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A B S T R A C T   

New dual-wave soliton solutions are addressed for the two-mode Sawada-Kotera (TmSK) equation arising in 
fluids by the modified Kudryashov and new auxiliary equation methods. As outcomes, bright, dark, periodic, and 
singular-periodic dual-wave solutions are obtained. The graphs of the solutions are provided to show the impact 
of the parameters. A comparison between our solutions and the existing ones is carried out.   

Introduction 

It is well recognized that two-mode nonlinear partial differential 
equations (PDEs) are the extended form of standard mode PDEs. Both 
types of PDEs play the considerable role to explain the pragmatic phe
nomena in various fields [1] by investigating their analytic and nu
merical solutions. Before the invention of symbolic computation 
software such as Maple, Mathematica, MATLAB, etc., it was challenging 
to determine analytic and numerical solutions of nonlinear PDEs. 
Nowadays, it is comfortable, but important to solve such types of 
nonlinear PDEs via analytic, semi-analytic, and numerical methods due 
to the advancement of symbolic computation software. Mostly, during 
the nineteenth centuries, the diverse standard mode nonlinear PDEs 
have been introduced by several researchers and various types of wave 
solutions have been constructed via several analytic, semi-analytic, and 
numerical methods efficiently viz. the Kudryashov method [2], the 
modified Kudryashov method [3–5], the generalized Kudryashov 
method [6,7], the extended Kudryashov method [8], the trial equation 
method [9], the extended trial equation method [10], the nth Bäcklund 
transformation (BT) [11–13], the modified simple equation method 
[14], the sine-Gordon equation expansion method [15,16], the extended 
sinh-Gordon equation expansion method [16–18], the extended simplest 
equation method [19], the new extended direct algebraic method [20], 
the unified method and its extended form [21–24], the generalized 

unified method [25], the new auxiliary equation expansion method 
[26], the successive differentiation method [27], the Adomian decom
position method [28], the Hirota bilinear method [29–35], the wavelet 
method [36], the finite difference method [37], the finite element 
method [38], and other techniques [39–43]. 

Recently, a new family of nonlinear PDEs under the name “two- 
mode” or “dual-mode” have been established regarding temporal and 
spatial derivatives. Regarding this interest, researchers have been 
recognized some two-mode nonlinear PDEs viz. two-mode KdV 
(TmKdV) [44,45], two-mode mKdV (TmmKdV) [46,47], two-mode fifth- 
order KdV (TmfKdV) [48,49], two-mode Sharma-Tasso-Olver (TmSTO) 
[50], two-mode Burgers’ (TmB) [51], two-mode KdV-Burgers’ (TmKdV- 
B) [52], two-mode perturbed Burgers’ (TmPB) [53], two-mode Ostrov
sky (TmO) [53], two-mode Kadomtsev-Petviashvili (TmKP) [54,55], 
two-mode Kuramoto-Sivashinsky (TmKS) [56], two-mode dispersive 
Fisher (TmF) [57], two-mode Boussinesq-Burgers (TmBB) [58], two- 
mode nonlinear Schrödinger (TmNLS) [59], two-mode coupled KdV 
(TmCKdV) [60], two-mode coupled mKdV (TmCmKdV) [61], and two- 
mode Hirota-Satsuma coupled KdV (TmHSC-KdV) [62] equations and 
the concerning dual-wave solutions are constructed by different 
analytical approaches. Among these methods the (G’/G)-expansion 
method, the tanh expansion method, the Kudryshov method, the 
rational sine-cosine method, the simplified Hirota’s method, the sech- 
csch method, the tanh-coth method, the sinh-cosh method, the 
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trigonometric function method, the Fourier spectral method, the 
Bäcklund transformation, and different other methods [39–65]. As 
outcomes, some soliton-kink, multiple solitons-kink, bright, dark, and 
singular-periodic wave solutions have been carried out to the aforesaid 
equations. 

In 2019, Wazwaz [48] developed two-mode Sawada-Kotera (TmSK) 
equation from the two-mode fifth-order KdV (TmfKdV) equation and 
determined some multiple soliton solutions via the simplified Hirota 
method. Later, Akbar et al. [49] studied the TmfKdV equation and 
constructed some bright, kink, and singular periodic solutions through 
the Kudryashov and sine-cosine function methods. It is to be noted that 
the TmSK equation is a particular case of the TmfKdV equation. To the 
best of authors’ knowledge, despite extensive studies on some dual mode 
PDEs, the contributions to the aforesaid TmSK equation are limited. It is 
manifested from the literature point of view that there are some scopes 
for further investigations on the TmSK equation to construct new dual- 
wave solutions via the modified Kudryashov method (mKM) and the 
new auxiliary equation method (NAEM) as well as to draw their physical 
clarifications. It is of interest to note here that the Kudryashov method is 
a special case of the mKM, and the mKM is also a particular case of 
NAEM. Thus, motivated by the existing literature, a modest effort has 
been made in this study to construct some new dual-wave solutions to 
the TmSK equation via the mKM and NAEM. The solutions attained by 
the mKM and NAEM are to be new in the sense of methods application. 

The rest of the paper is organized as follows. In Section “Formulation 
of dual/two-mode equations”, an overview of the general form of two- 
mode standard equation and TmSK equation are provided. In Section 
“Reviews of the methods”, the reviews of the mKM and NAEM are 
described. The outcomes from the investigation are presented in Section 
“Construction of dual-wave solutions: mathematical analysis”. In Sec
tion “Discussion and the graphical analysis of the dual-wave solutions”, 
a general discussion and some of the graphical illustrations of the ac
quired solutions are presented. At the end, conclusions and future rec
ommendations of the paper are exposed in Section “Conclusions and 
future recommendations”. 

Formulation of dual/two-mode equations 

General form of two-mode standard equation 

The general form of two-mode equation proposed by Korsunsky [44], 
is given as 

utt − s2uxx +

(
∂
∂t
− αs

∂
∂x

)

N(u, uux,⋯)+

(
∂
∂t
− βs

∂
∂x

)

L(urx, r ≥ 2) = 0,

(1) 

Eq. (1) is established from the standard mode equation: ut +

N(u, uux,⋯) + L(urx, r ≥ 2) = 0. In Eq. (1), u(x, t) is an unknown func
tion, where (x, t) ∈ ( − ∞,∞), s > 0is the phase velocity, |β| ≤ 1, |α| ≤ 1, 
α, β represent the nonlinearity parameter and dispersion parameter, 
respectively, and N(u, uux,⋯) and L(urx, r ≥ 2) indicate the nonlinear 
and linear terms, respectively. 

Two-mode Sawada-Kotera (SK) equation 

The standard SK equation reads [48] 

ut +

(
5
3
u3 + 5uuxx

)

x
+ uxxxxx = 0 (2)  

with linear term uxxxxx and nonlinear term 
(

5
3u

3 + 5uuxx

)

x
. 

Combining the sense of Korsunsky [44], following Wazwaz [48], the 
two-mode SK(TmSK) equation of the standard SK equation specified by 
Eq. (2) is given by 

utt − s2uxx +

(
∂
∂t
− αs

∂
∂x

)(
5
3

u3 + 5uuxx

)

x
+

(
∂
∂t
− βs

∂
∂x

)

uxxxxx = 0 (3) 

It is obvious that for s = 0, the TmSK equation specified by Eq. (3) 
after integrating regarding time t is reduced to the standard mode SK 
equation given by Eq. (2). Eq. (3) describes the propagation of moving 
two-waves under the influence of phase velocity (s), dispersion (β), and 
nonlinearity (α) factors. 

Reviews of the methods 

The general form of nonlinear PDEs can be written as 

F(u, ux, uux, ut, uxx, uuxx, utt,⋯⋯) = 0, (4)  

where F is a polynomial function with respect to some specified inde
pendent variables x, t, and u = u(x, t) is an unknown function. 

By introducing the transformation u(x, t) = u(ξ) , where ξ = x − vt, 
Eq. (4) can be converted into the following ordinary differential equa
tion (ODE): 

P(u, u’, u’’, uu’’,⋯⋯⋯) = 0, (5)  

where P is a polynomial of u and its derivatives, and the superscripts 
stand for ordinary derivatives with respect to ξ. 

The modified Kudryashov method 

In this section a brief overview of the mKM [3] is presented. 
Let us assume that the solution u(ξ) of Eq. (5) can be set as 

u(ξ) = a0 +
∑N

i=1
aiQi(ξ), (6)  

where the arbitrary constants ai(i = 1, 2,⋯⋯,N) are determined later, 
but aN ∕= 0 and N is a positive integer that can be determined via the 
homogeneous balance principle by balancing between the nonlinear 
terms and highest derivatives of Eq. (5). The function Q(ξ) of Eq. (6) 
satisfies the following ODE: 

Q’(ξ) =
(
Q2(ξ) − Q(ξ)

)
ln(a), (7)  

where a > 1 and the general solution of Eq. (7) is Q(ξ) = 1
1+daξ, d ∕= 0. 

By inserting Eq. (6) along with Eq. (7) into Eq. (5) and equating the 
coefficients of the powers of Qi(ξ) to zero, we get a system of algebraic 
equations in parameters a0, a1 and v. Setting the obtained value in Eq. 
(6), one can finally generate new exact solutions for Eq. (4). 

The new auxiliary equation method (NAEM) 

In this section a brief overview of the NAEM [26] is presented. 
As per the NAEM, the exact solution of Eq. (5) is supposed to have the 

following form: 

u(ξ) =
∑N

i=0
cia{if (ξ)}, (8)  

where c0, c1,⋯, cN are constants to be calculated such that cN ∕= 0 and 
the positive integer N can be determined by balancing the nonlinear 
terms and highest derivatives in Eq. (8). The function f(ξ) of Eq. (8) 
satisfies the following ODE [26]: 

f ’(ξ) =
1

ln(a)
{

pa− f (ξ) + q+ raf (ξ)} (9) 

By inserting Eq. (8) with the value of N along with Eq. (9) into Eq. (5) 
and collecting all terms having powers of aif(ξ), (i = 0, 1,2,⋯) to zero, a 
system of algebraic equation is attained, which on solving gives the 
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values of ci’s, v, and etc. Finally, plugging the values of ci’s, v and the 
solutions of Eq. (9) into Eq. (8), one can generate the abundant dual- 
wave solutions of Eq. (4). 

The solutions of Eq. (9) are obtained as follows [26]: 

Family 1: When q2 − 4pr < 0 and r ∕= 0, 

af (ξ) =
− q
2r

+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4pr − q2

√

2r
tan

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4pr − q2

√

2
ξ

)

, (10)  

af (ξ) =
− q
2r

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4pr − q2

√

2r
cot

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4pr − q2

√

2
ξ

)

(11)  

Family 2: When q2 − 4pr > 0 and r ∕= 0, 

af (ξ) =
− q
2r

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
q2 − 4pr

√

2r
tanh

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
q2 − 4pr

√

2
ξ

)

, (12)  

af (ξ) =
− q
2r

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
q2 − 4pr

√

2r
coth

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
q2 − 4pr

√

2
ξ

)

(13)  

Family 3: When q2 +4p2 < 0 , r ∕= 0 and r = − p, 

af (ξ) =
q

2p
−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 4p2 − q2

√

2p
tan

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 4p2 − q2

√

2
ξ

)

, (14)  

af (ξ) =
q

2p
+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 4p2 − q2

√

2p
cot

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 4p2 − q2

√

2
ξ

)

(15)  

Family 4: When q2 + 4p2 > 0, r ∕= 0 and r = − p, 

af (ξ) =
q

2p
+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4p2 + q2

√

2p
tanh

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4p2 + q2

√

2
ξ

)

, (16)  

af (ξ) =
q

2p
+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4p2 + q2

√

2p
coth

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4p2 + q2

√

2
ξ

)

(17)  

Family 5: When q2 − 4p2 < 0 and r = p, 

af (ξ) =
− q
2p

+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4p2 − q2

√

2p
tan

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4p2 − q2

√

2
ξ

)

, (18)  

af (ξ) =
− q
2p

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4p2 − q2

√

2p
cot

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4p2 − q2

√

2
ξ

)

(19)  

Family 6: When q2 − 4p2 > 0 and r = p, 

af (ξ) =
− q
2p

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 4p2 + q2

√

2p
tanh

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 4p2 + q2

√

2
ξ

)

(20)  

af (ξ) =
− q
2p

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 4p2 + q2

√

2p
coth

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 4p2 + q2

√

2
ξ

)

(21)  

Family 7: When q2 = 4pr, 

af (ξ) = −
2 + qξ

2rξ
(22)  

Family 8: When rp < 0,q = 0and r ∕= 0, 

af (ξ) = −

̅̅̅̅̅̅̅
− p
r

√

tanh
( ̅̅̅̅̅̅̅̅

− rp
√

ξ
)

(23)  

af (ξ) = −

̅̅̅̅̅̅̅
− p
r

√

coth
( ̅̅̅̅̅̅̅̅

− rp
√

ξ
)

(24)  

Family 9: When q = 0 and p = − r, 

af (ξ) =
1 + e− 2rξ

− 1 + e− 2rξ (25)  

Family 10: When p = r = 0, 

af (ξ) = cosh(qξ)+ sinh(qξ) (26)  

Family 11: When p = q = K and r = 0, 

af (ξ) = eKξ − 1 (27)  

Family 12: When r = q = K and p = 0, 

af (ξ) =
eKξ

1 − eKξ (28)  

Family 13: When q = p + r, 

af (ξ) = −
1 − pe(p− r)ξ

1 − re(p− r)ξ (29)  

Family 14: When q = − (p + r), 

af (ξ) =
p − e(p− r)ξ

r − e(p− r)ξ (30)  

Family 15: When p = 0, 

af (ξ) =
qeqξ

1 − reqξ (31)  

Family 16: When q = p = r ∕= 0, 

af (ξ) =
1
2

{
̅̅̅
3

√
tan
( ̅̅̅

3
√

2
pξ
)

− 1
}

(32)  

Family 17: When q = r = 0, 

af (ξ) = pξ (33)  
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Family 18: When q = p = 0, 

af (ξ) = −
1
rξ

(34)  

Family 19: When p = r and q = 0, 

af (ξ) = tan(pξ) (35)  

Family 20: When r = 0, 

af (ξ) = eqξ −
m
n

(36)  

Construction of dual-wave solutions: mathematical analysis 

In this section, we will construct dual-wave solutions to the TmSK 
equation specified by Eq. (3) via the method described in Section “Re
views of the methods”. 

In order to covert the PDE specified by Eq. (3) into ODE, we use the 
following transformation as ξ = kx − ct. By using the specified trans
formation into Eq. (3), we get an ODE as follows. 
(
− k2s2 + c2)u’’ − kαs

(
10kuu’2

+ 5ku2u’’ + 5k3(u’’)
2
+ 10k3u’u’’’ + 5k3u’’’’u

)

− 5c
(

2kuu’2
+ ku2u’’ + k3u’’2

+ 2k3u’u’’’ + k3u’’’’u
)

− k5cu’’’’’’ − βsk6u’’’’’’ = 0.
(37)  

Application of the modified Kudryashov method 

The index N is to be determined by applying the homogenous bal
ance procedure with the linear term u’’’’’’ against the nonlinear term 
u2u’’ in Eq. (37), which gives N = 2. Therefore, Eq. (6) takes the 
following form: 

u(ξ) = a0 + a1Q(ξ)+ a2Q2(ξ) (38) 

A direct substitution of Eq. (38) along with Eq. (7) and α = β into Eq. 
(37) via the symbolic computation software Maple, and equating the 
coefficients of Qr(ξ), (r = 1,2,⋯,8)to zero a set of algebraic equations 
involving a0,a1,a2,c, is attained. Solving the attained system of equations 
via the mentioned symbolic computation software, the following solu
tion sets are obtained: 

Set 1: 

a0 = − ln(a)2k2,a1 = 12ln(a)2k2,a2 = − 12ln(a)2k2, and 

c =

(
1
2

ln(a)4k4 ±
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ln(a)8k8 + 4sβln(a)4k4 + 4s2
√ )

k  

Set-2: 

a0 = − 1
10

1
k(ksβ+c)

(
5sβln(a)2k4 +5ck3ln(a)2

∓
(

5ln(a)4k8s2β2 

+10ln(a)4ck7sβ + 5ln(a)4k6c2 − 20k4s3β + 20c2k2sβ − 20ck3s2 

+20c3k
)1

2
)

, a1 = 6ln(a)2k2 

, and 

a2 = − 6ln(a)2k2 

Plugging Set-1 and Set-2 along with the solution of Eq. (7) into Eq. 
(38), one can produce the following solutions: 

u1,2(x, t) = − k2ln(a)2
+

12k2ln(a)2

1 + da
−

(

1
2 ln(a)4k4±1

2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ln(a)8k8+4sβln(a)4k4+4s2

√
)

kt+kx

−
12k2ln(a)2

⎛

⎜
⎝1 + da

−

(

1
2 ln(a)4k4±1

2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ln(a)8k8+4sβln(a)4k4+4s2

√
)

kt+kx

⎞

⎟
⎠

2,
(39)  

u3,4(x, t) = −
1
10

1
k(ksβ + c)

(

5sβln(a)2k4 + 5ck3ln(a)2

∓
(
5ln(a)4k8s2β2 + 10ln(a)4ck7sβ + 5ln(a)4k6c2 − 20k4s3β 

+20c2k2sβ − 20ck3s2

+ 20c3k
)1

2

)

+
6k2ln(a)2

1 + da− ct+kx −
6k2ln(a)2

(1 + da− ct+kx)
2. (40)  

Application of the new auxiliary equation method 

In order to determine a series of dual-wave solutions of TmSK 
equation by the NAEM, the finite expansion of NAEM formal solution 
can be assumed to Eq. (3) as follows 

u(ξ) = a0 + a1af (ξ) + a2
(
af (ξ))2

, (41) 

By plugging Eq. (41) along with Eq. (9) and α = β into Eq. (37) via 
Maple symbolic computation software, and equating the coefficients of 
(af(ξ))

r
,(r = 1,2,⋯, 9)to zero a set of algebraic equations involving a0,a1,

a2,c, is attained. Solving the obtained set of algebraic equations with the 
aid of Maple yields: 

a0 = −
(
8pr+q2)k2,a1 = − 12k2qr,a2 = − 12k2r2, and c 

=

(

8p2k4r2 − 4q2k4pr+
1
2
q4k4

±
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
256k8p4r4 − 256p3k8q2r3 + 96p2k8r2q4 − 16q6k8pr + q8k8

√

±
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
64p2k4r2sβ − 32sβk4prq2 + 4q4k4sβ + 4s2

√
)

k 

. 
Substituting the values of a0, a1, a2, and c into Eq. (41), the following 

class of solution is determined: 

u(ξ) = −
(
8pr+ q2)k2 − 12k2qr

(
af (ξ) ) − 12k2r2( af (ξ) )2

, (42) 

By putting the solutions of auxiliary equation specified by Eq. (9) 
(Family-1 to Family-20) into Eq. (42), the following solutions are 
retrieved: 

For Family 1: When q2 − 4pr < 0 and r ∕= 0, 

u1,2(x,t)=−
(
8pr+q2)k2 − 12k2qr

(

−
q
2r
+

1
2r

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4pr− q2

√
tan

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4pr− q2

√

2
ξ

))

− 12k2r2

(

−
q
2r
+

1
2r

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4pr− q2

√
tan

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4pr− q2

√

2
ξ

))2

,

(43)   
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u3,4(x,t)=−
(
8pr+q2)k2 − 12k2qr

(

−
q
2r
−

1
2r

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4pr− q2

√
cot

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4pr− q2

√

2
ξ

))

− 12k2r2

(

−
q
2r
−

1
2r

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4pr− q2

√
cot

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4pr− q2

√

2
ξ

))2

.

(44)  

For Family 2: When q2 − 4pr > 0 and r ∕= 0, 

u5,6(x,t)=− (8pr+q2)k2 − 12k2qr

(
− q
2r

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
q2 − 4pr

√

2r
tanh

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
q2 − 4pr

√

2
ξ

))

− 12k2r2

(
− q
2r

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
q2 − 4pr

√

2r
tanh

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
q2 − 4pr

√

2
ξ

))2

(45)   

u7,8(x,t)=−
(
8pr+q2)k2 − 12k2qr

(
− q
2r

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
q2 − 4pr

√

2r
coth

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
q2 − 4pr

√

2
ξ

))

− 12k2r2

(
− q
2r

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
q2 − 4pr

√

2r
coth

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
q2 − 4pr

√

2
ξ

))2

(46)  

For Family 3: When q2 +4p2 < 0 , r ∕= 0 and r = − p, 

u9,10(x,t)=−
(
8pr+q2)k2 − 12k2qr

(
q
2p

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 4p2 − q2

√

2p
tan

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 4p2 − q2

√

2
ξ

))

− 12k2r2

(
q

2p
−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 4p2 − q2

√

2p
tan

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 4p2 − q2

√

2
ξ

))2

(47)   

u11,12(x,t)=−
(
8pr+q2)k2 − 12k2qr

(
q

2p
+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 4p2 − q2

√

2p
cot

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 4p2 − q2

√

2
ξ

))

− 12k2r2

(
q
2p

+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 4p2 − q2

√

2p
cot

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 4p2 − q2

√

2
ξ

))2

.

(48)  

For Family 4: When q2 + 4p2 > 0, r ∕= 0 and r = − p, 

u13,14(x,t)=−
(
8pr+q2)k2 − 12k2qr

(
q

2p
+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4p2+q2

√

2p
tanh

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4p2+q2

√

2
ξ

))

− 12k2r2

(
q
2p

+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4p2+q2

√

2p
tanh

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4p2+q2

√

2
ξ

))2

(49)   

u15,16(x,t)=−
(
8pr+q2)k2 − 12k2qr

(
q

2p
+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4p2+q2

√

2p
coth

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4p2+q2

√

2
ξ

))

− 12k2r2

(
q
2p

+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4p2+q2

√

2p
coth

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4p2+q2

√

2
ξ

))2

(50)  

For Family 5: When q2 − 4p2 < 0 and r = p, 

u17,18(x,t)=−
(
8pr+q2)k2 − 12k2qr

(
− q
2p

+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4p2 − q2

√

2p
tan

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4p2 − q2

√

2
ξ

))

− 12k2r2

(
− q
2p

+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4p2 − q2

√

2p
tan

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4p2 − q2

√

2
ξ

))2

,

(51)   

u19,20(x,t)=−
(
8pr+q2)k2 − 12k2qr

(
− q
2p

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4p2 − q2

√

2p
cot

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4p2 − q2

√

2
ξ

))

− 12k2r2

(
− q
2p

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4p2 − q2

√

2p
cot

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4p2 − q2

√

2
ξ

))2

(52)  

For Family 6: When q2 − 4p2 > 0 and r = p, 

u21,22(x,t)=−
(
8pr+q2)k2 − 12k2qr

(
− q
2p

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 4p2+q2

√

2p
tanh

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 4p2+q2

√

2
ξ

))

− 12k2r2

(
− q
2p

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 4p2+q2

√

2p
tanh

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 4p2+q2

√

2
ξ

))2

,

(53)   

u23,24(x,t)=−
(
8pr+q2)k2 − 12k2qr

(
− q
2p

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 4p2+q2

√

2p
coth

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 4p2+q2

√

2
ξ

))

− 12k2r2

(
− q
2p

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 4p2+q2

√

2p
coth

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 4p2+q2

√

2
ξ

))2

.

(54)  

For Family 7: When q2 = 4pr, 

u25,26(x, t) = −
(
8pr+ q2)k2 − 12k2qr

(

−
2 + qξ

2rξ

)

− 12k2r2
(

−
2 + qξ

2rξ

)2

(55)  

For Family 8: When rp < 0,q = 0and r ∕= 0, 

u27,28(x,t)=−
(
8pr+q2)k2 − 12k2qr

(

−

̅̅̅̅̅̅̅
− p
r

√

tanh
( ̅̅̅̅̅̅̅̅

− rp
√

ξ
)
)

− 12k2r2
(

−

̅̅̅̅̅̅̅
− p
r

√

tanh
( ̅̅̅̅̅̅̅̅

− rp
√

ξ
)
)2

,

(56)  

u29.30(x, t) = −
(
8pr + q2)k2 − 12k2qr

(

−

̅̅̅̅̅̅̅
− p
r

√

coth
( ̅̅̅̅̅̅̅̅

− rp
√

ξ
)
)

− 12k2r2
(

−

̅̅̅̅̅̅̅
− p
r

√

coth
( ̅̅̅̅̅̅̅̅

− rp
√

ξ
)
)2

.

(57)  

For Family 9: When q = 0 and p = − r, 

u31,32(x, t) = −
(
8pr+ q2)k2 − 12k2qr

(
1 + e− 2rξ

− 1 + e− 2rξ

)

− 12k2r2
(

1 + e− 2rξ

− 1 + e− 2rξ

)2

.

(58)  
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For Family 12: When r = q = K and p = 0, 

u33,34(x, t) = −
(
8pr+ q2)k2 − 12k2qr

(
eKξ

1 − eKξ

)

− 12k2r2
(

eKξ

1 − eKξ

)2

.

(59)  

For Family 13: When q = p + r, 

u35,36(x, t) = −
(
8pr + q2)k2 − 12k2qr

(

−
1 − pe(p− r)ξ

1 − re(p− r)ξ

)

− 12k2r2
(

−
1 − pe(p− r)ξ

1 − re(p− r)ξ

)2

.

(60)  

For Family 14: When q = − (p + r), 

u37,38(x, t) = −
(
8pr+ q2)k2 − 12k2qr

(
p − e(p− r)ξ

r − e(p− r)ξ

)

− 12k2r2
(

p − e(p− r)ξ

r − e(p− r)ξ

)2

(61)  

For Family 15: When p = 0, 

u39.40(x, t) = −
(
8pr+ q2)k2 − 12k2qr

(
qeqξ

1 − reqξ

)

− 12k2r2
(

qeqξ

1 − reqξ

)2

.

(62)  

For Family 18: When q = p = 0, 

u41,42(x, t) = −
(
8pr+ q2)k2 − 12k2qr

(
− 1
rξ

)

− 12k2r2
(
− 1
rξ

)2

. (63)  

For Family 19: When p = r and q = 0, 

u43,44(x, t) = −
(
8pr+ q2)k2 − 12k2qr(tan(pξ) ) − 12k2r2(tan(pξ) )2

. (64)  

where ξ =

(

kx −
(

8p2k4r2 − 4q2k4pr + 1
2q

4k4 ± 1
2
̅̅̅
S

√
± 1

2
̅̅̅
T

√
)

kt
)

for 

solutions specified by Eqs. (43)–(64), 
S = 256k8p4r4 − 256p3k8q2r3 +96p2k8r2q4 − 16q6k8pr+q8k8 and 

T = 64p2k4r2sβ − 32sβk4prq2 + 4q4k4sβ+ 4s2  

Discussion and the graphical analysis of the dual-wave solutions 

This section discusses the produced dual-wave solutions and its 
graphical illustrations for demonstrating the proper physical signifi
cance of the TmSK equation arising in fluid dynamics. Regarding this 
interest, the mKM and NAEM are fruitfully executed to construct 
numerous types of dual-wave soliton solutions to the aforesaid equation. 
It is declared earlier that the TmSK equation has been studied via the 
simplified Hirota method [48], the Kudryashov method [49], and the 
sine-cosine method [49]. Based on the application of the methods, the 
authors reported a few numbers of multiple-soliton, bright, kink, and 
singular-periodic shaped solutions with the restricted conditions α =

β = ±1. But in this article, four wave solutions are generated by the 
mKM and forty-four wave solutions are generated by the NAEM. The 
explored solutions demonstrate the dual-mode bright, dark, periodic, 
and singular wave behaviors that are being classified as right/left mode 
waves. Compared with published results [48,49], it is worth mentioning 
that the attained dual-wave solutions are new for the applied methods of 
interest. 

In order to understand the proper implication of dual-wave behav
iors of the TmSK equation, a few numbers of representative solutions are 
explained graphically for both the methods. Soliton propagation and 
collisions of dual-mode waves are discussed analyzing their graphs. To 
visualize the dual-mode solution’s behavior of the attained solutions via 
mKM given by Eq. (39), the 3D and 2D graphics are presented in Fig. 1 

Fig. 1. Three dimensional (3D) plots of the dual wave solutions of u1 (red color) and u2 (green color) given by Eq. (39) by taking phase velocities at (a1) s = 1, (a2) 
s = 3, (a3) s = 5, and (a4) s = 10 with upon choice of other free parameter values of a = 3, d = 1, k = 1, and β = 1. (b1)–(b4): the cross-sectional two-dimensional 
(2D) plots of (a1–a4) at x = 0, respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 
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by considering particular values of the free parameters as a = 3, d = 1, 
k = 1, and β = 1 for different values of s. Fig. 1(a1)–(a4) present the 
spatiotemporal variation of the attained solutions of u1(x, t) and u2(x, t)
for s = 1,3,5,10, respectively, that illustrate the bright shaped solitons, 
whereas Fig. 1(b1)–(b4) show the cross-sectional 2D plots of Fig. 1(a1)– 
(a4) when x = 0. At s = 1, it is seen from Fig. 1(a1) that two waves of 
u1(x, t) and u2(x, t) interact with each other. Upon increasing the phase 
velocity s (s = 3,5,10), it is also perceived from Fig. 1(a2)–(a4) that the 
solitons are colliding with each other and two waves are going to 
coincide, as well as, the width of each of the two waves is decreasing, but 
the amplitudes remain unchanged. The above behaviors are clearly 

justified with the 2D plots given by Fig. 1(b1)–(b4). The impact of k, s 
and β on the motion of two waves of u1 and u2 are displayed in Fig. 2(a)– 
(c), respectively. It can be seen that from Fig. 2(a) that the profile of u1 is 
slightly higher than that of u2 when k increases from 0 to 1 and then it 
gradually decreases from 1 to 3, and become stable for remaining k 
when x = 1, t = 1, s = 1, and β = 1 are considered. That means, the 
solutions seem to be dual-wave behavior when k ∈ (0,3). On the other 
hand, the profile u1 is higher than that of u2 when the phase velocity (s) 
increases from 0 to 5, and then become stable for other s when x = 1, t =

1, k = 1, and β = 1 are considered (see Fig. 2(b)). As seen in Fig. 2(c), 
the profile of u1 is significantly higher over u2 for β when x = 1, t = 1, 

Fig. 2. (a) The effect of wave number (k) when s = 1, β = 1, (b) the effect of phase velocity parameter (s) when k = 1, β = 1, and (c) the effect of dispersion 
parameter (β) when k = 1, s = 1 on two-mode waves of u1 (red color) and u2 (green color) given by Eq. (39) for x = 1, t = 1, a = 3 and d = 1. (For interpretation of 
the references to color in this figure legend, the reader is referred to the web version of this article.) 

Fig. 3. 3D plots of the dual wave solutions of u1 (red color) and u2 (green color) given by Eq. (43) for considering phase velocities at (a1) s = 1, (a2) s = 3, and (a3) 
s = 5 with upon choice of other free parameter values of p = 1, q = 1,r = 1, k = 1, and β = 1. (b1)–(b3): the cross-sectional 2D plots of (a1)–(a3) at x = 0, 
respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 
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k = 1, and s = 1 are particularly selected. The remaining solutions 
u3,4(x, t) obtained via the mKM indicate the bright shaped solitons, 
which are not displayed for the sake of simplicity. 

Furthermore, in order to display the dual-mode solutions’ behaviors 
of the attained solutions via the NAEM given by Eq. (43), the 3D and 2D 
graphics are presented in Fig. 3 by considering particular values of the 
free parameters as p = 1, q = 1,r = 1, k = 1, and β = 1 for various 
values of s. Fig. 3(a1)–(a3) present the dynamics of the wave propaga
tion of the two waves of u1(x, t) and u2(x, t) upon increasing its phase 
velocity s, whereas Fig. 3(b1)–(b3) show the cross-sectional 2D plots of 
Fig. 3(a1)–(a3) when x = 0. In such case, it is clear from the Fig. 3 that 
both solutions demonstrate the periodic shaped solitons colliding with 

each other. At s = 1, it is seen from Fig. 3(a1) that the soliton corre
sponding to u1(x, t) shows the smaller period than that of u2(x, t). As s 
increases (s = 3, 5), one can observe from Fig. 3(a2)–(a3) that the 
periodicity of u1(x, t) sequentially decreases, but the periodicity in
creases for u2(x, t). The directional changes have been observed for each 
of the solitons. Such types of behaviors are clearly justified by the 2D 
plots, which are shown in Fig. 3(b1)–(b3). The role of k, s, and β on the 
motion of moving two waves of u1 and u2 are displayed in Fig. 4(a)–(c), 
respectively. It is clearly seen from Fig. 4(a)–(c) that the parameters k, s, 
and β accelerate the direction of motion of the waves and increase or 
decrease the number of periods. 

Fig. 5(a1)–(a3) present the 3D plots of the dual-wave solutions of u13 

Fig. 4. (a) The effect of wave number (k) when s = 3, β = 1, (b) the effect of phase velocity parameter (s) when k = 3, β = 1, and (c) the effect of dispersion 
parameter (β) when k = 3, s = 3 on two-mode waves of u1 (red color) and u2 (green color) given by Eq. (43) for x = 1, t = 1, p = 1, q = 1,r = 1. (For interpretation 
of the references to color in this figure legend, the reader is referred to the web version of this article.) 

Fig. 5. 3D plots of the dual wave solutions of u13 (red color) and u14 (green color) given by Eq. (49) for considering phase velocities at (a1) s = 1, (a2) s = 3, and 
(a3) s = 5 with upon choice of other free parameter values of p = 1, q = − 1,r = 1, k = 1, and β = − 1. (b1)–(b3): the cross-sectional 2D plots of (a1)–(a3) at x = 0, 
respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 
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and u14 given by Eq. (49) with phase velocity of s = 1,3,5, respectively, 
along with the consideration of the other parameters, viz. p = 1, q =

− 1,r = 1, k = 1 and β = − 1. The profiles show the bright shaped 
solitons that are confirmed through the cross-sectional 2D plots dis
played in Fig. 5(b1)–(b3). The cross-sectional plots are prepared by 
taking a transect x = 0 from Fig. 5(a1)–(a3). At s = 1, it is realized from 
Fig. 5(a1) that the soliton corresponding to u13(x, t) is of bright shape 
with a width larger than that of the soliton corresponding to u14(x, t), but 
both of them have the same amplitude. As s increases (s = 3,5), one can 
observe from Fig. 5(a2)–(a3) that the width of the wave corresponding 
tou13(x, t) gradually decreases, but the width remains unchanged for the 
wave corresponding to u14(x, t). At the end, both of them reach to the 
identical shape of a bright soliton. It can be justified by their 2D plots, 
which are shown in Fig. 5(b1)–(b3). The roles of k, s, and β on the motion 
of the two moving two-waves of u13 and u14 are displayed in Fig. 6(a)– 
(c), respectively. With increasing wave number k, the 2D profile of u13 
decreases, but the reverse phenomena can be found for u14 that of u13. 
For other parameters s and β, the profile of u14 significantly higher than 
that of u13, but the profile remains fixed for u13. The results are found to 
be consistent with the 3D profiles of u13 and u14. The remaining solu
tions explored via the NAEM indicate the bright, dark, singular shaped 
solitons, which are not displayed for the sake of simplicity. 

Based on the graphical analysis of the mKM and NAEM produced 
solutions, it is revealed that the increase of s can lead to the increase in 
the soliton velocities under the condition of α = β, but the soliton am
plitudes remain unchanged. The collisions between the two solitons in 
both two modes are analyzed with the help of graphical analysis. 
Therefore, it is clear from the graphical outputs of the mKM and NAEM 
produced solutions that the methods can be used to solve any two-mode 
nonlinear PDE to produce new dual-wave solutions. 

Conclusions and future recommendations 

The findings of this work based on the explored dual shape wave 
solutions are summarized as follows.  

(i) Bright shaped soliton solutions are attained through the mKM,  
(ii) Bright, dark, periodic, singular-periodic, and singular shaped 

soliton solutions are produced when the NAEM is adopted, and 
(iii) The roles of the phase velocity (s), wave number (k) and disper

sion parameter (β) are explained graphically that can accelerate 
the motion of the dual-wave. 

The nature of the dual-wave solutions is discussed by their 3D and 2D 
graphics. It can be found that both waves (right/left mode) of the ac
quired solutions have the same shape (bright, dark, periodic, singular- 
periodic, and singular), but they only move the direction. It is also 
found that two waves are seemed to be one when s increases excepting 
periodic shaped solitons. Based on the summarized results (i)–(iii), it can 
be concluded that the NAEM is more efficient over the mKM to explore 
new dual-wave solutions. The mentioned methods can be applied to any 
dual-mode nonlinear PDEs in any physical systems to explore new dual- 
wave solutions. Our future work would be concentrated towards 
investigating the new dual-wave solutions by using different analytical, 
semi-analytical, and numerical methods to the TmSK equation. The 
fractional derivative will also be considered to this equation to derive 
such types of solutions. 
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Fig. 6. (a) The effect of wave number (k) when s = 1, β = − 1, (b) the effect of phase velocity parameter (s) when k = 1, β = − 1, and (c) the effect of dispersion 
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interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 
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