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ON THE GENERALIZED HYERS-ULAM STABILITY OF QUARTIC
MAPPINGS IN NON-ARCHIMEDEAN BANACH SPACES

H. AzaDI KENARY, H. KESHAVARZ, C. PARK AND D. Y. SHIN

(Communicated by J. Matkowski)

Abstract. Let X,Y are linear space. In this paper, we prove the generalized Hyers-Ulam stability
of the following quartic equation
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(n e N, n>3)in non-Archimedean Banach spaces

1. Introduction and preliminaries

By a non-Archimedean field we mean a field K equipped with a function (valu-

ation) |- |: K — [0,e0) such that, for all ;s € K, the following conditions hold: (a)
|[r| =0 ifand only if r =0; (b) |rs| = |r||s|; (¢) |r+s| < max{|r|,|s|}.
Clearly, by (b), |1| =|—1| =1 and so, by induction, it follows from (c) that |n| < 1

forallnm > 1.

DEFINITION 1.1. Let X be a vector space over a scalar field K with a non-
Archimedean non-trivial valuation |- |.

(1) A function ||-|| : X — R is a non-Archimedean norm (valuation) if it satisfies
the following conditions: (a) ||x|| =0 if and only if x =0 forall x € X; (b) ||rx|| =
|7|||lx]| forall r € K and x € X; (c) the strong triangle inequality (ultra-metric) holds,
that is, ||x+ y|| < max{||x||,||y||} forall x,y € X.

(2) The space (X, ||-||) is called a non-Archimedean normed space (briefly, NAN-
space).

Note that ||x, — X|| < max{||xj;1 —xj|| :m < j <n—1} forall mn € N with
n>m.
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DEFINITION 1.2. Let (X, || -||) be a non-Archimedean normed space.

(a) A sequence {x,} is a Cauchy sequencein X if {x,1 —x,} converges to zero
in X.

(b) The non-Archimedean normed space (X, || -||) is said to be complete if every
Cauchy sequence in X is convergent.

The most important examples of non-Archimedean spaces are p-adic numbers. A
key property of p-adic numbers is that they do not satisfy the Archimedean axiom: for
all x,y > 0, there exists a positive integer n such that x < ny.

A basic question in the theory of functional equations is as follows: 'when is it
true that a function, which approximately satisfies a functional equation must be close
to an exact solution of the equation’?

If the problem accepts a solution, we say the equation is stable. The first stability
problem concerning group homomorphisms was raised by Ulam [12] in 1940 and af-
firmatively solved by Hyers [5]. The result of Hyers was generalized by Aoki [1] for
approximate additive function and by Rassias [10] for approximate linear functions by
allowing the difference Cauchy equation ||f(x+y) — f(x) — f(»)| to be controlled by
(] x |” 4+ || ¥ |?). Taking into consideration a lot of influence of Ulam, Hyers and
Rassias on the development of stability problems of functional equations, the stability
phenomenon that was proved by Rassias is called the Hyers—Ulam—Rassias stability. In
1994, a generalization of Rassias’ theorem was obtained by Gd vruta [4], who replaced
e(|[x]|”+1 ¥ ||”) by a general control function ¢(x,y).

The stability problems of several functional equations have been extensively in-
vestigated by a number of authors and there are many interesting results concerning
this problem ([1]-[5], [9], [14]-[17]).

The mapping f(x) = x* satisfies equation:

f(2x1 +x2) + f(2x1 —x2) = 4f (x1 +x2) +4f(x1 —x2) +24f(x1) —6f(x2)  (L.1)

every solution of Eq. (1.1) is called a quartic mapping. Equation (1.1) was solved by S.
H. Lee, S. M. Im and I. S. Hwang [9].
Now, we introduce the new quartic equation in n—variables as follows:
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where n > 3. As a special case, if n =3 in (1.2), then the equation (1.2) reduces to
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that is,
S —x2—x3)+ fxr —x2+x3) + f(x1 +x2 —x3) + f(x1 +x2+x3)
=2(f(x1 +x2) + f(x1 —x2) + f(x1 +x3) + f(x1 —x3) + f(x2 +x3) + f(x2 — x3))
—272(f(201) + f(2x2) + f(2x3)).

The main purpose of this paper is to prove the generalized Hyers—Ulam stability for
equation (1.2), in non-Archimedean normed spaces(briefly, NAN-spaces).

2. Solution

In this section, we prove the Hyers—Ulam—Rassias stability of quartic equation
(1.2) in NAN-spaces. For convenience, we define the difference operator Dy for a

given mapping f:

b $(85 5 Y5 )
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+f (ix,-) —n2 Y (flxitx))+f(xi—x ))+2"’5(n—2)if(2x,-).
i=1

1<i<j<n i=1

We will use the following lemma:

LEMMA 2.1. A mapping f:X — Y satisfies (1.2) if and only if the mapping
f:X —Y is quartic.

Proof. Let f satisfies (1.2). Setting x; =0 (i=1,...,n) in (1.2), we have

k+1 n n
z(z D )f<>+f V=22 202 -2 B0,

k=2 \i1=2ir=i;+1 ip—kr1=Ip—k+1 I<i<j<n i=1
that is,
2 3 n n
DD I 2 1@ +2 2 Y fO)+...+ Y f(0)+£(0)
i1 =2ip=i1+1 Iy_1=lp_2+1 i1=2ip= ll+1 iy_o=ip_3+1 i1=2
=2"n(n—1)£(0) — 2" n(n—2)£(0),
that is,

((Z: D " (Z:é) Tt (nT l) * 1) £(0)= (2" n(n—1)=2"n(n—2))£(0),

but,
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and also n > 3 therefore f(0) =0. By putting x; =0 (i =2,...,n) in (1.2) and then
using f(0) =0, we get

n k k+1 n n
D ( > . D )f(xl)—l—f(xl):2"_2ZZf(xl)—Z"_S(n—Z)f(2x1)7
k=2 \i1=2ir=i;+1 in—k1=Ip—k+1 j=2
for all x; € X. Hence

27 ) = 2" M= 1) f(x)) = 2" (n—2) f(2x1),

forall x; € X. So f(2x1) = 16f(x;) forall x; € X. Now, by using the identity f(2x;) =
16f(x1) and (1.2), we obtain that

TP T B

k=2 \i1=2ir=i1+1 iy g1ty st1 i= 1 iy k1 r=1 i=1
n
=22 N (fuit )+ i —x)) = 2" (n=2) Y, f(x), @.1)
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forall xy,...,x, € X. Setting x; =0 (i=1,...,n—1) in (2.1) and then using f(0) =0,
gives

f(=xn) + ((n;2> Fl—=x,)+ (Z:;) f(xn)> +...
() e (77) s )+ ((33) s+ (M7 16 ) 5

that is,

n—2
(”E (”22)> (FCon) (=) = 22 (1= 1) (£ ()£ (=) =2 (n=2) (£ (x0),
(2.2)

for all x, € X. By using
" n—2
()
(=0

and (2.2), we obtain f(—x,) = f(x,) for all x,, € X. Putting x, =x; and x; =0 (i =

3,...,n—1) in (2.1), hence similar to the above method, we infer that

2n73(f(2x1 “l‘xn) +f(2xl _xn) +f(xn) +f(_xn))
=22 (20) 2" (n— 3) fn) + 2 (F )+ f (1 — )
+2" (0 =3)(f (%) + f(—x2)) = 2" (n=2) f(x1) = 2" (n=2) f(22),
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for all x;,x, € X. So

S2x1+x,) 4+ f(2x1 —xn) =4 f (1 +x0) +4f (X1 —2x) + 24 f(x1) —6f (xn)

for all x1,x, € X, which implies that f is quartic.
Conversely, suppose that f is quartic thus f satisfies (1.1). Hence we have f(0) =
0, f isevenand f(2x) = 16f(x) for all x € X. Interchange x; with x; in (1.1), gives

J@xa+x1)+ f(2x2—x1) =4f (2 +x1) +4f (2 —x1) +24f(x2) = 6f(x1)  (2.3)
for all x;,x, € X. By evenness of f, it follows from (2.3) that
1 +2x0) + f(x1 —2x0) = 4f(x1 +x2) +4f(x1 —x2) —6f(x1) +24f(x2)  (2.4)

for all x1,x, € X. Replacing x; by 2x; in (2.4) and employing the fact that f(2x) =
16f(x) and then using (2.4), we obtain that

f(x1 +4)C2) +f()C1 — 4)C2) = l6f(x1 +XQ) + 16f(x1 —X2) — 30f(x1) + 480f()C2)
(2.5)

for all x;,x, € X. Putting x| = x; +x, and xo = x; —x, in (1.1) and then using the
identity f(2x) =4f(x), we have

S (3x1+x2) + f (1 +3x2) = 64(f (x1) + f(x2)) +24f(x1 +x2) —6f(x1 —x2) (2.6)

for all x1,x, € X. Replacing x; and x; by x; + 2x3 and x; 4 2x3 in (2.6), respectively,
gives

F(Bx1 +x2+ 8x3) + f(x1 + 3x2+ 8x3)
= 64(f(x1+2x3) + f(x2+2x3)) + 24f(x1 +x2+4x3) —6f(x1 —x2)  (2.7)

for all x1,x2,x3 € X. Replacing x; and x, by x; —2x3 and x; — 2x3 in (2.6), respec-
tively, one gets that
S(3x1 +x2 — 8x3) + f(x1 + 3% — 8x3)
= 64(f(x1 —2x3) + f(x2 — 2x3)) + 24f(x1 +x2 —4x3) —6f(x1 —x2)  (2.8)

for all x1,x2,x3 € X. Now, by adding (2.7) and (2.8), we arrive at

S (3x1 4+ x2+8x3) + f(Bx1 +x2 — 8x3) + f(x1 4+ 3x2 + 8x3) + f(x1 + 3xp — 8x3)
= 64(f(x1 +2x3) + f (o1 — 2x3) + f(x2 +2x3) + f(x2 — 2x3))
+24(f (x1 +x2+4x3) + f(x1 +x2 —4x3)) — 12f(x] —x2) (2.9)

for all x1,xp,x3 € X. On the other hand, we substitute x; = x| +2x3 and xp = x; — 2x3
in (2.6), we obtain

f(3x1 +x7 +4X3) +f()C1 +3xo —4)C3)
= 64(f(x1 —|—2)C3) —|—f(JC2 — 2)63)) —|—24f(X1 —|—)C2) — 6f(JC1 — X2 —|—4X3) (2.10)
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for all x1,x2,x3 € X. And putting x; = x| — 2x3 and xp = x, + 2x3 in (2.6), we get
F(3x1 +x2—4x3) + f(x1 + 3x2+4x3)
= 64(f(x1 —2x3) + f(x2+2x3)) + 24/ (x1 +x2) — 6/ (x1 —x2—4x3)  (2.11)
for all x1,x2,x3 € X. Adding (2.10) to (2.11), we lead to
FBxy +x2 +4x3) + f(3x1 +x2 — 4x3) + f(x1 + 3x2+4x3) + f (1 + 3x2 — 4x3)

= 64(f (x1 +2x3) + f(x1 — 2x3) + f (%2 +2x3) + f(x2 — 2x3))
+48f(x1 +x2) —6(f(x1 —xp+4x3) + f(x1 —x2 —4x3)) (2.12)

for all x1,x2,x3 € X. Now, replacing x3 by % in (2.9), gives

S Bx14+x2+4x3) + f(Bx1 +x0 — 4x3) + f(x1 4 3x0 +4x3) + f(x1 + 300 — 4x3)
= 64(f(x1 +x3) + f(x1 —x3) + f(x2 +x3) + f(x2 —x3))
+24(f (x1 +x2+2x3) + f(x1 +2x2 — 2x3)) — 12f(x] —x2) (2.13)

for all x1,xp,x3 € X. If we compare (2.12) with (2.13), we conclude that

64(f(x1 +2x3) + f(x1 —2x3) + f(x2 +2x3) + f(x2 — 2x3))
+48f(x1 +x2) — 6(f(x1 —x2+4x3) + f(x1 —x2 — 4x3))
= 64(f(x1 +x3) + f(x1 —x3) + f(x2 +x3) + f(x2 —x3))
+24(f (x1 +x2+2x3) + f(x1 +2x2 — 2x3)) — 12f(x] —x2) (2.14)
for all xy,xp,x3 € X. It follows from (2.4), (2.5) and (2.14) that

S —x2—x3)+ fxr —x2+x3) + f(x1 +x2 —x3) + f(x1 +x2+x3)
=2(f(x1 +x2) + f(x1 —x2) + f(x1 +x3) + f(x1 —x3) + f(x2 +x3) + f(x2 —x3))
—22(f(01) + £ (02) + £ (x3))

for all x1,x,x3 € X, which by considering f(2x) = 16f(x), gives

flxr—x—x3)+ fx1 —x24+x3) + f(x1 +x2—x3) + f(x1 +x2+13)
=2(f (e +x2) + f ey —x2) 4+ f(x1 +x3) + f(x1 —x3) + f(x2 +x3) + f (2 —x3))
—272(f(2x1) + £ (2x2) + £ (2x3)) (2.15)

for all x1,xp,x3 € X. This means f satisfies (1.1) for n = 3. Assume that (1.1) holds
on the case where n = p ; that is, we have

P k k+1 )4 )4 p—k+1 p
2(2 2 2 )f 2 Xi— 2 X, —|—f<2x,->
k=2 \i1=2i=i1+1 i, gy1=ip s+1 i= i1 iy g1 r=1 i=1

=202 S (b —) -2 (p—2) 3, £ (2x) 2.16)
i=1

I<i<j<p
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for all xi,...,x, € X. Replacing x| by x; +x,1 in (2.16), we obtain

)4 ko k+l P )4 p—k+1 p+1
2 <2 2 2 )f X1+Xp+1+ 2 Xi— 2 X, —l—f(Zx,-)
k=2

i1=2i=i1+1 iy gi1=ip 4+1 =2, iy oy 1 r=1 i=1

- [i(f(xl+xp+l+xj)+f(X1+XP+1—XJ'))+ > (f(xi‘f'xj)"‘f(xi_xj))]
=

2<i<j<p
P
=2P3(p = 2)[f (201 + 2x0p1) + 3 f(2)] (2.17)
i=2
forall xy,...,x, € X. Replacing x| by —x,, in (2.17), we obtain

5(55 0 £ Jrlvwr S w5

k=2 \i1=2i=i;+1 ip— k+1:ipfk+1 i:2,i7éi1,...,ip,k+1 r=1

4 4
+f <2xz'—xp+1> =2’72[ Z(f(xl —Xpi1 ;) + f(x1 = xp1—x)))

i=1 j=2

bS () + )| 2= DI - 2p) + 3 20)

2<i<j<p

forall xi,...,xp41 € X. Adding (2.17) to (2.18), one gets

S5 8 W[5 )3

k=2 \i1=2ir=i1+1 ip7k+2:lpfk+l+1 i=1,i75i1,...,ip,k+2 r=1 i=1

P
= 2p_2[ Z(f(xl +xj+xpr1) + (1 +x5—xpp1) F (X1 —xj+xp41)
=

= —x)) 42 3 (f(xi+x,->+f<xi—x,->>}

2<i<j<p

=277 (p = 2)(f (231 + 2xpir) + (221 = 2p11)) = 274 (p — 2) 2,/ (2xi)

(2.19)

M=

2

for all xi,...,xp41 € X. Therefore, by the case n =3 and employing the fact that
f(2x) = 16f(x), we obtain that (1.2) holds for n = p+ 1. This complete the proof of
the lemma. [
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3. Stability in non-Archimedean normed spaces

From now on, we deal with the stability problem for the generalized additive func-
tional equation (1.1) in NAN-spaces. In the rest of the paper, let |16] # 1.

THEOREM 3.1. ([7]) Let (X,d) be a complete generalized metric space and J :
X — X be a strictly contractive mapping with Lipschitz constant L < 1. Then, for all
x € X, either d(J"x,J""'x) = oo for all nonnegative integers n or there exists a positive
integer ng such that

(a) d(J"x,J"x) < oo forall ng > ny;

(b) the sequence {J"x} converges to a fixed point y* of J;

(¢c) y* isthe umqueﬁxedpomt of J inthe set Y ={y X :d(J"x,y) < oo};

(d) d(y,y*) < ny forallyey.

THEOREM 3.2. Let X be a non-Archimedean normed space and Y is a complete
non-Archimedean space. Let @ : X" — [0,00) be a function such that there exists an
o <1 with

X1X2 Xp\ _ 0@ (X1,X2, 0, Xn)
AL AL N it il 1 M STV 31
(2’2’ ’2) 16| ’ S

SJorall x1,xp,--+,x, € X. Let :X — Y with f(0) =0 be a mapping satisfying
HDf(xla)Qv' o 7xn)HY < (P(x17x27"' 7xn)7 (32)

Sforall xy,xp,-++,x, € X. Then there exists a unique additive mapping 3 : X — Y such
that
n—1
—~
aQ (x,O, e ,O)

7 33
2T 2] 2" Tn 2/ G-

1£() =3y <
forall x€ X.

Proof. Putting x; =x and xp =--- =x, =0 in (3.2), we get

k+1 n
Z(Z i > )f()+f 2"2221‘ ) +2"3(n—2)f(2x)

k=2 \i1=2i=i;+1 iy k1=l +1

<o(x0..0) o

n—1

forall x € X. Thatis

(! x)—=2""(n— X =S(p— X
<l+£=21<£>>f() 21— 1))+ 2 (1= 2 (2%)

<a<x,0,---70>7
Y
n—1
(3.5)
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forall x € X. So by using the equation
n—1 n—1
n—1 n—1 -1
()Rl )
(=1 =0

|- gerce

gives

1
<— ¢(x,0,---,0). 3.6
y |2‘n—1‘n_2‘¢<x\,_/> (36)

n—1

Replacing x by 3 in (3.6), we have

-2 G, < gz 5:0:20) < gty o 0)

n—1 n—1
(3.7)
Consider the set S:={h:X — Y; h(0) =0} and introduce the generalized metric
on§:

d(g.h) = inf [lg() ~h(x)ly <ue(x.0,,0),
HE(0,+e) ~——

n—1

for all x € X, where, as usual, inf¢ = +oo. It is easy to show that (S,d) is complete
(see [12]). Now we consider the linear mapping J : § — § such that

d (X
Jg(x):=2"¢ <2>
forall x € X. Let g,h € S be given such that d(g,h) = €. Then |g(x) —h(x)||y <
8(p(x,0,~~~,0> for all x € X. Hence
——
n—1
8x) — 1m)ly = 2% (5) =20 (3, < @-eo(x0.-.0).
n—1

forall x € X. So d(g,h) = € implies that d(Jg,Jh) < oe. This means that d(Jg,Jh) <
od(g,h) forall g,h € S. It follows from (3.7) that

(04
d(f,Jf) < m

By Theorem 3.1, there exists a mapping 3 : X — Y satisfying the following:
(1) S is a fixed point of J, i.e.,

S(x) =243 (3—2() , (3.8)

for all x € X. The mapping 3 is a unique fixed point of J in the set M = {g € S:
d(h,g) < e=}. This implies that S is a unique mapping satisfying (3.8) such that there
exists a i € (0,0) satisfying
1£(6) =Sy < pep(x,0,+-,0)
——

n—1
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forall xe X ;
(2) d(JPf,3) — 0 as p — . This implies the equality
lim 167 f ( ) 3(v), (3.9)
p—oo
forall x € X;

3) d(f,3) < &L which implies the inequality

o
2"~ n—2| = 2"~ | — 2]’

d(f,3) <

This implies that the inequalities (3.3) holds. It follows from (3.1) and (3.2) that

HDS(XIMCZ:' o xn)”Y

. X1 )C2 Xn .
V4 . P =
= lim 16 HDS ( rL N )HY < I}lm o’ o(x1,x2,+,%x,),=0

for all x;,x2,---,x, € X. So

n k+1 n n k+ n
B(£5 - £ Js( 5 wTEw)es(Es)
k=2 \ij=2ip=i;+1 iy 1=l +1 i=11 ey gy 1 r=1 i=1

—r2 Y <s<x,-+x,->+s<xi—x,->>—2"*5<n—2>i3<2xf>
i=1

I1<i<j<n

for all xy,xp,--+,x, € X. Hence 3 : X — Y is an additive mapping and we get desired
results. [J

COROLLARY 3.3. Let 0 be a positive real number and r is a real number with
0<r<l.Let f:X—Y with f(0) =0 be a mapping satisfying

|Dp(xr,x2, - ,x0)||, < 6 (2 ||x,-||’> , (3.10)
i=1

forall xy,x3,---,x, € X . Then there exists a unique additive mapping 3 : X — Y such
that

[16]6[x[|"
\2|”+4’—1\n _ 2‘ _ ‘2|n+3|n _ 2| ’

1) =S )lr <

(3.11)
forall x € X.

Proof. The proof follows from Theorem 3.2 by taking

(p(xlax27 e 7xn) =0 (2 ||xir>
i=1

for all x;,x2,---,x, € X. Then we can choose & = |16|'~" and we get the desired
result. [l
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REMARK 3.4. Similar works have been done before. For example Ulam-Gavruta-
Rassias product stability, (see [17]), used the control function 6 (TT\_, ||x:]|") instead of
0 (X7 ||xi|I"). But, since we put xo = --- =x, = 0, in this functional equation, the
Ulam-Gavruta-Rassias product stability has the obvious approximation 3(x) = f(x).
Also JMRassias mixed product-sum stability, (see [17]), used the control function
O 7 |lxill" + T ]x:|") instead of 6 (X7 |[xi||"). Again, since we put x; = -+ =
x, = 0, in this functional equation, the JMRassias mixed product-sum stability has the
obvious approximation 3(x) = f(x).

THEOREM 3.5. Let X be a non-Archimedean normed space and Y is a complete
non-Archimedean space. Let @ : X* — [0,00) be a function such that there exists an
o <1 with @ (x1,x2,-+,%,) < 16|t (3,%,--+,%), forall x,x3,--+,x, €X. Let
f:X =Y with £(0) =0 be a mapping satisfying (3.2). Then there exists a unique

additive mapping 3 : X — Y such that
n—1
—~
(p<x707"'70>

176 =Sl < e =3l

(3.12)
forall xe X.

Proof. Let (S,d) be the generalized metric space defined in the proof of Theorem
2.1. Now we consider the linear mapping J : S — S such that

8(2x)
24
forall x € X. Let g,h € S be given such that d(g,h) = €. Then |g(x) —h(x)|ly <
8(p(x,0,~~~,0> for all x € X. Hence
——

Jg(x):=

n—1

n—1

—~
\16|a-£(p(x,0,---70>

Y 16|

[7g(x) — Jh(x)ly = Hg(;x) - h(224x)

forall x€ X. So d(g,h) = € implies that d(Jg,Jh) < oce. This means that d(Jg,Jh) <
od(g,h) forall g.h € S. It follows from (3.6) that

d(f,Jf) (p(x,U).

n—1

g JE

21"~ =2

By Theorem 3.1, there exists a mapping 3 : X — Y satisfying the following:
(1) S is a fixed point of J, i.e.,

3(2x)
24

=3 (@) (3.13)



564 H. AZADI KENARY, H. KESHAVARZ, C. PARK AND D. Y. SHIN

for all x € X. The mapping S is a unique fixed point of J in the set M = {g € S :
d(h,g) < eo}. This implies that S is a unique mapping satisfying (3.13) such that there
exists a i € (0,0) satisfying

n—1

()~ S0 lly < e (x0,--0)

forall xe X ;
(2) d(JPf,3) — 0 as p — . This implies the equality
. f(2Px)
pin 550 st
forall x e X ;

3) d(f,3) < UL which implies the inequality

1

d(f,3) < m

This implies that the inequalities (3.12) holds. The rest of the proof is similar to the
proof of Theorem 2.1. [

COROLLARY 3.6. Let 0 be a positive real number and r is a real number with
r>1. Let f:X —Y be amapping satisfying (3.10). Then there exists a unique additive
mapping 3 : X — Y such that

[16]6]x[|"

3.14
|2‘"+3‘n—2‘—‘2|n+4’_1|n—2| ( )

1F(x) =S ()ly <
forall x € X.

Proof. The proof follows from Theorem 3.5 by taking

Q(x1,x2,,%) = 6 (Z IIxi’>
i=1

for all x;,x2,---,x, € X. Then we can choose & = |16|"~! and we get the desired
result. [l

REMARK 3.7. Similar works have been done before. For example Ulam-Gavruta-
Rassias product stability, (see [17]), used the control function 6 (TT\_, ||x:]|") instead of
0 (X7, ||xi|I"). But, since we put xo = --- =x, = 0, in this functional equation, the
Ulam-Gavruta-Rassias product stability has the obvious approximation 3(x) = f(x).
Also JMRassias mixed product-sum stability, (see [17]), used the control function
0 7 ||lxill" + 1T ]x:|") instead of 6 (X7 |[xi||"). Again, since we put x; = --- =
x, = 0, in this functional equation, the JMRassias mixed product-sum stability has the
obvious approximation 3(x) = f(x).
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THEOREM 3.8. Let G be an additive semigroup and X is a non-Archimedean
Banach space. Assume that y: G" — [0,+e0) be a function such that

lim |2\4'“y<x—1 2 x—"):o, (3.15)

Moo om ) om ) 9 om

Sforall x1,x3,---,x, € G. Suppose that, for any x € G, the limit

o [4k+4 X

) = i s ety | e &0 0 G160

n—1
exists and f: G — X with f(0) =0 be a mapping satisfying
HDf()Cl,)CQ, e ’x")HX < y(xlax2a e ,)Cn)- (317)
Then the limit y
3(x) = lim 24’”f(2—m)

m—oo

exists for all x € G and defines an additive mapping S : G — X such that

[£(x) =3 (x)[lx < £(x). (3.18)
Moreover, if
o 2| #+4 X
lim 1 0.0.---0] =0
e e 2T 2] Y | 2T
n—1
then S is the unique additive mapping satisfying (3.18).
Proof. Putting x; =x and x, =x3 = --- =0 in (3.17) and replacing x by 7 in
(3.17), we have
16| X
-27(3)| <ol (5.0.,0) 3.19
e =27 (3)|, < =gy 7(3:0:20). (3.19)
n—1
forall x € G. Replacing x by 7 in (3.19), we obtain
n—1
—
24m+4 e 24m e < ‘2|4m+4’]/<2m%707---,0> 3.20
H f(Zerl)_ f(z_m>HX\ ‘2|n71|n_2| . (3.20)

Thus, it follows from (3.15) and (3.20) that the sequence {2‘“”]‘(%) } - is a Cauchy
m>=

sequence. Since X is complete, it follows that {24’” f (%)} is convergent. Set
m>1
F(x) 1= limy e 24 f (%) . By induction on m, one can show that
2| #+4

X X
pim (—)— H < ( ,0,---,0); 321
H Fam) =10y S o o —g N & 20)s (32D

n—1
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for all n > 1 and x € G. By taking m — oo in (3.21) and using (3.16), one obtains
(3.18). By (3.15) and (3.17), we get

HDS(xlvx2v"'7xn)||X
= lim |2|*" Df<x_1 X L")H < lim ‘2|4my(x_1 2 x_"> -0
: X

Moo om ’ om ’ ’ om Mmoo om ’ om ’ ’ om

for all x1,x2,---,x, € X.So
n k+1 n n n—k+1 n
S(z Y. % s DI D R R DX
k=2 \ij=2ip=i;+1 iy k1=l +1 i=1,ii] i1 r=1 i=1

=27y (S(xi+xj)+3(x1'—xj))—z"_s(”—z)is(zxi)

1<i<j<n i=1

for all xy,x;,---,x, € X. Hence 3 : G — X is an additive mapping.
To prove the uniqueness property of 3, let R be another mapping satisfying
(3.18). Then we have

3091, = Jim 8 (55) -1 (35)l

< e {[3(2) 1 ()

|2 ‘4k+4

() -=()l,}
0,0,---,0 | =0,

n—1

X

< lim lim  max
= jmeem—eo j<k<mtj 2] |n — |Y 2k+17

for all x € G. Therefore, 3 = R. This completes the proof. [

COROLLARY 3.9. Ler & : [0,00) — [0,00) be a function satisfying & <|;—|> <

(‘20 <|2|> ‘2‘4 forall t > 0. Assume that K >0 and f: G — X with
f(0)=0 be a mapping such that
n
1Dy (1,22, )| < 5 | D E (i) (3.22)
i=1
SJorall xi,x3,--+,x, € G. Then there exists a unique additive mapping 3 : G — X such
e E(x)
by
_ < 2\
Hf(x) S(X)” =~ |2\"*1\n—2\

Proof. 1f we define y: G" — [0,0) by

Y(x17x2v"'vxn) =K (ié(%b) y

i=1
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then we have limy—.. [2|*"y (5%, 3%,-++,3%) = 0, for all xj,x;,---,x, € G. On the

other hand, it follows that £(x) = _SM) _ exists for all x € G. Also, we have

24k+4
‘ | Y - aOaOa"'7O
Dk+17, ,

lim lim max
Jjeom—es j<k<mtj 2|7 n — 2|
n—1

‘2|4j+4

=1 —.0,0,---,0 | =0.
jl_IEQ |2‘n_1‘n_2‘y 2j+1a IAg) )

n—1

Thus, applying Theorem 3.8, we have the conclusion. This completes the proof. [J

THEOREM 3.10. Let G be an additive semigroup and X is a non-Archimedean
Banach space. Assume that y: G" — [0,+e0) be a function such that

Y (2"x1,2"xp, - -+, 2" xy)
24m

lim =0,

m—oo
Sforall x1,x3,---,x, € G. Suppose that, for any x € G, the limit
1
£(x) = lim maxo<kem—=oz Y(ka,0,~~~,0> (3.23)
M—so00 = |2‘4k

n—1

exists and f: G — X with f(0) =0 be a mapping satisfying (3.17). Then the limit

3 (x) := lim f(2"x)

Moo 24m

exists for all x € G and

£(x)
[1f(x) =S (x)[ < m; (3.24)

forall x € G. Moreover, if

1
lim Jim, max;cicms 75z y(zkx,(),-..’0> —0,

J—oom—oo

n—1

then S is the unique additive mapping satisfying (3.24).

Proof. Tt follows from (3.19), we get

1 1
Hf(x) — 52f(2x) . < B Tn=2| Y(X»O»'“»O>7 (3.25)

n—
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forall x € G. Replacing x by 2"x in (3.25), we obtain
H f2 f2mx)

24m T odm+4

1
< o ,07---70). 3.26
’X 2Ty — 2] " %00 (3.26)

n—1

Thus it follows from (3.26) that the sequence {f ga';x) } - is convergent. Set 3(x) :=
m=>

limy;—e0 (24m %) On the other hand, it follows from (3.26) that

f(2Px)  f(29x) o [y (2R f ) 2k
24,7 Y X_ P 2dk+4 T 4k \p<k<q 2dk+4 T pdk X
1
<7 A4k 2k 707"'7())
AT (200

n—1

for all x € G and p,q > 0 with g > p > 0. Letting p =0, taking g — oo in the last
inequality and using (3.23), we obtain (3.24).

The rest of the proof is similar to the proof of Theorem 3.8. This completes the
proof. [

Similarly, we have the following corollary and we will omit the proof.

COROLLARY 3.11. Let & :[0,00) — [0,00) be a function satisfying

E(2IN<E(2DE@), &) <[2*

forallt 2 0. Let k>0 and f: G — X with f(0) =0 be a mapping satisfying (3.22).
Then there exists a unique additive mapping 3 : G — X such that

K& (Ix])

1F(x) =3 < T2
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