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A B S T R A C T

This research paper investigates the computational wave solutions of the nonlinear Klein–Fock–Gordon (KFG)
equation by applying two effective recent computational schemes. The nonlinear KFG model is a quantized
version of the relativistic energy–momentum relation related to the well-known Schrödinger equation. The
modified Khater (MK) and modified Kudryashov (MKud) computational schemes are employed to construct
novel explicit wave solutions for figuring out novel physical properties of the investigated model. Some
solutions are illustrated in some distinct figures. This paper’s novelty and originality are discussed by showing
the similarity and differences between our paper and other published papers.
1. Introduction

Several researchers in physical phenomena have recently been
working on producing a laser–plasma electron with energy greater
than obtained from the thermalized electrons [1–3]. This kind of fast
electrons’ production describes specific complicated physical processes
that accelerate electrons to very high energies [4,5]. Examples of such
techniques are the resonant absorption of laser radiation in plasma,
multi-mode laser fields with stochastic phase perturbations, two –
plasmon decay in the quarter’s region – critical mass, relativistic
electron, induced Raman scattering in plasma coronas, and so on [6–8].
Practically, the laser–plasma is a promising method in which the pro-
cessing of high-speed electrons such as cathode of an injector with high
current pulsed accelerators offers enormous current dose densities (>
106 A∕cm2), a short duration of the injection pulse (< 10−9 s), and the
high initial energy of the electrons (> 102 keV) [9–11]. In laser ther-
monuclear fusion, high-speed electrons play a significant part. Just a
small volume of the high-energy electron, with less than one percentage
of the absorption laser energy in the central field, would cause one-
brand retailing and even monumentally lower upward-compression in
hydrodynamic systems acceleration and suppression of nuclear fission
goals, prevent the required valve from being realized [12–15].

∗ Corresponding author at: Department of Mathematics, Faculty of Science, Jiangsu University, 212013, Zhenjiang, China.
∗∗ Corresponding author.

Many laser–plasma electron phenomena have been mathematically
derived in many formulated [16–20]. Consequently, the mathemati-
cian and physicists have been focusing on studying these phenom-
ena’ dynamical and physical behavior through the mathematical view
(computational, semi-analytical, and numerical solutions) [21–23]. Ad-
ditionally, Many computational schemes have been derived to con-
struct many novel traveling solutions that show the models’ character-
izes [24–27]. These solutions have been using to evaluate the initial and
boundary conditions of these models [28,29]. These conditions allow
applying the semi-analytical and numerical schemes to these models
to assess the approximate solutions and calculate the absolute value of
error between the exact and numerical solutions [30–34].

In this research, we study the nonlinear KFG model that is mathe-
matically given by [35–37]:

𝑡 −𝑥 𝑥 − 𝑎 − 𝑏 2 = 0, (𝑛 > 0), (1)

where  describes the dynamical behavior of the relativistic electrons.
While 𝑎, 𝑏, 𝑛 are arbitrary constants. Using the following transformation
 (𝑥, 𝑡) = (𝜁 ), 𝜁 = 𝑥 + 𝜆 𝑡 on Eq. (1), yields converting nonlinear
partial differential equation (NLPDE) into the next nonlinear ordinary
vailable online 8 December 2020
211-3797/© 2020 The Authors. Published by Elsevier B.V. This

http://creativecommons.org/licenses/by-nc-nd/4.0/).

E-mail addresses: mostafa.khater2024@yahoo.com (M.M.A. Khater), baak@han

https://doi.org/10.1016/j.rinp.2020.103701
Received 13 November 2020; Received in revised form 30 November 2020; Accept
is an open access article under the CC BY-NC-ND license

yang.ac.kr (C. Park).

ed 4 December 2020

http://www.elsevier.com/locate/rinp
http://www.elsevier.com/locate/rinp
mailto:mostafa.khater2024@yahoo.com
mailto:baak@hanyang.ac.kr
https://doi.org/10.1016/j.rinp.2020.103701
https://doi.org/10.1016/j.rinp.2020.103701
http://crossmark.crossref.org/dialog/?doi=10.1016/j.rinp.2020.103701&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/


Results in Physics 19 (2020) 103701M.M.A. Khater et al.

E
T

𝜘

m
E
f

F

F







differential equation (NLODE)

𝜆 ′ −  ′′ − 𝑎 − 𝑏𝑛 = 0. (2)

valuating the balance value of Eq. (2) leads to  ′′ &𝑛 ⇒ 𝑚 = 2
𝑛−1 .

hus, we have to use the following transformation  = 𝜓
2
𝑛−1 for Eq. (2)

that leads to the following NLODE

2 𝜆
𝑛 − 1

𝜓
3−𝑛
𝑛−1 𝜓 ′− 6 − 2 𝑛

(𝑛 − 1)2
𝜓

4−2 𝑛
𝑛−1 𝜓 ′2− 2

𝑛 − 1
𝜓

3−𝑛
𝑛−1 𝜓 ′′−𝑎𝜓

2
𝑛−1 −𝑏𝜓

2 𝑛
𝑛−1 = 0.

(3)

Multiplying Eq. (3) by 𝜓− 4−2 𝑛
𝑛−1 , gives

2
𝑛 − 1

𝜓 𝜓 ′ − 6 − 2 𝑛
(𝑛 − 1)2

𝜓 ′2 − 2
𝑛 − 1

𝜓 𝜓 ′′ − 𝑎𝜓2 − 𝑏𝜓4 = 0. (4)

Balancing the highest order and nonlinear terms of Eq. (4), gives
𝜓 𝜓 ′′ &𝜓4 ⇒ 𝑚 = 1.

The rest sections in this manuscript are organized as follows: Sec-
tion 2 applies MK and GKud schemes to the nonlinear KFG model
for constructing novel solitary solutions [38–41]. Section 3 demon-
strates the obtained solutions and their physical interpretations through
shown two, three-dimensional, and contour plots. Section 4 gives the
conclusion of the whole research paper.

2. Computational wave solutions

Here, we apply two recent analytical schemes (the MK, and GK
techniques) to the nonlinear KFG equation for evaluating novel solitary
wave solutions

2.1. The MK method

Handling Eq. (4) through the MK analytical technique and the
homogeneous balance principles, formulates its general solution in the
following form:

𝜓(𝜁 ) =
𝑚
∑

𝑖=1
𝑎𝑖𝑖 (𝜉) +

𝑚
∑

𝑗=1
𝑏𝑖−𝑗  (𝜁 ) + 𝑎0 = 𝑎1  (𝜁 ) + 𝑎0 + 𝑏1 − (𝜁 ), (5)

where  (𝜁 ) is the solution function of  ′(𝜁 ) = 1
ln()

[

𝛿 + 𝜌 (𝜁 ) +

− (𝜁 )
]

and 𝑎0, 𝑎1, 𝑏1, 𝛿, 𝜌, 𝜘 are arbitrary constants to be deter-
ined later. Applying the well-known steps of the Mk method with
q. (5) through its auxiliary equation to Eq. (4), gives the following
amilies of the above-mentioned parameters:

amily I

𝑎1 →
𝑎0

(

√

𝛿2 − 4𝜌𝜘 + 𝛿
)

2𝜘
, 𝑏1 → 0, 𝜆→ 3

√

𝛿2 − 4𝜌𝜘, 𝑎→ 2
(

𝛿2 − 4𝜌𝜘
)

,

𝑏→
𝛿
(

√

𝛿2 − 4𝜌𝜘 − 𝛿
)

+ 2𝜌𝜘

𝑎20
, 𝑛→ 3.

Family II

𝑎1 → 0, 𝑏1 →
𝑎0

(

𝛿 −
√

𝛿2 − 4𝜌𝜘
)

2𝜌
, 𝜆→ 3

√

𝛿2 − 4𝜌𝜘, 𝑎→ 2
(

𝛿2 − 4𝜌𝜘
)

,

𝑏→
2𝜌𝜘 − 𝛿

(

√

𝛿2 − 4𝜌𝜘 + 𝛿
)

𝑎20
, 𝑛→ 3.

Thus, many distinct wave solutions Eq. (1) are constructed in the
following form:

For 𝛿2 − 4𝜌𝜘 > 0, 𝜌 ≠ 0, the explicit solution is given by

 (𝑥, 𝑡) = −
𝑎0

(

𝛿
(

√

𝛿2 − 4𝜌𝜘 + 𝛿
)

− 4𝜌𝜘
)(

tanh
(

1
2

(

3𝑡
(

𝛿2 − 4𝜌𝜘
)

+ 𝑥
√

𝛿2 − 4𝜌𝜘
))

+ 1
)

,

2

I,1 4𝜌𝜘
(6)

I,2(𝑥, 𝑡) = −
𝑎0

(

𝛿
(

√

𝛿2 − 4𝜌𝜘 + 𝛿
)

− 4𝜌𝜘
)(

coth
(

1
2

(

3𝑡
(

𝛿2 − 4𝜌𝜘
)

+ 𝑥
√

𝛿2 − 4𝜌𝜘
))

+ 1
)

4𝜌𝜘
,

(7)

II,1(𝑥, 𝑡) =
𝑎0
√

𝛿2 − 4𝜌𝜘
(

tanh
(

1
2

(

3𝑡
(

𝛿2 − 4𝜌𝜘
)

+ 𝑥
√

𝛿2 − 4𝜌𝜘
))

+ 1
)

𝛿 +
√

𝛿2 − 4𝜌𝜘 tanh
(

1
2

(

3𝑡
(

𝛿2 − 4𝜌𝜘
)

+ 𝑥
√

𝛿2 − 4𝜌𝜘
)) ,

(8)

II,2(𝑥, 𝑡) =
𝑎0
√

𝛿2 − 4𝜌𝜘
(

coth
(

1
2

(

3𝑡
(

𝛿2 − 4𝜌𝜘
)

+ 𝑥
√

𝛿2 − 4𝜌𝜘
))

+ 1
)

𝛿 +
√

𝛿2 − 4𝜌𝜘 coth
(

1
2

(

3𝑡
(

𝛿2 − 4𝜌𝜘
)

+ 𝑥
√

𝛿2 − 4𝜌𝜘
)) .

(9)

or 𝜌𝜘 < 0, 𝜌 ≠ 0, 𝜘 ≠ 0, 𝛿 = 0, the explicit solution is given by

I,3(𝑥, 𝑡) = −𝑎0
(

tanh
(

6𝜌𝑡𝜘 − 𝑥
√

𝜌(−𝜘)
)

− 1
)

, (10)

I,4(𝑥, 𝑡) = 𝑎0
(

−
(

coth
(

6𝜌𝑡𝜘 − 𝑥
√

𝜌(−𝜘)
)

− 1
))

, (11)

II,3(𝑥, 𝑡) = 𝑎0
(

−
(

coth
(

6𝜌𝑡𝜘 − 𝑥
√

𝜌(−𝜘)
)

− 1
))

, (12)

II,4(𝑥, 𝑡) = −𝑎0
(

tanh
(

6𝜌𝑡𝜘 − 𝑥
√

𝜌(−𝜘)
)

− 1
)

. (13)

For 𝛿 = 0, 𝜘 = −𝜌, the explicit solution is given by

I,5(𝑥, 𝑡) =
𝑎0

(
√

𝜘2 coth
(

𝜘
(

6𝑡
√

𝜘2 + 𝑥
))

+ 𝜘
)

𝜘
, (14)

II,5(𝑥, 𝑡) =
𝑎0

(
√

𝜘2 tanh
(

𝜘
(

6𝑡
√

𝜘2 + 𝑥
))

+ 𝜘
)

𝜘
. (15)

For 𝛿 = 𝜘
2 = 𝜅, 𝜌 = 0, the explicit solution is given by

I,6(𝑥, 𝑡) =
1
4
𝑎0

⎛

⎜

⎜

⎜

⎜

⎝

(
√

𝜅2 + 𝜅
)

(

𝑒𝜅
(

3
√

𝜅2𝑡+𝑥
)

− 2
)

𝜅
+ 4

⎞

⎟

⎟

⎟

⎟

⎠

. (16)

For 𝛿 = 𝜌 = 𝜅, 𝜘 = 0, the explicit solution is given by

II,6(𝑥, 𝑡) =
𝑎0

(

√

𝜅2 + 𝜅 +
(

𝜅 −
√

𝜅2
)

𝑒−𝜅
(

3
√

𝜅2𝑡+𝑥
))

2𝜅
. (17)

For 𝜌 = 0, 𝛿 ≠ 0, 𝜘 ≠ 0, the explicit solution is given by

I,7(𝑥, 𝑡) =
1
2
𝑎0

⎛

⎜

⎜

⎜

⎜

⎝

(
√

𝛿2 + 𝛿
)

(

𝑒𝛿
(

3
√

𝛿2𝑡+𝑥
)

− 𝜘
𝛿

)

𝜘
+ 2

⎞

⎟

⎟

⎟

⎟

⎠

. (18)

For 𝜘 = 0, 𝛿 ≠ 0, 𝜌 ≠ 0, the explicit solution is given by

II,7(𝑥, 𝑡) =

𝑎0
⎛

⎜

⎜

⎝

√

𝛿2 + 𝛿 −
2
(√

𝛿2−𝛿
)

𝑒
−𝛿

(

3
√

𝛿2 𝑡+𝑥
)

𝜌

⎞

⎟

⎟

⎠

2𝛿
. (19)

2.2. The MKud method

Handling Eq. (4) through the MKud analytical technique and the
homogeneous balance principles, formulates its general solution in the
following form:

𝜓(𝜁 ) =
𝑚
∑

𝑎𝑖(𝜁 )𝑖 = 𝑎1 (𝜁 ) + 𝑎0, (20)

𝑖=0
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Fig. 1. Three distinct types of numerical sketches ((a) 3D, (b) 2D, and (c) contour plots) of Eq. (6).
Fig. 2. Three different types of numerical sketches ((a) 3D, (b) 2D, and (c) contour plots) of Eq. (7).
where (𝜁 ) is the solution function of ′(𝜁 ) → ((𝜁 )2 −(𝜁 )) log(𝑟) and
𝑎0, 𝑎1, 𝑟 are arbitrary constants to be evaluated later.

Family I

𝑎0 → 0, 𝜆→
−𝑛 log(𝑟) − 3 log(𝑟)

𝑛 − 1
, 𝑎→

2(𝑛 + 1) log2(𝑟)
(𝑛 − 1)2

,

𝑏→ −
2(𝑛 + 1) log2(𝑟)
𝑎21(𝑛 − 1)2

.

Family II

𝑎0 → −𝑎1, 𝜆→
(𝑛 + 3) log(𝑟)

𝑛 − 1
, 𝑎→

2(𝑛 + 1) log2(𝑟)
(𝑛 − 1)2

, 𝑏→ −
2(𝑛 + 1) log2(𝑟)
𝑎21(𝑛 − 1)2

.

Family III

𝑎0 → −𝑎1, 𝜆→ 3 log(𝑟), 𝑛→ 3, 𝑎→ 2 log2(𝑟), 𝑏→ −
2 log2(𝑟)
𝑎21

.

Thus, many distinct wave solutions Eq. (1) are constructed in the
following form:

1(𝑥, 𝑡) =

(

𝑎1

1 ± 𝑟
𝑡(−𝑛 log(𝑟)−3 log(𝑟))

𝑛−1 +𝑥

)

2
𝑛−1 , (21)

2(𝑥, 𝑡) =

(

𝑎1

(

1

1 ± 𝑟
(𝑛+3)𝑡 log(𝑟)

𝑛−1 +𝑥
− 1

))

2
𝑛−1 , (22)

3(𝑥, 𝑡) = 𝑎1

(

1
1 ± 𝑟3𝑡 log(𝑟)+𝑥

− 1
)

. (23)
3

3. Results and discussion

Here, the employed and constructed solutions are discussed and
explained to show the novelty and originality of the obtained so-
lutions and whole research paper. This discussion-based on compar-
ing both used schemes and their results. Moreover, It also reaches
to demonstrate the shown figures and their physical interpretation
(Figs. 1–7).

1. The computational used scheme:
The MK and GK techniques have been used as the first time for
the nonlinear KFG model. These schemes are equal under the
following conditions  (𝜁 ) = (𝜁 ),  = 𝑟, 𝜌 = −𝛿 = 1, 𝜘 = 0.
However, this equivalence between both methods but the MK
method has obtained solutions more than GK method. The MK
method also has covered the obtained solutions that have been
obtained by the GK method.

2. The obtained solutions:
Here, we compare our solutions and that have been obtained by
A. N. Bulygin, Yu. V. Pavlov & Eron L. Aero, A. N. Bulygin, Yu.
V. Pavlov in [42,43] where they have employed the principles of
construction of functionally to study the nonlinear KFG equation.
They have evaluated many various solutions of the investigated
model however our paper contains more than their constructed
solutions.

3. The physical explanation of the shown figures:
The solutions of the KFG model are represented in some distinct
figures to show novel properties of dynamical behavior of the
relativistic electrons. Eqs. (6), (7), (8), (9), (21), (22), and (23)
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Fig. 3. Three various types of numerical sketches ((a) 3D, (b) 2D, and (c) contour plots) of Eq. (8).
Fig. 4. Three distinct types of numerical sketches ((a) 3D, (b) 2D, and (c) contour plots) of Eq. (9).
Fig. 5. Three distinct types of numerical sketches ((a) 3D, (b) 2D, and (c) contour plots) of Eq. (21).
are sketched in three, two-dimensional and contour plots with
the following numerical values of the parameters

[

𝑎0 = 4, 𝛿 =

3, 𝜌 = 1, 𝜘 = 2& 𝑎0 = 6, 𝛿 = 5, 𝜌 = 3, 𝜘 = 2& 𝑎0 = 4, 𝛿 = 5, 𝜌 =
2, 𝜘 = 3& 𝑎0 = 7, 𝛿 = 3, 𝜌 = 2, 𝜘 = 1& 𝑎1 = 4, 𝑛 = 3, 𝑟 = 2& 𝑎1 =

5, 𝑛 = 3, 𝑟 = 4& 𝑎1 = 6, 𝑟 = 7
]

. These Figs. 1, 2, 3, 4, 5, 6, 7 show
respectively breath, solitary, periodic, breath, cone, kink, and
anti-kink shapes that explain the model’s physical characterizes.
4

4. Conclusion

In this manuscript, novel solitary wave solutions of the nonlinear
KFG model have productively constructed. The MK and MKud com-
putational schemes and homogeneous balance principles have been
successfully applied to the nonlinear ordinary differential equation that
have been obtained by employing the wave transformation for the
original nonlinear partial differential equation of the KFG model. Some
solutions have been sketched in three distinct types of figures and
showed novel physical properties of the studied model. The originality
of this paper has been discussed and demonstrated by comparing
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Fig. 6. Three different types of numerical sketches ((a) 3D, (b) 2D, and (c) contour plots) of Eq. (22).
Fig. 7. Three various types of numerical sketches ((a) 3D, (b) 2D, and (c) contour plots) of Eq. (23).
the used schemes together and showing the difference between our
solutions and that have been obtained in previously published paper.
The performance of both used schemes shows their effective and ability
for handling many nonlinear evolution equation in integer or fractional
order.
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