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Zigzag strip bundles are new combinatorial models realizing
the crystals B(∞) for the quantum affine algebras Uq(g),
where g = B

(1)
n , D

(1)
n , D

(2)
n+1, C

(1)
n , A

(2)
2n−1, A

(2)
2n . In this paper,

we give new realizations of the crystal bases B(λ) for
the irreducible highest weight modules V (λ) over quantum
affine algebras Uq(g) using zigzag strip bundles. Further, we
discuss the connection between zigzag strip bundle realization,
Nakajima monomial realization, and polyhedral realization of
the crystals B(λ).

© 2014 Elsevier Inc. All rights reserved.

Introduction

Since Kashiwara introduced the crystal basis theory over quantum groups Uq(g) as-
sociated with a symmetrizable Kac–Moody algebra g in [10,11], it has been a powerful
combinatorial and geometric tool to investigate the structures of integrable modules over
quantum groups and quantum groups themselves. In those papers, he proved the exis-
tence of the crystal bases B(λ) of the irreducible highest weight representations V (λ) for
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Uq(g) and the crystal bases B(∞) of the negative part U−
q (g) of Uq(g), and in the crys-

tal basis theory, one of the most important problems is to realize crystal bases explicitly
using several combinatorial or geometric objects.

In [2], Jimbo et al. constructed the crystal bases for the irreducible highest weight
Uq(A(1)

n )-modules using colored diagrams. Motivated by the fact that the colored dia-
grams can be parameterized by certain paths arising from the theory of solvable lattice
models, in [4,5], Kang et al. developed the theory of perfect crystals for general quantum
affine algebras Uq(g), and gave realizations of crystal bases for the irreducible highest
weight modules over Uq(g) in terms of paths. In [3], from perfect crystal theory, Kang de-
vised combinatorial models for classical quantum affine algebras Uq(g), called the Young
walls, and constructed the crystal bases of basic representations over Uq(g). In [9], Kang
and Lee extended the combinatorics of Young walls to the higher level cases. In [16], the
authors modified Young walls over Uq(A(1)

n ), i.e., colored diagrams, which they called
generalized Young walls, and showed that the set of all generalized Young walls is iso-
morphic to the crystal basis B(∞) for Uq(A(1)

n ). Thus it is very natural to extend the
combinatorics of generalized Young walls to other quantum affine algebras.

On the other hand, in [12], Kashiwara introduced the embedding of crystal Ψi :
B(∞) ↪→ B(i), where i is some infinite sequence from the index set of simple roots.
In [23], Zelevinsky and Nakashima characterized the image of the embedding Ψi, which
is called the polyhedral realization. Also, in [22], Nakashima gave a polyhedral realization
of the highest weight crystal B(λ), and in [24,25], their idea was extended to the quan-
tum generalized Kac–Moody algebras by the second author. However, their descriptions
of the images of the Kashiwara embeddings contain many redundant linear inequalities,
and so it is not easy to determine whether the elements belong to the images of the
Kashiwara embeddings or not. In [13,21], Kashiwara and Nakajima independently gave
a crystal structure on the set of so-called Nakajima monomials, and they showed that
the connected component containing a maximal vector with a dominant integral weight
λ is isomorphic to the crystal B(λ). In [8], Kang and the authors modified the notion of
Nakajima monomials by adding a new variable 1, and they showed that the connected
component C(1) containing 1 is isomorphic to the crystal B(∞). Moreover, in [1], Naka-
jima monomial theory was extended to the quantum generalized Kac–Moody algebras
by Jeong, Kang and the authors. Thus it is natural to try characterizing the connected
components containing maximal vectors, and we can find many articles dealing with this
characterization. For example, see [1,6–8,14,15]. However, the characterization for general
quantum affine algebras is still unknown. Indeed, Kashiwara embeddings and Nakajima
monomials are closely related. More precisely, in some cases, we know explicit crystal
isomorphisms between images of Kashiwara embeddings and the connected components
of Nakajima monomials containing maximal vectors. Thus more understanding of Kashi-
wara embeddings gives more understanding of Nakajima monomials, and vice versa.

Recently, in [18,19], while trying to extend the theory of generalized Young walls
to other quantum affine algebras, the authors introduced new combinatorial models
called zigzag strip bundles for Uq(B(1)

n ), Uq(D(1)
n ), Uq(D(2)

n+1), Uq(C(1)
n ), Uq(A(2)

2n−1), and
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Uq(A(2)
2n ), and showed that the set S(∞) of all zigzag strip bundles is isomorphic to the

crystal B(∞). Like generalized Young walls, the zigzag strip bundles consist of colored
blocks with various shapes that are built on a given board. The rules and patterns for
building zigzag strip bundles and the action of Kashiwara operators are given explicitly
using combinatorics of zigzag strip bundles. Main difference between Young walls (or
generalized Young walls) and zigzag strip bundles is that Young walls and generalized
Young walls are based on perfect crystal theory, but zigzag strip bundles are based on
the theories of Nakajima monomials and Kashiwara embeddings. Now, for a dominant
integral weight λ ∈ P+, let Rλ = {rλ} be the crystal with the maps defined by

wt(rλ) = λ, εi(rλ) = −〈hi, λ〉, ϕi(rλ) = 0, ẽirλ = f̃irλ = 0 for all i ∈ I.

Then the highest weight crystal B(λ) lies in B(∞) ⊗ Rλ as a connected component
containing u∞ ⊗ rλ, where u∞ is the highest weight vector in B(∞). Thus it is a very
natural and interesting problem to construct B(λ) using zigzag strip bundles.

In this paper, we devote ourselves to the realizations of the crystal bases B(λ) of
the irreducible highest weight modules V (λ) over Uq(g) (g = B

(1)
n , D

(1)
n , D

(2)
n+1, C

(1)
n ,

A
(2)
2n−1, A

(2)
2n ) in terms of zigzag strip bundles. That is, we give characterizations of the

connected components S(λ) of S(∞)⊗Rλ containing ∅⊗rλ. Here ∅ is the highest weight
vector in S(∞). Indeed, even though Young walls are very good combinatorial objects
to realize the crystals B(λ), it is not easy to treat Young walls in the higher level case.
One advantage of zigzag strip bundles is that compared with Young walls, it is more
easy to treat in the higher level case. Another advantage of zigzag strip bundles is in the
connection with Nakajima monomials and Kashiwara embeddings.

We expect that we can extend the theory of zigzag strip bundles of highest weight type
to other quantum affine algebras. Also, we believe that the combinatorics of zigzag strip
bundles can be applied to the construction of highest weight crystals B(λ) for classical
finite simple Lie algebras. Recently, Lee, Lombardo and Salisbury gave a combinatorial
description of the Casselman–Shalika formula in type A using Young tableaux [20].
We think that the highest weight zigzag strip bundles for Uq(g) can be used to give a
combinatorial description of the affine Casselman–Shalika formula.

1. Kashiwara embeddings and Nakajima monomials

1.1. Crystals

Let I = {0, 1, . . . , n} be an index set and let A = (aij)i,j∈I be a Cartan matrix
of affine type. Let P∨ = Zh0 ⊕ Zh1 ⊕ · · · ⊕ Zhn ⊕ Zd be the dual weight lattice, and
let h = C ⊗Z P∨ be the Cartan subalgebra. The affine weight lattice is defined to be
P = {λ ∈ h∗ | λ(P∨) ⊂ Z}, and the simple roots αi and the fundamental weights Λi

(i ∈ I) are defined by

αi(hj) = aji, αi(d) = δ0,i, Λi(hj) = δi,j , Λi(d) = 0 (i, j ∈ I).
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We denote by Π = {αi | i ∈ I} and Π∨ = {hi | i ∈ I}. The quintuple (A,Π,Π∨, P, P∨) is
called an affine Cartan datum. We denote by Uq(g) the quantum affine algebra associated
with the Cartan datum. We also denote by U+

q (g) and U−
q (g) the subalgebras of Uq(g)

generated by the ei’s and the fi’s, respectively. A Uq(g)-crystal is a set B together with
the maps wt : B → P , εi, ϕi : B → Z∪ {−∞}, ẽi, f̃i : B → B ∪ {0} (i ∈ I) such that for
all i ∈ I and b ∈ B,

(i) ϕi(b) = εi(b) + 〈hi,wt(b)〉,
(ii) wt(ẽib) = wt(b) + αi if ẽib �= 0, and wt(f̃ib) = wt(b) − αi if f̃ib �= 0,
(iii) εi(ẽib) = εi(b) − 1, ϕi(ẽib) = ϕi(b) + 1 if ẽib �= 0,
(iv) εi(f̃ib) = εi(b) + 1, ϕi(f̃ib) = ϕi(b) − 1 if f̃ib �= 0,
(v) f̃ib = b′ if and only if ẽib′ = b for b, b′ ∈ B,
(vi) ẽib = f̃ib = 0 if εi(b) = −∞.

For instance, the crystal basis B(λ) of the irreducible highest weight module V (λ) with
λ(P∨) ⊂ Z≥0 and the crystal basis B(∞) of U−

q (g) are Uq(g)-crystals. Also, for each
i ∈ I, Bi = {bi(n) | n ∈ Z} is a crystal with the maps defined by wt(bi(n)) = nαi, and

εi
(
bi(n)

)
= −n, ϕi

(
bi(n)

)
= n, ẽibi(n) = bi(n + 1), f̃ibi(n) = bi(n− 1),

εj
(
bi(n)

)
= ϕj

(
bi(n)

)
= −∞, ẽjbi(n) = f̃jbi(n) = 0 if j �= i.

The crystal Bi is called an elementary crystal. Moreover, for given crystals, we construct
another crystals using tensor product. More precisely, let B and B′ be crystals. Then
their tensor product B ⊗ B′ = {b ⊗ b′ | b ∈ B, b′ ∈ B′} is a crystal with the maps
wt, εi, ϕi, ẽi, f̃i given by wt(b⊗ b′) = wt(b) + wt(b′), and

εi
(
b⊗ b′

)
= max

{
εi(b), εi

(
b′
)
−
〈
hi,wt(b)

〉}
,

ϕi

(
b⊗ b′

)
= max

{
ϕi

(
b′
)
, ϕi(b) +

〈
hi,wt

(
b′
)〉}

,

ẽi
(
b⊗ b′

)
=

{
ẽib⊗ b′ if ϕi(b) � εi(b′),
b⊗ ẽib

′ if ϕi(b) < εi(b′),
f̃i
(
b⊗ b′

)
=

{
f̃ib⊗ b′ if ϕi(b) > εi(b′),
b⊗ f̃ib

′ if ϕi(b) � εi(b′).

1.2. Kashiwara embeddings

Let i = (i1, i2, . . .) be an infinite sequence of indices in I such that every i ∈ I appears
infinitely many times, and let

B(i) =
{(

bik(−xk)
)∞
k=1 ∈ · · · ⊗Bik ⊗ · · · ⊗Bi1

∣∣ xk ∈ Z≥0, xk = 0 for all k 
 0
}
.

For b = · · · ⊗ bik(−xk) ⊗ · · · ⊗ bi1(−x1) ∈ B(i) and k ≥ 1, we set

σk(b) = xk +
∑

〈hik , αij 〉xj , and σ(i)(b) = max
{
σk(b)

∣∣ ik = i
}
.

j>k
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Let mf = min{k | ik = i, σk(b) = σ(i)(b)}, and me = max{k | ik = i, σk(b) = σ(i)(b)}.
Now, we define

f̃ib = · · · ⊗ f̃ibik(−xk) ⊗ · · · ⊗ bi1(−x1),

where k = mf , and

ẽib =
{
· · · ⊗ ẽibik(−xk) ⊗ · · · ⊗ bi1(−x1) if σ(i)(b) > 0 and k = me,

0 otherwise.

We also define

wt(b) = −
∞∑
j=1

xjαij , εi(b) = σ(i)(b), ϕi(b) =
〈
hi,wt(b)

〉
+ εi(b).

Then B(i) is a Uq(g)-crystal. The following is the Kashiwara embedding theorem.

Theorem 1.1. (See [12,23].) Let i be an infinite sequence such that every i ∈ I appears
infinitely many times. Then there exists a unique strict embedding of crystals

Ψi : B(∞) ↪→ B(i) such that u∞ �→ · · · bik(0) ⊗ · · · ⊗ bi1(0),

where u∞ is the highest weight vector in B(∞).

1.3. Nakajima monomials

Let M be the set of all monomials of commuting variables Yi(n) (i ∈ I, n ∈ Z) and
1 of the form M = 1 ·

∏
i∈I,n≥0 Yi(n)yi(n) such that yi(n) ∈ Z and yi(n) = 0 for all

but finitely many n’s. The monomials in M are called the Nakajima monomials. For a
Nakajima monomial M ∈ M, we define wt(M) =

∑
i∈I(

∑
n≥0 yi(n))Λi, and

ϕi(M) = max
{ ∑

0≤k≤n

yi(k)
∣∣∣ n ≥ 0

}
, εi(M) = ϕi(M) −

〈
hi,wt(M)

〉
.

Choose a set C = (cij)i	=j of nonnegative integers such that cij + cji = 1, and for each
i ∈ I, n ∈ Z≥0, define

Ai(n) = Yi(n)Yi(n + 1)
∏
j 	=i

Yj(n + cji)aji .

Set
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nf = min
{
n ≥ 0

∣∣∣ ϕi(M) =
∑

0≤k≤n

yi(k)
}
,

ne = max
{
n ≥ 0

∣∣∣ ϕi(M) =
∑

0≤k≤n

yi(k)
}
,

and we define

f̃iM = Ai(nf )−1M, ẽiM =
{

0 if εi(M) = 0,
Ai(ne)M if εi(M) > 0.

Then M becomes a Uq(g)-crystal. Moreover, we have

Theorem 1.2. (See [13].) The connected component C(1) of M containing 1 is isomorphic
to the Uq(g)-crystal B(∞).

Now, we denote by M(∞) the connected component C(1) containing 1 in M when
we choose the set C = (cij)i	=j of as follows.

cij = 0 if i > j, and cij = 1 if i < j.

Let i = (0, 1 . . . , n, 0, 1, . . . , n, 0, . . .), and let Ψi : B(∞) ↪→ B(i) be the crystal embedding
given in Theorem 1.1. For a monomial

M = 1 ·
∏

i∈I,k≥0

Ai(k)−ai(k) ∈ M(∞),

we now define a map φ : M(∞) → ImΨi by

φ(M) = · · · ⊗ b0
(
−a0(2)

)
⊗ bn

(
−an(1)

)
⊗ · · · ⊗ b1

(
−a1(1)

)
⊗ b0

(
−a0(1)

)
⊗ bn

(
−an(0)

)
⊗ · · · ⊗ b1

(
−a1(0)

)
⊗ b0

(
−a0(0)

)
.

Then we have

Theorem 1.3. (See [15].) The map φ : M(∞) → ImΨi is a Uq(g)-crystal isomorphism.

2. Zigzag strip bundles

In [18,19], from the theories of Nakajima monomials and crystal embeddings, the
authors introduced the zigzag strip bundles for the quantum affine Lie algebras Uq(g),
where g = B

(1)
n , D

(1)
n , D

(2)
n+1, C

(1)
n , A

(2)
2n , A

(2)
2n−1, and showed that the set of all zigzag

strip bundles for Uq(g) realizes the crystal B(∞) over Uq(g). In this section, we give new
exposition of zigzag strip bundles. The difference between this new exposition and old
one is that the board B in new exposition is just the subboard B in old exposition. That
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is, the board B in old exposition is obtained by adding up the board B in new exposition
on the top of each B repeatedly. Finally, zigzag strip bundles in the new exposition are
obtained from those in old version by moving zigzag strips in the subboard Bt (t ≥ 2)
to B1.

2.1. Boards and blocks for zigzag strip bundles

For each quantum affine algebra Uq(g), we fix boards B with coloring as follows:

0
1
2

...

n−1

n

0
1
2

...

n−1

n

0
1
2

...

n−1

n

0
1
2

...

n−1

n

0
1
2

...

n−1

n

0
1

...

n−1

n

. . .

. . .

. . .

0
1
2

...

n−2
n−1
n

0
1
2

...

n−2
n−1
n

0
1
2

...

n−2
n−1
n

0
1
2

...

n−2
n−1
n

0
1
2

...

n−2
n−1
n

0
1

...

n−2
n−1
n

. . .

. . .

. . .

0

1

...

n−1

n

0

1

...

n−1

n

0

1

...

n−1

n

0

1

...

n−1

n

0

1

...

n−1

n

0

1

...

n−1

n

. . .

. . .

. . .

g = B
(1)
n , A

(2)
2n−1 g = D

(1)
n g = D

(2)
n+1, C

(1)
n , A

(2)
2n

We see that the board B consists of squares with colorings, which we call sites of B, and
we regard the board B as the set N × N by identifying the jth site from the bottom of
the ith column from the right with (i, j) ∈ N× N.

The zigzag strip bundles for Uq(g) are built of colored blocks of three different shapes
on the board B according to the colors of sites of B:

(i) g = B
(1)
n ;

0 , 1 : unit width, unit height, half-unit thickness,

j (j = 2, . . . , n− 1) : unit width, unit height, unit thickness,

n
: unit width, half-unit height, unit thickness.

(ii) g = D
(1)
n ;

0 , 1 , n−1 , n : unit width, unit height, half-unit thickness,

j (j = 2, . . . , n− 2) : unit width, unit height, unit thickness.



22 J.-A. Kim, D.-U. Shin / Journal of Algebra 412 (2014) 15–50
(iii) g = D
(2)
n+1;

0 ,
n

: unit width, half-unit height, unit thickness,

j (j = 1, . . . , n− 1) : unit width, unit height, unit thickness.

(iv) g = C
(1)
n ;

j (j = 0, 1, . . . , n): unit width, unit height, unit thickness

(v) g = A
(2)
2n ;

0 : unit width, half-unit height, unit thickness

j (j = 1, . . . , n) : unit width, unit height, unit thickness

(vi) g = A
(2)
2n−1;

0 , 1 : unit width, unit height, half-unit thickness

j (j = 2, . . . , n) : unit width, unit height, unit thickness

With these colored blocks, we will pile up them on the board B according to some
rules. For convenience, we will use the notation jk for the stack of k j-colored blocks
(j = 0, 1, . . . , n). Also, we say an i-colored site (resp. a site with coloring 0 and 1, an
i-colored block) an i-site (resp. a (0/1)-site, an i-block).

2.2. Zigzag strips

Let J be the subset of I as follows.

(i) g = B
(1)
n , A

(2)
2n−1: I − {0, 1, n}

(ii) g = D
(1)
n : I − {0, 1, n− 1, n}

(iii) g = D
(2)
n+1, C

(1)
n , A

(2)
2n : I − {0, n}

Definition 2.1. (a) We define a zigzag 0 (resp. 1)-strip for Uq(B(1)
n ), Uq(D(1)

n ) or Uq(A(2)
2n−1)

by the pile 0 (resp. 1 ) of only one 0-block (resp. 1-block) stacked on the (0/1)-site
of the rightmost column of B. Also, we define a zigzag 0-strip for Uq(D(2)

n+1), Uq(C(1)
n ) or

Uq(A(2)
2n ) by the pile consisting of only one 0-block stacked on the 0-site of the rightmost

column of B.
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(b) For each i ∈ J , we define a zigzag i-strip for Uq(g) by a pile of colored blocks
stacked on the board B satisfying the following conditions:

(i) It is obtained by stacking colored blocks starting from the i-site of the first column
from the right in the pattern given below.

ii−1· · ·20
1
2

.

.

.

n−1

n2n−1· · ·20
1
2

.

.

.

ii−1· · ·20
1
2

.

.

.

n−2

n
n−1n−2· · ·20

1
2

.

.

.

ii−1· · ·102

1

.

.

.

n−1

n2n−1· · ·102

1

.

.

.

g = B
(1)
n g = D

(1)
n g = D

(2)
n+1

ii−1· · ·10

1

.

.

.

n−1

nn−1· · ·10

1

.

.

.

ii−1· · ·102

1

.

.

.

n−1

nn−1· · ·102

1

.

.

.

ii−1· · ·20
1
2

.

.

.

n−1

nn−1· · ·20
1
2

.

.

.

g = C
(1)
n g = A

(2)
2n g = A

(2)
2n−1

(ii) The volume, the height, and the thickness of stacked blocks on each site of the pile
is weakly decreasing from right to left and from bottom to top.

(c) For each k ∈ Z>0, we define a kth zigzag n-strip for Uq(g) by a pile of colored
blocks stacked on the board B satisfying the following conditions:

(i) It is obtained by stacking colored blocks starting from the n-site of the kth column
from the right in the pattern given below.

nn−1· · ·20
1
2

.

.

.

n−1

n2n−1· · ·20
1
2

.

.

.

n
n−2· · ·20

1
2

.

.

.

n−2

n
n−1n−2· · ·20

1
2

.

.

.

nn−1· · ·102

1

.

.

.

n−1

n2n−1· · ·102

1

.

.

.

g = B
(1)

g = D
(1)

g = D
(2)
n n n+1
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nα2· · ·1202

12

.

.

.

α2

n2α2· · ·1202

12

.

.

.

nα2· · ·1204

12

.

.

.

α2

n2α2· · ·1204

12

.

.

.

nα2· · ·2202
12
22

.

.

.

α2

n2α2· · ·2202
12
22

.

.

.

g = C
(1)
n g = A

(2)
2n g = A

(2)
2n−1

Here, α = n− 1.
(ii) Except for the rightmost site of the pile, the volume, the height, and the thickness

of blocks on each site of the pile is weakly decreasing from right to left and from
bottom to top.

Also, a kth zigzag (n − 1)-strip for Uq(D(1)
n ) is defined in a similar way. The only

difference with a kth n-strip is the starting block. That is, the starting block of a kth
zigzag (n− 1)-strip is an (n− 1)-block.

Example 2.2. (a) The following pile

21
0

2

322

is a zigzag 2-strip for Uq(B(1)
3 ). On the other hand, the following piles are not zigzag

2-strip for Uq(B(1)
3 ).

21

2

21
0

2

32

(b) The following pile

210

1

2

is not a zigzag 2-strip for Uq(A(2)
4 ) because in the leftmost column, the volume of the

1-blocks is bigger than that of the 0-blocks.

2.3. Zigzag strip bundles

Let J1 be the subset of I as follows.
(i) g = B

(1)
n , D

(2)
n+1, C

(1)
n , A

(2)
2n or A

(2)
2n−1: I − {n} (ii) g = D

(1)
n : I − {n− 1, n}
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For a pile S over Uq(g) of stacked blocks on the board B which is decomposed into zigzag
strips, we can arrange them in such a way that for each i ∈ J1,

S1
i ⊃ · · · ⊃ Sti

i �= ∅, (2.1)

and for each k ≥ 1,

S1
n,k ⊃ · · · ⊃ Sαk

n,k �= ∅, S1
n−1,k ⊃ · · · ⊃ Sβk

n−1,k �= ∅. (2.2)

Here, Sp
i (p = 1, . . . , ti), Sr

n,k (r = 1, . . . , αk) and Ss
n−1,k (s = 1, . . . , βk) are zigzag

i-strips, the kth zigzag n-strips, and the kth zigzag (n−1)-strips, respectively. Of course,
the kth zigzag (n − 1)-strips exist only in the type of Uq(D(1)

n ). Also, for each k ≥ 1,
r = 1, . . . , αk, and s = 1, . . . , βk, let srn,k and ssn−1,k be the numbers of the blocks in Sr

n,k

and Ss
n−1,k, respectively.

Definition 2.3. A pile S of stacked blocks on the board B is called a zigzag strip bundle for
Uq(g) (g = B

(1)
n , D

(1)
n , D

(2)
n+1) if there is a decomposition of S into zigzag strips satisfying

the following conditions: According to (2.1) and (2.2),

(i) for each k ≥ 1,

αk ≥ αk+1 if g = B(1)
n , D

(2)
n+1,

αk ≥ βk+1, βk ≥ αk+1 if g = D(1)
n ,

(ii) in (2.1) and (2.2), equalities hold only if zigzag strips consist of blocks of unit height.
(iii) for each k ≥ 1, r = 1, . . . , αk+1, and s = 1, . . . , βk+1,

srn,k ≥ srn,k+1 if g = B(1)
n , D

(2)
n+1,

srn,k ≥ srn−1,k+1, ssn−1,k ≥ ssn,k+1 if g = D(1)
n . (2.3)

Here, equalities hold if and only if
(iii-a) when g = B

(1)
n ,

Sr
n,k = Sr

n,k+1 =
· · ·0

1

2

.

.

.

n

,

or(
Sr
n,k, S

r
n,k+1

)
=

(
0 2 3 · · · , 1 2 3 · · ·

)
or

( 1 2 3 · · · , 0 2 3 · · ·
)
.
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(iii-b) when g = D
(1)
n , Ss

n−1,k and Ss
n,k+1 (resp. Sr

n,k and Sr
n−1,k+1) are one of the

following forms, and the last blocks, the blocks stacked on top of the leftmost
column, in Ss

n−1,k and Ss
n,k+1 (resp. Sr

n,k and Sr
n−1,k+1) are different:

0 2 · · · 1 2 · · ·

· · ·0
1

2

.

.

.

n−1

· · ·0
1

2

.

.

.

n

Here, in right two zigzag strips, the numbers of blocks are bigger than 1,
(iii-c) when g = D

(2)
n+1,

Sr
n,k = Sr

n,k+1 = 0 1 2 · · · or

· · ·02

1

.

.

.

n

Example 2.4. Let

S =
1

3

02

1

22

32

1

2

02

12

2

3

02

1

2

3

be a pile for Uq(D(2)
4 ). Then it is decomposed into the following zigzag strips:

S1
1 =

102

1

2

3

S1
3,1 = S1

3,2 =
32102

1

2

3

Therefore, S is a zigzag strip bundle for Uq(D(2)
4 ).

Now, consider the C
(1)
n , A

(2)
2n , A

(2)
2n−1-types.

Definition 2.5. Let S be a kth zigzag n-strip for Uq(g), where g = C
(1)
n , A

(2)
2n , A

(2)
2n−1. Now

cut the n-block of rightmost site in S in half with a saw. Then S is divided into two
strips, upper strip S− and lower strip S−, which are the strips consisting of the half
n-block and the blocks of S stacked on slots of height > 1, and consisting of the half
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n-block and the blocks of S stacked on slots of height < 1, respectively. We say these
two strips a kth upper half n-strip and a kth lower half n-strip of S, respectively. Also,
they are simply called kth half n-strips.

Example 2.6. Let

S =
04 12 22 3

12

02

be a 3-strip for Uq(A(2)
6 ). Then the upper half strip S− and lower half strip S− of S are

as follows.

S− = 02 1 2 3

1
S− =

02 1 2 3

1

02

Here, the shaded parts mean the half 3-blocks.

Definition 2.7. A pile S of stacked blocks on the board B is called a zigzag strip bundle for
Uq(g) (g = C

(1)
n , A

(2)
2n , A

(2)
2n−1) if there is a decomposition of S into zigzag strips satisfying

the following conditions: According to (2.1) and (2.2),

(i) for each k ≥ 1, αk ≥ αk+1,
(ii) for each k ≥ 1, r = 1, . . . , αk+1, if we let (srn,k)− and (srn,k)− be the number of

blocks in the upper half n-strip (Sr
n,k)− and the lower half n-strip (Sr

n,k)− of Sr
n,k,

respectively, then

(
srn,k

)− ≥
(
srn,k+1

)− and
(
srn,k

)
− ≥

(
srn,k+1

)
−. (2.4)

Here, the equality (srn,k)− = (srn,k+1)− holds if and only if

(
Sr
n,k

)− =
(
Sr
n,k+1

)− = 0 1 2 · · · for g = A
(2)
2n ,

or

((
Sr
n,k

)−
,
(
Sr
n,k+1

)−) =
(

0 2 3 · · · , 1 2 3 · · ·
)
,( 1 2 3 · · · , 0 2 3 · · ·
)

for g = A
(2)
2n−1.

Similarly, the equality (srn,k)− = (srn,k+1)− also holds under the same conditions.
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Example 2.8. Let

S =
2

3

1

22

3

02

13

23

3

03

1303

be a pile for Uq(A(2)
6 ). Then it is decomposed into the following zigzag strips:

S1
2 =

02

1

2

3

1 2
S1

3,1 = 3221203

1

S1
3,2 = 3221203

Moreover,

(
S1

3,1
)
− = 02 1 2 3

1 (
S1

3,1
)− = 3210

(
S1

3,2
)
− = 32102

(
S1

3,2
)− = 3210

Therefore, S is a zigzag strip bundle for Uq(A(2)
6 ).

On the other hand, the following Uq(A(2)
6 )-pile

S =
322

3

12

22

02

13

2

0

is decomposed as follows.

S1
3,1 =

3221202

1

2

S1
3,2 = 322120

Also, we have

(
S1

3,1
)
− =

32102

1

2 (
S1

3,1
)− = 321

(
S1

3,2
)
− = 3210

(
S1

3,2
)− = 321

Thus S is not a zigzag strip bundle for Uq(A(2)
6 ).
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2.4. Crystal structure on the set of zigzag strip bundles

In this section, we give a crystal structure on the set of all zigzag strip bundles for
Uq(g), where g = B

(1)
n , D

(1)
n , D

(2)
n+1, C

(1)
n , A

(2)
2n or A

(2)
2n−1.

Definition 2.9. Let S be a zigzag strip bundle for Uq(g), and let S be decomposed into
zigzag strips; S = {Sj}Nj=1. A site P of the board B is said to be k-times i-removable
and l-times i-admissible with respect to {Sj}Nj=1 if one can have another zigzag strip
bundles in B from {Sj}Nj=1 by removing k i-blocks on P , and stacking l i-blocks on P ,
respectively.

Fix i ∈ I and let a given zigzag strip bundle S be decomposed into zigzag strips;
S = {Sj}Nj=1. Let P1, P2, . . . be the all i-removable or i-admissible sites with respect to
{Sj}Nj=1 from west to east and from south to north. To each site Pα (α ≥ 1), we assign
its i-signature sgni(Pα) as

−−− · · ·−︸ ︷︷ ︸
p-times

+ + + · · ·+︸ ︷︷ ︸
q-times

if Pα is p-times i-removable and q-times i-admissible. From the sequence (sgni(P1),
sgni(P2), . . .) of +’s and −’s, cancel out every (+,−)-pair to obtain a sequence of −’s
followed by +’s, reading from left to right. This sequence is called the i-signature of S
with respect to {Sj}Nj=1. Moreover, an i-signature of S is independent of decompositions
into zigzag strips of S (See [18]). Thus, we may say the i-signature of S for a zigzag strip
bundle S. Let S(∞) be the set of all zigzag strip bundles, and let S ∈ S(∞) be a zigzag
strip bundle. We define f̃iS to be the zigzag strip bundle obtained from S by stacking
an i-block on the i-admissible site corresponding to the leftmost + in the i-signature
of S. We define ẽiS to be the zigzag strip bundle obtained from S by eliminating the
i-block corresponding to the rightmost − in the i-signature of S. If there is no − in the
i-signature of S, we define ẽiS = 0. We also define wt(S) = −

∑
i∈I kiαi, where ki is the

number of i-blocks in S, and

εi(S) = the number of −’s in the i-signature of S,

ϕi(S) = εi(S) +
〈
hi,wt(S)

〉
.

Then (S(∞),wt, εi, ϕi, ẽi, f̃i) is an affine crystal.

Example 2.10. Let

S = 1 2

22 3

32

0
1
22

= S1
2 ∪ S1

3,1 = 0
1 2

2

322

∪ 0
1

2

2 3

0
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be a zigzag strip bundle lying on B1 for Uq(B(1)
3 ). Then it is easy to see that

(i) the sites (4, 1), and (3, 2) are once 0-admissible and once 1-admissible, and once
2-removable from the strip S1

2 , respectively,
(ii) the sites (3, 3), and (3, 2) are twice 3-admissible, and once 2-removable from the

strip S1
3,1, respectively,

(iii) the site (2, 3) is once 3-admissible because if we stack a 3-block on (2, 3), then we
have S1

3,2 = 3 , and S1
3,1 and S1

3,2 satisfy the condition (iii-a) of Definition 2.3,
(iv) every site in the rightmost column of B is admissible.

The following describes all the removable and admissible sites with respect to the above
zigzag strips {S1

2 , S
1
3,1, S

1
3,2}.

Therefore, we have

f̃0S =
0
1 2

22 3

32

0
1
220

, f̃1S =
0
1 2

22 3

32

0
1
22

1

, f̃2S =
0
1

22

22 3

32

0
1
22

, f̃3S =

0
1 2

22 3

32

0
1
22

3

,

and

ẽ0S = ẽ1S = ẽ3S = 0, ẽ2S =
0
1 2

22 3

32

0
1

2

.

2.5. Realization of the crystal B(∞)

Let S(∞) be the set of all zigzag strip bundles for Uq(g) (g = B
(1)
n , D

(1)
n , D

(2)
n+1, C

(1)
n ,

A
(2)
2n or A(2)

2n−1). Let M(∞) be the connected component containing 1 given in Section 1.3.
For a zigzag strip bundle S, we now define a map ϕ : S(∞) → M(∞) by

ϕ(S) = 1 ·
∏

i∈I,k≥0

Ai(k)−ai(k),

where ai(k) is the number of i-blocks of S stacked on the (k + 1)st column of B. Then
we have
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Theorem 2.11. (See [18,19].) For g = B
(1)
n , D(1)

n , D(2)
n+1, C

(1)
n , A(2)

2n or A
(2)
2n−1, the map

ϕ : S(∞) ∼−→ M(∞) is a Uq(g)-crystal isomorphism sending ∅ to 1.

Proof. For S ∈ S(∞), in both new and old expositions, the numbers of i-blocks of S

stacked on the (k + 1)st column of B are the same. Thus it is clear. �
Let i = (0, 1, . . . , n, 0, 1, . . . , n, 0, . . .) be an infinite sequence of indices in I. Let Ψi :

B(∞) ↪→ B(i) be the crystal embedding given in Theorem 1.1, and let φ : M(∞) → ImΨi

be the crystal isomorphism given in Theorem 1.3.

Corollary 2.12. (See [18].) For g = B
(1)
n , D

(1)
n , D

(2)
n+1, C

(1)
n , A

(2)
2n or A

(2)
2n−1, there is a

Uq(g)-crystal isomorphism

ψ : S(∞) ϕ−→ M(∞) φ−→ ImΨi
∼= B(∞)

sending ∅ to · · · ⊗ b0(0) ⊗ bn(0) ⊗ · · · ⊗ b1(0) ⊗ b0(0).

3. Realization of highest weight crystals

In this section, we give new realizations of the highest weight crystals B(λ) (λ ∈ P+)
for Uq(g), where g = B

(1)
n , D

(1)
n , D

(2)
n+1, C

(1)
n , A

(2)
2n or A

(2)
2n−1. More precisely, let S(∞) be

the set of all strip bundles for Uq(g), and for λ ∈ P+, let Rλ = {rλ} be the crystal with
the maps defined by

wt(rλ) = λ, εi(rλ) = −〈hi, λ〉, ϕi(rλ) = 0, ẽirλ = f̃irλ = 0 for all i ∈ I.

Then the connected component C(∅⊗rλ) of S(∞)⊗Rλ containing ∅⊗rλ is a realization
of the highest weight crystal B(λ) over Uq(g). From now on, we devote ourselves to the
characterization of C(∅ ⊗ rλ).

3.1. Highest weight crystal structure on strip bundles

Let S(λ) be the subset of S(∞) such that

C(∅ ⊗ rλ) = S(λ) ⊗Rλ.

In order to give a characterization of S(λ), we give a new crystal structure on S(λ) which
is different from the crystal structure as the subset of S(∞). Since the methods are very
similar, we only treat the B

(1)
n -type. Let S be a strip bundle of S(λ), and for each i ∈ I

let si(1) be the number of i-blocks of S on the rightmost column. Let
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ξi =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
〈hi, λ〉 − si(1) for i = 0 or 1,
〈h2, λ〉 − s2(1) + s0(1) + s1(1) i = 2,
〈hn, λ〉 − sn(1) + 2sn−1(1) i = n,

〈hi, λ〉 − si(1) + si−1(1) otherwise.

(3.1)

Then the i-site of the rightmost column of B is ξi-times i-admissible. Also, the admissi-
bility of the sites of other columns and the removability of the sites of any column are
determined by the same way in the S(∞). Moreover, we define the map wt : S(λ) → P

by

wt(S) = λ−
∑
i∈I

kiαi,

where ki is the number of i-colored blocks in S. Finally, εi, ϕi, ẽi and f̃i are defined
by the same way in the S(∞). Then it is easy to see that (S(λ),wt, εi, ϕi, ẽi, f̃i) is a
Uq(g)-crystal. Moreover, we have

Theorem 3.1. Let g = B
(1)
n , D(1)

n , D(2)
n+1, C

(1)
n , A(2)

2n or A
(2)
2n−1. The map φ : C(∅⊗ rλ) →

S(λ) given by φ(S ⊗ rλ) = S is a Uq(g)-crystal isomorphism.

Proof. Since the argument is the same, we focus on the B
(1)
n -type. Now, it is tedious but

is not difficult to see that as an element S of S(∞), ϕi(S) is determined by the number
of +’s in the i-signature of S as follows.

ϕi(S) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−si(1) + #≥2(S,+) for i = 0 or 1,
s0(1) + s1(1) − s2(1) + #≥2(S,+) i = 2,
2sn−1(1) − sn(1) + #≥2(S,+) i = n,

si−1(1) − si(1) + #≥2(S,+) otherwise,

(3.2)

where #≥2(S,+) is the number of +’s corresponding to the i-admissible site of the
kth (k ≥ 2) column in the i-signature of S. Indeed, for a zigzag j-strip S having an
i-removable site on only kth (k ≥ 2) column,

εi(S) =
{

2 if i = n and S has a twice removable i-site,
1 otherwise,

and ϕi(S) is given below.
(r-1) j = 0 or 1;

ϕi(S) =

⎧⎪⎨⎪⎩
−1 if i = 0 or 1,
1 if i = 2,
0 otherwise.
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(r-2) j = 2, . . . , n− 2;

ϕi(S) =

⎧⎪⎨⎪⎩
−1 if i = j,

1 if i = j + 1,
0 otherwise.

(r-3) j = n− 1;

ϕi(S) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
−1 if i = n− 1,
3 if i = n and once i-removable,
2 if i = n and twice i-removable,
0 otherwise.

(r-4) j = n;

ϕi(S) =
{

1 if i = n and once i-removable,
0 otherwise.

Thus, it satisfies (3.2). Similarly, we can check that a zigzag j-strip S having an
i-admissible site on only kth (k ≥ 2) column also satisfies (3.2).

Consider the zigzag strip bundles S consisting of two zigzag strips S1 and S2 having
an i-removable site and an i-admissible site on only k1th and k2th (k1, k2 ≥ 2) column,
respectively. If the removable i-site is left of the admissible i-site, or they are the same
sites, i.e., k1 ≥ k2, then the i-signature of S is{

(−− +) if i = n and S1 has a twice removable i-site,
(−+) otherwise.

Thus, #≥2(S,+) = #≥2(S1,+) + #≥2(S2,+), and so the right hand side of (3.2) for S

is the sum of the right hand sides of (3.2) for S1 and S2. Also,

εi(S) = εi(S1) + εi(S2),

and since wt(S) = wt(S1) + wt(S2), we have

ϕi(S) = εi(S) +
〈
hi,wt(S)

〉
= εi(S1) + εi(S2) +

〈
hi,wt(S1) + wt(S2)

〉
= ϕi(S1) + ϕi(S2).

Thus, S satisfies (3.2).
On the other hand, if the removable i-site is right of the admissible i-site, then the

i-signature of S is
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{
(+ −−) = (−) if i = n and S1 has a twice removable i-site,
(+−) = (·) otherwise.

Thus, #≥2(S,+) = #≥2(S1,+) + #≥2(S2,+)− 1, and so the right hand side of (3.2) for
S is the sum of the right hand sides of (3.2) for S1 and S2, and −1. Also,

εi(S) = 0 = εi(S1) + εi(S2) − 1,

and since wt(S) = wt(S1) + wt(S2), we have

ϕi(S) = εi(S) +
〈
hi,wt(S)

〉
= εi(S1) + εi(S2) − 1 +

〈
hi,wt(S1) + wt(S2)

〉
= ϕi(S1) + ϕi(S2) − 1.

Thus, it also satisfies (3.2). By Similar method, we can check that (3.2) holds for any
zigzag strip bundle S.

Finally, the tensor product rule of crystals and the definition of the crystal S(λ)
complete the proof. �

Therefore, we devote ourselves to give a characterization of S(λ) with respect to the
above crystal structure.

Theorem 3.2. (a) For each p ≥ 1, the set S(pΛn) for Uq(g) (g = B
(1)
n , D

(2)
n+1, C

(1)
n , A

(2)
2n

or A
(2)
2n−1) consists of all zigzag strip bundles S such that

(i) it consists of only n-strips,
(ii) it has at most p first n-strips.

(b) For each p ≥ 1, the set S(pΛn) (resp. S(pΛn−1)) for Uq(D(1)
n ) consists of all zigzag

strip bundles S satisfying the following:

(i) it consists of only (n− 1) or n-strips,
(ii) it has at most p first n-strips (resp. (n − 1)-strips), and dose not have first

(n− 1)-strips (resp. n-strips).

Proof. It is almost clear by the definition of Kashiwara operators on S(pΛn). �
Remark 3.3. By the conditions of zigzag strip bundles, for each j ≥ 1, S ∈ S(pΛn) over
Uq(g) (g = B

(1)
n , D

(2)
n+1, C

(1)
n , A

(2)
2n or A

(2)
2n−1) has at most p jth n-strips. Also, if we let

p0 =
{
p if j is even, and p1 =

{
p if j is odd,
0 if j is odd, 0 if j is even,
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every zigzag strip bundle S ∈ S(pΛn) over Uq(D(1)
n ) has at most p0 jth (n − 1)-strips

and p1 jth n-strips.

Before we describe the highest weight crystal B(Λm) (0 ≤ m < n) in terms of zigzag
strip bundles, we take a closer look at j-strips. First, consider a zigzag j-strip S (0 ≤
j < n) for Uq(B(1)

n ) or Uq(D(2)
n+1). Then if we regard S as only piles of blocks, it is

contained in a zigzag n-strip, and we will denote it by S. For example, if

S = 0 2 3

is a 3-strip for Uq(B(1)
5 ), then

S = 0 2 3 4 5 .

Second, consider a zigzag j-strip S (0 ≤ j < n − 1) for Uq(D(1)
n ). Then as only piles of

blocks, it is contained in both a zigzag (n−1)-strip and n-strip, and we will denote them
by S. For example, if

S = 2 3

is a 3-strip for Uq(D(1)
5 ), then

S = 2 3 4 or 2 3 5 .

Finally, consider a zigzag j-strip S (0 ≤ j < n) for Uq(g) (g = C
(1)
n , A

(2)
2n or A

(2)
2n−1). If

we regard S as only piles of blocks, it is contained in a zigzag half n-strip, and we will
denote it by S. For example, if

S = 0 2 3

is a 3-strip for Uq(A(2)
9 ), then

S = 0 2 3 4 5 .

3.2. Fundamental highest weight crystal B(Λi) for B
(1)
n , D

(1)
n , D

(2)
n+1

Definition 3.4. (a) The zigzag strip bundles of type 0 for Uq(B(1)
n ) (resp. Uq(D(1)

n )) are
the zigzag strip bundles satisfying the following:

(i) There is no 1-strip, and there exist at most one 0-strip.
(ii) For each j = 2, . . . , n− 1 (resp. j = 2, . . . , n− 2), it has at most one j-strip and at

most one first n-strip (resp. one of first (n− 1)-strip and first n-strip).
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(iii) If we let

S0, S2, . . . , Sn−1 and Sn,1 (resp. S0, S2, . . . , Sn−2, Sn−1,1, and Sn,1)

be the 0-strip, 2-strip, . . . , (n − 1)-strip and the first n-strip (resp. the 0-strip,
2-strip, . . . , (n−2)-strip, the first (n−1)-strip and the first n-strip) in S which can
be empty, then the pairs

(S0, S2), (Sj , Sj+1) (2 ≤ j ≤ n− 2), and (Sn−1, Sn,1)(
resp. (S0, S2), (Sj , Sj+1) (2 ≤ j ≤ n− 3), and (Sn−2, Sn−1,1) or (Sn−2, Sn,1)

)
satisfy the condition (iii) in Definition 2.3.

(b) The zigzag strip bundles of type 1 for Uq(B(1)
n ) or Uq(D(1)

n ) are the zigzag strip
bundles satisfying the conditions obtained from those of zigzag strip bundles of type 0
by changing the roles of 0 and 1.

(c) Set m = 2, . . . , n over Uq(B(1)
n ), 0, 1, . . . , n over Uq(D(2)

n+1), and 2, . . . , n − 2 over
Uq(D(1)

n ). For each m, the zigzag strip bundles of type m for Uq(B(1)
n ) or Uq(D(2)

n+1) (resp.
Uq(D(1)

n )) are the zigzag strip bundles satisfying the following:

(i) There is no j-strips for all j < m.
(ii) For each m ≤ j ≤ n− 1 (resp. m ≤ j ≤ n− 2), it has at most one j-strip, and one

first n-strip (resp. one of first (n− 1)-strip and first n-strip).
(iii) If we let

Sm, Sm+1, . . . , Sn−1 and Sn,1 (resp. Sm, Sm+1, . . . , Sn−2, Sn−1,1 and Sn,1)

be the m-strip, (m + 1)-strip, . . . , (n − 1)-strip and the first n-strip (the m-strip,
(m + 1)-strip, . . . , (n − 2)-strip, the first (n − 1)-strip and the first n-strip) in S,
then the pairs

(Sj , Sj+1) (m ≤ j ≤ n− 2) and (Sn−1, Sn,1)(
resp. (Sj , Sj+1) (m ≤ j ≤ n− 3), and (Sn−2, Sn−1,1) or (Sn−2, Sn,1)

)
satisfy the condition (iii) in Definition 2.3.

(d) We call the zigzag strip bundles in S(Λn−1) and S(Λn) for Uq(D(1)
n ) the zigzag

strip bundles of type n− 1 and n, respectively.

Remark 3.5. (a) Because of the conditions (i) and (iii), the number of blocks in the
j-strip (j ≥ 2) appearing in a zigzag strip bundle S of type 0 or 1 for Uq(B(1)

n ) (resp.
Uq(D(1)

n )) is at most j (resp. j − 1).
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(b) A zigzag strip bundle S of type m (m ∈ I) is also a zigzag strip bundle. It means
that the kth n-strips from S satisfy the condition (iii) in Definition 2.3.

(c) It is clear that the set S(Λn) for Uq(B(1)
n ) or Uq(D(2)

n+1) given in Theorem 3.2 is
the set of all zigzag strip bundles of type n.

Example 3.6. Let

S =

0

2

3

4

1

2

3

4

0

2

3

1

20

be a zigzag strip bundle for Uq(B(1)
4 ). Then it is a zigzag strip bundle of type 0.

On the other hand, the following zigzag strip bundle for Uq(B(1)
4 )

S′ =

0

2

3

4

1

2

3

0

20

is not a zigzag strip bundle of type 0 because (S3, S4,1) does not satisfy the condition (iii)
in Definition 2.3.

Theorem 3.7. (a) For each m = 0, 1, . . . , n− 1, the set S(Λm) for Uq(B(1)
n ) or Uq(D(2)

n+1)
consists of all zigzag strip bundles S which can be decomposed into the pair S = (Sh, Sv)
of zigzag strip bundles of type m and n such that for each k ≥ 1

the existence of the nonempty kth n-strip in Sv guarantee
the existence of the nonempty kth n-strip in Sh.

(b) For each m = 0, 1, . . . , n−2, the set S(Λm) for Uq(D(1)
n ) consists of all zigzag strip

bundles S which can be decomposed into the pair S = (Sh, Sv) of zigzag strip bundles of
type m, and n− 1 or n such that for each k ≥ 1

the existence of the nonempty kth (n− 1)-strip (resp. n-strip) in Sv guarantee
the existence of the nonempty kth n-strip (resp. (n− 1)-strip) in Sh.

Remark 3.8. The zigzag strip bundles Sh and Sv of type m and n are obtained from the
decomposition of S by choosing any zigzag strips. One method to construct Sh and Sv

is as follows: First, all i-strip (i �= n) should be used to make Sh. By the definition of
zigzag strip bundles of type m and n, there are at most two nonempty kth n-strip. The
kth n strip of larger size among these two n-strips is used to make Sv, and the other is
used to make Sh. If only one nonzero kth n-strip exists, then it is used to construct Sh.
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Proof. Since the proof is similar, we only treat the set S(Λm) (1 < m < n) for B(1)
n -type.

Let S be a zigzag strip bundle in S(Λm) which can be decomposed as S = (Sh, Sv),
and assume that f̃iS is obtained from S by stacking an i-block on an i-site P . Then
f̃iS = (Sh ← i , Sv) or f̃iS = (Sh, Sv ← i ). Here, Sh ← i and Sv ← i are the
piles obtained from Sh and Sv by stacking i-block on P , respectively. By the definition
of zigzag strip bundles of type m and n, it is almost clear that Sh ← i and Sv ← i

are also zigzag strip bundles of type m and n. Indeed, if Sh ← i (resp. Sv ← i )
is not a zigzag strip bundle of type m (resp. n), f̃iS �= 0 implies that P is at least once
i-admissible from Sv (resp. Sh), and Sv ← i (resp. Sh ← i ) is a zigzag strip bundle
of type n (resp. m). It means that f̃iS = (Sh, Sv ← i ) (resp. f̃iS = (Sh ← i , Sv)).
Thus f̃iS can be decomposed as zigzag strip bundles of type m and n.

Now, it is clear that f̃iS = (Sh ← i , Sv) satisfies the condition given in Theorem 3.7
(a), and so consider the case when f̃iS = (Sh, Sv ← i ). In the case when i �= n, clearly
f̃iS = (Sh, Sv ← i ) satisfies the condition given in Theorem 3.7 (a). In the case when
i = n, suppose that Sv ← i has a new jth n-strip and there is no jth n-strip in Sh.
Then by the definition of Kashiwara operator f̃i and the condition given in Theorem 3.7
(a), both Sh and Sv have (j − 1)st n-strips. In particular, the length of the (j − 1)st
n-strip in Sv is at least 2. Moreover, if the length of the (j−1)st n-strip in Sh is 1, i.e., it
consists of only n-block, f̃nS cannot be the zigzag strip bundle obtained from S stacking
an n-block on P , so the length of the (j − 1)st n-strip in Sh is also at least 2. It means
that f̃iS can be decomposed S = (Sh ← i , Sv). Thus, in any case, f̃iS satisfies the
condition given in Theorem 3.7 (a). Therefore, S(Λm) is closed under f̃i. Similarly, we
can show that S(Λm) is closed under ẽi.

Now, assume that the leftmost top block B of S is an i-block on an i-site Pi. Then
clearly Pi is once i-removable, and so ẽiS �= 0, which completes the proof. �
Example 3.9. The following zigzag strip bundles for Uq(B(1)

3 )

S =
1

2

32

0

2

3

and S′ =
1

2

32
1 2

belong to S(Λ1). Here, in S,

Sh =
1

2

3

0

2

3

Sv = 3

and in S′,
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S′
h =

1

2

3

S′
v = 1 2 3

On the other hand, consider the following zigzag strip bundle

S′′ =
1

2

322

3

In this case,

S′′
h =

1

2

3

S′′
v = 2

3

3

Because there is a second 3-strip in S′′
v but there is no second 3-strip in S′′

h , S′′ does not
belong to S(Λ1).

Example 3.10. Let

S =

0

21

4
322

1
02

2

be a zigzag strip bundle for Uq(D(1)
4 ). Then it is decomposed into the pair S = (Sh, Sv)

given below.

Sh =
0

2

3
1

20

Sv = 0
1 2 4

2

Thus S belongs to S(Λ0). But, it is easy to see that the following zigzag strip bundle

S′ =

0

21

4
32212

0

2

does not belong to S(Λ0).
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Example 3.11. Let

S =
3

4

52

2

3

42

52

1

3

4

02

1

2

3

1

2

0

1

be a zigzag strip bundle for Uq(D(2)
6 ). Then it can be decomposed into the pair S =

(Sh, Sv) of strip bundles of type 3 and 5 given below.

Sh =
3

4

5

2

3

4

5

102

1
Sv = 543210

54321

Therefore, it is easy to see that S belongs to S(Λ3) for Uq(D(2)
6 ).

On the other hand, consider the following zigzag strip bundle for Uq(D(2)
6 ).

S′ =

3

4

52

2

3

42

52

1

3

4

5

02

1

2

3

1

2

0

1

Then it should be decomposed into the pair S′ = (S′
h, S

′
v) of strip bundles of type 3 and

5 given below.

S′
h =

3

4

5

2

3

4

5

102

1
S′
v =

543210

54321

5

Because there is a third 5-strip in S′
v but there is no third 5-strip in S′

h, S′ does not
belong to S(Λ3) for Uq(D(2)

6 ).
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Example 3.12. The following is the top part of S(Λ2) over Uq(B(1)
3 ).

∅

2

2

0 1 3

20 21 2
3

1 30 3 0 1 3

21
0 20

3
21
3

2
32

2 3 1 2 30 2 30 1 2

2
21

0

3
21

0

3
20

2
20
32 3

21
2

21
32

2
322

1 31 2· · · · · · · · ·

1

0

2
2
3

20
1

32
3

0

2
2
3

20

2 32
· · · · · · · · ·

1 3 2 1 3
1

3· · · · · ·

1

0
1
2

2
3

0

21
3

3
2 20

1
2 32

20

2 321

20
1
2
3

32

20
22 32

· · · · · ·

3.3. Fundamental highest weight crystal B(Λi) for C
(1)
n , A

(2)
2n , A

(2)
2n−1-types

Definition 3.13. (a) The half zigzag strip bundles of type 0 (resp. type 1) for Uq(A(2)
2n−1)

are the piles consisting of zigzag strips and half n-strips satisfying the following:

(i) There is no 1-strip (resp. 0-strip), and there exist at most one 0-strip (resp. 1-strip).
(ii) For each 2 ≤ j < n and k ≥ 1, it has at most one j-strip, and one nonempty kth

half n-strip.
(iii) If we let S0 (resp. S1), S2, . . . , Sn−1 and Sn,k be the 0-strip (resp. 1-strip), 2-strip,

. . . , (n − 1)-strip, and kth half n-strip in S which can be empty, then the pairs
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(S0, S2) (resp. (S1, S2)), (Sj , Sj+1) (2 ≤ j ≤ n− 2), (Sn−1, Sn,1), and (Sn,k, Sn,k+1)
satisfy the condition (ii) in Definition 2.7.

(b) For each m = 1, . . . , n for Uq(C(1)
n ), 0, 1, . . . , n for Uq(A(2)

2n ), and 2, . . . , n for
Uq(A(2)

2n−1), the half zigzag strip bundles of type m for Uq(C(1)
n ), Uq(A(2)

2n ) or Uq(A(2)
2n−1)

are the piles consisting of zigzag strips and half n-strips satisfying the following:

(i) There is no j-strips for all j < m.
(ii) For each m ≤ j < n and k ≥ 1, it has at most one j-strip, and one kth half n-strip.
(iii) If we let Sm, Sm+1, . . . , Sn−1 and Sn,k (k ≥ 1) be the m-strip, (m + 1)-strip, . . . ,

(n−1)-strip, and kth half n-strip in S which can be empty, then the pairs (Sj , Sj+1)
(m ≤ j ≤ n− 2), (Sn−1, Sn,1), and (Sn,k, Sn,k+1) satisfy the condition (ii) in Defi-
nition 2.7.

Remark 3.14. Clearly, the half zigzag strip bundles are not zigzag strip bundles because
a half n-strip is not a zigzag strip.

Let S ∈ S(∞) be a zigzag strip bundle for Uq(C(1)
n ), Uq(A(2)

2n ) or Uq(A(2)
2n−1). For each

k ≥ 1 and i ∈ I − {n}, we denote by Si and Sn,k the zigzag i-strip and the kth zigzag
n-strip, respectively. Also, we denote by (Sn,k)− and (Sn,k)− the upper half n-strip and
the lower half n-strip of Sn,k, respectively.

Theorem 3.15. For each m = 1, . . . , n− 1 (resp. m = 0, 1, . . . , n− 1), the set S(Λm) for
Uq(C(1)

n ) (resp. Uq(A(2)
2n−1) or Uq(A(2)

2n−1)) consists of all zigzag strip bundles S which
can be decomposed into the pair S = (Sh, Sv) of half strip bundles of type m and n using
Si, (Sn,k)− and (Sn,k)− such that

the existence of the nonempty kth half n-strip in Sv guarantee
the existence of the nonempty kth half n-strip in Sh.

Proof. Since it is proved by the same argument in the proof of Theorem 3.7, we omit
it. �
Remark 3.16. The set S(Λn) for Uq(C(1)

n ), Uq(A(2)
2n−1) or Uq(A(2)

2n−1) given in Theorem 3.2
is rewritten as follows: The set S(Λn) consists of all zigzag strip bundles S which can
be decomposed into the pair S = (Sh, Sv) of half strip bundles of type n and n such
that the existence of the nonempty kth half n-strip in Sv guarantee the existence of the
nonempty kth half n-strip in Sh.

Example 3.17. Consider the following zigzag strip bundle for Uq(C(1)
3 ).

S =
2

3

1

22

3

0

12

22

0
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Then

S2 =
210

1

2

S3,1 = 32210 S3,2 = 32

and so,

(S3,1)− = 3210 (S3,1)− = 32 (S3,2)− = 32 (S3,2)− = 3

Therefore, S can be divided as

Sh = S2 ∪ (S3,1)− ∪ (S3,2)− =
2

3

1

2

3

0

12

22

0
Sv = (S3,1)− ∪ (S3,2)− = 2

3

3

and so S belongs to S(Λ2).
On the other hand, consider the following zigzag strip bundle for Uq(C(1)

3 ).

S =
2

3

1

22

3

1

2

0

12

Then

S2 = 21 S3,1 = 32210

1

S3,2 = 321

and so,

(S3,1)− =
3210

1
(S3,1)− = 32 (S3,2)− = 321 (S3,2)− = 3

Therefore, S can be divided as

Sh = S2 ∪ (S3,1)− ∪ (S3,2)− =
2

3

1

2

3

Sv = (S3,1)− ∪ (S3,2)− = 32

3

1

2

0

12

and so S belongs to S(Λ2).

Example 3.18. Consider the following zigzag strip bundle for Uq(C(1)
3 ).

S =
2

3

1

22

3

1

22

0

12
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Then

S2 = 21 S3,1 = 32210

1

S3,2 = 3221

and so,

(S3,1)− =
3210

1
(S3,1)− = 32

(S3,2)− = 321 (S3,2)− = 32

Therefore, we cannot construct the half strip bundle Sh of type 2, and so S does not
belong to S(Λ2).

Example 3.19. Let

S =
1

2

3

0

22

3

1
0

be a zigzag strip bundle for Uq(A(2)
5 ). Then

S1 = 1 S2 = 0 2 S3,1 = 0
1

22 3 S3,2 = 3

and so,

(S3,1)− = 0
1 2 3 (S3,1)− = 32 (S3,2)− = (S3,2)− = 3

Therefore, S can be decomposed into the pair S = (Sh, Sv) given below.

Sh = S1 ∪ S2 ∪ (S3,1)− ∪ (S3,2)− =
1

2

3

0

2

3

Sv = (S3,1)− ∪ (S3,2)− = 0
1 2 3

3

Thus S belongs to S(Λ1).

3.4. General highest weight crystal B(λ)

The proof of Theorem 3.7 give us more results about highest weight crystals. In this
section, we deal with general highest weight crystals B(λ) using zigzag strip bundles. Set
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⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0 ≤ l ≤ m < n for Uq(B(1)

n ), Uq(D(2)
n+1),

0 ≤ l ≤ m < n− 1 for Uq(D(1)
n ),

0 ≤ l ≤ m ≤ n for Uq(A(2)
2n ), Uq(A(2)

2n−1)
0 < l ≤ m ≤ n for Uq(C(1)

n ).

Theorem 3.20. (a) The set S(Λl+Λm) for Uq(B(1)
n ), Uq(D(1)

n ) or Uq(D(2)
n+1) consists of all

zigzag strip bundles S which can be decomposed into the quadruple S = (Sl
h, S

m
h , Sl

v, S
m
v )

of zigzag strip bundles of type (l,m, n, n) such that the pairs Sl = (Sl
h, S

l
v) and Sm =

(Sm
h , Sm

v ) belong to S(Λl) and S(Λm), respectively. Here, for Uq(D(1)
n ), not only type

(l,m, n, n), but also types (l,m, n − 1, n − 1), (l,m, n − 1, n) and (l,m, n, n − 1) are
possible.

(b) The set S(Λl+Λn) for Uq(B(1)
n ), Uq(D(1)

n ) or Uq(D(2)
n+1) consists of all zigzag strip

bundles S which can be decomposed into the triple S = (Sl
h, S

n, Sl
v) of zigzag strip bundles

of type (l, n, n) such that Sl = (Sl
h, S

l
v) and Sn belong to S(Λl) and S(Λn), respectively.

(c) The set S(Λl + Λn) (resp. S(Λl + Λn−1)) for Uq(D(1)
n ) consists of all zigzag

strip bundles S which can be decomposed into the triple S = (Sl
h, S

n, Sl
v) (resp. S =

(Sl
h, S

n−1, Sl
v)) of zigzag strip bundles of type (l, n, n) or (l, n, n − 1) (resp. (l, n − 1, n)

or (l, n − 1, n − 1)) such that Sl = (Sl
h, S

l
v) and Sn (resp. Sn−1) belong to S(Λl) and

S(Λn) (resp. S(Λn−1)), respectively.
(d) The set S(Λl + Λm) for Uq(C(1)

n ), Uq(A(2)
2n ) or Uq(A(2)

2n−1) consists of all zigzag
strip bundles S which can be decomposed into the quadruple S = (Sl

h, S
m
h , Sl

v, S
m
v ) of half

zigzag strip bundles of type l, m, n and n such that Sl = (Sl
h, S

l
v) and Sm = (Sm

h , Sm
v )

belong to S(Λl) and S(Λm), respectively.

Proof. The proofs of (a), (b), (c) and (d) are very similar, and they are obtained by the
same argument in the proof of Theorem 3.7. Now, we only focus on the type of S(Λl+Λm)
for Uq(B(1)

n ). Let S be a zigzag strip bundle in S(Λl +Λm) which can be decomposed as
S = (Sl

h, S
l
v, S

m
h , Sm

v ), and assume that f̃iS is obtained from S by stacking an i-block on
an i-site P . Then f̃iS is one of the following:

(
Sl
h ← i , Sl

v, S
m
h , Sm

v

) (
Sl
h, S

l
v ← i , Sm

h , Sm
v

)
(
Sl
h, S

l
v, S

m
h ← i , Sm

v

) (
Sl
h, S

l
v, S

m
h , Sm

v ← i

)
In the case when f̃iS = (Sl

h ← i , Sl
v, S

m
h , Sm

v ), if Sl
h ← i is not a zigzag strip bundle

of type l, by the definition of Kashiwara operator f̃i, the site P is at least once i-admissible
from one of Sl

v, S
m
h , Sm

v , say Sl
v, then f̃iS can be decomposed as (Sl

h, S
l
v ← i , Sm

h , Sm
v ),

and Sl
v ← i is a zigzag strip bundle of type n. Similarly, we can prove in any case f̃iS

belongs to S(Λl + Λm). �
Remark 3.21. (a) The statement of Theorem 3.20 is very simple because there is no condi-
tion on the relationship among Sl and Sm. However, the decomposition of S ∈ S(Λl+Λm)
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into the quadruple S = (Sl
h, S

m
h , Sl

v, S
m
v ) is not unique. That is, the existence of various

decompositions makes no relationship between Sl and Sm. Nevertheless, Theorem 3.20
says that every element S in S(Λl+Λm) can be obtained from an element Sl in S(Λl) by
adding an element Sm in S(Λm). More precisely, S can be obtained from Sl by stacking
si(k) i-blocks to the kth column from the right. Here, si(k) is the number of i-blocks on
the kth column of Sm. In other words, one of the important implications of Theorem 3.20
is that the highest weight crystals of higher level can be obtained by using highest weight
crystals of lower level.

(b) In Theorem 3.20, decomposition of S ∈ S(Λl + Λm) into the quadruple S =
(Sl

h, S
m
h , Sl

v, S
m
v ) is not unique, and there are various decompositions. Now, we give

a standard decomposition of S, and any other decomposition can be changed to this
standard decomposition. For Sα

β (α = l,m, β = h, v) and p ≥ 1, let (Sα
β )≥p be the

subpile of Sα
β consisting of blocks on the qth (q ≥ p) rows from the bottom. Then the

standard decomposition S = (Sl
h, S

m
h , Sl

v, S
m
v ) of S is a decomposition satisfying the

following conditions:

(i) If Sl
h−(Sl

h)≥p+(Sm
h )≥p is still a zigzag strip bundle of type l, then (Sm

h )≥p ⊂ (Sl
h)≥p.

(ii) The pairs (Sl
h, Sm

v ) and (Sm
h , Sl

v) satisfy the condition (i).
(iii) If Sl

v − (Sl
v)≥p + (Sm

v )≥p is still a zigzag strip bundle of type n, and Sl
h together

with it still belongs to S(Λl), (Sm
v )≥p ⊂ (Sl

v)≥p.

For instance, the zigzag strip bundle for Uq(B(1)
4 )

S =
2

32

44

1
22

33

42

02

22

3

is decomposed into

S2
h =

2

3

4

1

2

3

4

0

, S3
h =

3

4

2

3

4

0

2

3

, S2
v = 432 , S3

v = 4 .

However, we can see that

(
S2
h

)
≥4 = 43

4

,
(
S3
h

)
≥4 = 43

4

2

3

and
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S2
h −

(
S2
h

)
≥4 +

(
S3
h

)
≥4 =

2

3

4

1

2

3

4

0

2

3

is still a zigzag strip bundle of type 2. Thus it is not the standard decomposition of S.
Moreover, we can easily check that the following is the standard decomposition of S.

S2
h =

2

3

4

1

2

3

4

0

2

3

, S3
h =

3

4

2

3

4

0

, S2
v = 432 , S3

v = 4 .

By the same argument given in the proof of Theorem 3.20, we have more general
result. Let λ = Λi1 + · · · + Λit , where 0 ≤ i1 ≤ i2 ≤ · · · ≤ it ≤ n except for Uq(C(1)

n ),
and 1 ≤ i1 ≤ i2 ≤ · · · ≤ it ≤ n for Uq(C(1)

n ).

Theorem 3.22. The set S(λ) for Uq(g), where g = B
(1)
n , D

(1)
n , D

(2)
n+1, C

(1)
n , A

(2)
2n , or A

(2)
2n−1

consists of all zigzag strip bundles S which can be decomposed into S = (Si1 , Si2 , . . . , Sit)
of zigzag strip bundles such that Sij (j = 1, . . . , t) belong to S(Λij ).

3.5. Connection with Nakajima monomials and crystal embeddings

Let Rλ = {rλ} (λ ∈ P ) be the crystal given in section 3.1, and let Ωλ : B(λ) ↪→
B(∞) ⊗Rλ be the strict embedding of crystals. Then, by Theorem 1.1, there exists the
unique strict embedding of crystals

Ψλ
i : B(λ) Ωλ

↪→ B(∞) ⊗Rλ
Ψi⊗id
↪→ B(i) ⊗Rλ,

sending the highest weight vector uλ to (. . . , 0, . . . , 0) ⊗ rλ.
Let S(λ) be the set of zigzag strip bundles given in Sections 3.1, 3.2, and 3.3, and

let M(λ) ⊗ Rλ be the connected component of M(∞) ⊗ Rλ containing 1 ⊗ rλ. By
Theorem 3.7, Theorem 3.15 and Corollary 2.12, it is clear that the map Θ : S(λ)⊗Rλ →
M(λ) ⊗Rλ given by

Θ(S ⊗ rλ) = 1 ·
∏

i∈I,k≥0

Ai(k)−ai(k) ⊗ rλ, (3.3)

where ai(k) is the number of i-blocks of S stacked on the (k + 1)st column of B, is a
Uq(g)-crystal isomorphism. Moreover, there is a Uq(g)-crystal isomorphism

Δ : S(λ) ⊗Rλ
Θ−→ M(λ) ⊗Rλ ⊂ M(∞) ⊗Rλ

φ⊗id−→ ImΨλ
i ⊂ B(i) ⊗Rλ

sending ∅ ⊗ rλ to · · · ⊗ b0(0) ⊗ bn(0) ⊗ · · · ⊗ b1(0) ⊗ b0(0) ⊗ rλ.
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Example 3.23. Let S ∈ S(Λ1) be the zigzag strip bundle over Uq(B(1)
3 ) given in Exam-

ple 3.9. Then

Θ(S ⊗ rΛ1) = 1 ·A1(0)−1A2(0)−1A3(0)−2A0(1)−1A2(1)−1A3(1)−1 ⊗ rΛ1 ,

and

Δ(S ⊗ rΛ1) = · · · ⊗ b1(0) ⊗ b0(0) ⊗ b3(−1) ⊗ b2(−1) ⊗ b1(0) ⊗ b0(−1)

⊗ b3(−2) ⊗ b2(−1) ⊗ b1(−1) ⊗ b0(0) ⊗ rΛ1 .

As we have already seen in Remark 3.21 (a), every element in S(Λl + Λm) can be
obtained from an element in S(Λl) by adding an element in S(Λm). Thus any monomial
in M(Λl + Λm) is obtained from a monomial in M(Λl) by multiplying a monomial in
M(Λm). Also, if we identify · · · ⊗ bik(−xk) ⊗ · · · ⊗ bi1(−x1) ∈ B(i) with the infinite
sequence (. . . , xk, . . . , x1) of nonnegative integers, and if we define (. . . , xk, . . . , x1) +
(. . . , yk, . . . , y1) = (. . . , xk + yk, . . . , x1 + y1), then ImΨΛl+Λm

i is the set consisting of the
addition of an element in ImΨΛl

i and an element in ImΨΛm

i . Moreover, by Theorem 3.22,
we have

Corollary 3.24. Let λ = Λi1 + · · · + Λit , where 0 ≤ i1 ≤ i2 ≤ · · · ≤ it ≤ n except for
Uq(C(1)

n ), and 1 ≤ i1 ≤ i2 ≤ · · · ≤ it ≤ n for Uq(C(1)
n ). Then the sets M(λ) and ImΨλ

i
are as follows.

M(λ) =
{
Mi1Mi2 · · ·Mit

∣∣ Mij ∈ M(Λij ) for all j = 1, . . . , t
}
,

ImΨλ
i =

{
bi1 + bi2 + · · · + bit

∣∣ bij ∈ ImΨ
Λij

i for all j = 1, . . . , t
}
.

Remark 3.25. (a) For λ = Λi1 + · · ·+Λit , we have shown that the map Θ : S(λ)⊗Rλ →
M(λ) ⊗ Rλ given by (3.3) is a crystal isomorphism. Here, M(λ) ⊗ Rλ is the connected
component of M(∞)⊗Rλ containing 1⊗rλ. Now, let M(λ) be the connected component
in the set M of Nakajima monomials of highest weight type containing Yi1(0) · · ·Yit(0)
(see [13,17]). Then it is also a realization of the highest weight crystal B(λ). If we define
a map Θ : S(λ) ⊗Rλ → M(λ) by

Θ(S ⊗ rλ) = Yi1(0) · · ·Yit(0) ·
∏

i∈I,k≥0

Ai(k)−ai(k),

where ai(k) is the number of i-blocks of S stacked on the (k + 1)st column of B, we can
verify that Θ is also a crystal isomorphism.

(b) The set S(Λ0) for Uq(C(1)
n ) has a very different feature from other fundamental

highest weight crystal S(Λi). When we approach S(Λ0) by similar method, we meet
zigzag strip bundles of type 0, 1, n, n and it seems that they have several relation. We ex-
pect this part will also be solved someday.
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