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Abstract: We theoretically demonstrate spontaneous PT-symmetry 
breaking behavior of surface-plasmon polaritons (SPP) in coupled double-
slab (DS) waveguides. By virtue of a flat-top field at critical wavelength, 
the imaginary index of a DS-SPP mode can be controlled via changing the 
core thickness, while the real index is kept constant. Therefore, a waveguide 
coupler that consists of a pair of DS-SPP waveguides with different core 
thicknesses can represent a passive PT-symmetric system, which always 
maintains symmetry under a real potential. This set-up also represents a 
good opportunity to investigate the underlying physics of PT-symmetry 
breaking in non-Hermitian Hamiltonian systems. 
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1. Introduction 

Hermitian Hamiltonians are known to have real eigenvalues. The inverse, however, is not 
necessarily true. In a seminal work by Bender and Boettcher [1], it was shown that non-
Hermitian Hamiltonians can potentially have real eigenvalues if they have parity-time (PT) 
symmetry. Interestingly, it is possible to mimic PT-symmetry in optics. So far, many different 
optical systems, including waveguide couplers [2–4], microcavities [5–7], Bragg gratings [8], 
optical lattices [9,10], and lasers [11,12], have been demonstrated to mimic PT-symmetry. 
Many of these studies have focused on the spontaneous PT-symmetry breaking and 
concomitant phenomena [2,13–15]. Formal equivalence of Schrödinger equation with 
electromagnetic wave equation under paraxial approximation dictates that the refractive index 
n corresponds to the potential energy V in the Hamiltonian [16]. Therefore, the condition V(x) 
= V*(–x) for PT-symmetric Hamiltonians implies n(x) = n*(–x) for PT-symmetric optical 
systems. In a coupled-waveguide system, for example, the real values of the refractive index 
should be the same in both channels. Conversely, the imaginary values have opposite signs, 
implying balanced gain (channel 1) and loss (channel 2) conditions. Designing such a system 
in experiments is not straightforward because of practical difficulty in systematical control of 
the gain and loss in both channels. 

The gauge transformation can alleviate the strictness of the balanced gain/loss conditions. 
Even when two channels have different losses, but no gain, the virtual-zero level can be 
shifted to the average value of the loss to satisfy the PT-symmetric condition [3,17]. A system 
satisfying this modified condition is so-called a passive PT-symmetric system. However, the 
passive PT-symmetry still requires the ability to separately control the imaginary indices 
(amount of loss) of two channels while keeping the real indices constant in both channels. 
Unfortunately, in most cases, the real index simultaneously changes when the waveguide 
structure is tuned to control the losses (imaginary index). Therefore, in optical PT-symmetry 
studies, it is crucial to independently control the real and imaginary indices. 

To this end, we suggest double-slab (DS) surface-plasmon-polariton (SPP) waveguides as 
a test-bench of PT-symmetry. The proposed DS-SPP waveguide system consists of stacked 
multi-layers of metals (M) and insulators (I) in the sequence of IMIMI. In this particular 
waveguide geometry, there exists a critical wavelength where the effective imaginary index 
(Im{neff}) of the mode is inversely proportional to core dielectric thickness while the effective 
real index (Re{neff}) remains constant [18]. This condition is obtained for a flat-top long-
range SPP mode at a critical wavelength λc. Therefore, coupled DS-SPP waveguides with two 
different core thicknesses act as a passive PT-symmetric system. In this study, we utilize this 
unique property to theoretically study the spontaneous PT-symmetry breaking in coupled DS-
SPP waveguides. 

2. System design 

Figure 1(a) shows the schematic of a single DS-SPP waveguide (inset) and the effective 
propagation index of the SPP mode as a function of the core diameter D for system 
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parameters nc = 1.47, nd = 1.45, and metal (Au) thickness t = 20 nm. A DS-SPP waveguide is 
characterized by the dispersion relation 
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for the flat-top mode [18]. In our case shown in Fig. 1(a), the critical wavelength λc is 925.7 
nm. As expected, the calculated real effective index Re{neff} remains constant while the 
imaginary effective index Im{neff} monotonically decreases with increasing D. We note that 
this unique property is absent in other coupled-waveguide systems which were considered by 
Benisty et al. [19,20]. In general, adding additional materials to introduce unbalanced losses 
inevitably cause changes in the boundary conditions and finally affect change in both real and 
imaginary effective indices. 

 

Fig. 1. (a) Real and imaginary effective indices of the SPP mode guided in a DS-SPP 
waveguide (inset) as a function of the core diameter D. System parameters are nc = 1.47, nd = 
1.45, and metal(Au) thickness t = 20 nm. (b) Coupled DS-SPP waveguide structure having a 
separation distance of L. The core diameter of channel 2 is larger than that of channel 1 by ΔD. 
The cross-sectional field profiles are indicated by red curves (solid for the coupled mode and 
dashed for uncoupled modes). For these profiles, we use D = 100 nm and L = 5.5 μm. 

We further consider coupled double DS-SPP waveguide systems for a passive PT-
symmetric system as shown in Fig. 1(b). The two DS-SPP waveguides have the same system 
parameters, with the exception of the core diameter D. In this configuration, Re{neff} is 
identical in both channels while Im{neff} is different. The core diameter of channel 2 is larger 
than that of channel 1 by ΔD. With increasing ΔD, the difference in Im{neff} between the two 
channels gradually increases (Fig. 1(a)). This property provides an effective PT parameter 
tuning method that corresponds to the gain and loss control in the active PT-symmetric 
systems. In the following sections, we provide a detailed theory of this passive PT-symmetric 
system and show how the passive PT-symmetry breaking occurs in our proposed systems. 

3. Coupled mode theory and passive PT-symmetry breaking 

We apply the standard coupled-mode formalism [21] for studying passive PT-symmetry 
breaking in coupled DP-SPP waveguides. The total field of the system can be described with 
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wave function Ψ(x,z) = Σn = 1,2 An(z)φn(x), where φn(x) is the mode field in channel n for the 
uncoupled case. Coupling between the waveguide channels follows the equation [3] 

 1 1 1 12 1

2 21 2 2 2

( )

( )

A i Adi
A i Adz

β α δ κ
κ β α δ

+ +     
=     + +     
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Here, β and α are the uncoupled real and imaginary propagation constants, respectively. 
Modifications due to the inter-channel coupling are described by parameters: κnm (coupling 
constant) and δn (correction to the propagation constant). Eigenvalues of Eq. (3) are 

 2
12 21( )M M D Di iλ β α δ α δ κ κ± = + + ± + +  (4) 

Here, λ+ is the propagation constant of the symmetric mode (Ψ+) and λ– is that of the anti-
symmetric mode (Ψ–), where δM = (δ1 + δ2)/2, δD = (δ1 − δ2)/2, αM = (α1 + α2)/2, and αD = (α1 − 
α2)/2. Note that β and α are real valued, while δ and κ are complex valued. For an exact PT-
symmetric case, where the gain and loss are matched to compensate for one another, there is 
no net propagation loss. This indicates that λ+ and λ– are both real. Additionally, at the PT-
symmetry-breaking threshold, the propagation constants of eigen modes converge to each 
other. From Eq. (4), this condition is satisfied when αM = δD = 0 and −αD

2 + κ12κ21 = 0.. 
Beyond the threshold, the two eigen modes have different decay constants (imaginary 
propagation constants) but the same real propagation constants. 

 

Fig. 2. (a) αD (solid) and |κ12κ21|
1/2 (dashed) as a function of ΔD. (b) Real (solid) and imaginary 

(dashed) values of Δβ. Symmetric and anti-symmetric modes are indicated by blue and red 
curves, respectively. 

To estimate the threshold in our system, we calculate |κ12κ21|
1/2 and αD as a function of the 

difference in the core diameters ΔD. The result is shown in Fig. 2(a). We use fixed system 
parameters nc = 1.47, nd = 1.45, t = 20 nm, D = 100 nm, and L = 5.5 μm while ΔD varies from 
0 to 1000 nm. The critical wavelength for the flat-top mode is 925.7 nm and the permittivity 
of Au at that wavelength is εm(λc = 925.7 nm) = 39.8 + 0.56i [22]. The spontaneous PT-
symmetry breaking occurs around ΔD = 350 nm where the magnitudes of αD and |κ12κ21|

1/2 
become identical. In contrast to exact PT-symmetric systems, the threshold in our case 
respecting a gauge-transformed, passive PT-symmetry is not clearly defined. This 
smoothening effect of the phase transition point is caused by the following two reasons. First, 
as a dominant cause, κ12 and κ21 cannot have exactly opposite phases and consequently 
Im{κ12κ21} ≠ 0. This is because both channels in coupled DS-SPP waveguides only 
experience losses. The resultant smoothening of the transition point revealed in Fig. 2(b) 
agrees well with the general properties previously explained by Bender et al. [23] and Benisty 
et al. [19]. Second, as found in the field profile (Fig. 1(b)), different modal field amplitudes 
invade into the other channel, causing the channels to react differently to one another such 
that (δ1 −δ2)/2 = δD ≠ 0. 
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Figure 2(b) shows propagation constants of the symmetric (Ψ+) and anti-symmetric (Ψ–). 
To clarify the PT-symmetry breaking behavior, we show the difference between the 
propagation constant and the mean value, i.e., Δβ ± = λ ± − β − iαM − δM . The blue-colored 
symmetric and red-colored anti-symmetric modes are shown in their real (solid) and 
imaginary (dashed) values. For small ΔD (< 350 nm), the two modes have large discrepancies 
in their real propagation constants and small differences in their imaginary propagation 
constants. Additionally, around the threshold value (ΔD ≈350 nm), the real propagation 
constants become closer to each other while the imaginary propagation constants start to 
become separated. This demonstrates the evolution of the system from the unbroken PT-
symmetry phase into the broken PT-symmetry phase. As shown in Fig. 2(b), the converging 
point of the real propagation constants and the diverging point of the imaginary constants do 
not coincide with each other. This is dissimilar from an ideal PT-symmetric system. This is 
because δD and Im{κ12κ21} in Eq. (4) are non-zero in our system as discussed earlier. The non-
zero values of δD and Im{κ12κ21} that appear in most passive PT-symmetric systems cause 
deviations in the symmetry breaking behaviors from those occurring in ideal PT-symmetric 
systems. This deviation can be alleviated by appropriately adjusting δM as discussed by 
Benisty et al. [20]. Nonetheless, the features of PT-symmetry breaking are clearly found in 
our case. 

4. State evolution and inter-channel power transfer 

 

Fig. 3. Cross-sectional field magnitude |Hy| profiles of eigen modes for (a) ΔD = 0, (b) 100 nm, 
and (c) 900 nm. Phase arg(Hy) profiles of eigen modes for (d) DΔ  = 0, (e) 100 nm, and (f) 
900 nm. Symmetric (symmetric-like) and anti-symmetric (anti-symmetric-like) modes are in 
blue and red, respectively. 

Cross-sectional field profiles and the phases of eigen modes for three representative ΔD 
values are shown in Fig. 3. For ΔD = 0, the field profiles of the two modes are identical and 
the associated phase profile shows exact symmetry (blue) and anti-symmetry (red) as shown 
in Figs. 3(a) and 3(d). At ΔD = 100 nm, the field profiles of the two eigen modes are still 
almost identical (b); however, as can be seen from the phase in (e), they are no longer 
perfectly symmetric nor anti-symmetric. Far beyond the threshold (ΔD = 900 nm), the two 
modes show remarkable difference in the magnitude while the phase values become similar 
between the two modes. These are typical properties of PT-symmetric systems. 

Figure 4 shows the evolution of the mode. The oscillatory behavior is caused by the 
interference between the two eigen modes. The field amplitudes are normalized by the 
instantaneous total power to clearly visualize the evolution. As ΔD increases, the difference in 
the real propagation constants of the two modes gets smaller and forms a longer beating 
period in the power oscillation. This effect is consistent with diverging beat length with the 
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merging real eigen values beyond symmetry-breaking threshold as shown in Fig. 2(b). In the 
region of ΔD < 350 nm, the two modes have similar decay constants (imaginary); therefore, 
power oscillations are clearly observed during propagation. When ΔD = 900 nm >> 350 nm, 
however, the real propagation constants become almost identical for the two modes while the 
imaginary parts differ dramatically. Consequently, the beating period becomes 
overwhelmingly large and the symmetric mode decays much faster than the anti-symmetric 
mode. Therefore, after a certain amount of propagation distance, only the anti-symmetric 
mode survives. Below the symmetry breaking threshold (0< ΔD < 350 nm), power flow exists 
in both channels at an equal amount, regardless of the input channel. However, beyond the 
PT-symmetry breaking threshold, the power flows mostly through channel 2, even when the 
input is given only at channel 1. We should note that this does not necessarily mean that there 
is no power flow through channel 1. The cross-sectional power profile along the x-axis is 
obtained from the field profile given in Fig. 3(c). 

 

Fig. 4. State evolution during propagation along + z-direction. The three columns are for the 
cases where (a and d) ΔD = 0, (b and e) 100 nm, and (c and f) 900 nm. Initial state is given at 
channel 1 in the upper images and at channel 2 in the lower images. The power oscillation 
period is 16.7 mm for ΔD = 0. 

Finally, we discuss the power attenuation properties of our system. Figure 5 shows the 
transmittance for four combinations of input-output channels as a function of ΔD. Here, the 
channel length is fixed at 16. 7 mm which is the beating period of ΔD = 0. Around ΔD = 150 
nm, there is a transmission dip (~40 dB) only for 2→2 transfer. This feature is a general 
aspect in passive PT-symmetric systems. The first passage length for the inter-channel power 
transfer varies with two major factors. They are increasing non-orthogonality between the 
eigen modes and change in the beat length with merging real eigen values near the 
exceptional point. This effect is explained in greater details by Ref [24]. We note that the 
transmittance of our system is quite small because both channels experience only loss and no 
gain. This can be alleviated by either increasing the beating period with a larger separation 
gap between the two channels or by reducing the loss with a wider core diameter. 
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Fig. 5. Transmittance as a function of ΔD for four input-output channel combinations. 

5. Conclusions and discussions 

We have proposed DS-SPP coupled-waveguide structures for demonstrating spontaneous PT-
symmetry breaking. We theoretically show that increasing the core thickness of either DS-
SPP waveguide in the coupler causes the imaginary index of the flat-top modes to be 
antisymmetric while maintaining a symmetric real-index. This effect results in the robust PT 
phase transition by independently tuning the major symmetry-braking parameters governing 
the coupling processes. 

One can easily tune the critical wavelength of the flat-top modes by changing the 
thickness of the metal slabs and/or permittivity of the dielectrics. A gain medium, as the core 
of the dielectric, may be introduced to realize active PT-symmetry breaking behavior, where 
external pumping on either of the two DS-SPP waveguides produces a spontaneous breaking 
in PT-symmetry once the inherent loss of the metallic channels has been compensated for. 
Therefore, DS-SPP waveguide couplers possessing these abilities for tuning the symmetry in 
the complex index represent a good method for investigating the underlying physics of PT-
symmetry breaking in non-Hermitian Hamiltonian systems. In addition, the proposed DS-SPP 
coupled-waveguide system is favorable for adding active optical effects such as electro-optic 
effect and thermo-optic effect. In the proposed system, the metal films that provide the main 
guiding mechanism can simultaneously serve as electrodes for voltage bias and current 
injection. Thereby, further study with these active optical effects is of great interest for 
electrically controllable PT-symmetric optics. 
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