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1 Introduction and preliminaries
A mapping f : U — V is called additive if f satisfies the Cauchy functional equation

S +y)=fx)+f(y) (1.1)

for all w,y € U. It is easy to see that the function f(x) = ax is a solution of functional equa-
tion (1.1) and every solution of functional equation (1.1) is said to be an additive mapping.
A mapping f : U — V is called quadratic if f satisfies the quadratic functional equation

fOe+y) +f(x—y) =2f(x) +2f () (1.2)

for all x,y € U. It is easy to see that the quadratic function f(x) = ax? is a solution of
functional equation (1.2), and every solution of functional equation (1.2) is said to be a
quadratic mapping. Mixed-type functional equation is the advanced development in the
field of functional equations. A single functional equation, which has more than one na-
ture, is known as mixed-type functional equation. Further, one can refer to [1-23] for
more information on functional equations and applications.

“Let G be a group and H be a metric group with a metric d(-, ). Given € > 0, does there
exist § > 0 such that if a mapping f : G — H satisfies d(f(xy),f(x)f (y)) < 6 for all x,y € G,
then there exists a homomorphism a : G — H with d(f(x),a(x)) < € for all x € G?” This

problem for the stability of functional equations was raised by Ulam [24] and answered
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by Hyers [25]. Later, it was developed as Hyers—Ulam stability by Rassias [26], Rassias
[27, 28], and Gavruta [29].

Definition 1.1 (Fuzzy modular space [30]) Let u be a fuzzy set on X x R*, V be a complex
or real vector space, y be a zero on V, and * be a continuous triangular norm. The triple
(V, u, %) is said to be a fuzzy modular space and p is said to be a fuzzy modular if it satisfies
the following:
(i) wlxt)>0;

(i) m(x,t)=1ifand onlyifx=y;

(i) wlx t) = p(=x,1);

(iv) wlax+by,r+1t) > ulx,r)*puy,t),a,b>0,a+b=1;

(v) the function u(x,-): (0,00) — (0, 1] is continuous.

Example 1.2 Let u be a fuzzy set on V' x R*, V be a complex or real vector space, and *
be a continuous triangular norm such that a x b = a x5 b = min{a, b}. Then

t
wt) = el t>0,xeV,
0, t<0,xeV,

is a fuzzy modular space. This example holds even if we replace a * b with axp b and a * b.

Definition 1.3 Let (V, u, *) be a fuzzy modular space. Let {z,} be a sequence in V.
(i) {2z} is said to be u-convergent to z, denoted by z, L 2, if there exists a positive
integer mg such that u(z, —x,£) >1 -y forall m > my, t >0,and y € (0,1).
(ii) {z,} is said to be a Cauchy sequence if there exists a positive integer m, such that
W(zy =z, t) > 1 —y forall m,m > my, t >0,and y € (0,1).
(ili) Every u-convergent sequence in an FM-space is a p-Cauchy sequence. In (V, i, %),
if each p-Cauchy sequence is j1-convergent sequence, then (V, u, *) is called a

pm-complete fuzzy modular space.

Definition 1.4 ([30]) If u fulfills the property (yz,t) = /L(Z, b) for some fixed b € (0, 1]
and a nonzero real number y, then (V, u, %) is said to be a b- homogeneous fuzzy modular
space.

In 2002, ]. M. Rassias [31] studied the Ulam stability of a mixed-type functional equation
(Zx,) + Zg (x;) = Z g(x; +x5).
1<1<}<3

Later, Nakmalachalasint [32] generalized the above functional equation and obtained an
n-variable mixed-type functional equation of the form

g(Zx,) (m— 2ng, = Z glxi +x))
i=1

1<i<j<n

for n > 2 and investigated its Ulam stability.



Ramdoss et al. Journal of Inequalities and Applications (2021) 2021:61 Page 3 of 14

In 2005, Jun and Kim [33] introduced a generalized additive-quadratic functional equa-
tion of the form

gx+ay) +agx—y) =g(x - ay) + ag(x +y) (1.3)

fora #0,+1.

Shen and Chen [30] introduced the concept of fuzzy modular spaces in 2013. Fur-
ther, Kumam [34, 35] and Wongkum et al. [36] introduced the fixed point concept
in fuzzy modular spaces and obtained some properties. Wongkum and Kumam [37]
investigated the Hyers—Ulam stability of sextic functional equation in fuzzy modular
spaces.

Motivated by the notion of fuzzy modular spaces and by the mixed-type functional
equations, we introduce a new generalized n-variable mixed-type functional equation of
the form

n-1
Z (f(kx,- + xj)) + f(kx, +x1) (1.4)

i=1j=i+1

n—-1
—k|: Z (f(x, +x]’)) +f(xn +x1)j|

i=1,j=i+1

k)2 -k —
CS Do+ x0) + e D (e )

i=1 i=1

for positive integers n,k > 2 and investigate its Hyers—Ulam stability in fuzzy modular
spaces.

This paper is structured as follows: In Sect. 1, we provide necessary introduction of this
paper. In Sect. 2, we obtain the general solution of functional equation (1.4). In Sect. 3, we
investigate the Hyers—Ulam stability of (1.4) in fuzzy modular spaces using the fixed point
theory, and the conclusion is given in Sect. 4.

2 General solution of a mixed-type functional equation
Let U and V be real vector spaces. In this section we obtain the general solution of a
generalized n-variable mixed-type functional equation (1.4).

Lemma 2.1 Let a mapping f : U — V satisfy functional equation (1.4). If f is an even
mapping, then f is quadratic.

Proof Let a mapping f : U — V satisfy functional equation (1.4). Substituting (x1,%2,...,
xy) by (,0,...,0) in (1.4), we have

S (kx) + f(x) - 2kf (x) (2.1)

1-k)? -k
=( 5 ) [f(x) +f(=2)] + k12_k[k2f(x) —f(kx)]

for all x € U. By the evenness of f, equation (2.1) leads to f(kx) = k*f(x) for all x € U, and
so f is quadratic. Hence, by the evenness of f, the mixed-type functional equation (1.4) is
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reduced to the following quadratic functional equation of the form:

n-1
Z (f (ki + %)) +f (ko + 1) — |: Z (f (x; + x7)) +fx,,+x1):| (2.2)

i=1j=i+1 i=1j=i+1

n _ k n
= (1=K D (F6) + 15— D (Kf i) =S (k)
i=1

i=1

for positive integers n, k > 2. g

Lemma 2.2 Leta mappingf : U — V satisfy functional equation (1.4). Iff is an odd map-
ping, then f is additive.

Proof Let a mapping f : U — V satisfy functional equation (1.4). Substituting (x1,%y,...,
x,) by (x,0,...,0) in (1.4), we get (2.1). By the oddness of f, equation (2.1) leads to
fkx) = kf (x) for all x € U, and so f is additive. Hence, by the oddness of f, the mixed-
type functional equation (1.4) is reduced to the following additive functional equation of

the form:

Z (ka,+x,)+f(kx,,+x1 |: Z (fxl+x, +fxn+x1)] (2.3)

i=1j=i+1 i=1,j=i+1

S e - )

i=1

for n e N. O

Theorem 2.3 Let an even mapping f : U — V satisfy functional equation (2.2), then f is

quadratic.

Proof Suppose that f is even and satisfies functional equation (2.2). Settingx; =xp = - -+ =

x, = 0 and replacing (x1,x,,...,%,) with (x,0,...,0) in (2.2), we obtain f(0) = 0 and

f(kx) = Kf (x), (2.4)

respectively, for all x € U. Replacing (x1, %3, %3, ...,%,) with (x1,%,,0,...,0) in (2.2) and us-
ing (2.4), we have

flhkxy + %) — kf (%1 + 22) = (k2 - k)f(xl) + (1= k)f(x2) (2.5)

for all x1,%, € U. Replacing x; with —x, in (2.5), using the evenness of f and again adding
the resultant to (2.5), we get

Slhkxy +x2) + f (kxey — %) (2.6)
= kf (o1 + x2) + kf (%1 — x2) + 2(k2 - k)f(xl) +2(1 = k)f(x2)
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for all x1,x, € U. Replacing (x1,x;) with (x1,%1 + x7) in (2.6), we get

S((k+ D)xy +x2) +f((k = Dy —2x3) (2.7)
= kf(2x1 + x2) + f(—x2) + 2(k2 - k)f(xl) +2(1 = k)f (%1 +x3)

for all x1,x, € U. Replacing (x1,x;) with (%1, —x3) in (2.7) and again adding the resultant to
(2.7), we get

f((k + 1)x1 +x2) +f((k + 1)x1 —xz) +f((k— 1)x1 +x2) (28)
+f((k = D)y —x2) — k[f(2%1 + %) +f (221 — %2) + 2f (2) ]
= 4(k* = k)f(x1) + 2(1 = K)[f (1 +x2) + f (1 — %) ]

for all x1,%, € U. Now, by (2.6) and (2.8) and by assuming different values of k as k + 1,
k — 1, and 2, we obtain (1.2). Hence the mapping f is quadratic. d

Theorem 2.4 Let an odd mapping f : U — V satisfy functional equation (2.3). Then f is
additive.

Proof Suppose that f is odd and satisfies functional equation(2.3). Replacing (x1, %y, ...,%,)
with (0,0,...,0) and («,0,...,0) in (2.3), we obtain f(0) = 0 and

flkx) =kf(x), Vxel, (2.9)
respectively. Replacing (x1, %3, %3, %4, . . ., %,) with (x1,%,0,0,...,0) in (2.3), we obtain
Jkxy +2x9) — kf (1 + x2) = (1 = k)f (x2) (2.10)

for all %1, %, € U. Replacing x; with —x; in (2.10), using the oddness of f and again adding
the resultant to (2.10), we get

Skxy +x9) + f(kxy = x2) = kf (1 + x2) + kf (%1 — x2) (2.11)
for all x1,x, € U. Replacing (x1,x;) with (x3,%1) in (2.11), we get

S 1 + kxg) — f (1 — kxg) = kf (1 + x2) — kf (%1 — x2) (2.12)
for all x1,x, € U. Replacing x, with kx; in (2.11) and using (2.9), we get

Fxy + kwg) + fx1 — kxa) =f (1 +x2) + f (%1 — %) (2.13)
for all x1,x, € U. Replacing x; with x1 + kx, in (2.12), we get

f(x1 + 2/(962) —f(xl) = kf((x1 + xz) + kxz) — kf((x1 — xz) + kxz) (214)
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for all x1,x, € U. Replacing x; with —x; in (2.14), adding the resultant to (2.14) and using
(2.12), we obtain

f(x1 + 2/(962) +f(x1 - 2ka) = k2 [f(x1 + 2x2) +f(x1 - sz)] — 2k2f(x1) + 2f(x1) (215)

for all x1,x, € U. Replacing x, with % in (2.15) and using (2.13), we get

S 1 +x2) + (%1 = x2) = 2f (x1) (2.16)

for all x1,x, € U. Replacing (x1, %) with (xy,x;) in (2.16) and adding the resultant to (2.16),
we obtain (1.1). Hence the mapping f is additive. d

Lemma 2.5 ([33]) Let a mapping f : U — V satisfy functional equation (1.3), then f is

additive-quadratic.

Theorem 2.6 Let an odd mapping f : U — V satisfy functional equation (1.4). Then f
satisfies (1.3).

Proof Suppose that an odd mapping f satisfies functional equation (1.4). Replacing

(%1,%2,...,%,) with (x1,%5,0,...,0) in (1.4), we obtain
flhkxy +x3) — kf (x1 +x3) = (1 = k)f (x7) (2.17)

for all x1,x, € U. Replacing x, with —x; in (2.17), using the oddness of f, and again adding
the resultant to (2.17), we get

f(kx1 + xz) +f(kx1 —xz) = kf(x1 + xz) + kf(x1 — Xz) (218)
for all x1,x, € U. Replacing (x1,x;) with (x3,%1) in (2.18), we get (1.3). O
3 Stability of a mixed-type functional equation
In this section, we obtain the Hyers—Ulam stability of a generalized n-variable mixed-type

functional equation (1.4) in a fuzzy modular space by using the fixed point technique. For

the mapping f : M — (V, ), consider

n-1
S(xth"--;xn) = Z (f(kxl +x,)) +f(kxn +x1)
i=1,j=i+1
n—1
- k[ Y (Fli+ ) +f o + m}
i=1,j=i+1
Iy AV k&
- B ) > () +f (=) - k12__k D (R (i) - f (ki)
=1 i=1

forneN, k>2.
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Theorem 3.1 Let M be a linear space, V' be a real vector space, (V, u, %) be a p-complete b-
homogeneous fuzzy modular space, and o € {—1,1} be fixed. Suppose that an even mapping
f:M— (V,p,*) satisfies

w(S1, %, .., %0),8) = P, %2, .5 Xy E) (3.1)
for all x1,%2,...,%, € M and a given mapping p : M x M — A such that

p(k“xl,k“xz,...,k“xn,kZb“Nt) > p(x1,%2, ..., Xy, £) (3.2)
forall x1,%5,...,%, € M and

W}I—Igo p(k“"‘xl,k“’”xz,...,k“’”xz,kZb“mt) =1 (3.3)

for all x1,%,,...,%, € M and a constant 0 < N < Then there exists a unique

1
(k2k722kk+1 )b :
quadratic mapping Q : M — (V, u) satisfying (1.4) and

t

KON (1 - (SN

p(Q(x) -f®), ) > p(*,0,...,0,2) (3.4)

forall x1,%5,...,%, € M.
Proof Letting (x1,%3,...,%,) by (x,0,...,0) in (3.1), we obtain

K2-2k+1
MUk

(f(kx) - I<2f(x)),t> > p(x,0,...,0,t) (3.5)

for all x € M, and so

(kx) k2 —2k+1 K2 -2k+1\°
M(fkf —f(x)'t)=P(k27_k+(f(kx)—k2f(x)),(k2—_k+> k%t) (3.6)

K2 -2k +1\°
,0,...,0, ———— kbt
Zp(" ( -k )‘ )

for all x € M. Replacing x with k"Lx in (3.6), we obtain

(k~'x) (%) _ t
M<f = —f(x):t> =l/«(fk—2 - (k 1@)@) (3.7)
o K -2k+1\° ,, | Nt
Z,O k x,O,...,O, W k N ﬁ
K2 =2k +1\" 5
Zp(x,O,...,O,(W) k“°N t)

From (3.6) and (3.7), we obtain

f(k“x) K2 =2k +1\" 5, au
lu‘< k2a —f(x),t> Z‘-I—’(x,t) ::p<x,0,...,0,(w> k2bN 2 t> (3.8)

Page 7 of 14
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for all x € M. Consider P := {h: M — (V, 1)|h(0) = 0} and define 1 on P as follows:
n(h) = inf{l >0: p(h(x),lt) >W(x,t),Vx € M}

One can easily prove that 7 is modular on N and indulges the Aj-condition with k = «
and the Fatou property. Additionally, N is n-complete (see [38]). Consider the mapping
R:P,— P, as RQ(x) := L2 forall Q € P,.

Let /1,j € P, and [ > 0 be an arbitrary constant with 7 (% —j) < /. From the definition of 5,

we get
w(h(x) - j(x),it) > W(x,t)
for all x € M, and so

1 (Rh(x) - Rj(x), Nlt)
= (k2 h(kex) — k-2 (kx), Nit)
= w(h(k*x) - j(k“x), k**Nit)
> W (k“x, k**“Nt)

> W(x, 1)

forallx € M. Hence n(Rh - Rj) < Nn(h-j) for all h,j € P, which means that R is an n-strict

contraction. Replacing x with k*x in (3.8), we get

(f(kz‘lx)
"

U f(k”x),t) > W (K, ) (39)

for all x € M, and therefore

M(k—Z(Zu)f(kZax) _ k"zaf(k“x),Nt) (3.10)
= w(k7f (k%) = f (K x), k"Nt
> N (kax’ kzszt)

> W(x, 1) (3.11)

for all x € M. Now

fk* k
u( S st )( i )(Nt+t)) (3.12)
f

fk*x)  f(k*x) f(k*x)
”“(kZ k) < Kk )

> W(x, 1)

Page 8 of 14
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for allx € M. In (3.12), replacing x with k“x and (%)b(Nt +t) with (k2 kel ybp2ba( N2 4

Nt), we get
f(k*x) e (K2 =2k+1\" 2
W —f(k“x),k “ W (N t +Nt) > \I/(k“x,k aNt) (313)
“ -k
> W(x, 1)

for all x € E. Therefore,

FU3%)  fk%x) (K> -2k +1\"
M( B '( k2

2
R T — ) (N t+Nt)> > W(x,t) (3.14)
for all x € M, and so
F(k3x) 2/<+1 K*=2k+1\"
M(,m AL Sy oy (Nt +Nt) +t (3.15)
F3%)  f(k*x) (K2—2k+1\" ) f (k"x)
2“( K32a) ~ j2a 2 _k (Nt+Nt) v —f(x),t
> V(x,1)
for all x € M. Generalizing the above inequality, we obtain
S (ke x)
u( o~/ @, (3.16)
K -2k +1 ”N -l (K21 b2 -2k+1 bN 1 ,
K2 -k k? -k py k2 -k
> V(x, 1)
for all x € M and a positive integer m. Hence we have
n(R"f -f) (3.17)

(BB (R e
= k2_k p= k2 = 1

7 .
-k _(kk22_kk+1)bN

K2-2k+1\° N\ K22k +1\PER /K2 =2k +1\° !
f(( ©k )N> ( ek )Z(( ek >N>

Now, one can easily prove that {R”(f)} is n-convergent to Q € P, (see [37]). Therefore,
(3.17) becomes

(/(2 —2k+1 )b

nQ-f) =<

) (3.18)
— (k2k22_kk+1 ) N
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which implies

K2 22k+1)b
() -r) Wr) (319)

K2 =2k +1\° o
zlll(x,t)zp(x,o,...,o,<7+> k2bN21t>

for all x € M, and hence we have

t
’ksz%( (k2 2k+l)bN)

u(Q(x) —f(x) ) p(%,0,...,0,) (3.20)

for all x € M, and so inequality (3.4) holds. One can easily prove the uniqueness of Q (see
[37]). O

Theorem 3.2 Let M be a linear space, V' be a real vector space, (V, u, *) be a u-complete b-
homogeneous fuzzy modular space, and o € {-1,1} be fixed. Suppose that an odd mapping
f:M— (V,p,x) satisfies

w(SCor %25, %), ) = p(X1,%0, .., s ) (3.21)
forall x1,%5,...,%, € M and a given mapping p : M x M — A such that
p (k%1 k%3, ..., K %, KP“NE) > (1, %2, ., %s ) (3.22)
forall x1,%5,...,%, € M and

lim (k" %1, k"3, ..., k" x2, KP"t) = 1 (3.23)

m—> 00

forall x1,%5,...,%, € M and a constant 0 < N < . Then there exists a unique addi-

1
2_:
(k 2_k+1 )b

tive mapping A : M — (V, u) satisfying (1.4) and

t
P(A(x) —f (%), ONTA( k2k32_kk+1)bN)> > p(x,0,...,0,2) (3.24)

forall x1,%5,...,%, € M.

Proof Replacing (x1,%3,...,%,) with (x,0,...,0) in (3.21), we obtain

M<k k22k+ L o) — it (), t) > p(x,0,...,0,) (3.25)

for all x € M, and so

f (k) (K2 -2k+1 k(k? -2k +1)\"
w82 —pone) = o (S -, (2D ) 2o

k
. o o k(K2 =2k + 1) ht
_10 x50, 0, k2—k

Page 10 of 14
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for all x € M. Replacing x with k~Lx in (3.26), we obtain

" (f ® _fri), ;> (3.27)

k k(k2=2k+1)\p
( szk )

k(% =2k +1)\° Nt
1 -1 _
Z,O(k x,O,.‘.,0,<W> N (k(k2—2k+1))b)

k2—k
> x,0 0 M bN—lt
_,0 yUyeeer Uy kz—k .

-1
o122 )

From (3.26) and (3.27), we obtain

f (k%) k(K2 =2k +1)\", a1
M( X —f(x),t) > \If(x, t) = p<x, 0,...,0, (W) N2 t) (3.28)

for all x € M. Consider P:= {h: M — (V, 1)|h(0) = 0} and define 1 on P as follows:
n(h) = inf{l >0: p(h(x),lt) > W(x,t),Vx GM}.

One can easily prove that 7 is modular on N and indulges the Aj-condition with k = «
and the Fatou property. Additionally, N is -complete (see [38]). Consider the mapping
R:P, — P, as RA(x) := ‘% forallA e P,.

Let /1,j € P, and [ > 0 be an arbitrary constant with 1 (/% —j) < [. From the definition of 5,
we get

w(h(x) —j(x),1t) = W (x, 1)
for all x € M, and so
,u(Rh(x) - Rj(x), Nlt)
= (ke h(kex) - k~j(k"), Niz)
= w(h(kx) — j(k“x), K" Nit)
>y (k“x, kb"Nt)
> W(x,t)

forallx € M. Hence n(Rh - Rj) < Nn(h—j) for all h,j € P, which means that R is an n-strict
contraction. Replacing x with k“x in (3.28), we have

M<f (/;j:x) —f(kx), t) > W (kx, £) (3.29)

for all x € M, and therefore
,u(k_z"f (k2”x) - kf (k“x),Nt) (3.30)

= u(k™f (k*x) - f (k“x), k> Nt)
> W (k“x, k"*Nt) = W (x, 1)

Page 11 of 14
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for all x € M. Now

u( izx) ( 2k+1) mn+n> (3.31)
(I 1 ) )
> W(x, 1)

for all x € M. In (3.31), replacing x with k“x and (lg];%k]:l)b(Nt +t) with kba(%)b(N% +
Nt), we obtain

f (k) a ﬂ 2k+1
M( k2a _f(k ) kb <W) (Nzt + Nt)) (3.32)
> W (k“x, k" Nt) > W (x, )

for all x € E. Therefore,

Fk3x)  f(k%%) (k2-2k+1\"
u( G fa ( TR )(N2t+Nt)>z\Il(x,t) (3.33)

for all x € M, and so

ay b
M(ﬂga -f(x), < Zk/:1> <<k2/;2_1</:r1> (N?t + Nt) +t>> (3.34)
> (f(llizx) f(i:?d)( k22_k/:1> (N2t+Nt)) . (f(kax) f( )
> W(x,t)

for all x € M. Generalizing the above inequality, we get

u(f L) (3.35)
K2 =2k +1\2 N K22k 1\PA (K2 -2k +1\" \7!
((( ok )N> (e > (( ok )N> >t>
> W(x, 1)

for all x € M and a positive integer m. Hence we have

n(R"f -f) (3.36)

R2—2k+1\° "' (K- 2k+ 1N /2 =2k +1\P )\
f(( ok )N> ( ok )Z(( ok >N>

b m i-1 kK2—2k+1
5;( 2k+1> §:(< 2k+1)<N) - (kthfb .
P 1-(5a50 N
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Now, one can easily prove that {R™(f)} n-converges to A € P, (see [37]). Therefore, (3.36)

becomes

(k2—2k+1 )b

Ik
n(A-f) < X , (3.37)
1- (RN

which implies

(K=2kelyb

u(A@ - (x>,k2%kt) > W(x0) (338)
( f 1— (k2k_22_k]:-l)bN
K -2k+1\° by asl
:p(x,O,...,O,(W) kN 2 t)

for all x € M, and hence we have

t
KEN“T (1 - (E2kelyopy)

M(A(x) —f(x), )Zp(x,O,...,O,t)

for all x € M, and hence inequality (3.24) holds. One can easily prove the uniqueness of A
(see [37]). O

4 Conclusion

In this paper, we introduced a new n-variable mixed-type functional equation which satis-
fies f(x) = x +x2. Mainly, we obtained its general solution and investigated its Hyers—Ulam
stability in fuzzy modular spaces by using the fixed point method, and we hope that this
research work is a further improvement in the field of functional equations.
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