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ABSTRACT

In the literature, various link-based similarity measures such as
Adamic/Adar (in short Ada), SimRank, and random walk with
restart (RWR) have been proposed. Contrary to SimRank and RWR,
Ada is a non-recursive measure, which exploits the local graph
structure in similarity computation. Motivated by Ada’s promis-
ing results in various graph-related tasks, along with the fact that
SimRank is a recursive generalization of the co-citation measure,
in this paper, we propose AdaSim, a recursive similarity measure
based on the Ada philosophy. Our AdaSim provides identical ac-
curacy to that of Ada on the first iteration and it is applicable to
both directed and undirected graphs. To accelerate our iterative
form, we also propose a matrix form that is dramatically faster
while providing the exact AdaSim scores. We conduct extensive
experiments with five real-world datasets to evaluate both the effec-
tiveness and efficiency of our AdaSim in comparison with those of
existing similarity measures and graph embedding methods in the
task of similarity computation of nodes. Our experimental results
show that 1) AdaSim significantly improves the effectiveness of Ada
and outperforms other competitors, 2) its efficiency is comparable
to that of SimRank* while being better than the others, 3) AdaSim
is not sensitive to the parameter tuning, and 4) similarity measures
are better than embedding methods to compute similarity of nodes.
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1 INTRODUCTION

In the literature, various link-based similarity measures (in short,
similarity measures) have been proposed such as Adamic/Adar [1],
SimRank [13] and its variants (e.g., P-Rank [42], JacSim [9], and
SimRank* [40]), and random walk with restart (RWR) [35] and its
variants (e.g., BePI[14] and BEAR [15]). Adamic/Adar (in short, Ada)
was originally proposed to predict whether a person is associated
with another based on their personal homepages by mainly focusing
on university homepages; it is based on a philosophy that "anything
from the links and text on a user’s homepage to the mailing lists a user
subscribes to are reflections of social interactions the user has in the
real world" [1]. To do this, four different items are extracted from
each user’s homepage: text, in-links (i.e., links from other pages
to the page), out-links (i.e., links from the page to other pages),
and mailing lists. Then, the similarity between users a and b is
computed as follows [1]:

S(a, b)= (1)

1
Z log(frequency(shared item))

shared items

More specifically, the weights of common items are summed up
where the inverse of the log frequency of an item’s occurrence is
utilized as the item’s weight; the items that are unique to a fewer
number of pages are weighted higher than the items commonly
occurring in many pages [1]. This strategy is somehow in accordance
with the philosophy followed by the TF-IFD weighting scheme [23]
in the text mining, where two documents are regarded more similar
if they commonly contain such terms that are repeated in both
documents but rarely appear in other documents.

The interesting idea demonstrated by Equation (1) suggests us a
measure to compute the similarity between nodes in graphs where
two nodes are regarded more similar if they both connected to more
common nodes, which have fewer links in the graph; the similarity
score of a node-pair (a, b), S(a, b), is then computed as follows [19]:

1
S@h= 2, o @
where N, and N, denote two sets of nodes directly connected to a
and b, respectively; Ada exploits only the direct neighbors of a and b,
which means Ada exploits the graph structure locally in similarity
computation.

SimRank [13] and its variants have attracted significant attention
in the literature [9, 18, 40]. The philosophy behind SimRank is that
two nodes are similar if they are referenced (i.e., linked) by similar
nodes, and a node is most similar to itself [13]. In SimRank, S(a, b) is
recursively computed as the average similarity scores of all possible
pairs of neighbors pointing to a and b where the base case of this
recursive computation is S(a,a) = 1 for any nodes a [13]; this is
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Figure 1: Accuracy comparison of Ada, SimRank, and RWR.

called a pairwise normalization approach [9]. SimRank not only
considers the direct neighbors of a and b but also considers their
indirect neighbors by exploiting the graph structure globally in
similarity computation. Random walk with restart (RWR) [35] and
its variants are another well known family of similarity measures
in the literature. In RWR, a random walker starting from a node
a visits nodes in the graph iteratively via links with probabilities
proportional to the link weights (i.e., random walk) or it returns to
node a with a predefined probability (i.e., restart); the steady-state
probability that the random walker stays at a node b is regarded
as S(a, b). RWR exploits the graph structure globally in similarity
computation as well.

In the literature, Ada has been applied to the tasks of link predic-
tion [8, 19, 37] and recommendation [2] where it shows promising
accuracy [8, 19]. In order to evaluate the effectiveness of Ada in
the task of similarity computation of nodes in graphs, as our pre-
liminary experiment, we applied it to Amazon [38] and DBLP [9]
datasets, and compared its accuracy with those of SimRank and
RWR!. The results are illustrated in Figure 1; as observed in the
figure, Ada considerably outperforms both SimRank and RWR with
the DBLP dataset and is somehow comparable to them with the
Amazon dataset. Note that Ada is not a recursive similarity measure
and considers only the direct neighbors of nodes a and b to compute
S(a, b) in Equation (2), while both SimRank and RWR recursively
consider the graph structure globally to compute S(a, b); thus, the
observed results in Figure 1 are quite promising.

In this paper, we propose, AdaSim, a recursive similarity measure
based on the Ada philosophy. The encouraging results in Figure 1
along with the fact that SimRank is a recursive generalization of
the co-citation measure [31] that shows exploiting the global graph
structure improves the co-citation accuracy significantly [13], moti-
vated us to propose AdaSim hoping to improve the effectiveness of
Ada in similarity computation of nodes. In AdaSim, the similarity
scores of any node-pairs having common direct in-neighbors are
computed based on Ada and these scores backwardly propagate in
the graph to compute the similarity scores of node-pairs also based
on their common indirect in-neighbors. In similarity computation,
AdaSim basically employs both Ada and the pairwise normalization;
this makes AdaSim be robust against a counter-intuitive property
of the pairwise normalization [6, 9]. AdaSim shows identical ac-
curacy to that of Ada on the first iteration and it is applicable to
both directed and undirected graphs. Furthermore, we propose a
matrix form for AdaSim to accelerate its computation; our matrix
form provides the exact AdaSim scores and it is dramatically faster
than the AdaSim iterative form in computation while provides an

!Decay factor C and restart probability c are set as 0.6 and 0.15 for SimRank and RWR,
respectively; number of iterations in both cases are 10.
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identical accuracy to that of the iterative form. Also, AdaSim scores
are symmetric, bounded, monotonic, unique, and always existent.

We conduct extensive experiments with five real-world datasets
to evaluate both the effectiveness and efficiency of our AdaSim
in comparison with those of the existing similarity measures and
also graph embedding methods (in short, embedding methods).
The latter ones are widely applied to machine learning tasks (e.g.,
link prediction [5, 8, 32, 36] and node classification [5, 17, 26, 34]);
inspired by the strategy observed in the word analogy detection [24,
34], we exploit the corresponding low-dimension vectors of nodes
a and b to compute S(a, b). Our experimental results demonstrate
that 1) AdaSim significantly improves the accuracy of Ada, 2) it
outperforms our competitors in terms of accuracy with all datasets,
3) its performance is comparable to that of SimRank™ [40] while
being better than other competitors, 4) AdaSim is not sensitive to
the parameter tuning, and 5) embedding methods are not beneficial
in similarity computation of nodes than similarity measures.

Our contributions in this paper are as follows:

e We propose AdaSim, a novel recursive similarity measure,
which is based on the philosophy of Adamic/Adar in simi-
larity computation.

e We provide a formula, which is identical to the original
Adamic/ Adar on the first iteration and is applicable to both
undirected and directed graphs.

e We propose a matrix form for AdaSim that is dramatically
faster than its iterative form, while providing the exact simi-
larity scores.

e We conduct extensive experiments with five real-world datasets
to validate the effectiveness and efficiency of our AdaSim in
comparison with existing methods.

The rest of this paper is organized as follows. In Section 2, we
briefly discuss related work. In Section 3, we present our proposed
measure, AdaSim, in detail. Section 4 explains the experimental
settings and analyzes the results of our experiments. In Section 5,
we conclude the paper.

2 RELATED WORK

In this section, we briefly explain the related work summarized in
two categories of link-based similarity measures and graph embed-
ding methods.

2.1 Link-based Similarity Measures

To compute the similarity score of node-pair (a, b), SimRank [13]
employs a recursive philosophy; two random walkers, starting from
a and b, traverse the graph recursively backward till they both ar-
rive at a common node via identical path lengths from a and b.
ASCOS++ [3] and SimRank* [40], two excellent variants of Sim-
Rank, exploit more paths in similarity computation than SimRank
does, thereby regarding more number of node-pairs similar. Crash-
Sim [18] is another nice variant of SimRank that enables similarity
computation with provable approximation guarantees on temporal
graphs. PSimRank [6], C-Rank [39], and JacSim [9] employ Jaccard
coeflicient [23] to address the pairwise normalization problem in
SimRank; a more number of common neighbors may adversely
affect the similarity score of a pair of nodes in comparison with
another pair of nodes with a less number of common neighbors.
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PSimRank and C-Rank behave closely but they apply different val-
ues to normalize the similarity scores. JacSim avoids redundancy in
computation and assigns an importance factor to the scores com-
puted based on Jaccard and the pairwise normalization. MatchSim
[20] applies a different solution to the same problem; instead of
considering all pairwise neighbors of two nodes, it only exploits
pairwise similar (matched) neighbors. P-Rank [42] and JPRank [10]
exploit both in/out-neighbors in similarity computation, while the
latter one also solves the pairwise normalization problem.

BEAR [15], a powerful variant of RWR [35], applies a block
elimination approach to a preprocessed adjacency matrix for static
graphs; for dynamic graphs, it updates the preprocessed matrix by
assuming that only small parts of the matrix have been changed.
BePI [14], another excellent variant of RWR, also utilizes a block
elimination approach for preprocessing to achieve fast query time
and incorporates an iterative method within the block elimination
to optimize memory requirements.

2.2 Graph Embedding Methods

Embedding methods encode nodes with their connections in the
graph into vectors in a continuous low-dimensional space where
each dimension can be interpreted as a latent feature [5, 8, 26, 32];
they are applicable to a variety of machine learning tasks such as the
link prediction [5, 8, 32, 36], node classification [5, 17, 26, 34], and
word analogy detection [24, 34]. Similar to the strategy observed
in the latter task, to compute the similarity score of a pair of nodes
in a graph, we can apply Cosine [23] to their corresponding vector
representations. DeepWalk [26], motivated by the achievement [24]
in the representation learning for natural languages, considers a
graph as an ordered sequence of nodes and tries to learn a model
that maps neighbor nodes closer in the vector space. node2vec
[8] considers the community of a node and its structural roles
in the graph to capture the node’s neighborhood by utilizing a
biased random walk. NetMF [29] constructs a low-rank connectivity
matrix for DeepWalk, which is explicitly factorized to obtain the
representation vectors. DWNS [5] applies the adversarial training
method [33] to DeepWalk in order to improve the robustness and
generalization ability of the learning process.

3 PROPOSED MEASURE

Suppose that G=(V, E) is a directed?, homogeneous (i.e., nodes and
links have a single type), and unsigned graph (i.e., links have only
positive sign) where V represents a set of nodes, E€ VXV does a
set of links among nodes, and I is a set of nodes directly pointing
to a (i.e., direct in-neighbors of a). To apply Ada to directed graphs,
we substitute N, with I, in Equation (2) as follows:

S(ab)= ) 3
iel, N log(llll-'—e)
where w; = m denotes the weight of node i; we add mathe-

matical constant e to prevent the division by zero when |I;| € {0, 1}.
As explained in Section 1, to compute the similarity score of
a pair of nodes, Ada exploits only direct in-neighbors of the two

2In this paper, for the sake of generality, we focus on directed graphs since an undirected
graph can be regarded as a directed one by considering two links in both directions
instead of each single link.
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Pairwise Normalization
Ada Score

§<a.b):c-<a. o +(17a)-{§(f.g)+§(g.h)+§(g.y)+§(}}h)})
R e

:(_'-(a we+(1—a)- (C«a~wj)) /* Final Score */
f9)=C- (ry 0+(1 —a) {}) — return (0)
(

@5(g,h)=C-(a-w +17n){8(r’])+911)})>—> return (C-a-w;)
&)

’ @)

® S(e,j)=C-(a-0+(1 —a)- {H/_Z}) — return (0)
@

(
@ S(f,e)=C- (a 0+(1—a)- {}) — return (0)
®S(f,h)= (n 0+(1—a)- {}) — return (0)

Figure 2: A sample graph and a simplified simulation of the
AdaSim recursive computation.

nodes. Consider the sample graph in Figure 2 and the two node-
pairs (a,b) and (b, d). By applying Equation (3), S(a, b) =wy=0.64
since I;N I, ={g}, while S(b, d) =0 since I N I; =0. However, node
Jj indirectly points to d via node i and to b via nodes h and g, which
means b and d have a common indirect in-neighbor as j; it implies
that b and d can be somehow similar.

3.1 Intuitive Observation

Now;, let us provide an intuitive algorithm to compute the simi-
larity score of node-pair (a,b) in which we consider the global
graph structure by exploiting both common direct and indirect
in-neighbors of a and b based on the Ada philosophy (i.e., similar
nodes have common in-neighbors; given that, they are regarded
more similar if they have more common in-neighbors with fewer
links in the graph) as follows. First, we sum up the weights of all
nodes commonly connected to both a and b via paths with length
one (i.e., common direct in-neighbors); next, we do the same cal-
culation for the nodes commonly connected to both a and b via
non-crossing paths with length two (i.e., common in-neighbors in
two steps); we continue this process for the common in-neighbors
in k steps. Finally, the summation of all these scores is regarded as
the similarity score of (g, b). We formulate our intuitive algorithm
as follows:

k

Se@by=>" > > > fapp)wi @

I=1 jellni! pac{i~va}! ppefivb)!

where Ié is a set of nodes connected to a via paths with length [
(1<I<k), {i w a}! is a set of paths with length [ from i to a, p,
is a single path i—r;—...—r;_;—a (— denotes a direct path), and
f(pa, pp) is an indicator function that returns 0 if p, and pj, cross at
any nodes than i; otherwise 1 (i.e., we accumulate similarity scores
by considering only the non-crossing independent paths).

To check our algorithm, let us consider the sample graph in Fig-
ure 2 and k = 2. For node-pair (b, d), I1 N I1 =0 and I N I2 {j}
(i.e., j connects to b viaj—h—b andj—>g—>b and to d Vla]—n—)d)
where f(j—h—b, j—i—d)=1and f(j—g—b, j—i—d)=1; there-
fore, S(b,d) = wj+wj = 1.52. For node-pair (a, b): n I; ={g}
and I2 N Ig =
path and j connects to a and b via one and two paths, respectively)
where for common in-neighbor e, f(e—g—a, e—>g—b) =0 (ie,
e does not contribute in similarity computation since paths from
e to a and b cross each other at g); for common in-neighbor j,

{e,j} (i.e., e connects to each of a and b via one
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f(ji—g—a, jo>g—b) =0 and f(j—g—a, j>h—b) = 1; therefore,
S(a, b) = wg+w; =1.40. Contrary to Ada, our intuitive algorithm
considers b and d similar and also assigns a higher similarity score
to a and b than the one Ada does by considering their common
indirect in-neighbor j.

Equation (4) is tedious and suffers from high complexity if cal-
culated directly. We propose a recursive formula for our intuitive
algorithm represented by Equation (5) below with S(a, a) =w, as
its base case, which is more straightforward and easier to compute:

S(ab)=>" > SGj) 6)

iel, jelp

Theorem 1 For any node-pair (a,b), the calculated similarity
score by Equation (5) is identical to that of Equation (4).
Proof (By the mathematical induction) let us rewrite Equation
(5) as the following iteration to a fixed-point, which is started by
So(a, b)=wq if a=b; So(a, b) =0 otherwise:

a=>b
a#

Wa,

.. 6
Sier, Zjer, Sk (i, J), (©)

Skr1(ab) = {
in Equation (4), S1(a,b) = ¥;e1,n1, Wi since each of {iw» a}! and
{i~»b}! has only one path as i —a and i — b, respectively, which
do not cross. In Equation (6), when k=0, also S1(a,b) =3;c1,nr, Wi
since Sy (i, j) =0 for any node-pair (i, j) where i# j; thus, Equation
(6) holds for k = 0. We assume that the equation holds for k and
rewrite Equation (4) by renaming the nodes as follows:

k
=Y. > > D feppwe (D)

I=1rel!nll pie{rwi}! pje{rwj}!

we rewrite Equation (6) as follows by replacing its right side with
Equation (7):

Skrr(@b)=)" > Sk(i,))

iel, jelp
k

=202 2 2 fuppw

i€l, jelp l=1r€I}ﬁI_§,pie{rwi}lpje{r’vv)j}l

k+1
=0 D D flpapp)-wr
I=1relint] pac{ra}! ppe{rwb}!
since i €1, and j €I, there is a direct path from i and j to a and b,
respectively, thus any nodes » commonly connected to i and j in k
steps are also connected to a and b in k+1 steps.

Although Equation (5) provides identical similarity scores to the
ones calculated by Equation (4) while being easier to implement and
compute than that, the obtained similarity scores will not converge
after continuous iterations.

Lemma 1 The similarity scores obtained by Equation (5) are not

convergence.
Proof 1t is clear that the similarity scores obtained by Equation (5)
are monotonic (i.e., Sg41(a,b) > Si.(a, b) for any k) and not bounded,
which makes the convergence of similarity scores to finite values
not guaranteed specifically in the case of undirected graphs. In
the case of directed graphs, the scores may finally converge since
empty in-neighbor sets result in stopping the recursion.

®)

1531

CIKM 21, November 1-5, 2021, Virtual Event, Australia

3.2 AdaSim: Iterative Form

Now, we are ready to propose a similarity measure that preserves
the Ada philosophy in similarity computation, its accuracy on the
first iteration being identical to that of original Ada, and provides
similarity scores that are convergence to finite values. We present
AdaSim that is initially based on Equation (5), while employing
both Ada and the pairwise normalization in similarity computation
as follows. If a=b, then S(a,b)=1; if a# b and I;=0 or I, =0, then
S(a, b) = 0; otherwise S(a, b) = §(a, b), which is computed by the

following recursive formula:
D0 wirS(ij)ws) ©)

iel,jelp

S(ab)=c- (= Z wi+L
m ieLnl, Zrel WrZte Wt
where C € (0,1) is a damping factor, « € (0, 1] is an importance
factor to control the degree of importance of the score computed by
Ada and the one computed by the pairwise normalization, and m
is the maximum Ada score. §(a, b)=0 if a=b; it is the base case of
the recursion where the result (i.e., 0) is returned without making
another recursive call. To normalize the Ada score, we utilize the
min-max normalization by dividing it to m. Also, in the pairwise
normalization part, the total score is divided by the multiplication
of the summation of weights for in-neighbors of a and b.

Let us consider our AdaSim in terms of a random walk model.
We consider two random walkers who traverse the graph via in-
links by starting from a and b recursively backward where the two
nodes are regarded similar if random walkers meet up at a common
direct or indirect in-neighbor of a and b; however, contrary to
SimRank, their walking strategies are not completely independent
as follows. These two random walkers are supposed to meet up with
the highest probability (i.e., 1) at the common nodes between I, and
I, (if existed) on the first step (i.e., the similarity is computed by Ada)
or they traverse the graph independently to meet up at common
indirect in-neighbors of a and b (i.e., the similarity is computed
by the pairwise normalization). Furthermore, SimRank assumes
that all in-neighbors of a are equally significant to be visited by a
random walker through assigning an identical probability value as
ﬁ to all a’s in-links; instead, AdaSim regards that in-neighbors
with higher weights are more likely to be visited by the random

walker through assigning a different probability value as T ‘:”' =

to the in-link from each of in-neighbors i (i.e., i € I,).

In Figure 2, we illustrate a simplified simulation of the AdaSim
recursive computation for node-pair (g, b) in our sample graph; to
simplify the figure, we do not normalize the scores. Since a # b,
S(a, b) is computed by S (a, b) as follows. The similarity score based
on common direct in-neighbors (i.e., g) is computed by Ada and
five recursive calls (i.e., indicated in order by circled numbers) are
executed to exploit the common indirect in-neighbors (i.e., j) of
a and b in similarity computation; each recursive call returns its
computation result to its parent. The similarity score between g and
h (i.e., having common direct in-neighbors j) is computed based on
Ada and this score backwardly propagates in the graph to complete
the similarity computation for (a, b). Note that without applying
parameters C, &, and any normalization to AdaSim, it is identical
to our intuitive algorithm represented in Section 3.1.

The recursive computation to obtain S(a, b) can be solved by the
iteration to a fixed-point for k = 1,2, ... over S(a, b) as follows: if
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Algorithm 1: AdaSim Iterative Form Computation

Input :directed graph G(V, E), damping factor C, importance parameter «,
number of iterations k

Output: AdaSim scores S (, *)

1 initialize [S]..; [§] w3 (M [@]+; m; extract I, for all nods a

2 fora—1toV do

3 forb—1toV do

4 if a# b and I, I # 0 then

5 common=1Intersection(ly, Ip); sum=0

6 for i ecommon do sum+=1/log(e+|I;|)

7 [M]qp=sum

8 if sum>m then m=sum

9 foriel, do [@],+=1/log(e+]|I;|)

M=M/m;S=C-a-M

for itr —2 to k do

Ses

fora—1toV do

forb—1toV do

if a#b and I, I, # 0 then

16 sum=0

17 foriel, do

18 for j el do R

19 sum+= Dy
log(e+|I;])-log(e+[I;])

20 if [©0],#0 and [©]p #0 then
21 | [Slap=C-(a[M]ap+(1-a)sum/([&]a o
else [S]ap=C-a-[M]ap

1))

22
23 setDiag(S,1)

24 return S(, x)

a=b, Sg(a,b)=1for any k; if a#b, Sy.(a, b) is computed by §k(a, b).
In the iterative computation, S (a, b) = 0 if a = b; otherwise:

>

iel,NI

(1-a)
+2r€I WrZ e, Wt ZZW’ Sk 18, ) - WJ)(IO)

i€lgjely

o

Sp(a,b) =C

where the iterative computation starts with So (a, b) =0 for all node-
pairs (a, b).

It is worth to note the following points regarding the AdaSim
iterative form. S (a, b) is computed only based on the Ada score
since §0(i j)
S (a,b) = =% -%1,n1, Wi. Also, on the first iteration, AdaSim pro-
vides an 1dent1cal accuracy to that of Ada in similarity computation
since the original Ada scores are universally multiplied by the con-

0 for all node-pairs (i, j), which means S1(a,b) =

stant %, The AdaSim scores are symmetric, bounded, monotonic,
unique, and always existent as shown in Appendix A3.

3.2.1 Algorithm and Computation. Algorithm 1 represents the com-
putation of the AdaSim iterative form. In line 1, entries of matrices
S, S, M (all of them with size |V|x|V]), and vector 5|V|><1 along
with variable m are initialized by zero and I, is extracted for all
nodes a. In lines 2 to 9, Ada scores are calculated and stored in
M, m is identified, and entries of ® are set to the summation of in-
neighbors weights for nodes. In line 10, Ada scores are normalized
and AdaSim scores are calculated on the first iteration. In lines 11 to
22, AdaSim scores are iteratively computed. In line 23, the diagonal
values of S are set to 1. The space complexity is O(|V|?) and the
time complexity is O(|V|*) in the worst case.

3The Appendix is accessible via https://github.com/mrhhyu/AdaSim
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3.3 AdaSim: Matrix Form

In this section, we propose a matrix form for AdaSim, which not
only accelerates the computation of our iterative form but also
provides the exact AdaSim scores. We start by providing a matrix
form for original Ada in Equation (3). Instead of considering only
common direct in-neighbors of a and b to compute their Ada score,
we can consider all the nodes in the graph, thus:

2, wi=) A

iel,NIy eV

Ada(a,b) = (11)

i,a Wl' ]i,b

where Ay x|y is the adjacency matrix of graph G. If [A]iq =
[A];p=1, means i€ I;N I (i.e., there is an in-link from i to both a
and b); otherwise, i¢I,N I,. Ada(a,b) in Equation (11), is identical
to the entry [M],;, of the following matrix:

=((Aow)T- AL =WT-A) AL (12)

where w is a column vector (i.e., with size |V|X1) containing the
weights of nodes in the graph (ie., [w]; = w; = m) and
© denotes the Hadamard product [12] as [AGw]; j = [A]ij- [w]:
We define W = A0 w, W € Rllelvl, as a weight matrix where
[W]ij = w; if [A]ij # 0 (i.e., i € I}), and entries in its column j
store the weights for in-neighbors of node j. W7 is the transpose
of W, A is the conjunction operator selecting the minimum operand
(ie, (X AY)=U, then [U],p=min{[X],p, [Y]4p}), and in matrix
Io|v|x|v| diagonal entries are 0 and others are 1.
Now, we rewrite the iterative form in Equation (9) as follows:

a-[M . wj
max ( )Z Z reIaWr ,J) . ZteI:Wt)

i€l jelp
(13)

S(ab)=C - (Z121ab

where max(M) denotes the maximum value in M.
Similar to Equation (11), we again consider all the nodes in the
graph instead of only ones in I, and I, thus:

=~ a'[M]a,b
S(a,b)zC . (m + (1— 0()-
~ [(Wljp
;/];V Zrev[W ) S(J) (ZteV[W]t,b)) 4

where, as already explained, if [W]; 4 # 0, indicates that node i is
directly connected to a (i.e., i €1,).

Finally, we provide the following recursive matrix form for our
AdaSim:

{

where SeRIVIXIVI denotes a similarity matrix whose entry [S], 4

—~ M —T ~ —
S=€'(m —a)'W'S'W)/\I()

S=SvI

+(1 (15)

contains the AdaSim score of node-pair (a,b), W is the column
Wi

EI‘EV [W]r,j ’ v

is the disjunction operator selecting the maximum operand (i.e.,

(X AY)=U, then [U]gp=max{[X]sp, [Y]ap}) and Ijy|x|v| is an

identity matrix. By applying A and V operators, we set diagonal

normalized weight matrix whose entry [W]; =

entries in S and S as zero and one, respectively, in accordance with
our iterative form. The recursive matrix form in Equation (15) can
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be written in the following iterative form for k = 1,2, ...:

|

where the iterative computation is started with So = Z, a zero
matrix with 0 in all entries.

We clarify the following points regarding our matrix form. The
straightforward mathematical process employed to transform the
AdaSim iterative form into the matrix form clearly shows that our
matrix form provides exact AdaSim scores without requiring any
approximation. The space complexity is O(|V|?) likewise the itera-
tive form. We have a Hadamard product and a matrix multiplication
on the first iteration, and two matrix multiplications on subsequent
iterations; both matrices A and W are represented by a compressed
sparse column (CSC) storage schema [30]. The matrix multiplica-
tions are more time-consuming than Hadamard; let d be the number
of non-zero entries in W. By employing the CSC representation,
the time complexity of our matrix form is O(d|V]), which is quite
faster than the AdaSim iterative form as shown in Section 4.2.1.

QS -M
Sk _g' (mgx(M)
Sk =S VI

+(1-a)- W Skl )/\I()

(16)

3.4 Discussions

In this section, we provide some discussions regarding our similarity
measure, AdaSim.

Pure pairwise normalization (PNN): one may suggest that
applying the only pairwise normalization to Equation (5) is enough
to recursively compute the convergent similarity scores. Under
this assumption, we consider the following iterative form where
So(a, b)=wq if a = b; otherwise Sy(a, b) =0:

o)
Se(a,b)= ———MM Wi Sp_1(6,j) - wj (17
k Srel, Wrztelbwt ;J;Ib ok ! )
———
@

We conducted an experiment by employing the above formula
(i.e., PPN) for similarity computation in ten iterations, and com-
pared its accuracy with that of Ada. Figure 3 illustrates the results
with LiveJournal [38] and DBLP datasets; the accuracy of Ada is
shown in a table under the plot. Although PPN computes the simi-
larity scores recursively, its accuracy is significantly less than that
of Ada with both datasets on all iterations. The reason is that Equa-
tion (17) suffers from the pairwise normalization problem. Let’s
consider a simple example as follows. Assume that nodes a and
b have a larger number of in-neighbor pairs than that of a and c,
however, the common direct in-neighbors (and consequently, their
weights summation) between a and b are same with that of a and c;
it means a is similar to b as much as it is similar to ¢. However, in
Equation (17), the summation of the common in-neighbors weights
(i-e., part () is divided by considering the weights of all pairs of
in-neighbors (i.e., part (D*), thereby adversely affecting the simi-
larity score between a and b, resulting in S1(a, b) <S1(a, c). These
scores propagate in the graph and adversely affect the similarity
scores computed on the subsequent iterations. Our AdaSim is robust
against this problem by applying the min-max normalization to
the similarity scores on the first iteration. More specifically, the

“Note that relg Wrt ZtEIb Wr=Zrel, Ztelb Wy - Wi
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Figure 3: Accuracy comparison of Ada and PPN.

pairwise normalization may change the node-ranking via dividing
each of similarity scores by a different value, while the min-max
normalization divides all similarity scores by an identical value,
thereby not changing the node-ranking.

Min-max normalization: instead of m, we can also utilize |V|
to normalize Ada scores. In the Ada philosophy, not only the num-
ber of common neighbors but also their weights are important
in similarity computation; thus, let us consider the two special
cases leading to a large similarity score for a node-pair (a,b) in a
given graph G (for simplicity, we suppose that G is undirected). In
the first case, a and b are connected to a large number of nodes
with large weight values; in the second case, they are connected
to a large number of nodes with small weight values as follows: 1)
V={a,b,v;|0 <i<|V| -2}, a and b are commonly connected to
nodes v; (i.e., Ny N N ={v;}), and there are no links between any
of nodes v;. Thus, S1(a,v;) =S1(b,v;) = 0, S1(v;,0j) = wa+wp =
W (ie,i#j),and S1(a,b) = Zjwy, = lolgV(|2+2e)
if [V| — o0, 0 < S1(%,%) < |V|. 2) G is a complete graph, then
S1(a,b)= log(ll‘(/%; therefor, if |V| — o0, 0 < Sy (*, %) < |V|. Note
that using |V| instead of m, can improve the performance of our
matrix form (i.e., we do not need to find m) not that of the iter-
ative form since as shown in Algorithm 1, m is identified while
Ada scores are calculated. Although for a large value of |V|, the
normalized similarity scores become very small, it does not affect
the node-ranking since all scores are divided by an identical value.

Applicability to undirected graphs: although for generaliza-
tion, we discussed our AdaSim w.r.t directed graphs, the both itera-
tive and matrix forms are applicable to directed as well as undirected
graphs. In the case of undirected graphs, it is sufficient that two
links in both directions are regarded for each single link.

therefore,

4 EXPERIMENTAL EVALUATION

In this section, we evaluate the effectiveness (i.e., accuracy) and
efficiency (i.e., performance) of AdaSim in comparison with those
of other measures.

4.1 Experimental Settings

We employ following five real-world datasets summarized in Table 1:
1) Amazon [38] is a graph of co-purchasing products in the Amazon
website. The node labels denote the product category; to perform
reasonable evaluation, we neglected labels with less than ten nodes.
It is partially tagged by 71 different labels. 2) DBLP [9] is a citation
graph made of papers in the areas of data mining and databases
published in 2006 and earlier. The node labels indicate the papers’
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Table 1: Some statistics about our datasets

V| |E|  #Labels Graph Type

Amazon 30,623 97,478 71 undirected

LiveJournal 11,755 160,046 7,086  undirected
DBLP 21,177 248,131 11 directed
TREC 43,202 347,702 16 directed

Wikipedia 4,777 184,812 40 undirected

research topics; node labeling is done based on a famous data mining
textbook [11] where the papers relevant to a research topic are
addressed in the bibliographic section of chapters. The graph is
partially tagged by 11 different labels corresponding to 11 chapters.
3) LiveJournal [38] is a graph representing social relations among
bloggers and the node labels denote bloggers interests. To perform
reasonable evaluation, we chose only labels with more than ten and
less than a hundred nodes. It is partially tagged by 7,086 different
labels. 4) TREC [9] is a graph of webpages constructed based on
TREC 2003°. The node labels indicate the relevant query topic
for the webpages created based on LETOR 3.0 [27], released by
Microsoft Research Asia. It is partially tagged by 16 different labels.
5) Wikipedia [8, 36] is a co-occurrence graph of words appearing
in the first million bytes of the English Wikipedia dump. The labels
represent the inferred Part-of-Speech (POS) tags of words. This
graph is fully tagged by 40 different labels.

We evaluate our AdaSim (AS) in comparison with eight popu-
lar as well as the state-of-the-art methods: Ada [1], SimRank (SR)
[13], SimRank* (SR*) [40], JacSim (JS) [9], DeepWalk (DPW) [26],
DWNS (DWN) [5], NetMF (Net) [29], and node2vec (n2v)° [8] with
both directed and undirected graphs. Since it has been shown that
SR* outperforms ASCOS++ and produces same results with RWR
based measures with undirected graphs while it outperforms them
with directed ones [40], we do not consider those measures in our
evaluation. With the same reason, we do not consider C-Rank [39],
PSimRank [6], and MatchSim [20] since JS outperforms them [9].
Our preliminary experiments showed that DPW, DWN, Net, and n2v
outperform GraphGAN [36], APT [32], BoostNE [17], and Line [34];
thus, we do not consider them in this evaluation. We implemented
all the similarity measures by their matrix forms with the parameter
settings suggested by their original work: damping factor C is set
as 0.6 for all measures; for JacSim, importance factor « is set as 0.4
by following [9]; all measures are performed in ten iterations. For
embedding methods, we used the implementations with the default
parameter settings provided by their original work’ and set the
vector dimensions d as 128.

We utilize MAP, precision, recall, F-score [23], and PRES [22]
as accuracy evaluation metrics. In each dataset, we consider the
labels as ground truth sets and use every single node in a label [
as a query node for similarity based searching. We find the top-t
(t =5, 10, 20,30) nodes considered similar to the query; if a node
belongs to [, it is regarded as relevant, otherwise irrelevant. For
each value of ¢, after computing the AP (average precision) [23],
precision, recall, F-score, and PRES for all the query nodes in I, we
took their average values to get MAP and averages of precision,
Shttp://trec.nist.gov/data html

%In this section, these abbreviations are used in figures, tables, and explanations.
"DPW [25], DWN [4], Net [28], n2v [7]
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Table 2: Execution times (minutes) of AdaSim matrix form
and iterative form

Amazon DBLP LiveJournal
168.80 476.78 728.16
1.31 0.86 0.48

TREC Wikipedia
4270.38  1008.30
4.19 0.13

Iterative Form
Matrix Form

recall, F-score, and PRES for [ itself. Then, we compute the average
value of each metric over all labels as the corresponding accuracy
for each t. Finally, the average value of each metric over all values
of t, is regarded as the final accuracy with the dataset.

The experiments were performed on an Intel machine equipped
with sixteen 3.60 GHz 19-9900K CPUs, 128 GB RAM, and a 64-bit Fe-
dora Core 33 operating system. All required codes are implemented
with Python 3.8.

4.2 Results and Analyses

4.2.1  Performance comparison of our matrix form and iterative form.
As explained in Section 3.2, our matrix form provides exact AdaSim
scores, while it accelerates the similarity computation. We evaluate
its performance in comparison with that of the iterative form with
our datasets only in five iterations. The results are shown in Table
2; the matrix form is dramatically faster than the iterative form
with all datasets. Therefore, hereafter, we employ the AdaSim matrix
form in our experiments in this section. It is worth to note that
the time complexity of the matrix form is O(|V|d),which mainly
depends on the number of nodes in the graph; TREC, as our biggest
dataset, has the longest execution time (i.e., 4.19), while Wikipedia,
as the smallest dataset, has the shortest one (i.e., 0.13). However,
the time complexity of the iterative form is O(|V|*4%) where 7 is
the average number of neighbors per node; for example, although
Wikipedia has a very few number of nodes (i.e., 4,777) than Amazon
(i.e., 30,623), it shows the worst performance (i.e., 1008.30) since its
value of 7 is 38.68, while this number is 3.43 for Amazon.

4.2.2  Parameter tuning. AS has two parameters: damping factor C
and importance factor a. The results of our experiments with differ-
ent values of C (as 0.4, 0.6, and 0.8) demonstrate that the accuracies
of AS equipped with different values of C are not tangible with all
datasets; we set the value of C as 0.6 for AS, in accordance to other
measures listed in Section 4.1. In the case of a, we extensively in-
vestigate how the accuracy of AS in similarity computation changes
with different values of « as follows. With each dataset, we set the
value of & in the range [0.1, 0.9] in step of 0.1, and evaluate the
accuracy of AS for each value of « in ten iterations (i.e., 45=(9X5)
different cases). We do not consider 0 and 1 values; when a =0, the
similarity scores will be zero on all iterations since the similarity
scores on the first iteration are zero; when a =1, the similarity is
computed based on only Ada scores on all iterations. Table 3 shows
the results of parameter tuning for DBLP and LiveJournal datasets
where the values in parentheses denote the iterations on which the
best accuracy were observed; for example, when a=0.1 with the
DBLP dataset, the best accuracy was observed on iteration 4.
With both datasets, AS shows better accuracy when « is set as 0.6,
0.7, and 0.8; it shows the best one when a=0.7. Also, we observed
the same circumstances with other datasets; the best values of «
are 0.8 for Amazon and 0.7 for TREC and Wikipedia (for the sake of
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Table 3: The results of parameter tuning with DBLP and Live-
Journal datasets

DBLP  0.1(4) 0.2(3) 0.3(3) 04(4) 05(3) 0.6(4) 0.7(4 0.8(4 0.9 (4)
MAP  0.1008 0.1012 0.1016 0.1019 0.1020 0.1022 0.1022 0.1019 0.1015
precision  0.2133 0.2139 0.2145 0.2146 0.2144 0.2150 0.2151 0.2150 0.2145
PRES  0.1305 0.1310 0.1312 0.1314 0.1315 0.1318 0.1319 0.1317 0.1313
recall  0.1805 0.1809 0.1810 0.1811 0.1807 0.1811 0.1811 0.1811 0.1802
F-score  0.1792 0.1797 0.1800 0.1800 0.1797 0.1802 0.1802 0.1802 0.1795
LiveJournal 0.1(2) 0.2(2) 0.3(3) 0.4(3) 05(3) 0.6(3) 0.7(4) 0.8(4) 0.9(3)
MAP  0.0719 0.0722 0.0727 0.0730 0.0731 0.0733 0.0733 0.0731 0.0728
precision  0.1547 0.1554 0.1560 0.1567 0.1573 0.1578 0.1581 0.1581 0.1578
PRES  0.0927 0.0931 0.0935 0.0939 0.0942 0.0944 0.0945 0.0944 0.0941
recall  0.1312 0.1317 0.1321 0.1326 0.1331 0.1334 0.1336 0.1335 0.1332
F-score  0.1244 0.1249 0.1253 0.1258 0.1263 0.1267 0.1268 0.1268 0.1265

brevity, we set @ = 0.7 with all datasets in this section). This results
imply that AS is not that sensitive to the values of @ and C.

4.2.3  Accuracy comparison with undirected graphs. Now, we com-
pare the accuracy of AS with those of Ada, SR, SR*, JS, DPW, DWN,
Net, and n2v in similarity computation with Amazon, LiveJournal,
and Wikipedia datasets in terms of MAP, precision, PRES, recall, and
F-score. For similarity measures, we consider their best accuracy
observed in ten iterations and represent it with notion "X—#", which
means measure X on iteration #; for example, with the Amazon
dataset, AS-7 denotes AS shows its best accuracy on iteration 7. Fig-
ure 4 illustrates the results; 1) with the Amazon dataset, Ada shows
the worst accuracy among all methods. Although, the accuracy of
other methods are somehow comparable to each other, AS and SR*
show the best accuracy; however, AS outperforms SR* in terms of all
metrics except MAP. Among embedding methods, Net shows the
worst accuracy, while three other methods show close accuracies. 2)
With the LiveJournal dataset, SR shows the worst accuracy, while
our AS provides the best one in terms of MAP, precision, PRES,
recall, and F-score. Among embedding methods, DPW outperforms
DWN, Net, and n2v. 3) With the Wikipedia dataset, SR, SR, DWN, and
n2v show the lowest accuracy, while our AS outperforms all other
methods in terms of all metrics.

Table 4 represents the percentage of improvements in accuracy
obtained by AS over all other methods with our three undirected
graphs. Our AS significantly improves the accuracy of Ada in similar-
ity computation with all datasets; this improvement is dramatically
noticeable with the Amazon dataset where accuracy in all metrics
is improved more than 110%. The reason is that AS exploits the
global graph structure in similarity computation, while Ada ex-
ploits the graph structure locally. Although the accuracy of SR* and
JS are slightly close to those of AS with Amazon and Wikipedia
datasets, respectively, our AS outperforms all methods with all
datasets. These findings imply that the Ada philosophy is beneficial
in similarity computation of nodes in graphs.

4.24  Accuracy comparison with directed graphs. Now, we compare
the accuracy of our AS with those of other methods in similarity
computation with DBLP and TREC datasets in terms of MAP, pre-
cision, PRES, recall, and F-score. Figure 5 illustrates the results;
1) with the DBLP dataset, among similarity measures, SR and SR*
show the worst accuracy in terms of all five metrics, while among
embedding methods, Net and n2v show the lowest accuracy and
DPW shows the highest one; AS significantly outperforms all other
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Figure 4: Accuracy comparison with undirected graphs.

Table 4: Accuracy improvements (%) by AS over other meth-
ods with undirected graphs

Amazon  Ada SR SR* JS DPW DWN Net n2v
MAP 110.97 14.22 -394 14.03 048 0.19 2375 0.22
precision  135.05 1098 11.91 10.99 16.30 15.96 28.44 15.68
PRES 118.11 16.01 0.98 1593 5.77 554 20.76 547
recall 12459 1645 2.24 1646 7.12 7.06 1527 6.92
F-score 134.66 14.38 7.89 1441 12.22 1199 2332 11.76
LiveJournal Ada SR SR* JS DPW DWN Net n2v
MAP 1546 86.03 26.76 18.99 19.26 32.08 40.91 42.66
precision 1298 67.69 18.23 18.18 21.45 29.08 38.91 36.28
PRES 14.10 69.48 17.39 1748 1896 28.77 38.49 36.11
recall 13.92 54.17 11.55 15.54 18.75 26.88 37.00 31.87
F-score 13.63 5890 14.01 16.48 19.67 27.60 37.56 33.40
Wikipedia Ada SR SR* JS DPW DWN Net n2v
MAP 39.01 1213.56 379.88 7.19 164.05 724.47 203.92 517.53
precision  109.64 91.73 97.73 3.60 48.49 77.36 4524 52.81
PRES 11.75 774.60 185.77 1.40 105.01 497.52 128.08 404.42
recall 6.78 930.93 134.28 28.46 73.29 679.81 173.52 573.96
F-score 17.71 460.52 170.95 7.71 95.36 310.69 94.20 236.60

methods in terms of all metrics. 2) With the TREC dataset, among
similarity measures, SR shows the worst accuracy, and among em-
bedding methods, DWN and n2v show the worse accuracy, while DPW
shows the best one. Although SR* shows slightly better accuracy
than AS in terms of only precision and F-score, our AS significantly
outperforms it in terms of MAP, PRES, and recall; AS shows the best
accuracy among all methods. Table 5 represents the percentage of
improvements in accuracy obtained by AS over all other methods
with the two datasets. AS significantly improves the accuracy of Ada
in similarity computation with the directed graphs as well, which
is in accordance with our observation for undirected graphs.
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Figure 5: Accuracy comparison with directed graphs.

Table 5: Accuracy improvements (%) by AS over other meth-
ods with directed graphs

DBLP Ada SR SR* JS DPW DWN Net n2v
MAP  14.67 271.57 226.06 40.97 128.42 351.90 1482.35 556.10
precision 16.04 128.28 128.52 28.37 88.40 238.17 858.72 438.81
PRES  15.39 150.66 145.25 31.70 97.09 272.51 939.16 513.63
recall 18.25 93.54 94.46 24.20 83.90 240.80 831.58 476.02
F-score 17.24 105.96 107.62 25.87 85.61 239.24 837.41 457.63
TREC Ada SR SR* JS DPW DWN Net n2v
MAP  16.01 404.12 67.95 16.85 40.58 412.04 90.64 270.45
precision 15.33 115.52 -1.57 34.77 32.64 121.00 32.06 103.94
PRES 13.01 162.39 16.18 10.62 20.53 194.91 50.59 159.40
recall 10.49 93.93 16.12 10.21 19.95 19532 66.01 161.15
F-score 13.73 100.13 -2.38 25.46 25.78 129.09 33.98 108.50

4.2.5 Performance comparison. In this paper, although we mainly
focus on the accuracy than performance (i.e., time), to conduct a fair
comparison, we implemented the matrix forms of SR, SR*, JS, and
AS based on the CSC representation without applying any acceler-
ation techniques such as fine-grained memorization [40], partial
sums memoization [21], and Monte Carlo sampling [41]. With each
dataset, we ran a similarity measure in ten iterations for five times
and their average run time is regarded as its final execution time
with that dataset. For embedding methods, we measure the execu-
tion time as the summation of a learning time (i.e., elapsed time to
construct low-dimensional vectors) and a vector-similarity compu-
tation time (i.e., elapsed time to compute the similarity scores of all
vector-pairs by employing Cosine). We also implemented Cosine
based on a matrix/vector multiplication approach, which is signifi-
cantly faster than its conventional implementation. In our compar-
ison, we do not consider the required time to store the results of
similarity computation in a file or a database. The vector-similarity
computation times (in minutes) are 42.31, 23.25, 7.33, 74.80, and
1.23 for Amazon, DBLP, LiveJornal, TREC, and Wikipedia datasets,
respectively. Table 6 represents the execution times of all methods
with our five datasets.

SR* shows the best performance due to its excellent formula,
which requires only one matrix multiplication; however, our AS
shows comparable performance with SR*. AS shows slightly better
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Table 6: Execution times (minutes) of all methods

AS SR SR* JS DPW DWN Net n2v

Amazon 298 3.71 2.81 6.83 136.98 204.56 48.74 44.39
DBLP 1.83 1.96 1.39 4.21 275 108.25 29.21 23.43
LiveJournal 0.86 0.94 0.68 5.17 61.62 41.53 8.17 854
TREC 9.12 9.38 6.74 37.42 138.14 480.03 85.63 75.89
Wikipeida 0.25 0.31 0.14 62.12 16.91 1131 152 5.27

performance than SR since on the first iteration, it has one matrix
multiplication and a Hadamard product, while SR has two matrix
multiplications; their performance on subsequent iterations are not
tangible since they both have two matrix multiplications. Among
similarity measures, JS has the worst performance since it employs
one pairwise normalization on each iteration to compute matrix E
[9, Equation (19)]. Among embedding methods, DPW and DWN show
the worse performance (i.e., due to their long learning times), while
that of n2v is the best one.

5 CONCLUSIONS

In this paper, we proposed AdaSim, a novel recursive similarity
measure for graphs. AdaSim is designed based on the Ada philoso-
phy; to compute the similarity score of a node-pair (g, b), AdaSim
not only recursively considers the common in-neighbor nodes of
a and b but also considers the weights of such common nodes in
similarity computation. We conducted extensive experiments with
five real-world datasets to evaluate both accuracy and performance
of our AdaSim in comparison with those of popular as well as the
state-of-the-art similarity measures and also embedding methods.
Our experimental results demonstrate that 1) AdaSim significantly
improves the accuracy of Ada with all datasets; 2) AdaSim outper-
forms all similarity measures and embedding methods in terms of
accuracy with all datasets, thanks to the Ada philosophy; 3) with all
datasets, its performance is comparable to that of SimRank®, while
being better than other methods; 4) AdaSim is not that sensitive
to the parameter tuning; 5) although embedding methods, mainly
DeepWalk, show promising accuracy in some cases (e.g., with Ama-
zon dataset), computing the similarity of vectors is tedious; also, in
comparison with similarity measures, they have a large number of
parameters, leading to a time-consuming parameter tuning.

We figured out interesting directions for our future work as
follows. We plan to apply an acceleration technique such as fine-
grained memorization [40] and partial sums memoization [21] to
only the pairwise normalization part of the AdaSim computation
since matrix M in Equation (16) is computed once and reused in
all iterations. In addition, we plan to extend our measure to cover
a special kind of graphs, signed graphs, where two types of links
(i.e., positive and negative) exist. It has been shown that negative
links contain additional information, which is beneficial to various
tasks such as link sign prediction and node classification in signed
graphs [16]; however, existing similarity measures consider only a
single link type (i.e., positive).
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