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1 Introduction and preliminaries

The fixed point theory is an essential tool not only in the field of nonlinear analysis, but
also in almost all branches of mathematics. After the Banach contraction principle [4],
there were multiple generalizations that have been made. For instance, see [5—23]. Among
these generalizations, we have Geraghty’s theorem [24]. Moreover, in [1] a k-dimensional
extension of Geraghty’s result is also provided. Also, Kannan and Fisher gave two inde-
pendent types of contraction operators (see [2, 25]) which are completely independent of
Banach’s contraction. Also, in the recent paper [3], Fogh et al. introduced the concept of
Kannan—Geraghty contractions.

In this paper, we extend the k-dimensional extension of Geraghty’s theorem stated in [1]
to an infinite dimension. We also introduce and develop a new notion of Hy contractions
for Geraghty—Kannan type operators from [3] to provide both k dimensional extension
and infinite dimensional extension. We also provide the same family of k-dimensional ex-
tensions for Fisher type contractions and also develop similar infinite dimensional exten-
sion in this case. As application, we define the notion of two independent types of infinite
integral equations, namely infinite dimensional Fredholm equation and Uryshon type in-
tegral equation, and ensure the existence of solutions.
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Next, we discuss some of the preliminaries which will be needed later for proving our
main theorems. The following result is due to Geraghty [24].

Theorem 1.1 ([24]) Let (X,d) be a complete metric space and T : X — X be a mapping
such that

d(Tx, Ty) < B(d(x,9))d(x,),
where B : [0,00) — [0, 1) is a function satisfying the condition
nli)rglo B(t,) =1 implies nlinolo t, =0.
Then T admits a unique fixed point u € X and {T"x} converges to u for each x € X.

We denote by G the set of all functions 8 given in Theorem 1.1. We denote by N (resp.
Np) the set of positive (nonnegative) integers.

Over the years, the study of a Geraghty type contraction has been the interest of many
works in literature. This contraction was extended and generalized in many directions as
Kannan—Geraghty type contractions, Fisher—Geraghty type contractions, etc. For more
details, we refer the readers to [26—38].

Further, let us recall some results and definitions useful in our main results.

Theorem 1.2 ([25]) Let (X, d) be a complete metric space and T : X — X be a mapping. If
T verifies

d(Tx, Ty) < c(d(Tx,x) +(1y,9))
forall x,y € X, where c € (0,1/2), then T has a unique fixed point u € X.

Theorem 1.3 [2] Let (X, d) be a complete metric space and T : X — X be a mapping. If T
verifies

d(Tx, Ty) < c(d(Tx,y) + d(Ty,x))
forall x,y € X, where c € (0,1/2), then T possesses a unique fixed point u € X.
Definition 1.1 (Kannan—Geraghty map, see [3]) Let T be a self-map on a metric space

(X,d). Such T is said to be a Kannan—Geraghty contraction if and only if it satisfies the
following:

d(Tx, Ty) < @ (d(Tx, %) + d(Ty,))

for all x,y € X, where 8 € G.
Theorem 1.4 (see [3]) Let (X, d) be a complete metric space and T : X — X be a mapping.

If T is a Kannan—Geraghty contraction on (X, d), then T possesses a unique fixed point
u € X, and for any xy € X, {T"xo} converges to u.
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Theorem 1.5 ([1]) Let (X,d) be a complete metric space and k € N. Let T : X — X be
such that
d(T(xl,...,xk), T(xz,...,xk+1))

S M((5- o 0)s (5o 001) ) DM (1 20), (2 Kk01))s

forall x1,%5,..., %141 € X, where 8 € G and M : X+ x X5 — [0, 00) is given as

M((x1, .. %), (%2, .., %ies1))

= max{d(xk, xk+1)r (xk: T(xly ‘e ;xk))) d(karlr T(x2r oo ,xk+1)) }'
Then there exists a point u € X such that T(u, u,...,u) = u.

The aim of the next section is to generalize and extend Theorem 1.1, Theorem 1.4, and

Theorem 1.5 as well as the k-dimensional extension of the result given in [24] to an infinite

dimension. We denote the infinite tuples of points (x1,x3,...) by (%) and the infinite

tuples (x1, %2, . .., Xk_1, %k, Xk, - . .) with the kth point repeated by (xj',;);’fl.

2 Main results
From now on, let us consider that (X, d) is a complete metric space and k € N.

Definition 2.1 (Extended M function) For any ()%, (v)2, € [ X and T: [, X —
X, we define the extended function My : []75; X x []5; X — X as follows:

M), 0)32)

max{supy. d(us, vi), supysy d(ug, T (7)), sups g d(vi, T(v;3)5)}
if all supremum exists
max{d(uk, V/(): d(uk) T(ul’,]})?fl), d(Vk, T(Vi’[})?fl)}:

if one fails to exist

Example 2.1 Consider X = [0, 1]. For k = 1, take the operator T : I—[fl X — X defined by

T((u:)3%)) = wie = uy and M ()55, (vi)$2)) = luk — vl = |ur = vil.

Definition 2.2 (H; contraction) An operator T : [];°; X — X is called an Hy contraction
if and only if it satisfies the following inequality:

d(T(("‘iI)?:l)’ T((Vi})?:l)) = ,B(Mk((“i})?:v (Vi})?fl))Mk((”i})?:p (Vi,?)?i) (1)
for all uy,u,,..., U, vi,v2,...,vk € X, where 8 € G.

Example2.2 Consider X = [0,1]. The operator T : [ [, X — X defined by T((x,){%)) := cx«
is an Hj contraction, where k € N is any fixed number and ¢ € (0, 1).

Definition 2.3 (Kannan—Geraghty Hj contraction) An operator T : I—[;(:1 X — X is called
a Kannan—Geraghty contraction of dimension k if and only if it satisfies the following
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inequality:

- Bd(uk, vi))

(T ((w)iea), T()21)) = === (@d(T (@) we) + (T ()r), )

for all u1,us, ..., ug, vi,va,..., vk € X, where 8 € G.

Definition 2.4 (Extended Kannan—Geraghty Hy contraction) An operator 7 : [[;°, X —
X is called an extended Kannan—Geraghty Hj contraction if and only if it satisfies the

following:

Bd(ui, vi))

d(T((“t,Z)fl)’ T((Vi,ﬁ)?fl)) = B

(AT ((0)%1), i) +d(T (Vi) i)
for all u1,us, ..., ug,vi,va,...,vr € X, where 8 € G.

Definition 2.5 (Fisher—Geraghty Hy contraction) An operator T : ]_[f=1 X — Xiscalled a
Fisher—Geraghty H; contraction of dimension k if and only if it satisfies the following:

Bd(uk, vi))

d(T()i), T()is)) < B

(Ad(T ()i ) ve) + d(T () ) k)
for all u1, us, ..., ug, vi,va,..., vk € X, where B € G.

Definition 2.6 (Extended Fisher—Geraghty Hj contraction) An operator T : [[; X —
X is called an extended Kannan—Geraghty Hj contraction if and only if it satisfies the

following:

Bd(uk, vi))

d(T((”tI)fl)» T((Vz'})?fl)) = D)

(Ad(T (%) ve) + d(T (Vi) %) e))
for all u1,us, ..., ug, vi,va,..., vk € X, where 8 € G.

Example 2.3 As an example for Definition 2.3 and Definition 2.5, we can consider, for
X =1[0,1], the operator T : ]_[f=1 X — X defined by T((x,')le) = cxy for some ¢ € (0, %).

Example 2.4 As an example for Definition 2.4 and Definition 2.6, for X = [0, 1], take the
operator T : []75; X — X defined by T((x;)%%;) = cx for some c € (0, %),

The theory of Picard operators was developed by Rus and is used a lot in proving the ex-
istence and uniqueness of a solution of different types of integral or differential equations.

For more details, see [39, 40].

Definition 2.7 (Picard operator) Let (X, d) be a metric space. An operator T: X — X isa
Picard operator if there exists x* € X such that FixT = {x*} and the sequence (7" (xy))eN

converges to x* for all xp € X.

Inspired by the Picard operator definition, we extend this notion for the k-dimensional
and infinite dimensional cases as follows.
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Definition 2.8 (k-Picard sequence with respect to the operator 7) Let T : ]_[f:1 X — Xbe
any operator, and let us choose x1,xy,...,x¢ € X. The k-Picard sequence with respect to
the operator T based on the base point set {x1,%5,...,xx} is defined as x,,, := T((x,,+i_1)f=1)
for all m > k.

Example 2.5 If we fix k = 1, then the base point set is singleton and the 1-Picard sequence
with respect to T based on {x} is basically the Picard sequence of T based on the base
point {xo} defined by x,, := T'(x,_1) for all #» > 1 and some x, € X.

Now, we define the following notions.

Definition 2.9 (Infinite k-Picard sequence with respect to the operator 7) Let T :
]_[ffl X — X be any operator, and let us choose x1, xy, ..., %, ... € X. The k-Picard sequence
with respect to the operator T based on the base point set {x,x;,...,%x,...} is defined as

Kk 1= T((xnﬂ._lym)?fl) forall n > k.

Example 2.6 1f we fix k = 1, then the base point set is singleton and the infinite 1- Picard
sequence with respect to T based on the base point {x,} is basically the sequence defined
by %, := T((x,-1)5,) Vi > 1 for some x, € X.

Let us give our first main fixed point result, which is a generalization of the Banach
contraction principle with respect to the infinite-dimensional notion introduced in our

paper.

Theorem 2.1 Let (X,d) be a complete metric space. T : [, X — X is an Hy. contraction
for some k € N. Then there exists u € X such that T((u);°,) = u and the infinite k-Picard
sequence for T converges to u.

Proof Let x1,%;...,%¢ € X. Then an infinite k-Picard sequence is defined as follows:
Vn € N we define

KXtk = T((xn+i—l,m)io:1)' (2)
We claim that {d(x,+k, Xnik+1) }nen is convergent. From Definition 2.2, one writes

AXpkes1r Xniks2) = d(T((anﬁ)io:l)r T((xn+i+l,m)?:1))

o0 o0 0 o0
=p (Mk((xnﬂ’ﬁ)i:l’ (xn+1+i,m)i=l))Mk ((xnﬂ’ﬂ)i:l’ (xn+1+i,m)i=l)'

Let
Mi(@,, D0 &, ) 1)
= max { sup d(uy, v;), sup d(u;, T(ul-j)ffl), sup d(w, T(vij)ffl) },
I>k I>k I>k
where

Up:=Xns, V1< l = k¢ (3)
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Upi= Xk, YISk, (4)
VI = Xnilels V1< l = k; (5)
U= Xpake1, VIS k. (6)

But

iullz d((ul! Vi) = d((xn+k: Xnike1)s

supd ((u, T((4;7)%1)) = Ao T(65, 7))

sup (1 (055) = (ks T 7))

We have

Mk ((xnﬂﬁ)?:l’ (xn+i+1,m)?=ol)
= max{d((xwrk: Xnike1)s d((xwrk, T((xn”ﬂ)?i))r d((xn+k+1; T((xn+1+i,m)?:1)) }

That is,

o0 o0
Mie((%,, D0 ) o)

=max { A(Fnrir Xnskr1)s A Enkr Xsks1)s A(Fer 15 X ker2) }
=max { A(( sk Ariies1)s AW Xk 15 Xnrker2) } .

Without loss of generality, assume that d((%.x+1, %n+k4+2) > O for each k.

If, for some k, we have Mk((xmiﬁ)?fv (xmm,m)l‘?jl) = d((X+k+1, Xnsk+2), then, from
Definition 2.2, we get

0 < d((Xnsks1s Xnskse2) = d((T((anﬂ)?jl): T((xm,”l,m)?:ol))
= ’B(Mk((xnﬂﬁ)lzol’ (xn+i+l,m)io:1))Mk((xn+i,7+?)l'o=ol’ (xn+i+l,m)io:1)
= ﬁ(d((xn+k+17xn+k+2))d((xn+k+lrxn+k+2)

< A((nrkr1s Xnrkr2)-

Then we get a contradiction. Hence, for each k, M((x

)\ o —
n+i,n+k)i=1’(xn+i+1,n+k+1)i=1) -
A((Xp+kXnske1). One writes

d((xn+k+l¢xn+k+2) < /S(d((x;ﬁk’xn+k+1))d((xn+k: xn+k+1) < d((xn+kr xn+k+1)'

We deduce that {x,,,x},en is a strictly decreasing sequence. So there is (r > 0) € R so that

lim d(%4 Xpiks1) = 7.
n—00

We claim lim,,—, oo d(®y+4, Xu+x+1) = 0. Suppose on the contrary that r > 0. We have

d((xn+k+l¢ xn+k+2) < IB (d((x}’l+k$ Kn+k+1 )) d((xn+k: xn+k+1)-
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That is,

A((Knrks1r Xnrke2)
——— < n+k>Xn+k+1) )+
A(Xnsio Xniks1) — ﬂ( ((x ok 1))

This implies that lim,,_, oo B(d((Xp1k> Xpiks1)) > 1.
Since B € G, necessarily lim,,—, oo B(d((*y+k> Xu+k+1)) = 1, and so

lim d((xn+k: xn+k+l) =0. (7)

n—00

We now claim that {x,.4},en is Cauchy, and we prove it by contradiction. Suppose on
the contrary that there is & > 0 such that we can find some subsequences {x(;)+x}pen,
{®n(g)+k }pen With m(q) > n(g) > q such that, for every g, we have

d((xm(q)+k1 xn(q)+k) > €. (8)

Moreover, corresponding to each n(q), we can choose least of such m(q) satisfying (8).
Then

d((xm(q)+k—1: xn(q)+k) <é. (9)

From (7),(9) and using the triangle inequality, we get

A((Xm(g)+k-15 Xn(q)+k-1) < A(Xm(g)+k=-15Fn(g)+k) + A Xn(g)+k-1>Xn(g)+k)

< & + d((Xn(g)+k-1, Xn(g)+k) (10)

and

& < d((Xn(g)+k Xm(q)+k)

< d((%nig)+ks Fnig)+k-1) + A(Xn(g)+k-15 Xm(g)rk-1) + A(Km(g)+k-15 Xm(g)+k)- (11)

Letting ¢ — oo in (10) and using (11), we get

lim d((xm(q)+k—1:xn(q)+k—l) =é&. (12)

q— 0

On the other hand, if

o0 o0
My ((xn(q)+i—1,n@/;—7—1)i=1 ’ (xm(q)+i—1,mm1)i=l)

= max] sup d((u, 1), sup d((m, T(()7%)), sup (v, (D)) .
Izk-1 I=k-1 I=k-1

where

Up := Xn(g)+1-1 V1i<l<k, (13)

Ul = Xn(g)+k-15 vi> k, (14')
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V= Xg+io1, Y1 ZI<K, (15)
Ul = Xn(q)+k-1» vi>k (16)

then
oo o0
Mk((xn(q)ﬂ-i—l,n@)/;k\—l)i:l’ (xm(q)-#i—l,mml)i:l)
= max{& ((Sutg)+k-1, Xmq) k-1 A (i1 T(% )iy imim)or))s
d((xm(q)+k—1; T((xm(q)ﬂ—l,mml)?:l)))}

= max{d((Xn(g)+k-1> ¥m(g)+k-1)> AEn(g)sk-1, %n(g)y+k)> AEm(g)s k-1 Em(g)+k) |-

Using (7) and (12) we get

. o0 o0 )
qlggoMk((xn(q)ﬂ—l,n(q)/#(\—l)i:l’ (xm(q)Jri—l,le)i:l) =é. (17)

By (1) and (17) we get

_ o oo
&= d((xn(q)+k'xm(q)+k) - d((T(xn(q)+i—1,n(q)+k—l)i=1’ T(xm(q)+i—1,m(q)+k—1)izl))

o0 oo
= 'B(Mk((xn(q)Jrz’—l,an)/JIl)i:l’ (xm(q)Jri—l,mWI)i:l))

oo o0
X My ((xn(q)+i—1,n@/+?—1)i:0’ (xm(q)ﬂ—l,mml)i:l)

o0 00
< Mk((xn(q)-v-i—l,n@/?—l)i:l’ (xm(q)+i—l,m(/q)—+I—l)i=1)' (18)

If we suppose

sup d((u, vi) = A((Xn(g)+k-1,Xm(g)+k-1)»

1>k

SIEE d((”l! T(M;j)ifl) = d((xn(q)+k—lr T((xn(q)g_l’n@/Jrk\_l);fl)),

SZBE d((Vl, T(Vljl\);)jl) = d((xm(q)+k_l’ T((xm(q)+i—l,m(/q)+\k—l);>=ol))’

then

o) o0
My ((xn(q)ﬂ—l,n@/-v-\k—l)i:l’ (xm(q)-v-i—l,mml )izl)

= max{d((xn(q)+k,xm(q)+k), A((*n(qy k15 T((xn(q)+i—l,n@/+\k—1 <))
d((xm(q)+k—1; T((xm(q)+i—l,mm1)?:1)))}

= max{d((Xng) +k Xm(q)+k)» AXn(q)+k-1,%n(g)+k)> A Fm(q)+k—1:Xm(q)+k) } -
Letting ¢ — oo and using (1), (7), (17), and (18), we get

. 00 oo
qlirgo B (M](((xn(q)+i—l,n@/JJ<\—1)i:1’ (xm(q)ﬂ—l,le)i:l))

Page 8 of 19
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and
: o0 o0
qlggoMk((xn(q)Jrz’—l,n@/JIl)i:l’ (xm(q)Jri—l,le)i:l) =
From (17)

ﬁ(Mk((xn(q)H—l,n@/;?—l)lfP(xm(q)+i—1,m(7])-+I—1)l'o=ol)) > L

Since B € G, we get

. [e%e) o9} —
qlingoﬂ(Mk((xn(q)u_l,n@/lk\—l)iﬂ’(xm(q)+i—l,mml)i=1)) =1
Then

. [e%s) ooy _
qli)noloMk((xn(q)Jri—l,n(q)/Jrk\—l)i:l’ (xm(q)Jri—l,le)i:l) =0.

We get a contradiction to (17). Hence, {x,.x}xen is a Cauchy sequence.
Since (X, d) is complete, there exists u € X such that

lim %, = u. (19)
n— 00

We claim that d((T'(()3%)), u) = 0. If we suppose on the contrary that d((u, T((1){5)) > 0,

then we have

M((xnﬂ—l,m)?:ol’ ((M)?:ol))
= max{d(xn+k—lr Lt), d( (xn+k—1) T(xn”_ly,ﬁ]a)?:l)’d((u’ T((u)lojl))}

= max{d((eek-1, ), A(%neir Xnek1), d((, T((0)3)) -

Letting n — 00 and using (7), (19), we get

lim M((x,,”_l,m)?:v W) =d((u, T(w)))) #0.

n—00

Then we have

d((u, T()))
< d((Fnrier ) + A((%s T((0)55,))
= Ak 1) + AT (g ) ) T(071))
< d((nrio ) + BM((x,,, . D)o @) M () (055)
< d((tnao ) + B (2, T(@)5%)))d((w, T(@)52)))-
Letting n — oo and using (19), we get lim,,, o« B(d((u, T (1)) = 1.
Since 8 € G, one writes lim,,_,, B(d((u, T((1)°,))) = 1. Then we have lim,,_, o d((u,

T((u)2))) = 0, which implies d((u, T((4)2;)) = 0. So we get a contradiction. Hence,
d((u, T((1))) = 0, that is, T((u))) = u. O
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Remark 2.1 Theorem 2.1 is a proper generalization of Theorem 1.5 since in the case of
the simplest operator on []; X — X the contraction condition of Theorem 1.5 is not
applicable; on the other hand, the Hj contraction (see Definition 2.2) is easily applicable
for the infinite case. Also, if we restrict the operator to any finite k dimension through an
easy calculation, it is obvious that it is an equivalent statement of Theorem 1.5.

Theorem 2.2 . Let (X, d) be a complete metric space and T : [|;5; X — X be an extended
Kannan—-Geraghty Hy. contraction for some k € N. Then there is u € X such that T ((u)°)) =
u, and for any x1, ...,xx € X, the infinite k-Picard sequence converges to u.

Proof Letxy,...,xx € X. For all n € N, we define the infinite k-Picard sequence as follows:

Xnei = T ((x =) (20)

n+i—1,m)f:1

We claim that lim,,_, oo d(%,,4 %, X14k+1) = 0. Then we have

A((Knrks1r Xrrke2)

= d((T((xnﬂﬂ)?fl)’ T((xn+i+1,m)io:1))
d n+krVn+k+ 00 0
< PGtk (02 00) + AT () i)

1
< E (d(xn+k: Knkel) + d(xn+k+1;xn+k+2))o

Thus, d(®y+k+1> Xnsks2) < AXpik> Xnrk+1)- This sequence is decreasing, so there is ¥ > 0 so
that

lim d(Xy 4, Xpiks1) = 7 (21)
n—0

We claim that r = 0. If we consider on the contrary and suppose r > 0, we have

lim, . B (dXnkr Xnake1))
2

im d(Xpekr1s Xnrke2) < (Hm AWK k> Xpak+1)
n—00 n—00
+ lim d(xn+k+1»xn+k+2)>~

n—00

Therefore,

21lim, AXpks1> Xnrke2 .
5 novoo ”.+ 1 Fnvkr2) < lim :B(d(xn+k:xn+k+l))~
11mn—>oo d(anrk: xn+k+1) + hmn—>oo d(xn+k+lrxn+k+2) n—>00

From (21) we get % = ﬂ(d(x}’l+k) xn+k+l))r and so hmnﬁoo ls(d(xn+k’ xn+k+1)) > 1. Since :3 €
G, we have lim,_, o B(d(* 1k Xn+k+1)) < 1. Using the well-known “sandwich theorem’, we
obtain

lim ﬂ(d(xwrk: xn+k+1)) =1 = lim d(%y4k, Xnike1) = 0. (22)
H—>00 n—>00
Further, we have

d(x””'k’xm*'k) = d(T((an—l,;k—\l)?fl)’ T((xm+i—1,rm)?fl))
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A(Xpek=1> Tmrk—
< Pt timica) (e, ) i)

+ d(T((me—l,W:I:l)iojl)’ xm+k—1))

1
< 2 (d(xwrk—lrxwrk) + d(xm+k—1)xm+k))'
For large enough 7, m € N, one has
d(xwrk’ xm+k) <&

for fixed & > 0. Then {x,.x}4en is a Cauchy sequence. Since (X, d) is a complete metric
space, there exists u# € X such that

lim %, = u. (23)
n—00

We claim that T'((#)?%;) = u. If we suppose on the contrary that d(u, T((«)5;)) > 0. Then,
by (21) and (23), for arbitrary ¢ > 0 and sufficiently large n, we get

d( (Mr T((”)?jl)) = d((xn+kr M) + d(xn+kr T((u)fl))

= d((xn+k’ Lt) + d((T((x,,”_l,m)?:l)r T((”)?i))

< @i+ PO 7, ) i)
cd(T(w3%), 1)
1 1

= 5 d(wT(wE) + g + g < 5 dn T(w)f) +e

= % d((u, T((u)?j’l)) < ¢&. This is a contradiction.
Hence, d(T (1)), u) = 0, that is, T((#)°,) = u. O

Next, we will provide a new result for a multivalued proper extension of Theorem 1.4,

which is also a generalization of Kannan (Theorem 1.3) as a result of Theorem 2.2.

Corollary 2.1 Let (X,d) be a complete metric space and T be a Kannan—Geraghty Hy

contraction. Then T has a fixed point and every k-Picard sequence for T converges to u.

Proof Let us choose xy, . ..,xr € X. We define a k-Picard sequence by

Kk = T Xy v o5 Xako1)- (24)

If we follow the same steps as in the proof of Theorem 2.2, we get the required re-
sult. d

Remark2.2 Fork =1, we get Theorem 1.4 in [3] which proves that Corollary 2.1 is a proper

generalization of Theorem 1.4.
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Theorem 2.3 Let (X,d) be a complete metric space and T : [ X — X be an ex-
tended Fisher—Geraghty Hy contraction for some k € N. Then there exists u € X such that

T((4)%)) = u, and for any x1,%, ... xx, the infinite k-Picard sequence converges to u.
Proof Letxy,...,% € X. For all n € N, we define an infinite k- Picard sequence by

Kk += T((xn+i—1,r:k—\l)?fl)' (25)

We claim llmnaoo d(xn+k: dn+k+l) =0.
Then we have

A((Xniks1r Xnrke2) = d((T((anﬂ)?:l)» T((xwr”l’m)oo ))

i=1
d n+ko Xn+k+ 0
- M (AT (@, 7)) Fnsknn)

* d(T((xnﬂ,r:ka-\l)iofl)’ xn+k))

1
< 5 (d(xn+k+l)xn+k+l) + d(xn+kr xn+k+2))

1
< 5 (d(xn+kr xn+k+l) + d(xn+k+lrxn+k+2))~

We have d(x,4k41,%nik+2) < d(Xn1k> Xuik+1)- This sequence is decreasing, so there is r > 0
such that

lim d(anrk: xn+k+1) =r.
n—0

(26)
We claim that r = 0. If we suppose on the contrary that r > 0. One has
im d(Xpeke1s Xnikse2)
n—oQ
lim,,_, A(Xpiix . .
= - OOIB( ( ek Vt+k+1)) ( lim d(xn+kxxn+k+l) + lim d(xn+k+1rxn+k+2)>-
2 n—>00 n— 00
Thus,
21imy,, 00 d(Xpiki1s Xnrke2) .
- . < lim B(d(Xnsk, Xnsks1))-
hmn—>oo d(xn+k: xn+k+1) + hmn—>oo d(xn+k+lrxn+k+2) n—>00 ( " i )
Using (26), we obtain % < limy,_, o0 B(d(Xysi Xnrk+1)). Hence,
lim ﬂ(d(xn+k:xn+k+l)) = 1.
n—00
Since B € G, we have lim,,_, o B(dXp1k> Xniks1)) < 1.
At the limit, we have
lim ﬂ(d(xwrk» xn+k+1)) =1 (27)
n—oQ

Then limy,, oo d(%y14> Xnik+1) = 0. We claim that {x,,4},en is Cauchy, and we want to prove
this by contradiction. Then, using the contrary, there exists ¢ > 0 such that we can find

Page 12 of 19
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subsequences {X(q)+k} peNs {Xn(g)+k }pen With m(q) > n(q) > g such that, for every g, we have

A((Xm(g)+k Kn(g)+k) = €. (28)
Moreover, corresponding to each n(g) we can choose m(q) satisfying (28) so that

A((Xm(g)+k—-15 Xn(g)+k) < €. (29)

Using (28), (29) and the triangle inequality, we get

AKX +k-15 Fn(g)sk-1) < A(Fm(g)sk-1>Fn(g)+k) + A((Fn(g)+k=1,Fn(g)+k)

<éE+ g;:((xn(q)+k—1: xn(q)+k) (30)

and

&< d((xn(q)+ky xm(q)+k)

< d((%n(g)+kr Xn(g)sk-1) + A(Xn(gyrk=15Fm(g)sk-1) + AKim(g)+k=15 Fm(g)+k)-

Letting g — oo in (30) and (27), we get

qli>nolo A((Xm(q)+k-1%n(g)+k-1) = & (31)

d(xn(q)+k: xm(q)+k)

= d(T((xn(q)H—l,n(q)/Jr?—l)?:l)’ T((xm(q)Jri—l,le)iO:l))

BA(Xn(g)+k-1sXm(g)+k-1))
= 2 (d(T((xn(q)+i—1,n@/+?—l)l?:1)’xm(q)+k—1)

* d(T((xm(q)Jrz’—l,mml);fl)’ xn(q)+k—1))

AN

Nl N R N

(dEnig)+ior Tmigyik-1) + AXm(g)+ior Fn(g)+k-1))

IA

(‘9 + d(xm(q)+kr xm(q)+k—1) + d(xm(q)+k—l¢xn(q)+k) + d(xn(q)+k’xn(q)+k—l))

IA

(26 + d@mgy+kr Em(@)+k-1) + AXn(g)+kr En(gik-1))-
Then from (31) and (27) we get a contradiction. Then
{Xyiktneny  is a Cauchy sequence. (32)
Since (X, d) is complete, there exists u € X such that
lim x4 = u. (33)
n—>00

We claim that T'((x2)7%)) = u. If we suppose on the contrary that d(u, T((1){5,)) > 0, then,
by (26) and (33), for arbitrary ¢ > 0 and sufficiently large n, we get

d((u, T(()3,))

Page 13 of 19



Bardhan et al. Advances in Difference Equations (2021) 2021:456 Page 14 of 19

< d(Xpikr u) + d(xwrk» T((u)lojl))
= d((xn+k1 u) * d((T((xnﬂ—l,}:k—\l)?:l)’ T((u)lozcl))

< d((xmk» u) + w (d(T((xnn—l,m)i:l)oo)’ u) + d(T((”)?fl)’ xn+k—l)>

a(u, Xpsk- 00
<G+ PET D (1 (5, i) )o)

+d(T((W),),u) + d(u,xmkl))

(e, T(@)Z)) + 5 +

W[ ™
N ™

=

d(u, T((w))) + %8.

Thatis, d((4, T((#)))) < € for any arbitrary € > 0. Hence, d(T((«){%,), u) = 0, which implies

T(w)2) = u. 0

Corollary 2.2 Let (X, d) be a complete metric space and T be a Fisher—Geraghty Hy con-
traction. Then T has a fixed point.

Proof Choose any xy,...,x; € X. Define
Ktk = T(xm cee :xn+k—1)' (34')
Using the same steps as in the proof of Theorem 2.3, we get the conclusion. g

Remark 2.3 For k = 1, we get a new type of extension of Theorem 1.3 proved in [2], and
for any k, Corollary 2.2 also gives the multidimensional extension of the same theorem
stated in [2].

Remark 2.4 The Banach fixed point theorem [4], Theorem 1.1, Theorem 1.2, Theorem 1.3,
Theorem 1.4, and Theorem 1.5 are all applicable only in complete metric spaces as well
as the theorems described in [1], but Theorem 2.1, Theorem 2.2, Theorem 2.3, which we
have proved, are talking about the space®, X (where X is a complete metric space) which
is indeed metrizable, but might not be complete.

3 Applications to integral equations
In [41], Singh et al. introduced the notion of multi-dimensional Fredholm integral equa-
tions by taking into account # € N as the dimension of the equation

U1, x%0) = f(x1,. .0, %)

1,1 1
+/ f / K&y, %0915 YUY 153 Yn) AY1 - .. AV,
o Jo 0

——————
n-times

where (x1,...,x,) € D = ([0,1] x [0,1] x --- x [0,1]) and f(x1,...,%,), K(*x1,..., %Y1,

n-times
...,¥s) are known continuous functions defined on D and D?, respectively, where u(x1,

...,%y) is an unknown function.
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The Fredholm integral equations play an important role in modeling of physics phe-
nomena described by two or three dimensions. In the same way, they have applications in
astrophysics models thinking of the four dimensions of a neutron star or a black hole.

Thinking of these aspects, if we extend to infinity the dimension “n” of the previous
multi-dimensional integral equation, we introduce a new notion, the infinite dimensional
Fredholm integral equation, as follows:

u((tif)?fl) f (tl/(l 1
[ [ s ds s @)

where f((£,2)7%,) : [0,1] = R and K : [0,1] x R — R are two known continuous functions
and u((£;72)7)) is an unknown function.

Further, let us give our first application of the main results of this paper by proving the
existence of a solution of infinite dimensional Fredholm integral equation (35).

Theorem 3.1 Let X = C([0, 1], R) be the set of real continuous functions on [0, 1], and let
d:X x X — R, be given by

d(((”t})?jvT( uiR)is 1) = sup | ()5 - T )5 |- (36)

te(0,1]

Define T : [[;5; X — X by

Tu((tp%) =f(ER%)
[ [ s s sy )

Assume that the following hold:
() 16,22 - TulEDE)] = ST = el + 1Tt )20 -t D
(ii) There exists a constant § € (0 1) so that K((£;2)3, (s;7)52,) < 6;
(iii) Let B :[0,00) — [0,1) be a lower bounded function and y > 1 be large enough such
that % < B(z) forevery z € X.
Then the infinite dimensional Fredholm integral equation (35) has a solution.

Proof We can prove the existence of a solution of infinite dimensional Fredholm integral
equation if we show that the operator 7 defined by (37) has a fixed point.

We can easy remark that the space X = (C[0, 1], R) endowed with the metric d defined
by relation (36) forms a complete metric space. Then we shall show that all the hypotheses
of Theorem 2.2 are verified.

We have the following estimation:

!Tu((ti,z)?fl) T*u((t2)%)|

K((ti;,;)ffl, (si’;)ffl) u((sl-})?fl) dsy...ds,...

1 1
- / . / K5 (5020 Tu((s,2)5% ) dsi .. dsy, .
0 0
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IA

1 1
/ / K (D20 ) [u((s0)5%) = Tu((s,2)%) sy - dsy ...
0 0

IA

S 1 1
2—(|T((uiy;)f=°1) — | + | T (1,577 = uk+1|)/(; /0 o.dsy...ds,...
8

(|T((”tk)z 1) = | | T (0, 50750) = e ]).
Taking supremum on both sides, we get

sup |Tu((t2)7) - T*u((t2)%)|
te[0,1]

)
= 5, Sup (|T( zk)?fl) - ”k| + |T((”i+1,ﬁ1)?§1) - ”k+1|)'
Y telo,1]

Further, since % < B(2), for z = d(uy, ur,1) and 8 € (0, 1), we obtain

d((Tu((t[I Lo:l) ((tlk i= 1))

3B (d(uk, uks
< A (7 (%)) + (T (05005 1)
_ Bl ur)

- 2 (d((T((”z})zofl)r”k) +d((T((”i+1,m)?fl)’uk+l))-

In conclusion, all the hypotheses of Theorem 2.2 are accomplished. Then the operator
T has a fixed point, which means the infinite dimensional Fredholm integral equation (35)

has a solution. O

The following application involves another type of integral equations: Urysohn type in-
tegral equations. We extend the known cases of this type of integral equations to infinite
dimensional Urysohn integral equations:

u((tp) = f(ERT)
[ [ st s s 69

where f((£;7)%)) : [4,b] — R and P: [a,b] x [a,b] x R — R are two known continuous
functions and u((¢;7)7,) is an unknown function.
For this new type of Urysohn integral equation, let us give the following result.

Theorem 3.2 Let X = C([a, b], R) be the set of real continuous functions on [a, b] endowed
with the Bielecki norm d : X x X — R, given by

Tt

(D TeipE) = | D 5 = sup 1w 1™, withT>1. (39)
telab]

Define T : [[75; X — X by
Tu((t)%) = (65
[ [P s ) sy o)
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Assume that there is w > 0 so that

|P((ti})ffv (Si,%)zc‘fp u((si});ﬁ)) - P((ti})?:v (Si,%)zc‘fp T“((Si,?)?fl)ﬂ

1

=— | Do — TS |

Let B(z) : [0,00) — [0,1) be a lower bounded function such that, for @ > 1 large enough,
% < B(z) forz € X.

Then the infinite dimensional Urysohn integral equation (38) has a solution.

Proof It is easy to check that the space X = (C[0, 1], R) endowed with the metric d defined
by relation (39) is a complete metric space.

To prove the existence of a solution of infinite dimensional Urysohn integral equation,
we shall show that the operator T defined by (40) has a fixed point.

We have the following estimation:

|TM((tt,z);>:o ) T u((tzk i= 1)|

P((ti,z)iofv (Si})?:ol; u((sl‘})?fl)) dsy...ds,...
/ / lkl 1’(Slk)l 1’TM(( ) 1))6{51“.618”...
/ / (ttk i= 1’( Lk) 1,14(( L’,’k\)?:ol))

Pt (5050 Tu((si2)2)) |ds1 c.ds,...

/ / = T(u; )% |dsi ... dsy...

e —tt
§g|(ui’;i:1— l1|erf / dsn"'
< e_”|(u A)oo T( ,\)oo | —Tt
= Mikli=1 = Uikli=11€ -

Applying maximum on both sides, we get

1
max |Tu((tlk) D) = TPu((t3)|e™ <= max |(’4;k X = T e

tela,b w tela

Then we have

d(( (( zk)z 1) T u((ttk)z 1))) d(((uzk)z I’T(ulk)t 1)
Since L < B(z) and for z = M ((u; )%, (t1,1,571)5%,), we obtain

A((Tu((t2)%), T*u((GR7)
ﬁ(Mk((ut k)l 1’ (uz+l k+1) ))d(((uz k)l 1’ T(ut})fjl)

IB(Mk((ulk)t v Wi 1) ))Mk((”i,ﬁ)?jv(”i+1,/:1)?51)-
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Then all the conditions of Theorem 2.1 are satisfied, so the operator T has a fixed point.

Then the infinite dimensional Urysohn type integral equation (38) has a solution. g

4 Conclusion

Here, in this article we have shown some metric combinatorial arguments that can be prof-
itably applied to extend Geraghty’s theorem, Kannan—Geraghty theorem, and Fisher’s the-
orem as well as a particular extension for the infinite cases. This idea could also motivate
to find a similar infinite extension of the other contractions and their related operators, to
find fixed points or coincidence points. We also defined two new types of infinite integral
equations which would encourage the study of the infinite integral equations and their
solutions. From the discussion we have some interesting problems as follows:

1. Can a similar concept be extended to the notion of coincidence points?

2. We have discussed the fixed point theorem for the contraction from countable
products of the complete metric space X (with respect to uniform metric topology)
to the space X. Can it further be extended to an uncountable product of a complete
metric space which is not necessarily a metric space?
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