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Keywords: Single resonant nonlinear Schrodinger equation RNLSE has wide applications in sciences. It describes the
Two-mode transient state between self-focusing and self-defocusing polarization. This motivated researchers to study and
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investigate the physical characteristics behind. Here, we are concerned with analyzing the solutions of two-mode
RNLSE which may reveal complex phenomena. Novel shapes of pulses propagation in optical fibers are shown
Further, the colliding dynamics of waves are inspected. The different characteristics of pulses are defined and
interpreted. These features are studied via finding the exact solutions of the two modes RNLSE. These solutions
are obtained. by using the unified method. It is found that the criteria of the polarization of the two modes may
be, mutual, or of the same polarization. Which depends on the crucial values of the coefficients of the quantum
potential. Also, it is shown that the propagation of pulses exhibits multiple-geometric structures.Which are
complex chirped, M-W-shaped pulses, rhombus (diamond) and tun able conoidal pulses. These are novel features
of pulses propagation.The spectral characteristics show a variety of some important results. Here, it is inspected

Schrodinger equation
Pulses shapes
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that the collision is elastic.

Introduction

Diverse formulation of nonlinear Schrodinger equations NLSEs were
the objectives of huge number of research works in the literature. These
equations are integrable when the real and imaginary parts are taken
linearly dependent [1]. Recent works [2,3] show that the solutions of
NLSEs with Kerr nonlinearity describe pulses that exhibit common
shapes. A class of an infinite number of the stable bright and dark soli-
ton, was obtained [3] are. Non local NLSE was introduced in [4]. In [5],
the generalized Darboux transformation was performed to solve NLSE.
The dynamics of rogue waves of multiple orders were presented, Some
relevant properties are remarked. It was found that NLSEs possess an
infinite number of conservation laws [6]. The solutions of NLSE coupled
with Maxwell equations have shown standing waves, which are non-
radially symmetric [6].The analytic solutions of thel NLSE under peri-
odic boundary conditions, in the case of the self-focusing Kerr medium,
were presented in [7]. NLSEs may take may have a diversity of forms.
They can describe optical wave propagation in highly dispersive me-
dium. It was shown that pulses propagation may lead to a variant
refractive index Kerr medium [1]. Which, in turn may produce a phase
shift in the pulse [8] In mathematical terms, an extra nonlinear
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correction to the NLSE is considered. Indeed, for nonlinear short-pulse
propagation in optical fibers, the governing equation has to include
the pulse envelope derivative.Thus, symmetric pulse will undergo an
asymmetric self-phase modulation [9]. Further, the effect of self-phase
modulation of a pulse propagation was analyzed in [10]. Tun-able de-
lays in optical fiber via a dispersive one or double stages of broadening
the spectral content, are observed [11]. It is found that the RNLSE results
when describing the transmission of uni-axial waves in a cold colli-
sionless plasma subject to a transverse magnetic field [11]. RNLAEoc-
cupied a wide area of research in the literature [12-25].In those works,
the solutions obtained are mainly bright (dark) soliton or lumps.Also,
further relevant research work on RNLSE were carried in the literature
[26-38]. In[26] the self-similar pulse propagation of optical pulses, for
RNLSE with time dependent coefficients, was studied. In the present
work different geometric shapes of pulses are inspected. In [27], The
resonant pulses are analytically investigated in terms of Gaussian beams,
Airy beams, and periodic beams. While in [28], the conservation laws
are constructed. In [29], exact solutions were found with varying the
refractive index. In [30,31], exact solutions were obtained when the
coefficients are time dependent. In [32,33], the modulation instability
was studied. In [24] exact solutions were obtained in the presence of
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external periodic force. Further relevant works in this area were carried
in the literature [43-48].

In the present work, we study the TM-RNLSE, which was not
considered in the literature, and it is shown that novel shapes; M-W and
diamond shapes of pulses propagation, are observed.

The model equations

The single RNLSE reads

%p(L 1) =0,(x,1)eR x R*

(€Y

We mention that when g = 0, (1) reduces to the conventional NLSE,
where « is the dispersion coefficient and 2 is the refractive index that
stands to self-focusing or self-defocusing polarization when 1 > 0 or 4 <
0 respectively. Thus when g # 0, (1) describes the pulses propagation
in an intermediate state between self-focusing and self-defocusing. The
last term stands for quantum potential. Which is observed in the prop-
agation of chiral solitons in quantum hall-effect [26]. The mentioned
potential was introduced in [27]. The Eq. (1) may be considered as the
response of a resonance- medium to an action of a normal wave with
complex amplitude. Further, it can be recast to Madeluing fluid equa-
tions [28]. The two-mode RNLSE, (TM- RNLSE), is

ip(x,1), +ap(x, 1), +Alp(x, t)|2p()c7 H—p

) b aspla) ) Ppto) - (),
i (x,1), + oy (x,1) 4 Ao |p(x,0) Py (x,2) — B %7’?)"”1//()5,0:0, (x,1)eRx R",

(2

where p and g are complex functions, x and t represent the normalized
displacement ant time variables.

The TM-RNLSE in (2) leads to affect the pulses propagation in optical
fibers. That is, on the characteristic parameters.Thus, we are led to
identify these physical parameters that describe the pulses propagation
in such a complex medium. We write

Pl 1) = p0le® 0, g(x,1) = [g(x, )T, 3

where |.|stands for the intensity. k and @ are the wave number and
frequency which are defined in

Jf eojaa g / (v, 1), dxdt
E — RxR* .
I peolad / p(x, 1)|dxdt
RxR (4)
f/ lp(x, 1), |dxdt f/ @(x,1),|dxdt
Gedwe T o
f/ | (x, 1) |dxdt f/ | (x, 1) |dxdt
RxR* RxR*
The spectrum is defined by
_L —ikox _L —ikox
Plho) = - [ ole i, Qlhant) = o [l *ax. )

Now, we find the exact solutions of (2). To this end, we introduce the
following transformations [29].

(2 (x,1) +iva(x, t))ei(l‘l"’“’z’) .
(6)

It is worthy to mention that the colliding dynamics can be inspected,
whenever the different pulses structures are determined.

By inserting (6) into (2), we get the following equations for the real
and imaginary parts of (2);

p(x, t) = (ul (X,I) +ivl (xvt))ei(kl)ﬁw”)v l[/(x,t) =
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Ul (—I2ay + @) + iy (12 +v2) + Vi~ + o) + 4 (12 +v3))
—ﬁl‘/%“l,ﬂ - u?(Vlz + 2k viy + (—ay + B ure) — uvi(=2f, uixvis

01 (Vi + 2k a4 (—an + By)ui)) + Vi (w4 2kiagun, + (@) — ) Vi)
+ui (=i, +vi(@vi(—kjay + oy + 4 +v3)) + wy, + 2klay
+((11 - /}I)Vl)a)) =0,

@)
vi (Vi + 2klagvie — aqitg ) + g (uy, + o (kg 4+ vig)) = 0, (8)
ug(—kgaz +w, +/12(uf +vf)) — u%(vz, + 2k oV + (— + B, o)
—1zvy (=2 ua vy + V2 (Vo + 2k g vy + (— s + By iy
FVE (=l ey + @y + Ao (U2 +V)WVE — Botis, 42 (g, + 2ka tatt, + (0 — B )V2e))
15 (—Byva, + 2 (2(—h50 +@a 4 Aa (u] + V7)) + 2y
+2kyan + (@2 — B )V2u)) =0,

©
WV Va + 2ka@avay — Matny) + V3 (Vo + 2ka @V, — Woltyy) 10)

+u2v§(u2, + a2(2k2u2X + VZxx)) + M; (uz, + az(2k2u2X + VZxx)) =0.
Here, we search for traveling waves solutions of (7)-(10). To this end

we put w(x,t) = Uy(2),vi(x,t) = Vi(2),i=1,2 and 2 = ux + ot. Thus,

(7)-(10) reduce, respectively, to

U=l + o) + 4, (U2 + V2) + U (= ki + )V, + (ay

+UWVi(—((2kanp + 0)Vi = 28> U))V, + () — B)pViUY)

+V2(Vi (= 4+ @y 4 4 (U2 + V2) = Bt U + Vi(2kiayp + 6)U,

Har = BV + UL2Vi(=Kay + @1 + 4 (U3 + V3))

BV + Vi(2kiarp + 0)U, + (an — By)p*V)) =0,

_ﬁl)/‘ZUY)

an
Vi(Qkiawp + 0)V, —ayU)) + Uy ((Qkayp + 0)U, + ay®Vi) =0,  (12)

U (—K2ay + @y + (U2 + V2)) + U3 (— (0 + 2kya0p) V,

o = B)H2US) + UV (= ((2katopt] + 6) Vs — 2,17 U,V

+( = fop*VoUY) + VA(—Kay + @ + (U + VAV?

B U3 + Va((2kaaopt + 0) Uy + (@2 = B)p*V3)) + U (2(—K3as + o+

(UL + V)3 = Bop® V3 + Va((2koaopt + 0)U, + (az — By’ V) = 0,
(13)

U2V, ((2kpaapt 4 6V — aapPUY) 4 V3((2kattapt + 0)Vy — aop®Uy)
+UVA((2katopt + 0) Uy + aap?]) + Uz (2kattopt + 0) Uy + anp® V) = 0.
a4

Here,the exact solutions of (11)-(14) (or (7)-(10)) are found by using
the unified method [39-42]. By this method solutions of a NLPDE are
written in a polynomial or a rational functions (PF or RF) in auxiliary
functions, with appropriate auxiliary equations.

PF. Solutions of (11)-(14)

The solutions are represented in polynomial forms in an auxiliary
function that satisfies an auxiliary equation,

Z 4g'(2), Vilz Z big'(

= Z hig'(z), Va(z) = prgi(Z)7 (15)
xp:f | i=0

= Z Cigl(z)7 p= 1727
i=0

where n;, m; and k are integers. First we consider the case p = 1. Here,
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Fig. 1. Figs. 1(i)-(iii) In (i) 3D plot to Rep(x, t) is displayed against x and t. In (ii) 3D plot to |p(x, t)| against x and t. In (iii) Rep(x, t) is displayed against x for different
values of t. When ap = 2,a; = 1.5,y =0.8,2;1.5,a; =5.5, =05,6 =5, 4 =6,k; =1.5,43 = —05,a2 =5.8,ky =3,y =6,m =1.5n = 1.3.

the objective is to finding n;,m; and k. To this end, balance of the
nonlinear and higher order derivative terms are invoked. Which de-
termines n; = n;(k), m; = m;(k), which is called the balance condition.
These conditionsread n; =m; =k —1,i =1,2. To determine the value of
k, we need to evaluate: (i) The number of equations that result from
substituting (15) into. (11)~(14) and setting the coefficients 0 g'(z),j =0,
1,2 equal to zero (sayr(k)). (ii) The number of arbitrary paymasters {a;,
bj, hi, pi, ¢j}in (15) (says(k)), and the highest order derivative (say m).
When (11)-(14) are integrable, we have r(k) —s(k)<m, which leads to
get k. This last condition is the consistency condition and, in the present
case, it reads 1<k < 3. By the same the case p = 2 is dealt with.

Elliptic pulses: p = 2 and k = 2.

In this case, (15) becomes

8(2) +ag, Vi(z) = big(z) + by,
2) =mg(z) +hy, Va(z) =pig(z) +po (16)

By substituting (16) into (11)-(14), and for the real and imaginary
parts to be linearly dependent, we take by = aob;/a;and py = hop1 /h;.
By setting the coefficients of g(z),j = 0,1, ..., equal to zero, we get

10 t or ' . (iyi),Repy(x,t) . ' .
0 st
i ol
; -
Rep(xt)h OF I @
1F 2l %
|- M s 1 1 i @
5U D 5E| 0- -;10 -30 -20 -IO 0 10 2I0
x X
(ii) Req xt
(i)
t 10
1]
[ 31.0 i
05
0.0Feq(xt)
105
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ad 0 a0 40 <30 -20 -10 20 30
% X

Fig. 2. Fig. 2(i), (ii) for the first and second modes respectively. The 3D- and contour plots are shown in (i) and (ii) respectively.When By = —20,a; = 5,hy = 0.7,
M =150 =35, =056 =5,=0.6,k; =05, =0.5,a, =38,8, =08k, :=0.2,a =0.7,c =1.3,b:=4.
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Fig. 3. Fig. 3(i) and (ii). The 3D and contour plots are displayed against x and t for the same caption as in Figs. 2.

" _ Mkiay — (h +pDlgh __aoh =0
1 [ ) 2, @ )
a7
_ 1 2 2 2 a1/
P = iﬁ \/—hlﬂl = 2c40 4" + 247, ao = =7

15 ((a} + b})da — 2cufpop®) j:\/—11%/12 +2cs(=a + By .

= - b =
(%] ( 2ol ) 1 N/
(18)
The solution of the auxiliary equation, in (16), is
nsn(v/2nmz, =
= —m co=n", g(z)=+ ( v ,z=pux+ot. (19)

my/2 — sn(v/2nmz, ﬁ)z

Finally the solutions of (11)-(14) are

1
aynsn(v/2nmz, —2)

u(x, 1) =+ V2

my 2 — sn(ﬁnmz,%)z’

vi(x,1) =

al\/Z

h 1
uy(x,1) = a—lul(x, 1), wmxt) ==+ - \/—hfll — e pi* 4 2c4f P u (x,1).
1 a 1
(i)
30
25}
20f -
— K1
15] — wl
1o}
05
1 2 3 4 5

Al

j:\/—afflz + 2¢4 (= + Py’

It is worthy to mention that the presence of =+ signs reflect a fact that
each solution u;(x, t) and v;(x,t), i = 1,2 can be expressed by two solu-
tions which may be called right and left solutions, They correspond to
the upper and lower signs respectively. Here, we confine our selves to
consider the upper sign.

The results in (20) are represented in Figs. 1(i), (ii) and (iii) for the
first mode.

Fig. 1(i) shows complex chirped while (ii) shows Mixed M-W-shaped
pulses. Fig. 1(iii) shows chaotic waves.

The critical values of f;, i = 1, 2 that distinguish the polarization of
the first and second modes are given in the following

u(x, 1),

(20)

(ii)

30

25¢

20¢

05¢

00

A2

Fig. 4. Fig. 4(i) and (ii) are displayed for the same caption as in Figs. 2(i) and (ii).
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Fig. 5. Figs. 5(i)-(iii). The 3D and contour plots are shown in (i) and (ii). In (iiiO the solutions in (30), for the first mode,are displayed against x for different values
of t.

—I A+ 2mPag —I Ay + 2mPay

A <0, > P sor >0, p < i , (aarsech(a(Bo+c2))/ \/—af/12+2b262/42(a2—ﬁ2)
) (x,1) =, i (x, 1) = uy (x,1),
—a*ly + 2mPap? —ady + 2mPagp? b “ \/Z
<0, > 2T o >0, p< 2T TR

h 1
uz(x,t):a—lul (x,1), va(x,1) :a \/T\/—hfll —2b*c*(—ay + ) )P uy (x,1).
1

2y 2

(21

(25)

Lumps: p=2and k = 2
PSP The results for the first and second modes are shown in Figs. 2, (i) and

(ii) respectively.
Figs. 2(i) shows multiple lumps while (ii) shows wavy soliton.
The characteristics of the pulses configurations are demonstrated in

In this case we consider the solutions given in (16), but the auxiliary
equation is

N — [ 2 bro(2). 29 what it follows. We mention that the Eqgs. (3)-(5) are used. The spectrum
8 (@) = c@)y/a 8 (22) for the first mode is shown in Figs. 3 (i) and (ii).
By using (16) and (22) in (11)-(14), we have Figs. 3 show chaotic optical pulses near kg = 0. Otherwise, it shows

Random optical pulses.

— — — 12 2.2 2
o =0, hy =0, 0y = kjay +a"c*(—a + f)p, The frequencies and wave lengths are shown in Figs. 4(i) and (ii).

(23) Here, both @; and k;,i = 1,2 are constant for any parameters in the
. solution (25).

vn In this case the polarization of the two modes is determined when-
ever the following equations hold

Vi~ 26 (a + B

pr==

V—aih + 207 (@ — ) 22 2
e Vi C e skhmoddl-pl @0 5 5 bt 2 A+ 2Pl
s F1 22,2
2b cu

ori; >0, p, < TR

)

Finally the solutions are, where the upper sign is taken,

—athy + 20y
2b262ﬂ2

—athy + 20y

A <0, ﬁ2 > 2b2c2ﬂ2

ord, >0, p, <

(26)

0.01

Reg(x.tin.oo

0.01

] ; g -20

X

X

Fig. 6. Figs. 6(i) and (ii). The 3D plot and the variation against x for different values of time for the second mode are shown in (i) and (ii) respectively. The same
caption as in Figs. 5(i) and (ii) are used..
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(ii),Rep(x.t)

Fig. 7. Figs. 7(i), and (ii). The 3D and contour plots are displayed Rep(x, t) are displayed when ay =0.2,s; =1.5,By =4,c =1.8,a; =0.5,hy = 0.8,a2 = 1.5,y =
0.09,4; = -1.5,4 =0.7,6 =15,a =1.1,=4,c =1.8,hy =3.1,50 =1.3,5, = —04,5, =3.7.

Solitary: whenp =1 and k = 2

In this case we consider the solutions given in (16), but the auxiliary
equation is
g(2) = 28(2)" +c18(2) +co- 27)
By inserting (16) and (27) in (11)-(14), we have

R +pH R, areico(—ay + By’ _ ap(ajc; —apc2))

(1 —k1 1 > s s
by ag ay

VIR 26 (a4

h
P = N/ , h0:4a11 2(—2a0cz+3cla1).
(28)
2c3(—ay + B, u2ai i, ac
by =¥ 2 20 1 = =Ka. 29
1 \//1—2 , €2 2a (2] BYes) (29)
Finally, we have
a0(2 + 2+ 2a1avo) 200
= u(x,t) = —7——,
8(2) ay(c1z + 2ayapAo) 1) 2aya0Ap +¢12
V2apr/ —2a2, + 3 (—ay +
vi(x, 1) = 0\/ o s 2) , (X, 1) =y (x,7), (30)
(2a1a0A0 + clz)\/l_
—4h 1 2 — 2
va(x, 1) = \/ Mmilay + 2ae (a1 +fi ) uz = jix + ot.
(2a1a0A0 + C]Z)\/Z
hy = hl(aoc%s?(fal +ﬂ1)ll2 + 21/11S0/11(hf +P% - cfsf(fal +ﬂ1)ﬂ2))
2a,(h} + p})sii '
1
=— 1 (8aysoh (12 + p?) + s (ay —
12al(hf+p%)s1/11 1(8aisodi (A} + p7) 1s1(an = By)
B4+ 1
& _(1 1 _ iy 220 2
() la] S% El P \/271\/ 141 +Cls1( a +ﬁ1)ﬂ E

The results in (30) for the first and second modes are displayed in
Figs. 5(i)—(iii) and 6(i) and (ii).

WhenAo :100,00 :2,(11 :5,C1 :4,h1 :0.8,/11 = 70.5,6{1 :157
p1 =3,6 =5u =6;k1 =5, =250, =0.8,4, =1.8,k2:=10.

Figs. 5 (i) shows soliton cascade, (ii) shows random optical lattice
and (iii) show self modulation waves.

The behavior of the solutions for second mode are shown in Figs. 6(i)
and (ii).

In this figure, the behavior of the solution is mainly the same as in
Figs. 5.

RF solutions of (11)-(14)
Whenp=1andk =1

Here, we find rational solutions in the form

a18(z) +ao @ _bigld) + b
Ui = Slg(z) + 50 1e) = 518(2) +s0”

hg(z) +ho _ 18 tpo (31
Ua(2) = Slg(z) +s0 V2(a) = 518(z) + 50

g =cig(z) +c

For linearly dependent solutions, we takeb, = “—g%, Po = h—;’l’i—l By
inserting (31) into (11)-(14), we get

i) + daosi A (I + py) + cist(—ar + i),

(32)
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— wy

Fig. 8. Figs. 8(i), (ii) and (iii). The spectrum, intensity frequency and wave number are shown in (i), (i) and (iii) respectively for the same caption as in Figs. 7(i), (ii).

(@} +b})A

1
0, = Koy — T = V2GS (a4 p) (33) G afbfﬂzz 2—23%a(2)c§sfﬂ2,uz)’ Y
32ayc;s7p a
Finally the solutions are (37
Y S T 2252 2 222 2
al(aosl +2a;A0e" s — also) b, b= \//1—2\/ alﬂz 32&0C22s1a2” * 32a0C2S1ﬂ2/l ’
ul(x1 t) = P (70 s +a (ZA 135, + 5, )7 Vl(xvl) = a_ul(x7 t)v
! 0% IS0 ! 0 ! (34) Finally the solutions are
h
wa (e, t) = =t (x,0), valwt) =P (x,0), 2 b
a ap — 1 _ 7t
uy(x, 1) = 3 s o) =—u(x, 1),
(arsi + 4ajapAgs) + 4apcssz) a (38)
Whenp=1and k = 2 A
1 P1
uy(x, 1) = ——uy (x, 1),  wa(x, 1) =—u; (x,1), z = px + ot.
a a
In this case we use (31) but the auxiliary equation is taken ! !
g,(Z) = czg(z)2+c1g(z)+co, (35) Whenp:2 andk -9
_ b _ hOP . .
glzlglzland we take by = %1, and po = % By substituting from (31) Here, we use (31) together with the auxiliary equation
and (35) into (11)-(14), we get
g () = cgla)y/ @ — b2g(2)". (39
By using (31) and (39), we have
R+ a\J3Is3 + A hosiso + IS
) = kl(ll — 55 s b= Y
isg 2v/2hyso
ao 2 3 2 2
a, = m(ﬂl (2mgpisi — 2Ihoso — 2l hopiso) + hisy (205, + a*cPsy(an — By)p?)), (40)
hvVK
P = L, K= (—4h(3,s1 +4h1hgso)/11 + (=ay + B2 (5a*Phos st + a*c*hysy),
2 h(z)(h()sl - hlso)ﬂl
o1 = 26, - (aoh — arho)* (B +p)a 2a1hi (Saghy + arho)’k; (b} + p})s
R 9hs? 92 h2sA ’
2 agcr(—aih? + 5ayaghyhy + 2a°h2)
h = (3(10]11 +a1ho) 5 [ 02 1 10 5
alhl (Saohl + alho) (36)

VK

_ 40%(!2]’!? + 661100(}2]’[1]10 + 20%(!2]’!3

c =
il (Saoh + arho) V2\[[=a i (Saghy + arho

K = 2,(50a2a21 + 20d3aghhy + 24t Hi2) + 92 (3agh, + ayho)*sPaup® — 962 (3aohy + arho)*s2 42,
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) = k20, — (bis 72 ‘135%)127 hy = h0517
5184 So
(41)
PR TR PP SN e
\/ES() 12
The solutions of (11)—(14) are
b. h(a (B - b

u(6,1) = ao(bsocosh(a(By + ¢z)) asl)7 v (1) = 2l (1)

so (asy + bsocosh(a (By + ¢z))) a 42)

u(x,1) = Eul (x,2), valx,1) = &ul (x,1).
Ao do

The results (41) and (42) are used to display Rep(x, t) in Figs. 7(i) and
(ii).

Figs. 7(i) and (ii) show tunable conoidal pulses.This result is novel

We mention that when displaying Req(x,t), we found that the figures
show mainly the same behavior, apart from the numerical values of
Rep(x,t) and Req(x,t). So, they will not produced here.

The characteristic of pulses, spectrum, frequency wave length and
intensity are shown for the two modes Are shown in Figs. 8(i)-(iii).

Fig. 8(i) shows lumps supported by periodic waves, while (ii) shows
W-shaped with double kinks.

The same figures are displayed for the second mode.The same be-
haviors as in Fig. 8(i)-(iii) hold, but with different numerical values and
they will not shown here.

Conclusions and future work

Here, the two-mode resonant nonlinear Schrodinger equations are
considered. A new transformation that allows to inspect the waves
resulting from soliton- periodic wave collision is invoked. Exact solu-
tions of the model equations are found by using the unified method. A
class of polynomial and rational solutions have been obtained. It is
observed that there is no rogue (or sharp) waves formation, thus colli-
sion is elastic. It is shown that the pulses propagation occurs in different
geometric structures. Self-phase optical pulses modulation, soliton-
cascade, multi-lumps, M-W-shaped, complex chirped and tunable
conoidal pulses. It is found that the pulse- polarization, self-focusing or
self-defocusing, depends basically on the coefficient of the quantum
potential. Further the spectrum content is investigated. It shows mixed
lattice and Chaotic spectrum are observed. For future work we shall
investigate the pulses configuration in a medium in two-mode chiral
nonlinear schrodinger equation.
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