington.edu/~pollack/research/Schoen-1988-notes.html

	Compactness of scalar-flat conformal metrics on low-dimensional manifolds with constant mean curvature on boundary
	1 Introduction
	2 Preliminaries
	2.1 Metric expansion and conformal Fermi coordinates
	2.2 Bubbles in the Euclidean half-space
	2.3 Conformally invariant equations
	2.4 Pohozaev’s identity
	2.5 Positive mass theorem

	3 Basic properties of blow-up
	3.1 Characterization of blow-up points
	3.2 Basic properties of blowing-up solutions

	4 Linear problems and refined blow-up analysis
	4.1 Linear problems
	4.2 Refined blow-up analysis

	5 Quantitative analysis on the trace-free second fundamental form
	5.1 Vanishing theorem of the trace-free second fundamental form
	5.2 Non-negativity of a sum of the second-order derivatives of the trace-free second fundamental form

	6 Local sign restriction and set of blow-up points
	7 The compactness result
	Declaration of competing interest
	Acknowledgement
	Appendix A Proof of Lemmas 4.3 and 4.5
	References


