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Abstract

We consider fuzzy sets and generalized triangular norms on positive elements of
order commutative C*-algebras to study the concept of C*-algebra valued normed
algebras with uncertainty. Using n-expansively super-homogeneous and

(n, k)-contractively sub-homogeneous control functions, we make stochastic
(®,7Y, E)-derivations stable and get a better estimated error. We present some
numerical examples of control functions and approximations to illustrate the
applicability of the main results.
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1 Introduction
In this paper, we define some new control functions with uncertainty named n-expansively
super-homogeneous and (#, k)-contractively sub-homogeneous mappings. These control
functions help us to make stochastic derivations stable. Also, we can get a better approxi-
mation for these stochastic derivations.

We consider the positive cone of an order commutative C*-algebra and generalize the
concept of triangular norm and fuzzy sets on it; we refer the reader to [1-3] for more
details. Also, we define C*-algebra valued normed algebras using generalized triangular

norms and fuzzy sets.

Definition 1 Let A be an order commutative C*-algebra and .A* be the positive cone of
A. Let U # (. A C*-algebra valued fuzzy set (in short, C*-AVF set) C on U is a function
C:U — A*.Foreach u in U, C(u) represents the degree (in .A*) to which u satisfies A*.

We put 0 = inf A* and 1 = sup.A*. Now, we define a class of generalized ¢-norms (trian-
gular norm) on A*.
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Definition 2 A ¢-norm on A" is an operation © : A* x A* — A" satisfying the following
conditions:

(a) t ©1 =t for every t € A* (boundary condition);

(b) t © s =5 Ot for every (t,s) € (A*)? (commutativity);

(QtO(sOp)=(tOs)Op forevery (t,s,p) € (A)? (associativity);

(d)t=<tands<s =t Os <t Os forevery (t1t,s,s) € (A*)* (monotonicity).

Now suppose that, for ¢,s € A* and sequences {t,} and {s,} converging to ¢ and s, we
have

lim(t, ©s,) =tOs.
Then ©® on A* is continuous (in short, CTN).

Definition 3 Assume that a decreasing mapping F : A* — A" satisfies 7(0) = 1 and
F(1) =0. Then F is called a negation on A".

Example 1 Let

h
diag M, ([0,1]) = =diag[ty,..., ta), t1,..., £, € [0,1]
ty

We denote diag[ty,...,t,] < diag[si,...,s,] if and only if t; <s; for all i = 1,...,n; also,
1 = diag[1,...,1] and 0 = diag[0,...,0]. Now, we know that if A = diagM,,([0,1]), then
diagM,,([0,1]) = A*. Define Op : diagM,,([0,1]) x diag M, ([0,1]) — diagM,,([0,1]) such
that

diaglty,...,t,] ©Op diag[sy,...,s,] = diag[t1.s1,..., ty.Sy).
Then Op is a t-norm (product t-norm). Also note that ©p is a CTN.

Example 2 Let diagM,,([0,1]) = A*. Define ©y : diagM,,([0,1]) x diagM,,([0,1]) —
diag M,,([0, 1]) such that

diag(ty,...,t,] Op diag[sy,...,s,] = diag[min(tl,sl), ...,min(t,,,sn)].

Then Oy is a t-norm (minimum £-norm). Also note that ®, isa CTN.

Definition 4 The triple (T, N, ®) is called a C*-AVF normed space (in short, C* AVFN-
space) if T is a vector space over C, ® isa CTN on A*, and N is a C*AVF-set on T x
[0, +00) such that, for each £,s € T and 1, ¢ in [0, +00), we have

(a) N(t,0)=0;

(b) N(t,7) =1 forall T >0if and only if £ = 0;

() N(at,7)=N{(t, ) foralla #0;

d) Nt+s,t+¢6) =Nt 1) ON(s,6);

(e) N(t,-):[0,00) — A" is left continuous;
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(f) lims oo N (5, 7) = 1.
Also, N is called a C*-AVF norm.

Let (T, N, ®) be a C*-AVFN-space. For 7 > 0, define the open ball O, () as
Oue)(t) ={s € T: N(t-s1)> Fl0)},

in which ¢ € T is the center and ¢ € A* \ {0,1} is the radius. We say that A C T is open
if for each ¢ € A, there exist 7 > 0 and ¢ € A* \ {0,1} such that O,)(7) € A. We denote
the family of all open subsets of T by tor and so T/ is the C*-AVF topology induced by the
C*-AVF norm N

Example 3 Consider a normed space (T, || - ||). Let ©® = ©p and define the fuzzy set N on
T x (0,00) as

T he Il
N(t, T) = dlag[m, exp<—7>]

forall t,h,m € R*. Then (T, N, ®y) is a C*-AVFN-space.
Example 4 Let (T, || - ||) be a normed space,
u@vs= (ulvlrmin{ub Vz})

for all u = (uy, up),v = (v1,2) € A", and define the fuzzy set A on T x (0, 00) as

¢ ¢
¢+ lIsl” ¢+ Dl

./\/'(s,t):diag|: i|, V¢ e R*.

Then (T, N, ®) is a C*-AVFN-space.

Lemma 1 ([4]) Let (T,N,®) be a C*-AVFN-space. Then N'(t,7) is nondecreasing with
respectto T forallte T.

Definition 5 Let {¢,},cn be a sequence C*-AVFN-space (T, N, ®). If

Ve € A"\ {0} and T > 0,3ny € N such that Vim > n > ng, N'(t,, — ., T) = F(e),

then {t,},en is a Cauchy sequence. Also {¢,},en is convergent to ¢t € T (¢, ﬁ) 1) if N(t, -
t,7) — 1 whenever n — +00 for every T > 0. When all Cauchy sequences are convergent
in a C*AVFN-space, the space is complete. A complete C*AVFN-space is called a C*AVF
Banach space (in short, C*AVFB-space).

Definition 6 A C*-AVFN algebra (T,N,®,®’) is a C*-AVFN-space (T, N, ®) satisfying
(g Nwz,t¢) = Nw,t) @ N(z,¢) for every w,z € T and 7,¢ > 0 in which @' isa CTN.

Consider a normed algebra (7, || - ||). Define a C*-AVEN algebra (T, N, ®a, Opr), in
which

I vl
N(w,{)—dlag[g+”W”,exp<— . )]
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for all ¢ > 0 if and only if
Iwzll < lwlllizll + ¢llwll + zllzll - (w,z€ T;1,¢>0),
for which we name the standard C*-AVEN algebra.

Definition 7 Consider a complete C*AVF-algebra (V, N/, ®,®’). An involution on V is a
mapping v — v* from V into V with
(i) v =vforveV;
(i) (Yv+Ow)* = Tv* + Ow*;
(iii) (vw)* =w*v* forv,w e V.
If, in addition, N (v*v,®Y) = N (v,®) &’ N (v, Y) forv e Vand ®, Y > 0, then V isa C*AVF
C*-algebra.

Novotny and Hrivnak [5] considered (®, Y, E)-derivations on Lie algebras. Let B be a
Lie C*-algebra. We say that a C-linear mapping D : B — B is a Lie derivation on B if
D : B — B satisfies that

Dlt,s] = [D(t),s] + [t,D(s)] (1.1)

forall t,s € B [6, 7]. Also the C-linear mapping $): B — Bisa Lie (®, T, E)-derivation on
B if there exist ©, T, E € C such that

Ont,s] = Y[H(2),s] + E[t, H(s)] (1.2)

forallt,s € B. A C*AVF C*-algebra B with a Lie product [¢t,s] = ts—st is said to be a C*AVF
Lie C*-algebra. Assume that B is a C*AVF Lie C*-algebra. A C-linear mapping H : B — B
is said to be a C*AVF Lie derivation on B if H : B — B satisfies (1.1). A C-linear mapping
9 : B — Bissaid to be a C*AVF Lie (®, Y, E)-derivation on B if there exist ©,Y,E € C
satisfying (1.2).

Consider a probability measure space (I', X, §) and Borel measurable spaces (7, B7) and
(S,Bs), where T and S are C*AVFB-spaces. If for F : " x T — S we have {y : F(y,¢t) €
R} € X forevery tin T and R € B, we say that £ is a random operator. If F (y,at; + Bt3) =
afF (y,t1) + BF (y,t,) almost everywhere for £, ¢, in T and scalers «, 8, then [ is a linear
random operator, also if we can find an M(y) > 0 such that

V(F(% tl) - F(V’ tz)»M(J/)T) Z U(tl - tZ) T)
almost everywhere for ¢;,£, in T and 7 > 0, then F is a bounded random operator.

2 Cauchy-Jensen random operator
In this paper, let G = [0, 00] and G° = (0, 00).

Theorem 1 ([8, 9]) Let S be a set with the complete G-valued metric §, and let a self-
mapping A on S satisfy

8(As, At) <«k8(t,s), « <1isa Lipschitz constant.
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Let s € S. Then we have two options
(M) 8(A™s, A™*1s) = 00, Ym e N or
(II) we can find mo € N such that
(1) 8(A™s, A"*Ls) < 00, Ym > my;
(2) the fixed point t* of A is the convergent point of the sequence {A™s};
(3) intheset V ={teS|8(A"s,t) < 00}, t* is the unique fixed point of A;
(4) (1—x)d8(t,t*) <68(t, At) foreveryse V.

In this paper, assume that (B, N, ®x1, ®) is a C*-AVF Lie C*-algebra. Also, we use the
random operatorg: I" x B— B:

n n n
1
Ag(Y,t1, .. ty) = E g(y,vti + p— E vt,) -2v E gy, t),
i=1 i=1

j=1i

Ao yr,zg(y,t,s) = Ogly,t,s] - Y[gly,1),s] - E[t,g(y,9)]

forall £y,...,t, € B,y € T',all v € Q for some set 2 € D¢ and ©, Y, E € C. Denote
D¢ ={Q2 € C|g: Q2 — B is additive, bounded and continuous}.

For more details, see [10—13]. Also, ']I‘i/no :={e?;0 <6 <2m/ny} € Dc.

Lemma 2 ([14]) A random operator g:T" x T — § satisfies the equation

1 1 1
g(y,tl + E(tz + ts)) +g<y,tz + E(tl + ts)) +g()/,t3 + E(tl + tz)) (2.1)
=2(gly, t1) + gy, t2) + gy, t3))
forall t,,ty,t;3 € T,y €T ifand only if g is additive.

If we set t3 = 0 in (2.1), then we get that the Cauchy—Jensen random operator

1 t t
g()’» 5(& + tz)) +g(y,t1 + 52> +g<% 51 + tz) = 2(g(y,t1) +g()’,t2))

is equivalent to g(y,t; + t2) = g(y,t1) + g(y,t;) forall 4,6, € T,y € T.

Lemma 3 ([15]) A random operator g : ' x T — S satisfies A,g =0 for all t,,...,t, €
T,y €T ifand only if g is additive.

Lemma 4 ([10]) Let g:T" x B — B be an additive random operator such that g(y,vt) =
vg(y,t) forallv € Q,y € I" where the bounded set Q2 is in Dc. Then the random operator g

is C-linear.

3 Hyers-Ulam-Rassias stability

In this section, we present some stability results. In real phenomena, the concept of sta-
bility also appears in mechanical applications as a consequence of real equilibrium prob-
lems. Related stability problems take part in mathematical models from mechanics when
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equilibrium equations are imposed (see [16, 17]). The stability results have numerous ap-
plications in the study of stability of porous medium problems (see [18]). For further ap-

plications, we refer to [19-21].

Definition 8 Let n € N. A C*AVF mapping R : B” x (0,00) — A" is called a C*AVF n-

expansively super-homogeneous function if there is a fixed number £ € (0, 1) such that

R((w e ™ ), T) = R((tl,...,tn), Me—:) (3.1)
lim R((t,...,tn)5) =1 (3.2)
c—>00

forallt; e Bl <i<mn),l<pueN,and 1t € G°.

Example 5 Consider a real function r : R — R defined as r(t) = |t|*. Define

3 il
R((tl’ ty,t3), t) = diag[%r(”, exp<_M):|
j

T+ =1 T

forall t;,t;,t3 e Rand t € G°. Put £ = % Then R is a 3-expansively super-homogeneous

function.
Theorem 2 Consider a C*-AVF expansively super-homogeneous function ¢ :

B" x (0,00) — A* and a C*VAF 2-expansively super-homogeneous function v : B> x
(0,00) — A* with a fixed number € such that a random operator g :T' x B — I satisfies

N(Agy,ti,.. o tn)t) = o((ts- . s 80), T), (3.3)
N(A@),T,Eg(y;t:s)r T) = w((trs)’ T) (3'4)
forall ty,....t,,t,s € B,y €T, n € Q, 1 € G° and some ©,Y,E € C, where Q € D¢ is

bounded. Then we can find a unique C*VAF Lie (®, Y, E)-derivation ) : T x B — B which
satisfies A,g = 0 and the inequality

n-times Wy _
Ngly,2)=9(r,2),5) = w((Z»wZ)' (ng—nn)g>

forallze B,y el and ¢ € G°.

Proof Consider M :={k:T x B— B, k(w,0) =0,V € '} and define
8k, h) := inf{P € B°: N (k(w,w) - h(w,w), 7) = (p((w,...,w), %),
Vo el,we B, t eg"}.

In [22], Mihet and Radu showed that (M, §) is a complete G-valued metric space (see [23]).
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Define a linear mapping A : M — M as
(AKk) (o, w) = 2k(w, g), VkeMandwe Bw €T.

Let k, h € M and consider a sequence of positive real numbers P,,, with lim,,,_, o P, = 8(k, 1)
and §(k, ) < P,,. Fix m and, for convenience, let P, = P. Then

N (k(@, w) - bz, w), ) > go((w,...,w), %)

forallwe B,w €T and ¢ € E°. Now we have

w

N ((AR)@, ) = (AR, W), 5) = N <2k(w’ 5) - 2h<w’ %) g)

o))
w w g
W
2}1—15_
> ¢7<k¥v,...,PV), —Z;js—')

forallwe Band ¢ € G°,w €T', and so §(Ak, Ah) < Z,f—’ij = zﬁ—:Pm for any k, 1 € M. Now
let m — 0o, and we get §(Ak, Ah) < zf,—flS(k, h) for any k, h € M.
Let g be as in the statement of the theorem. Putting ¢4,...,%, = w and 1 = 1 in (3.3), we

obtain
N(g(V,ZW) - 2g(y,w),r) > ¢>((w,...,w),nr)

forallwe B,y €' and 7 € G°. Thus

N<2g<y, g) —g(y,w),r) > go((g,..., %),nt)

n

2"nt
E(ﬁ((w,uuW), 7)

forall we B,y € I'" and 7 € G°. Hence §(Ag,g) < % Now Theorem 1 guarantees that
{A”"g} converges to a unique fixed point ) € M of A such that $H(y,2w) = 29(y,w), i.e.,

Sy, w) = lim 2"’g(y, 2%) (36)

forallwe B,y € I'. Also (see Theorem 1)

KW

1
808, 9) < — (@A) S — 77—,
@) =< 1- -t & Ag) 2"y — 2nl"

on-1

i.e., (3.5) holds for all £ € B and t € G°. From the property of ), we get that

. t ty T
N(Anﬁ(J/1tl:untn)r T) = ”}LH;ON<Ang<% 2_mw~: Z_m); 2_m>

Page 7 of 17
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t t
> lim go((—l,...,—”),i) -1

holds for all #;,...,t, € B,y € ', n € Q, and t € G°. Thus A, H(y,4,...,t,) = 0 for all
t,...,t, € B,y € I and all n € Q. If we put n = 1 in the above equality, then Lemma 3

implies that §) is additive. Putting t; =t and ¢, = - - - = £, = 0 in the above equality, we get
H(y,nt) = nH(y,t) and Lemma 4 implies that ) € M is C-linear. Also (3.1) and (3.4) imply
that

N(Aeoxz9(y,t,9),7) = hm N<A0“fug<)/; ) S) T>

2m |7 m
s T
> l e R § R
—mgnoow«zm 2m> 2’")
22me
> 1i t,S8), ——
1 (t3) 2™t
=y 6
=1

forall t,s € B,some ®, Y, E € C and t € G°. Then, for some ®, Y, E € C,

N[y, t,s] = T[H(y,t),s] + E[t, H(y,9)]

for all ¢,s € B,y € I'. So the random operator §) € M is a C*VAF Lie (®, Y, E)-derivation
on the C*VAF Lie C*-algebra 3 and (3.5) holds. O

Example 6 Let a random operator g: " x B — B3 satisfy

T

4 5
1 151l
N(Agly ti,... ta),t) = di g[—: 5,e><p(——zl1 ! )] (3.7)
T+ j=1 ”t/”

. T Y lgle
N(Aox,zg(y,t, 1), 7) = diag 5 —,exp| - (3.8)
T Y2, gl :

forallty,...,t4 € B,y €', n € R, 1 € G° andsome O, Y, E € C, where € D¢ is bounded.
Then we can find a unique C*VAF Lie (©, T, E)-derivation §) : I x 5 — 5 which satisfies
A,g =0 and the inequality

30 5
N(gly,2) - 9H(y,2),7) = diag[m,ew(—%ﬂ (3.9)

forallze B,y eI"and 7 € G°.
Define

4 5
. T > -1 15l
o((t1, b, 13, 1), T) = d1ag|:74 ,exp (— =
T+ gl° T
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and

, T g0
) ) :d ) - )
v (6082, 7) “‘g[wz;l o exp( : )}

for all #1,t,t3 € B and v € G°. Put £ = % Then ¢ and  are 4-expansively super-
homogeneous function and 2-expansively super-homogeneous function, respectively.
Now, applying Theorem 2, we get (3.9).

Definition 9 Let n,k € N. A C*AVF map O : B" x (0,00) — A" is called a C*AVF (u, k)-
contractively sub-homogeneous if there exists a fixed number € with 0 < £ < 1 such that

T
O(N/tl’un“’tmf)z0<(tlwu’tn)) 1)1
2k x

lim O(ty,...,tn,c) =1
c—00

forall 1,...,t,€ B,1<pueNand t € G°.

Example 7 Consider a real function r: R — R defined as r(¢) = |¢| 1. Define

3 .
O((tl’th t3); T) = dlag[%r(t),exp(_w)}
j

T+ -1 T

for all #,t,t3 € R and 7 € G°. Put £ = 8%5 Then O is a (3,2)-contractively sub-

homogeneous function.

Theorem 3 Consider a C*AVF (n+2,k)-contractively sub-homogeneous function ¢ : B"™? x
(0,00) = A* with a fixed number € such that a random operator g : T x B — B holds

N(Ar]g(y! tl; ceey tn) + A@,T,Eg(% t,S), T) i (p((tlx ceey tn; t: S): T) (310)

forall ty,...,t,,t,s€ B,y €T, all n € Q in which Q € D¢ is a bounded set, ®,Y,2 € C
and t € G°. Then there is a unique C*VAF Lie (®,Y, E)-derivation ) : T x B — B which
satisfies A,g = 0 and the inequality

N(gly,w) -9y, w),7) = w((%,o,o), %J;_i;mr) (3.11)
forallwe B,y €T and t € G°.
Proof Putting t1,...,t, =t and n = 1 in (3.10), we get

N (ng(y,2t) - 2ng(y,t),7) = ¢((&...,£0,0)7) (3.12)

forallte B,y eTandr € G°.Let M:={f: ' x B— B,f(w,0) = 0OVw € I'}. We introduce
a function on M as

3(f, h) = inf{u >0:./\f(f(y,t) —h(y,t),r)) > <p<(t,...,t,0,0),£>,
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VteB,yeFandreQ"}.

In [22], Mihet and Radu showed that (B, §) is a complete E-valued metric space (see [23]).
Define A : M — M as

(Af)(y,t) = %f(y,Zt) forallf €e Eand t € B.
Now, we have
N (A, w) — (A)a, w), ) = N(%f(y,Zt) - Shiy.20) g)
=N (f(y,2t) - h(y,2t),25)

2
z<p<(2w,...,2w,0,0),—§>
u

1
2175‘
> w,...,w,0,0), ——
_<p<( ) 7 )

forallwe Band ¢ € G°,w €', and so §(Af, Ah) < %S(f,h) foranyf,h € E.Let g be as
2"k
in the statement of the theorem. Using (3.12) we get

N(%g(%%) -g(y,1), r) = o((t,...,t,0,0),2n7)

forallt € B,y eI"and v € G°. Then §(Ag, g) < ZL Applying Theorem 1, we get that {A™g}

PR

converges to a unique fixed point §) € M of A such that H(y,2t) = 2H(y, 1), i.e.,

1
N0 = lim ey, 2") (3.13)

for all ¢t € B. Also

1 1 NO
8(g9) < ——8g Ag) < " ,
1- 2n(1- 1) 2n(V2k-1 £k
2

|

27k

i.e., (3.5) is true for every ¢ € 3. Then (3.11) is true. Using Theorem 2, we can complete
the proof. O

Example 8 Let arandom operator g: I x B — B satisfy

N(Ang(y, tt) + Aeox,z8(Y, L3, ta), T) (3.14)

4 1
. T Zj:l ”t]” 6
> diag| —— ,exp| ———
4 é T
T+ 25 (A

for all t1,...,¢44 € B,y €T, all n € Q in which Q € D¢ is a bounded set, ®, Y, E € C and
7 € G°. Then there is a unique C*VAF Lie (©, Y, E)-derivation §) : ' x B — B which
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satisfies A,g = 0 and the inequality

N(gly,w) - H(y,w), 1) (3.15)
> diag[ 8(V32 - D exp(——f/ﬁnwIIé >i|
N 8(/32 - 1)t + 2932wlé 4(¥/32- 1)t

forallwe B,y eT'and 7 € G°.
Define

T
o((t o t3,ta), 7) = [; exp(—M>:|

4 17
T+ Y gl 4

for all t1,t,t3,t4 € R and 7 € G°. Put £ = %ﬁ Then ¢ is a (4,3)-contractively sub-
homogeneous function. Now, applying Theorem 3, we get (3.15).

4 C*-ternary algebra stochastic homomorphism
A C-linear random operator : I' x T'— S is said to be a C*-ternary algebra stochastic

homomorphism (C*-tash) if

U(V’ [z, S:P]) = [77()/» £),n(v,s), TI(V:P)]

forallt,s,p€ T and y €T (see [6, 24]).
Consider a random operator g: I" x T — S and define

P d
j=1 stj

)4 d
Efg(y)tl»-thp»slxnusd) = 2g<)/; 9 +21:ES]> —Xlzgg(%tl)—221:§g(%%)
J= J= J=

forall§ e T :={A € C:|r|=1}andally,...,t,,51,...,54€ Tand y €T.
It is easy to show that a random operator g: I' x T — S satisfies

Egg()/,tl,...,tp,Sl,...,Sd)=0
forallé§ € T, #1,...,8y,81,...,54 € T and y € T if and only if
g(%ft+)»5)=$g(%t)+)~g(%5)

forall&,A e T, t,se Tand y €T

Theorem 4 Cousider q and o such that q <1 and o < 3. Let ¢ : T*** x (0,00) — A*
(d>2)and y: T® x (0,00) — A* be a C*-AVF control function satisfying

T
<p(a(t1,...,tp,sl,...,sd),t) = <p<(t1,...,tp,s1,...,sd), E)’ (4.1)

w(ﬂ(t,S»P% T) = 1/f<(f,5717), 61%) (4~2)
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and

lim go((tl,...,tp,sl,...,sd),u) =I}i_>rrgow((t,s,p),u) =1 (4.3)

JL—>00

forall ti,...,ty,51,...,80,t,,p € T,a>0,and t,v € G°. Suppose that g:I' x T — Sisa
random operator with g(y,0) = 0 satisfying

N(Eogvotrseosbpsst,ee8a),T) = @((E1 s tprS1,...184),T) (4.4)

and

N(g(y,lts.p)) - [g(v,0).8(y.5),8(v.p)]. ) = ¥ ((ts,p), T) (4.5)

forall n € T' and all Lyeoislpy St sSast,Ssp e T and y €T and v € G°. Then there exists
a unique C*-tash $: T x T — S such that

n+d-times

J\f(g(y,t) —f)(y,t),r) > (p((O,...,O, t,...,t),ZT(d— dq)) (4.6)
forallte T,y el andt € G°.

Proof Let 0 < g <1andO <o <3 (the other cases are similar).

Puttingn=1,41=---=t,=0and s; = --- =s5 =t in (4.4), we get
p d
—_—— ——
N (2g(y,dt) - 2dg(y,t),7) = ¢((0,...,0,¢,...,t),7) 4.7)

forallte T,y €T and 7 € G°. Replacing ¢ by 4"t in (4.7), we get

p d
1 1 — e e
N(dn+lg(y,d”+1t) - —g(y,d”t),r) > <p((0,...,0, t,...,t),Zdrd(l’q)”)

dn

forallt € T,y €T, all nonnegative integers # and t € G°. Therefore,
1 n+m 1 m
N\ v d™™t) = gy, d"t), v (4.8)

)4 d
. mﬁ 2dt
=¢((0,...,0%. .., )W

forallt € T, n,m € N and 7 € G°, and it follows that {d—lng()/,d”t)} is a Cauchy sequence

for every t € A. The completeness of B implies that {din g(y,d"t)} converges. Thus we can
define the random operator $: " x T — S by

1
Ny, 0= lim —e(y,d"t)
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forall £ € T,y € I'. Putting m = 0 and letting n — oo in (4.8), we get (4.6). We conclude
from (4.1), (4.3), and (4.4) that

1Y d z d
N(Zfo (V, I_T Y nS;) =Y o nh ) -2 n9(,s), r)
j=1

J=1 Jj=1

. 1 ,,Zf:l ngo -

» d
_ Z ng(y,d"t) -2 Z ng(y.d"sj), ‘C)

j=1 j=1

> lim w((d”(tl, N A ITH ..,sd)),d”r)

n—0oQ
dn
= n]ggo‘p((tl"“’tp’sl""’Sd)' ﬁr>
=1

forall n e TY, tieoostpsSi5...,80€ T,y €I',and T € G°. Hence
ZI;I ntj d )4 d

29 (V, ]T £y 08 ) =Y 09,5 +2) nHy,s)
j=1 =1 j=1

for all n € T! and all tiseoorbpsS15...,84 € T. Thus H(AL + ns) = AH(y,t) + nH(y,s) for all
MneTlandallt,seT.

Therefore, from Lemma 4 the random operator ) : I" x T'— S is C-linear.

We conclude from (4.2), (4.3), and (4.5) that

N(H(y, ts,p]) - [H(y, 1), Hy,s), H(y,p)], T)
 lim N(%(g(y, [t d"s,d"p]) - [g(y,d"8).g (v, d"S), g (v, d"P)]), r)
= lim N(g(v,[d"t.d"s d"p]) - [¢(v,d"t).g(v,d"s).g(v,d"p)].d""7)
> nlingow((d”t, d"s,d"p),d”"7)
= nggow((trs,P), Z%f) =1
forallt,s,pe T,y €T, and t € G°. Thus

H(V» [t»S’P]) = [H(V»t)> H(y,s), H(%P)]

forallt,s,pe Tand y €T.
Consider another generalized Cauchy—Jensen additive random operator C:I' x T'— §

satisfying (4.6). Then we have

NH(y,0)-K(y,t),7) = nli%N(%(g(y,d”t) - K(V,d”t)),f)



Saadati et al. Advances in Difference Equations (2021) 2021:153 Page 14 of 17

= lim N (g(y,d"t) - K(y,d"t),d")

n— 00
» d
—_——
- nlinolow((o, ...,0, d”t,...,d”t),th"(d - dq))

d
= S (2rdM(d - d?)
= lim ¢ (0,...,0,t,...,t), Qg

n—00

=1

forallt € T,y € I" and t € G°. Then H(y,t) = K(y,¢t) for all £ € T. Thus the random
operator H:I" x T — S is a unique C*-tash satisfying (4.6), as desired. d

Theorem 5 Letg<lando <2.Letg:T" x T — S be a random operator satisfying (4.1),
(4.2), (4.3), (4.4), and (4.5). If there exist a real number X > 1(0 < X < 1) and an element
to € T such that lim,,_, o, Ang(y,)» to) = € (lim,,_, o A"g(y, L) =€) (identity element), then
the random operator g : ' x T — S is a C*-tash.

Proof Applying Theorem 4, we get that there exists a unique C*-tash H: " x T — § sat-
isfying (4.6). Now,

.1 " - L
H(y,t) = lim pg(%/\ t), (H(y,t) = lim 2 g(%;)) (4.9)
for all t € T and all real numbers A > 1(0 < A < 1). Therefore, from the assumption we get

that H(y,t) = €. Let A > 1 and lim,,_, k%g(y,k"to) = €. It follows from (4.5) and (4.9)
that

N([Hy, 0, H(y,s), H(y,p)] - [H(y, 1), H(y,5).g(v.p)] T)
=N (Hly,t,s,p] - [H(y,0, H(y,s), H(y,p)], T)

1
- tim (3 (e[ 27027 ) - [e(r,272).(275) g(y,z)]),‘r)
= lim N(g([y,2"t,2"sp]) - [2(v,2"t).&(v,2"5),8(r,p)], 27'7)

t 2,
= lim y((4,2%,22),17)

k2n
= lim t/f((tsza) o )
=1

forallt e T,y € T and t € G°. Thus [H(y, ), H(y,s), H(y,p)] = [H(y,t), H(y,s),g(y,p)]
for all ¢,s,p € T. Letting t = s = £, in the last equality, we get g(y,¢) = H(y,p) for all p €
T.

Similarly, one can show that H(y,t) = g(y,t) for all £ € T when 0 < X <1 and
lim, 00 A g(y, %) = €. Therefore, the random operator g: I" x T'— S is a C*-tash. O

Theorem 6 Let g>1ando >3.Let g: T x T — S be a random operator satisfying (4.4)
and (4.5). If there exist a real number 0 < . <1 (A > 1) and an element ty € T such that
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lim,_ oo king(y,)h”to) =€/ (lim,— 00 A"g(y, i—?q) =€), then the random operator g:T' x T — S
isa C*-tash.

Proof The proof is similar to the proof of Theorem 5, and so we omit it. g

Example 9 Consider g and o such that g <1 and o < 3. Supposethatg:I' x T — Sis a
random operator with g(y,0) = 0 satisfying

N(Eng(y,tl,...,tp,sl,.,.,sd),r) (4.10)
NP a4 le.114
zdiag[T+( - ||t,||z+z,.dl e (_ 2 g :ZH Il >]
and
N(g(y, [t.s.p)) - [g(v.1).g(v,9),8(v,p)]. T) (4.11)

t4 q
+ ding] T exp( NN DI
(117 + lis)17) T

for all n € T! and all Lo s bpsS1e.s8ast,s,p € Tand y € T and t € G°. Then there exists
a unique C*-tash $: " x T — S such that

) 2t(d - d9) dj|t||4
R R e o T e ) |

forallte T,y eI and t € G°.
To see this, put

<p((t1,..‘,tp,sl,...,sd),‘r) (4.13)

. [ v < g+ ||s,«||q)]
= diag v v ,exp| —
T+ (21’:1 117 + Zj=1 llsill9) T

and

q q
Viespre) = diag[r(ntnqi ||s||q)’exp<_ - : . )} 414)

forall ¢1,...,ty,51,...,84,,5,p € T and y € I' and 7 € G°. Now, applying Theorem 4, we
get (4.12).

Example 10 Let g <1 and 0 <2. Let g: " x T — S be a random operator satisfying
(4.10), (4.11). If there exist a real number A > 1(0 < A < 1) and an element #y € T such
that lim,,_, » %n g(y, AM"ty) = €' (lim,,_, oo A"g(y, i—?,) = ¢’) (identity element), then the random
operator g: I' x T'— Sis a C*-tash.

Define control functions ¢ and i as in (4.13) and (4.14). Theorem 5 guarantees the

result.
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5 Conclusion

In this paper we defined a new generalization of uncertain normed spaces by replacing
the classical range by C*-AV fuzzy sets and using triangular norms defined on the posi-
tive section of an order commutative C*-algebra, named C*-AVF-spaces. Also, by a super
C*-AVF controller, we considered Hyers—Ulam—Rassias stability of stochastic (®, T, E)-
derivations on C*-AVF Lie C*-algebras.
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