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Introduction

Since Kashiwara introduced the crystal basis theory over quantum groups U,(g) as-
sociated with a symmetrizable Kac-Moody algebra g in [10,11], it has been a powerful
combinatorial and geometric tool to investigate the structures of integrable modules over
quantum groups and quantum groups themselves. In those papers, he proved the exis-
tence of the crystal bases B()) of the irreducible highest weight representations V() for
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U,(g) and the crystal bases B(co) of the negative part U, (g) of U,(g), and in the crys-
tal basis theory, one of the most important problems is to realize crystal bases explicitly
using several combinatorial or geometric objects.

In [2], Jimbo et al. constructed the crystal bases for the irreducible highest weight

Uq(Ag))—modules using colored diagrams. Motivated by the fact that the colored dia-
grams can be parameterized by certain paths arising from the theory of solvable lattice
models, in [4,5], Kang et al. developed the theory of perfect crystals for general quantum
affine algebras U,(g), and gave realizations of crystal bases for the irreducible highest
weight modules over U,(g) in terms of paths. In [3], from perfect crystal theory, Kang de-
vised combinatorial models for classical quantum affine algebras U,(g), called the Young
walls, and constructed the crystal bases of basic representations over U,(g). In [9], Kang
and Lee extended the combinatorics of Young walls to the higher level cases. In [16], the
authors modified Young walls over Uq(Ang)), i.e., colored diagrams, which they called
generalized Young walls, and showed that the set of all generalized Young walls is iso-
morphic to the crystal basis B(co) for Uq(Agll)). Thus it is very natural to extend the
combinatorics of generalized Young walls to other quantum affine algebras.

On the other hand, in [12], Kashiwara introduced the embedding of crystal ¥; :
B(co) < B(i), where i is some infinite sequence from the index set of simple roots.
In [23], Zelevinsky and Nakashima characterized the image of the embedding ¥;, which
is called the polyhedral realization. Also, in [22], Nakashima gave a polyhedral realization
of the highest weight crystal B(\), and in [24,25], their idea was extended to the quan-
tum generalized Kac-Moody algebras by the second author. However, their descriptions
of the images of the Kashiwara embeddings contain many redundant linear inequalities,
and so it is not easy to determine whether the elements belong to the images of the
Kashiwara embeddings or not. In [13,21], Kashiwara and Nakajima independently gave
a crystal structure on the set of so-called Nakajima monomials, and they showed that
the connected component containing a maximal vector with a dominant integral weight
A is isomorphic to the crystal B(A). In [8], Kang and the authors modified the notion of
Nakajima monomials by adding a new variable 1, and they showed that the connected
component C(1) containing 1 is isomorphic to the crystal B(oo). Moreover, in [1], Naka-
jima monomial theory was extended to the quantum generalized Kac—-Moody algebras
by Jeong, Kang and the authors. Thus it is natural to try characterizing the connected
components containing maximal vectors, and we can find many articles dealing with this
characterization. For example, see [1,6-8,14,15]. However, the characterization for general
quantum affine algebras is still unknown. Indeed, Kashiwara embeddings and Nakajima
monomials are closely related. More precisely, in some cases, we know explicit crystal
isomorphisms between images of Kashiwara embeddings and the connected components
of Nakajima monomials containing maximal vectors. Thus more understanding of Kashi-
wara embeddings gives more understanding of Nakajima monomials, and vice versa.

Recently, in [18,19], while trying to extend the theory of generalized Young walls
to other quantum affine algebras, the authors introduced new combinatorial models

called zigzag strip bundles for Uq(lel)), Uq(DSLI)), Uq(Df_e_l), Uq(C',gl)), Uq(Agi)_l), and
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U, (Aéi))7 and showed that the set S(c0) of all zigzag strip bundles is isomorphic to the
crystal B(oo). Like generalized Young walls, the zigzag strip bundles consist of colored
blocks with various shapes that are built on a given board. The rules and patterns for
building zigzag strip bundles and the action of Kashiwara operators are given explicitly
using combinatorics of zigzag strip bundles. Main difference between Young walls (or
generalized Young walls) and zigzag strip bundles is that Young walls and generalized
Young walls are based on perfect crystal theory, but zigzag strip bundles are based on
the theories of Nakajima monomials and Kashiwara embeddings. Now, for a dominant
integral weight A € P, let Ry = {ra\} be the crystal with the maps defined by

wt(ry) = A, gi(ra) = —(hi, A), wi(ry) =0, Eirx = firn=0 foralliel.

Then the highest weight crystal B(A) lies in B(co) @ Ry as a connected component
containing ue., ® rx, where u, is the highest weight vector in B(oo). Thus it is a very
natural and interesting problem to construct B(\) using zigzag strip bundles.

In this paper, we devote ourselves to the realizations of the crystal bases B(A) of
the irreducible highest weight modules V() over U,(g) (g = BV DV, Dfi)_l, iV,
A;i)fl, Agi)) in terms of zigzag strip bundles. That is, we give characterizations of the
connected components S(A) of S(o0) ® Ry containing h@ry. Here () is the highest weight
vector in S§(00). Indeed, even though Young walls are very good combinatorial objects
to realize the crystals B(\), it is not easy to treat Young walls in the higher level case.
One advantage of zigzag strip bundles is that compared with Young walls, it is more
easy to treat in the higher level case. Another advantage of zigzag strip bundles is in the
connection with Nakajima monomials and Kashiwara embeddings.

We expect that we can extend the theory of zigzag strip bundles of highest weight type
to other quantum affine algebras. Also, we believe that the combinatorics of zigzag strip
bundles can be applied to the construction of highest weight crystals B()) for classical
finite simple Lie algebras. Recently, Lee, Lombardo and Salisbury gave a combinatorial
description of the Casselman—Shalika formula in type A using Young tableaux [20].
We think that the highest weight zigzag strip bundles for U,(g) can be used to give a
combinatorial description of the affine Casselman—Shalika formula.

1. Kashiwara embeddings and Nakajima monomials
1.1. Crystals

Let I = {0,1,...,n} be an index set and let A = (a;;)ijer be a Cartan matriz
of affine type. Let PV = Zhg ® Zhy @ - -+ ® Zh,, ® Zd be the dual weight lattice, and
let h = C ®z PV be the Cartan subalgebra. The affine weight lattice is defined to be
P ={X€b* | \(PY) C Z}, and the simple roots «; and the fundamental weights A;
(i € I) are defined by

Oéi(hj) = @jj, Oél(d) = 5071', Al(h]) = 51‘,]‘, Al(d) =0 (’L,j S I)
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We denote by IT = {«; | i € I} and ITY = {h; | i € I}. The quintuple (A, I1,IIV,P, PV)is
called an affine Cartan datum. We denote by U,(g) the quantum affine algebra associated
with the Cartan datum. We also denote by U (g) and U, (g) the subalgebras of U, (g)
generated by the e;’s and the f;’s, respectively. A U,(g)-crystal is a set B together with
the maps wt : B — P, &;,¢; : B — ZU{—00}, &, fi : B — BU{0} (i € I) such that for
allie I and b € B,

(1) 91(8) = 4(b) + (b, wi(b)), ) )
(ii) W ( b t(b) + o if €;b 75 0, and Wt(f,b) e Wt(b) —ay if f;b 7& 0,
(iii) ei(éb) = 5i(b) — 1, ¢i(&b) = pi(b) + 1 if &b # 0,
() &) = =)+ L (f) = u(b) = 1t b .0,

(v) fib=1Vif and only if & = b for b,V € B,
(vi) &b= fib=0if g;(b) = —oc0

For instance, the crystal basis B(\) of the irreducible highest weight module V' (A) with
A(PY) C Zxo and the crystal basis B(oo) of U, (g) are Uy(g)-crystals. Also, for each
i€, B, ={bi(n) | n €Z} is a crystal with the maps defined by wt(b;(n)) = na;, and
ei(bi(n)) = —n,  @i(bi(n)) =n,  &bi(n) =bi(n+1),  fibi(n) =bi(n - 1),
gj(bi(n)) = ¢;j(bi(n)) = —o0, €ibi(n) = fibi(n) =0 if j # .
The crystal B; is called an elementary crystal. Moreover, for given crystals, we construct
another crystals using tensor product. More precisely, let B and B’ be crystals. Then
their tensor product B® B’ = {b®¥V | b € B, V/ € B’} is a crystal with the maps
wt, €4, @i, €, fi given by wt(b @ b') = wt(b) + wt(b'), and
Ei (b (%9 bl) = max{si(b), Ei (b/) - <hl, Wt(b)>},
0i(b@b") =max{p;(t'),¢i(b) + (hs, wt(b'))},

Eb if o;(b) = e;(V), . b b if i(b) > &(V),
éi(b®b/):{ i - .901() z(/) fi(b®b/)= fi g if @;(b) i(0')

b &b if ¢i(b) <ei(b), b fit! if i(b) <ei(V).

1.2. Kashiwara embeddings

Let i = (41, 12,...) be an infinite sequence of indices in I such that every i € I appears
infinitely many times, and let

B(i) = {(bi,(—2x)),—, €+ @B, ® -+ @ By, | ap € L0, a1, =0 for all k> 0}.
Forb="---@b, (—zx) ® - Qb (—x1) € B(i) and k > 1, we set

or(b) = i + Z(hik,ozijﬂj, and o (b) = max{oy(b) | ir =i}.
i>k
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Let my = min{k | i, = i, ox(b) = ¢V (b)}, and m, = max{k | i, =i, ox(b) = ¥ (b)}.
Now, we define

flb = Q fibik(_‘rk) Q- ® bil(_x1>7

where k = my, and

&b — { @ Eb (1) @ - @by, (—xy)  if P (b) >0 and k = m,,
0 otherwise.

We also define
wt(b) = = mja;;, (b)) =0"(b),  @i(b) = (h;,wt(b))+ei(b).
j=1

Then B(i) is a Uy(g)-crystal. The following is the Kashiwara embedding theorem.

Theorem 1.1. (See [12,23].) Let i be an infinite sequence such that every i € I appears
infinitely many times. Then there exists a unique strict embedding of crystals

U; : B(oo) < B(i) such that teo — -+ 0;,(0) ® - - @ b;, (0),
where un, s the highest weight vector in B(o0).
1.3. Nakajima monomials

Let M be the set of all monomials of commuting variables Y;(n) (i € I,n € Z) and
1 of the form M = 1- Hiel’ani(n)yi(") such that y;(n) € Z and y;(n) = 0 for all
but finitely many n’s. The monomials in M are called the Nakajima monomials. For a
Nakajima monomial M € M, we define wt(M) =, ;(>_,,~o¥i(n))A;, and

wi(M) = max{ Z yi(k) ‘ n> O}, gi(M) = @;(M) — (hi, wt(M)).
0<k<n

Choose a set C' = (c;5)i2; of nonnegative integers such that c;; + ¢;; = 1, and for each
1 €1, n € Z>g, define

Ai(n) =Yi(n)Yi(n + 1) [ Yj(n + cji) .
i

Set



20 J.-A. Kim, D.-U. Shin / Journal of Algebra 412 (2014) 15-50
ny =minfn > 0] i) = ¥ (o) .
0<k<n

Ne = max{n >0 ‘ wi(M) = Z yz(k)},
and we define

f;M:Az(nf)_lM, é,LM:{O 1f€74(M):87

Ai(ne) M if g;(M) >
Then M becomes a U,(g)-crystal. Moreover, we have

Theorem 1.2. (See [13].) The connected component C(1) of M containing 1 is isomorphic
to the Uy(g)-crystal B(oo).

Now, we denote by M(oc0) the connected component C(1) containing 1 in M when
we choose the set C' = (c¢;;)ix; of as follows.

cij =0 ifi>j5 and ¢;=1 ifi<j.

Leti=(0,1...,n,0,1,...,n,0,...), and let ¥ : B(c0) — B(i) be the crystal embedding
given in Theorem 1.1. For a monomial

[T 4tk)=® e M(o0),

i€l,k>0

we now define a map ¢ : M(co) — Im¥; by

p(M) =+ ®@by(—ao(2)) ® by (—an(1)) @ @by (—a1(1)) @ bo(—ao(1))
®bn( 2(0)) ® -+ @by (—a1(0)) @ by (—ao(0)).

Then we have
Theorem 1.3. (See [15].) The map ¢ : M(co) — ImW; is a U,(g)-crystal isomorphism.
2. Zigzag strip bundles

In [18,19], from the theories of Nakajima monomials and crystal embeddings, the
authors introduced the zigzag strip bundles for the quantum affine Lie algebras Uy,(g),
where g = BS),DS),DSJ_D iV, Agn),Agi) 1, and showed that the set of all zigzag
strip bundles for Uy (g) realizes the crystal B(oo) over U,(g). In this section, we give new
exposition of zigzag strip bundles. The difference between this new exposition and old

one is that the board B in new exposition is just the subboard B in old exposition. That
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is, the board B in old exposition is obtained by adding up the board B in new exposition
on the top of each B repeatedly. Finally, zigzag strip bundles in the new exposition are
obtained from those in old version by moving zigzag strips in the subboard B; (¢t > 2)
to Bl.

2.1. Boards and blocks for zigzag strip bundles

For each quantum affine algebra U,(g), we fix boards B with coloring as follows:

| o B
—1| n —2- —1| n
—1 n —2- —1| n
L] pe 1] —2 _ e
: —1| n : —2 1| —1f n
H 2] A n 2] Jn o1 A n
T T
[0 2 = [0 2 - ot -
T : T :
o2 . o Il ot
T : T :
o1 21 . 0] 21 . 0o]1
T T
[0 2 [0 2 ot
T T
[0 [0 [0 ]
_ pM) 42 _ p® _n® (1) 4(2)
g= DBy >A2n—1 g=2Dn g_Dn—i-l?C” >A2n

We see that the board B consists of squares with colorings, which we call sites of B, and
we regard the board B as the set N x N by identifying the jth site from the bottom of
the ith column from the right with (i,j) € N x N.

The zigzag strip bundles for U,(g) are built of colored blocks of three different shapes
on the board B according to the colors of sites of B:

(i) g = BYY;

@ , :  unit width, unit height, half-unit thickness,
’ (j=2,...,n—1): unit width, unit height, unit thickness,
:  unit width, half-unit height, unit thickness.
(i) g = DL;

@ , , @ , :  unit width, unit height, half-unit thickness,

(j=2,...,n—2): unit width, unit height, unit thickness.
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i (2 .
(iii) g = Dy 1;

, : unit width, half-unit height, unit thickness,

(j=1,...,n—1): unit width, unit height, unit thickness.

(j=0,1,...,n): unit width, unit height, unit thickness

@ : unit width, half-unit height, unit thickness

(j=1,...,n): unit width, unit height, unit thickness

@ , : unit width, unit height, half-unit thickness

(j =2,...,n): unit width, unit height, unit thickness

With these colored blocks, we will pile up them on the board B according to some
rules. For convenience, we will use the notation for the stack of k j-colored blocks
(j =0,1,...,n). Also, we say an i-colored site (resp. a site with coloring 0 and 1, an
i-colored block) an i-site (resp. a (0/1)-site, an i-block).

2.2. Zigzag strips

Let J be the subset of I as follows.

(i) g=B", A8 - 1—{0,1,n}
(i) g= D T—{0,1,n—1,n}
(i) g = D)y, O, AL 1 —{0,n}

Definition 2.1. (a) We define a zigzag 0 (resp. 1)-strip for Uq(Bfll))7 Uq(Dg)) or Uq(Aéi,)—l)
by the pile [ (resp. F) of only one 0-block (resp. 1-block) stacked on the (0/1)-site
of the rightmost column of B. Also, we define a zigzag 0-strip for Uy (D ’ﬂ+1) (C(l))
Uq(A( )) by the pile consisting of only one 0-block stacked on the O-site of the rightmost
column of B.
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(b) For each i € J, we define a zigzag i-strip for Uy(g) by a pile of colored blocks
stacked on the board B satisfying the following conditions:

(i) It is obtained by stacking colored blocks starting from the i-site of the first column
from the right in the pattern given below.

]

R

1
2| I,L71n2 2| |7172111 02 1| |n71n2
1 1—2) —1
B B B
%2|-~-|i—1la‘,| %2"171'1' 02 1||171|7|
g=B" a=D =D,
B m B
0 1| |7L—1"n 02 1| |'n.71 n %zl |vv.7171
1—1| 1—1] —1
] ] B
0 1|-~-i—1 il 02 1|.-.|171|i| %2|~-i—1 7,|
1 2 2
g=03 g =A%) g=A%)

(ii) The volume, the height, and the thickness of stacked blocks on each site of the pile
is weakly decreasing from right to left and from bottom to top.

(c) For each k € Z~q, we define a kth zigzag n-strip for U,(g) by a pile of colored
blocks stacked on the board B satisfying the following conditions:

(i) It is obtained by stacking colored blocks starting from the n-site of the kth column
from the right in the pattern given below.

] -

R

2| |n_1"2 2| },,,_2%1 02 1| I,,,_lnz

SO SOmES DOEED

g=BY g=D g=D%),
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[12] [12] 22
02 12| R ] 04 12| |a2 02 _(11.2_22| |u2 2
()42 « (12
12 12 22
02 12| 2 nl 04 12|"'|u2|n| '2]7'22|"'|a2|"|
_ D ) _ 42
g=0Ch g=A45, g=A43,1

Here, a =n — 1.

(ii) Except for the rightmost site of the pile, the volume, the height, and the thickness
of blocks on each site of the pile is weakly decreasing from right to left and from
bottom to top.

Also, a kth zigzag (n — 1)-strip for Uq(Dg)) is defined in a similar way. The only
difference with a kth n-strip is the starting block. That is, the starting block of a kth
zigzag (n — 1)-strip is an (n — 1)-block.

Example 2.2. (a) The following pile

L2 ]

2

0

12|

is a zigzag 2-strip for Uq(Bél)). On the other hand, the following piles are not zigzag
2-strip for Uq(Bél)).

| 2| 3

2 2
L

(b) The following pile

01|2|

is not a zigzag 2-strip for Uq(Af)) because in the leftmost column, the volume of the
1-blocks is bigger than that of the 0-blocks.

2.3. Zigzag strip bundles

Let J; be the subset of I as follows.
(1) g=BY,DP ) AD or AD iT—{n}  ()g=DV:I—{n—1n}

2n
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For a pile S over Uy (g) of stacked blocks on the board B which is decomposed into zigzag
strips, we can arrange them in such a way that for each i € Jy,

155 St £ 0, (2.1)
and for each k > 1,

SO D8I AN, Sy D DS £ (2.2)
Here, S? (p = 1,...,t), Sprp (r=1..,ar) and S;_;, (s = 1,...,Bx) are zigzag
i-strips, the kth zigzag n-strips, and the kth zigzag (n— 1)-strips, respectively. Of course,
the kth zigzag (n — 1)-strips exist only in the type of Uq(DS)). Also, for each k& > 1,

r=1,...,ap,and s =1,..., B, let s ;, and s;,_; , be the numbers of the blocks in Sy, ,
and S;_, ., respectively.

Definition 2.3. A pile S of stacked blocks on the board B is called a zigzag strip bundle for
U,(9) (9= Bfll), DS), Dfll) if there is a decomposition of S into zigzag strips satisfying
the following conditions: According to (2.1) and (2.2),

(i) for each k > 1,

O > Q41 if g= Bnl)valu
ak > By, B > agyr  if g= DY,

(ii) in (2.1) and (2.2), equalities hold only if zigzag strips consist of blocks of unit height.

(iii) foreach k > 1, r=1,...,ap41, and s =1,..., Br11,
. 2
Spk = Spokt1 if g = Br(Ll)7 DT(LJZM
Spk = Spe1 k1> Spo1k 2 Snkt1 9= DV, (2.3)

Here, equalities hold if and only if

(iii-a) when g = BT(LI),

ro_ Qr _
n,k — Mn,k+1 —

or

(St Span) = (EELL . ELLL) o (L. ELLL).
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(ifi-b) when g = DSV, g
following forms, and the last blocks, the blocks stacked on top of the leftmost

and Sy, (vesp. S, and S}, ;) are one of the

n—1

T T 1 .
column, in Sy, ; and S} ;. (vesp. S) , and S ;) are different:

n

n—1]

[0 ] ]

2 2
1 1
0 0

Here, in right two zigzag strips, the numbers of blocks are bigger than 1,

(iii-c) when g = D;,?_l,

k= St = or |

Example 2.4. Let

02]12| 2 |32

021223|

S = 1

021|

be a pile for Uq(Df)). Then it is decomposed into the following zigzag strips:

[ ] 5]
H H
1 _ 1 1 _ gl __ 1
Sl_ 02 1| 5371_53,2_ 021|2|3|

Therefore, S is a zigzag strip bundle for Uq(Df)).
Now, consider the iV ,A%%Agi 1-types.

Definition 2.5. Let S be a kth zigzag n-strip for U,(g), where g = Cp ) A(Qi), Azi) 1- Now
cut the n-block of rightmost site in S in half with a saw. Then S is divided into two
strips, upper strip S~ and lower strip S_, which are the strips consisting of the half
n-block and the blocks of S stacked on slots of height > 1, and consisting of the half
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they are simply called kth half n-strips.

Example 2.6. Let

02

s =¥

0

'

SEIEl

ST = S_ =

,_.
o o

2
0 1|2|3| 1|2|3|

Here, the shaded parts mean the half 3-blocks.

(i) for each k > 1, ap > apy1,

27

n-block and the blocks of S stacked on slots of height < 1, respectively. We say these
two strips a kth upper half n-strip and a kth lower half n-strip of S, respectively. Also,

be a 3-strip for Uq(A((f)). Then the upper half strip S~ and lower half strip S_ of S are
as follows.

Definition 2.7. A pile S of stacked blocks on the board B is called a zigzag strip bundle for
Uy(g) (g = 07(11), Agi), Aéi)fl) if there is a decomposition of S into zigzag strips satisfying
the following conditions: According to (2.1) and (2.2),

and (sy, ;)— be the number of

blocks in the upper half n-strip (S, ;)= and the lower half n-strip (S}, ;)- of S} ;,

respectively, then

(shr) = (Snper)  and  (snx) > (shpp1)

Here, the equality (s}, ;)= = (s}, ;1) holds if and only if

( :L,k:)_ = (Sz,kﬂ)_ = ' for g = A(;L)a

or

I
—~
]
N
w
iE
N
w
~—

() > (Spsn) )

(H2|3|”'» |T|2|3|) forg:Agi)fl.

(2.4)

Similarly, the equality (s}, ;)— = (s}, ;41)— also holds under the same conditions.
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Example 2.8. Let

Ss ! Sia= [o|e]]5]

Moreover,

1

(Sﬁ%,l)_ = o2 | 2 | 3 | (S§,1)_ = ﬂ
(S32) = [ol+[=[8]

(832)

Therefore, S is a zigzag strip bundle for Uq(AéZ)).
On the other hand, the following U, (AS)-pile

2

|0 1322 3

S:

02]12]22] 3

is decomposed as follows.

Sé,l I 12|22| 3 | S§,2 =

Also, we have

(S31)_ =1 T (S51) =
(S32)_ = (S32) =

Thus S is not a zigzag strip bundle for Uq(A((f)).
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2.4. Crystal structure on the set of zigzag strip bundles

In this section, we give a crystal structure on the set of all zigzag strip bundles for
U,(g), where g = B,(Ll)7 D,(Ll), D7(12+)17 C,g”,AgL) or Aéi)fr

Definition 2.9. Let S be a zigzag strip bundle for U,(g), and let S be decomposed into
zigzag strips; S = {S;}]L,. A site P of the board B is said to be k-times i-removable
and [-times i-admissible with respect to {Sj}j-v:l if one can have another zigzag strip
bundles in B from {S; }é\le by removing k i-blocks on P, and stacking [ i-blocks on P,
respectively.

Fix ¢ € I and let a given zigzag strip bundle S be decomposed into zigzag strips;
S ={5; }§V=1. Let Py, Ps,... be the all -removable or i-admissible sites with respect to
{5, }jvzl from west to east and from south to north. To each site P, (o > 1), we assign
its i-signature sgn,(P,) as

p-times g-times

if P, is p-times i-removable and g¢-times i-admissible. From the sequence (sgn,;(Py),
sgn;(Pa),...) of +’s and —’s, cancel out every (+, —)-pair to obtain a sequence of —’s
followed by +’s, reading from left to right. This sequence is called the i-signature of S
with respect to {5 }j\;l Moreover, an i-signature of .S is independent of decompositions
into zigzag strips of S (See [18]). Thus, we may say the i-signature of S for a zigzag strip
bundle S. Let S(c0) be the set of all zigzag strip bundles, and let S € S(c0) be a zigzag
strip bundle. We define f;S to be the zigzag strip bundle obtained from S by stacking
an i-block on the i-admissible site corresponding to the leftmost + in the i-signature
of S. We define é;S to be the zigzag strip bundle obtained from S by eliminating the
i-block corresponding to the rightmost — in the i-signature of S. If there is no — in the
i-signature of S, we define €;5 = 0. We also define wt(S) = — . _; k;a;, where k; is the
number of i-blocks in S, and

iel
£;(S) = the number of —’s in the i-signature of S,
Then (S(00), wt, €;, @i, €, f;) is an affine crystal.

Example 2.10. Let

2232 |2 3? —

(1)22 3 L L 2 2

— J— _ 1 1
S— (1)2 —SQUS&I— o1 2 UT2|3|
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be a zigzag strip bundle lying on B; for U, (Bél)). Then it is easy to see that

(i) the sites (4,1), and (3,2) are once 0-admissible and once l-admissible, and once
2-removable from the strip S3, respectively,
(ii) the sites (3,3), and (3,2) are twice 3-admissible, and once 2-removable from the
strip S3 , respectively,
(iii) the site (2,3) is once 3-admissible because if we stack a 3-block on (2,3), then we
have S}, = , and S3; and Sj , satisfy the condition (iii-a) of Definition 2.3,
(iv) every site in the rightmost column of B is admissible.

The following describes all the removable and admissible sites with respect to the above
zigzag strips {53,595 1,535}

once 3-admissible ~_

two times 3-admissible —>\

once l-admissible —» Py

once O-admissible —ssi . 42

=22 | 3 f«—3-admissible

twice 2-removable —— 2 [=—2-admissible

€—1-admissible
re—0-admissible

Therefore, we have

3
|722 52 |422 52 52|52 =l
r 1 3 1 3 1 r
foS= =22, hS= 2], RS=get]. 5= [als)
=B = E Sk =
and
2 |32

€0S =615 =38 =0, 608 = 2% °

2.5. Realization of the crystal B(oo)

Let S(c0) be the set of all zigzag strip bundles for U,(g) (g = M ph, folh v,
Agi) or Aéi)q)' Let M (o0) be the connected component containing 1 given in Section 1.3.

For a zigzag strip bundle S, we now define a map ¢ : S(00) = M(c0) by

p8) =1 T Ak =),

i€l,k>0

where a;(k) is the number of i-blocks of S stacked on the (k 4 1)st column of B. Then
we have
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Theorem 2.11. (See [18,19].) For g = B, DI, Dfﬂl, ci, A;i) or Aéilp the map
¢ : 8(00) = M(o0) is a Uy(g)-crystal isomorphism sending 0 to 1.

Proof. For S € §(c0), in both new and old expositions, the numbers of i-blocks of S
stacked on the (k + 1)st column of B are the same. Thus it is clear. O

Let i = (0,1,...,n,0,1,...,7n,0,...) be an infinite sequence of indices in I. Let ¥; :
B(c0) < B(i) be the crystal embedding given in Theorem 1.1, and let ¢ : M(00) — Im ;

be the crystal isomorphism given in Theorem 1.3.

Corollary 2.12. (See [18].) For g = B, D, Dﬁ)_l, ciY, Agi) or Agi)_l, there is a
U, (g)-crystal isomorphism

b1 S(00) 2 M(00) -2 ImW; = B(oo)
sending 0 to -+ @ bp(0) ® b, (0) ® - - @ b1(0) ® bo(0).
3. Realization of highest weight crystals

In this section, we give new realizations of the highest weight crystals B(\) (A € PT)
for U,(g), where g = BSY, DY, foll, iV, Agi) or Aéi)fr More precisely, let S(co) be
the set of all strip bundles for U,(g), and for A € P*, let Ry = {rx} be the crystal with
the maps defined by

wt(ry) = A, gi(ra) = —(hi, ), wi(ry) =0, grx=firn=0 foralliel.
Then the connected component C( @7, ) of S(00) ® Ry containing ) @), is a realization

of the highest weight crystal B(\) over U,(g). From now on, we devote ourselves to the
characterization of C'(0 @ ry).

3.1. Highest weight crystal structure on strip bundles
Let S(A) be the subset of S(c0) such that
CO®ry) =S\ ® Rx.
In order to give a characterization of S(\), we give a new crystal structure on S(A) which
is different from the crystal structure as the subset of S(c0). Since the methods are very

similar, we only treat the Bfll)—type. Let S be a strip bundle of S(\), and for each i € T
let s;(1) be the number of i-blocks of S on the rightmost column. Let
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(hiy A) — si(1) fori=0or 1,
(h2, A) —s2(1) +s0(1) +s1(1) i =2,

(A, AY — s, (1) + 28,,-1(1) i=n,

(hiy A) — s:(1) + s;-1(1) otherwise.

&= (3.1)

Then the i-site of the rightmost column of B is &;-times i-admissible. Also, the admissi-
bility of the sites of other columns and the removability of the sites of any column are
determined by the same way in the S(co). Moreover, we define the map wt : S(A\) — P
by

S) =\— Zkziai,

i€l

where k; is the number of i-colored blocks in S. Finally, €;, p;, &; and f; are defined
by the same way in the S(co). Then it is easy to see that (S(\),wt,e;, s, &, f;) is a
U,(g)-crystal. Moreover, we have

Theorem 3.1. Let g = B, D, Dn—i—l’ oW, Ag) or Aén 1- The map ¢ : C(0@7y) —

n

S(N) given by ¢(S@1rx) =S is a Uy(g)-crystal isomorphism.

Proof. Since the argument is the same, we focus on the By(ll)—type. Now, it is tedious but
is not difficult to see that as an element S of S(c0), ¢;(S) is determined by the number

of +’s in the i-signature of S as follows.

—s;(1) + #>2(S,+) fori=0or 1,
oi(S) = ;o(l) +51(1) = s2(1) + #>2(5, +) Z i 2, (3.2)
Sn—1(1) = $n(1) + #>2(S, +) i=n,
Si_l(l) — Sl(l) + #ZQ(S, —|—) otherwise,

where #>2(S5,+) is the number of +’s corresponding to the i-admissible site of the
kth (k > 2) column in the i-signature of S. Indeed, for a zigzag j-strip S having an
i-removable site on only kth (k > 2) column,

2 if i = n and S has a twice removable i-site,

i(5) =
&i(S) { 1 otherwise,
and ¢;(S) is given below.

(r-1) j=0or 1;

-1 ifi=0orl,
i(S)=<1 ifi=2,
0 otherwise.



J.-A. Kim, D.-U. Shin / Journal of Algebra 412 (2014) 15-50 33

-1 ifi=y,
Lpi(S): 1 ifi=4541,
0 otherwise.

(r-3) j=n—1;
1 ifi=n—1,
(S) = 3 if ¢ = n and once i-removable,
PiWI= Y2 ifi=n and twice i-removable,
0 otherwise.
(r-4) j =m;

(S) = 1 if i = n and once i-removable,
vi 0 otherwise.

Thus, it satisfies (3.2). Similarly, we can check that a zigzag j-strip S having an
i-admissible site on only kth (k > 2) column also satisfies (3.2).

Consider the zigzag strip bundles S consisting of two zigzag strips S; and S5 having
an i-removable site and an i-admissible site on only kith and koth (k1, ke > 2) column,
respectively. If the removable i-site is left of the admissible i-site, or they are the same
sites, i.e., k1 > ko, then the i-signature of S is

(——+) ifi=mnand S; has a twice removable i-site,
(—+) otherwise.

Thus, #>2(5,+) = #>2(51,+) + #>2(52,+), and so the right hand side of (3.2) for S
is the sum of the right hand sides of (3.2) for Sy and Ss. Also,

€i(5) = &i(S1) + €i(52),
and since wt(S) = wt(S1) + wt(S2), we have

pi(S) = €i(S) + (hi, wt(S))
=&i(S1) +€i(S2) + (hi, wt(S1) + wt(S2)) = ©i(51) + ©i(S2).
Thus, S satisfies (3.2).

On the other hand, if the removable i-site is right of the admissible i-site, then the
i-signature of S is
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(+—=-)=(-) ifi=mnand S; has a twice removable i-site,
+=)=1() otherwise.

Thus, #>2(5,4+) = #>2(51, +) + #>2(S2,+) — 1, and so the right hand side of (3.2) for
S is the sum of the right hand sides of (3.2) for S; and Ss, and —1. Also,

Ei(S) =0= Ei(Sl) + Ei(SQ) —1,
and since wt(S) = wt(S1) + wt(Sz2), we have

©i(S) = &i(S) + (hi, wt(S))
= 61'(51) + 51‘(52) -1+ <hi,Wt(51) + Wt(52)>
= ¢i(S1) + ¢i(S2) — 1.

Thus, it also satisfies (3.2). By Similar method, we can check that (3.2) holds for any
zigzag strip bundle S.

Finally, the tensor product rule of crystals and the definition of the crystal S(\)
complete the proof. O

Therefore, we devote ourselves to give a characterization of S(\) with respect to the
above crystal structure.
_ p) n® (1) 42
Theorem 3.2. (a) For each p > 1, the set S(pAy) for Uy(g) (9 = Bn”’, D, [,,Cn’, Ay,
or Agl)_l) consists of all zigzag strip bundles S such that
(i) it consists of only n-strips,
(ii) it has at most p first n-strips.

(b) For each p > 1, the set S(pAy,) (resp. S(pAn—1)) for Uq(Dfll)) consists of all zigzag
strip bundles S satisfying the following:

(i) 4t consists of only (n — 1) or n-strips,
(ii) it has at most p first n-strips (resp. (n — 1)-strips), and dose not have first
(n — 1)-strips (resp. n-strips).

Proof. It is almost clear by the definition of Kashiwara operators on S(pA,,). O

Remark 3.3. By the conditions of zigzag strip bundles, for each j > 1, S € S(pA,,) over
U,(g) (g = B£1)7D7(12_~)_1, C,sl),Aéi) or Aéi)—l) has at most p jth n-strips. Also, if we let

[ p ifjiseven, d _[p ifjisodd,
PO= 0 if jis odd, PL= 90 if j is even,
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every zigzag strip bundle S € S(pA,,) over Uq(D%l)) has at most py jth (n — 1)-strips
and p; jth n-strips.

Before we describe the highest weight crystal B(A,,) (0 < m < n) in terms of zigzag
strip bundles, we take a closer look at j-strips. First, consider a zigzag j-strip S (0 <
j < n) for Uq(Bfll)) or Uq(DfJZl). Then if we regard S as only piles of blocks, it is
contained in a zigzag n-strip, and we will denote it by S. For example, if

is a 3-strip for Uq(Bél))7 then
S=tdzs][5].
Second, consider a zigzag j-strip S (0 < j <n —1) for Uq(Dfll)). Then as only piles of

blocks, it is contained in both a zigzag (n — 1)-strip and n-strip, and we will denote them
by S. For example, if

s- 0]

is a 3-strip for Uq(Dél)), then

9]
I
|
< |
-]

Finally, consider a zigzag j-strip S (0 < j < n) for U,(g) (g = C’T(Ll),Agi) or A;i)q)- If
we regard S as only piles of blocks, it is contained in a zigzag half n-strip, and we will
denote it by S. For example, if

s
is a 3-strip for Uq(Aéz)), then

5 - .
3.2. Fundamental highest weight crystal B(A;) for By(ll), Dy(ll),Dﬁ1

Definition 3.4. (a) The zigzag strip bundles of type O for Uq(B,(ll)) (resp. Uq(Dfll))) are
the zigzag strip bundles satisfying the following:

(i) There is no 1-strip, and there exist at most one 0-strip.
(ii) For each j =2,...,n—1 (resp. j = 2,...,n — 2), it has at most one j-strip and at
most one first n-strip (resp. one of first (n — 1)-strip and first n-strip).
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(iii) If we let
So, Sg, ey Sn—l and Sn,l (resp. So, SQ, ey Sn_g, Sn—1,17 and Sml)

be the 0-strip, 2-strip, ..., (n — 1)-strip and the first n-strip (resp. the O-strip,
2-strip, ..., (n—2)-strip, the first (n — 1)-strip and the first n-strip) in S which can
be empty, then the pairs

(S_OvSQ)a(S_ijj+l) (2 S] S TL—2), and (Snflasn,l)
(resp. (50, 5

A
n
£
[
IN
<
IN
S
[
=
o
=
[}
"
o
"
|
©]
=
i
o
PCQ
=

satisfy the condition (iii) in Definition 2.3.

(b) The zigzag strip bundles of type 1 for Uq(Bél)) or Uq(Dgl)) are the zigzag strip
bundles satisfying the conditions obtained from those of zigzag strip bundles of type 0
by changing the roles of 0 and 1.

(c) Set m = 2,...,n over Uq(Br(Ll))7 0,1,...,n over Uq(fo_zl), and 2,...,n — 2 over
Uq(D,(Ll)). For each m, the zigzag strip bundles of type m for Uq(B,(Ll)) or Uq(Dﬁﬁl) (resp.

Uq(DS))) are the zigzag strip bundles satisfying the following;:

(i) There is no j-strips for all j < m.
(ii) For each m < j <n —1 (resp. m < j < n — 2), it has at most one j-strip, and one
first n-strip (resp. one of first (n — 1)-strip and first n-strip).
(iii) If we let

Sm7 Sm+17 ey Snfl and Sn,l (TeSP~ Sm7 Sm+17 ey Sn727 Snfl,l and Sn,l)
be the m-strip, (m + 1)-strip, ..., (n — 1)-strip and the first n-strip (the m-strip,
(m + 1)-strip, ..., (n — 2)-strip, the first (n — 1)-strip and the first n-strip) in S,

then the pairs

(S;,841) (m<j<n-2) and (Sh—1,5n,1)
'+1> (m S ] S n— 3)7 and (Sn7275n71,1) or (Sn7275n,1))

—~
=
@D
n

v

A

n

satisfy the condition (iii) in Definition 2.3.

(d) We call the zigzag strip bundles in S(A4,-1) and §(A,,) for Uq(Dgll)) the zigzag
strip bundles of type n — 1 and n, respectively.

Remark 3.5. (a) Because of the conditions (i) and (iii), the number of blocks in the
j-strip (j > 2) appearing in a zigzag strip bundle S of type 0 or 1 for Uq(Br(Ll)) (resp.
Uq(DS))) is at most j (resp. j — 1).
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(b) A zigzag strip bundle S of type m (m € I) is also a zigzag strip bundle. It means
that the kth n-strips from S satisfy the condition (iii) in Definition 2.3.

(c) It is clear that the set S(A,,) for Uq(B,(ll)) or Uq(DS-;)-l) given in Theorem 3.2 is
the set of all zigzag strip bundles of type n.

Example 3.6. Let

lT 2 3] 4

be a zigzag strip bundle for Uq(BA(Ll)). Then it is a zigzag strip bundle of type 0.
On the other hand, the following zigzag strip bundle for Uq(Bfll))

|T 2 3|4

S = 1

is not a zigzag strip bundle of type 0 because (S3, S4,1) does not satisfy the condition (iii)
in Definition 2.3.

Theorem 3.7. (a) For each m =0,1,...,n—1, the set S(A,) for Uq(B,(ll)) or Uq(Dﬁl)
consists of all zigzag strip bundles S which can be decomposed into the pair S = (Sp, Sy)
of zigzag strip bundles of type m and n such that for each k > 1

the existence of the nonempty kth n-strip in S, guarantee
the existence of the nonempty kth n-strip in Sp.

(b) For eachm =0,1,...,n—2, the set S(Ay,) for U, (DSLI)) consists of all zigzag strip
bundles S which can be decomposed into the pair S = (Sy,S,) of zigzag strip bundles of
type m, and n — 1 or n such that for each k > 1

the existence of the nonempty kth (n — 1)-strip (resp. n-strip) in S, guarantee
the existence of the nonempty kth n-strip (resp. (n — 1)-strip) in Sp.

Remark 3.8. The zigzag strip bundles S;, and S, of type m and n are obtained from the
decomposition of S by choosing any zigzag strips. One method to construct Sy and S,
is as follows: First, all i-strip (¢ # n) should be used to make Sj. By the definition of
zigzag strip bundles of type m and n, there are at most two nonempty kth n-strip. The
kth n strip of larger size among these two n-strips is used to make S, and the other is
used to make Sp,. If only one nonzero kth n-strip exists, then it is used to construct Sy,.



38 J.-A. Kim, D.-U. Shin / Journal of Algebra 412 (2014) 15-50

Proof. Since the proof is similar, we only treat the set S(A,,) (1 < m < n) for BV

-type.
Let S be a zigzag strip bundle in §(A,,) which can be decomposed as S = (S, S,),
and assume that f;S is obtained from S by stacking an i-block on an i-site P. Then
fiS = (Sh « ,Sy) or fiS = (Sh,S, «— ). Here, S, + and S, < are the
piles obtained from Sj and S, by stacking i-block on P, respectively. By the definition
of zigzag strip bundles of type m and n, it is almost clear that S;, < and S, <
are also zigzag strip bundles of type m and n. Indeed, if S < (resp. S, « )
is not a zigzag strip bundle of type m (resp. n), fiS # 0 implies that P is at least once
i-admissible from S, (resp. Sy), and S, < (resp. Sy + ) is a zigzag strip bundle
of type n (resp. m). It means that f;S = (Sy, S, < [i]) (vesp. fiS = (Sy, + ,Sp))-
Thus f;S can be decomposed as zigzag strip bundles of type m and n.

Now, it is clear that f;S = (S, « , Sy) satisfies the condition given in Theorem 3.7
(a), and so consider the case when f;S = (S, S, ). In the case when i # n, clearly
fiS = (Sh, S, ) satisfies the condition given in Theorem 3.7 (a). In the case when
i = n, suppose that 5, < has a new jth n-strip and there is no jth n-strip in Sj.
Then by the definition of Kashiwara operator f; and the condition given in Theorem 3.7
(a), both S}, and S, have (j — 1)st n-strips. In particular, the length of the (j — 1)st
n-strip in S, is at least 2. Moreover, if the length of the (j — 1)st n-strip in S), is 1, i.e., it
consists of only n-block, f,S cannot be the zigzag strip bundle obtained from S stacking
an n-block on P, so the length of the (j — 1)st n-strip in Sy, is also at least 2. It means
that fiS can be decomposed S = (S + ,Sy). Thus, in any case, fiS satisfies the
condition given in Theorem 3.7 (a). Therefore, S(A,,) is closed under f;. Similarly, we
can show that S(4,,) is closed under é;.

Now, assume that the leftmost top block B of S is an i-block on an i-site P;. Then
clearly P; is once i-removable, and so €;S # 0, which completes the proof. O

Example 3.9. The following zigzag strip bundles for Uq(B:(;l) )

=E
2 |32

S = and S =

52
2
— 2 1
L

belong to S(A;). Here, in S,

S =

[[ ]

and in ',
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On the other hand, consider the following zigzag strip bundle

| |H| v ww

In this case,

Because there is a second 3-strip in S} but there is no second 3-strip in S}/, S” does not
belong to S(Ay).

Example 3.10. Let

2
124
022 3

be a zigzag strip bundle for Uq(Dil)). Then it is decomposed into the pair S = (Sp, Sy)
given below.

E 2
Sn= 42 S={H

Thus S belongs to S(Ap). But, it is easy to see that the following zigzag strip bundle

S = T

does not belong to S(Ay).
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Example 3.11. Let

02|l 1] 2| 3

be a zigzag strip bundle for Uq(Déz)). Then it can be decomposed into the pair S =
(Sh, Sy) of strip bundles of type 3 and 5 given below.

Sh

I
*
I
[=}
-
©
w
-
o

02l 1]2]3

Therefore, it is easy to see that S belongs to S(A3) for Uq(Dé2)).
On the other hand, consider the following zigzag strip bundle for Uq(Déz)).

02|l 1] 2| 3

Then it should be decomposed into the pair S’ = (5}, S,) of strip bundles of type 3 and
5 given below.

0211213

Because there is a third 5-strip in S], but there is no third 5-strip in S}, S’ does not
belong to S(As) for U, (Dé2)).
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Example 3.12. The following is the top part of S(Az) over Uq(Bél)).

0

] =

V7NN N

5] 3]

2] 2 ampy
N Y ST e
[2] 3] B 2] [2]3 [52] [2]52
g = 2] 2] EH2| e 12 ]

VR
. 5]

o g =g =B
TN R TR I
=HE H—E 3 232] FH2[32 332 232
o 2 bl 2 i 2 bl 2 i 2 12

3.3. Fundamental highest weight crystal B(A;) for C’T(Ll),AgB, Agi)_l-types
Definition 3.13. (a) The half zigzag strip bundles of type 0 (resp. type 1) for Uq(Agi)q)
are the piles consisting of zigzag strips and half n-strips satisfying the following;:

(i) There is no 1-strip (resp. O-strip), and there exist at most one O-strip (resp. 1-strip).

(ii) For each 2 < j < m and k > 1, it has at most one j-strip, and one nonempty kth
half n-strip.

(iii) If we let Sp (resp. Si), S2,...,Sn_1 and S, . be the O-strip (resp. 1-strip), 2-strip,

.., (n = 1)-strip, and kth half n-strip in S which can be empty, then the pairs

41
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(57075_’2) (reSP~ (*9_175_’2))7 (‘9_jvsj+1) (2 S .7 S n— 2)7 (Snflv‘g,l% and (%7577,,/64»1)
satisfy the condition (ii) in Definition 2.7.

(b) For each m = 1,...,n for Uq(Cr(Ll)), 0,1,...,n for Uq(A(Qi)), and 2,...,n for
Uq(Aéi)fl)7 the half zigzag strip bundles of type m for Uq(Cr(Ll)), Uq(AgL)) or Uq(Aéi)fl)
are the piles consisting of zigzag strips and half n-strips satisfying the following:

(i) There is no j-strips for all j < m.
(ii) For each m < j < m and k > 1, it has at most one j-strip, and one kth half n-strip.
(iii) If we let Sy, Smt1,---,Sn—1 and S, (k > 1) be the m-strip, (m + 1)-strip, ...,
(n—1)-strip, and kth half n-strip in S which can be empty, then the pairs (S}, S;+1)
(m<j<n-—2),(S—1,%,1), and (S i, Sn k+1) satisfy the condition (ii) in Defi-
nition 2.7.

Remark 3.14. Clearly, the half zigzag strip bundles are not zigzag strip bundles because
a half n-strip is not a zigzag strip.

Let S € S(o0) be a zigzag strip bundle for Uq(Cr(Ll)), Uq(A(Qi)) or Uq(AgL)q)' For each
k> 1and i€ I—{n}, we denote by S; and S,, ;; the zigzag i-strip and the kth zigzag
n-strip, respectively. Also, we denote by (S, %)~ and (S, x)— the upper half n-strip and
the lower half n-strip of S, j, respectively.

Theorem 3.15. For each m =1,...,n—1 (resp. m =0,1,...,n — 1), the set S(A,) for
Uq(CT(LI)) (resp. Uq(Agz)q) or Uq<A(23L)71)) consists of all zigzag strip bundles S which
can be decomposed into the pair S = (Sp, Sy) of half strip bundles of type m and n using
Si, (Sn.ke)” and (Spk)— such that

the existence of the nonempty kth half n-strip in S, guarantee
the existence of the nonempty kth half n-strip in Sp,.

Proof. Since it is proved by the same argument in the proof of Theorem 3.7, we omit
it. O

Remark 3.16. The set S(4,,) for U, (C’,(ll)), Uq(Agi)_l) or Uq<A(23L)—1) given in Theorem 3.2
is rewritten as follows: The set S(A,) consists of all zigzag strip bundles S which can
be decomposed into the pair S = (S, S,) of half strip bundles of type n and n such
that the existence of the nonempty kth half n-strip in S, guarantee the existence of the
nonempty kth half n-strip in Sj,.

Example 3.17. Consider the following zigzag strip bundle for Uq(Cél)).

22| 3

S = |0 1222 3
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Then
- |
Sy = |1 S31 = S32 =
0] 1 2
and so,

(S3,1)- = [o]+]=]5] (S3,1) (S32) (S30)” =

Therefore, S can be divided as

|01223

Sp= 82U (83,1)- U(S32)- = Sy =1(531)" U(S32)” = [ [3 |

and so S belongs to S(Az).
On the other hand, consider the following zigzag strip bundle for Uq(Cél)).

121 2| 3

Then

and so,

(S31)- = (S3.1)" (S32)- (Ss52)” = [E]
=13

Therefore, S can be divided as

Sp=52U(S31)" U(S32)” = : Sy =(831)-U(S32)- = [o[:]2 |3

and so S belongs to S(Az).

Example 3.18. Consider the following zigzag strip bundle for Uq(C’él)).
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Then
[ ]
=[] Su=[LER) = CEE
and so,

(53’1)_: ; 1|2|3| S31 -

(S32)- =

\
-]
|
]
2
l\'J

Therefore, we cannot construct the half strip bundle S, of type 2, and so S does not
belong to S(Az).

Example 3.19. Let

1
2
012

S:

3
2
| 1 |

be a zigzag strip bundle for Uq(Ag)). Then

Si=F Se=F:] Sa=HE=l]  Sse=[2]

and so,

(S3,1) (S3,1) (S32)- =(S32)” =

Therefore, S can be decomposed into the pair S = (Sp, S,) given below.

Sh = Sl U SQ U (S3,1)7 U (53,2)7 =

SU = (53,1)_ U (5372)_ = % 2|3 |

3
Thus S belongs to S(A;).
3.4. General highest weight crystal B(\)

The proof of Theorem 3.7 give us more results about highest weight crystals. In this
section, we deal with general highest weight crystals B(\) using zigzag strip bundles. Set
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0<l<m<n for Uy(BS"), Uy (D)),
0<lI<m<n-1 for Uq(Dnl)),
0<I<m<n  for Uy(AS)), Ug(AS) )
0<l<m<n for U,(CSV).

Theorem 3.20. (a) The set S(A;+Ay,) for Uy (B (1)) Uy(D (1)) or U, (Dfmll) consists of all
zigzag strip bundles S which can be decomposed into the quadruple S = (S;l, Sit, StoSm)
of zigzag strip bundles of type (I,m,n,n) such that the pairs S' = (S}, S.) and S™ =
(Si, S5 belong to S(A;) and S(Ay,), respectively. Here, for Uy(D (1)), not only type
(I,m,n,n), but also types (I,m,n —1,n — 1), (,m,n — 1,n) and (I,m,n,n — 1) are
possible.

(b) The set S(A;+Ay,) for Uq(By(Ll)), Uq(Dgll)) or U, (D;ll) consists of all zigzag strip
bundles S which can be decomposed into the triple S = (S 9™, SY of zigzag strip bundles
of type (I,n,n) such that S' = (S}, S!) and S™ belong to S(A;) and S(A,,), respectively.

(¢) The set S(A; + Ay,) (resp. S(A; + Ap—1)) for Uq(DSLl)) consists of all zigzag
strip bundles S which can be decomposed into the triple S = (S!,S™,S.) (resp. S =
(S, S"=1 SL)) of zigzag strip bundles of type (I,n,n) or (I,n,n — 1) (resp. (Il,n — 1,n)

r (I,n —1,n — 1)) such that S' = (S!,S!) and S™ (resp. S*~1) belong to S(A;) and
S(Ay) (resp. S(A,—1)), respectively.

(d) The set S(A; + Ay,) for Uq(CT(ll)), Uq(Agl)) or Uq(Agi)—ﬂ consists of all zigzag
strip bundles S which can be decomposed into the quadruple S = (S}L7 S, St S™) of half
zigzag strip bundles of type I, m, n and n such that S' = (S}, S!) and S™ = (S, S™)
belong to S(A;) and S(A,,), respectively.

Proof. The proofs of (a), (b), (¢) and (d) are very similar, and they are obtained by the
same argument in the proof of Theorem 3.7. Now, we only focus on the type of S(A;+A,,)
for U, (B B )) Let S be a zigzag strip bundle in S(4; + A,,,) which can be decomposed as
S = (Sk, 8!, S, Sm), and assume that f;S is obtained from S by stacking an i-block on
an i-site P. Then f;S is one of the following:

(Sh«[].s%, s, s (Sh, 8L+ NCHENCIY
(Sh, 8L, Sp 1] ,S;" (Sh, 8L, Sp st [1])

In the case when f;S = (S% <[], S%, S5, S, if S}, + is not a zigzag strip bundle
of type [, by the definition of Kashiwara operator fl, the site P is at least once i-admissible
from one of S¢, S, Sy, say S! . then ;S can be decomposed as (Sh,Sl — . St ,Sm)
and S, - . is a zigzag strip bundle of type n. Similarly, we can prove in any case fiS
belongs to S(A; + Ay,). O

Remark 3.21. (a) The statement of Theorem 3.20 is very simple because there is no condi-
tion on the relationship among S' and S™. However, the decomposition of S € S(A;+4,,)
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into the quadruple S = (Sfl7 S, 8!, S™) is not unique. That is, the existence of various
decompositions makes no relationship between S' and S™. Nevertheless, Theorem 3.20
says that every element S in S(A;+ A,,) can be obtained from an element S’ in S(A;) by
adding an element S™ in S(A,,). More precisely, S can be obtained from S' by stacking
s;(k) i-blocks to the kth column from the right. Here, s;(k) is the number of i-blocks on
the kth column of S™. In other words, one of the important implications of Theorem 3.20
is that the highest weight crystals of higher level can be obtained by using highest weight
crystals of lower level.

(b) In Theorem 3.20, decomposition of S € S(A; + A,,) into the quadruple S =
(S;L,S,T,Sf,,sgl) is not unique, and there are various decompositions. Now, we give
a standard decomposition of S, and any other decomposition can be changed to this
standard decomposition. For S§ (a = I,m, 8 = h,v) and p > 1, let (S§)>, be the
subpile of S§ consisting of blocks on the gth (¢ > p) rows from the bottom. Then the
standard decomposition S = (S, Sm, S, S™) of S is a decomposition satisfying the
following conditions:

(i) If S! —(S!)>p+(Sm) s, is still a zigzag strip bundle of type I, then (SI)>, C (S4)>p.
(ii) The pairs (S}, S™) and (ST, S.) satisfy the condition (i).
(iii) If S! — (SL)sp + (S™)s, is still a zigzag strip bundle of type n, and S! together

v

with it still belongs to S(4;), (5™)>p C (SL)>p.

v

For instance, the zigzag strip bundle for Uq(Bil))

3 |42
22 |33 |44
S = =22 52
R Y
is decomposed into
4 3 4

s- . si-[00] s-C0Em s-0

However, we can see that

(S%)24: 3 4|7 (SISL)24: 2 (3|4

and
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4

3

Sh — (Sigb)zz; + (52)24 = [

|Hmw%

2

is still a zigzag strip bundle of type 2. Thus it is not the standard decomposition of S.
Moreover, we can easily check that the following is the standard decomposition of S.

3|4 4

S}% 2|3 )4, S%: 3041, 512):7 S’L?)):E
2|3 |T23

— 2

By the same argument given in the proof of Theorem 3.20, we have more general
result. Let A = A;; +--- 4+ 4;,, where 0 < i3 <ip < -+ <4 < n except for Uq(Cr(Ll)),
and 1 <4y <ig < -+ <14y <nfor Uq(C,(Ll)).

Theorem 3.22. The set S(X\) for U,(g), where g = B,(f), DS), Dﬁl, C,(ll), Agl), or Agi)fl
consists of all zigzag strip bundles S which can be decomposed into S = (S*, 5%, ..., 5%)
of zigzag strip bundles such that S% (j =1,...,t) belong to S(Ay;).

3.5. Connection with Nakajima monomials and crystal embeddings

Let Ry = {ra} (A € P) be the crystal given in section 3.1, and let 2, : B(\) —
B(00) ® Ry, be the strict embedding of crystals. Then, by Theorem 1.1, there exists the
unique strict embedding of crystals

7 B(A\) D B(oo) @ Ry "4 B(i) @ Ry,

sending the highest weight vector uy to (...,0,...,0) ® ry.

Let S(A) be the set of zigzag strip bundles given in Sections 3.1, 3.2, and 3.3, and
let M(A) ® Ry be the connected component of M(co) ® Ry containing 1 ® ry. By
Theorem 3.7, Theorem 3.15 and Corollary 2.12 it is clear that the map © : S(A\) @ Ry —
M(X) ® Ry given by

oSar)=1- [[ Aik) P ar, (3.3)
i€l,k>0

where a;(k) is the number of i-blocks of S stacked on the (k + 1)st column of B, is a
Uy (g)-crystal isomorphism. Moreover, there is a U,(g)-crystal isomorphism

A: S\ ® Ry -2 M) ® Ry € M(o0) ® Ry 225 Im @ © B(i) ® R

sending P @ ry to -+ ® bp(0) ® b,(0) @ - - @ b1(0) ® bp(0) ® 7.
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Example 3.23. Let S € §(A;) be the zigzag strip bundle over Uq(Bél)) given in Exam-
ple 3.9. Then

O(S®@7ra,)=1-A1(0)"1A5(0) 71 A5(0) "2 Ap(1) 1 Az (1) T A3(1) "t @ 1y,
and

A(S & TAI) = ® b1(0) ® bo(O) &® bg(—l) & bz(—l) & bl(O) (9 bo(—l)
®b3(—2) ® ba(—1) @ by (—1) @ by(0) @ 74, -

As we have already seen in Remark 3.21 (a), every element in S(A; + A,,) can be
obtained from an element in S(4;) by adding an element in S(A;,). Thus any monomial
in M(A; + A,;,) is obtained from a monomial in M(4;) by multiplying a monomial in
M(Ay,). Also, if we identify -+ ® b;, (—2%) ® -+ ® b;, (—x1) € B(i) with the infinite
sequence (...,Z,...,21) of nonnegative integers, and if we define (..., x,...,21) +
(o Uky--sy1) = (o2 + Yk, - .-, 21 + Y1), then ImQ/iA‘+A"L is the set consisting of the
addition of an element in Im LT/iAl and an element in Im ![/iAm. Moreover, by Theorem 3.22,
we have

Corollary 3.24. Let A = A, +---+ A;,, where 0 < i1 < iy < -+ <4y < n except for
Uq(Cf(Ll)), and 1 < iy <ip < --- <4y < n for Uq(Cr(Ll)). Then the sets M(\) and Im!I/i)‘
are as follows.

M) = {M;, My, - M;, | My, € M(Ay) forall j=1,...,t},

A; .
Im¥ = {b;, + by, +---+b;, | b, €Im¥ 7 forall j=1,...,t}.

Remark 3.25. (a) For A = A;, +-- -+ 4;,, we have shown that the map © : S(\) ® Ry —
M(X) ® Ry, given by (3.3) is a crystal isomorphism. Here, M(\) ® R, is the connected
component of M(co)® Ry containing 1®7y. Now, let 9t(A) be the connected component
in the set 2 of Nakajima monomials of highest weight type containing Y;, (0) - -- Y3, (0)
(see [13,17]). Then it is also a realization of the highest weight crystal B(A). If we define
amap O : S(\) ® Ry — M()\) by

O(S®@ry) =Y, (0)---Y;(0) - H Ay (k)= ®),

i€l,k>0

where a;(k) is the number of i-blocks of S stacked on the (k4 1)st column of B, we can
verify that © is also a crystal isomorphism.

(b) The set S(Ag) for Uq(C’r(Ll)) has a very different feature from other fundamental
highest weight crystal S(A4;). When we approach S(Ag) by similar method, we meet
zigzag strip bundles of type 0,1, n,n and it seems that they have several relation. We ex-
pect this part will also be solved someday.
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