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1. Introduction

The aim of this paper is to study the nonlocal equations:

Asu=uP 4+ eu in 2,

u>0 in 02, (1.1)
u=20 on 042,
where 0 < s < 1, p := Zf—g‘;, € > 0 is a small parameter, {2 is a smooth bounded

S in {2 with zero

domain of R™ and A denotes the fractional Laplace operator (—A)
Dirichlet boundary values on 9{2, defined in terms of the spectra of the Dirichlet Lapla-
cian —A on 2. It can be understood as the nonlocal version of the Brezis—Nirenberg
problem [3].

The fractional Laplacian appears in diverse areas including physics, biological model-
ing and mathematical finances and partial differential equations involving the fractional
Laplacian have attracted the attention of many researchers. An important feature of
the fractional Laplacian is its nonlocal property, which makes it difficult to handle.
Recently, Caffarelli and Silvestre [7] developed a local interpretation of the fractional
Laplacian given in R™ by considering a Neumann type operator in the extended domain
R = {(x,t) € R™*!: ¢ > 0}. This observation made a significant influence on the
study of related nonlocal problems. A similar extension was devised by Cabré and Tan
[6] and Capella, Davila, Dupaigne, and Sire [8] (see Brindle, Colorado, de Pablo, and
Sénchez [2] and Tan [40] also) for nonlocal elliptic equations on bounded domains with
the zero Dirichlet boundary condition, and by Kim and Lee [25] for singular nonlocal
parabolic equations.

Based on these extensions, many authors studied nonlinear problems of the form
Asu = f(u), where f: R™ — R is a certain function. Since it is almost impossible to de-
scribe all the works involving them, we explain only some results which are largely related
to our problem. When s = 3, Cabré and Tan [6] established the existence of positive
solutions for equations having nonlinearities with the subcritical growth, their regularity
and the symmetric property. They also proved a priori estimates of the Gidas—Spruck
type by employing a blow-up argument along with a Liouville type result for the square
root of the Laplacian in the half-space. Moreover, Tan [39] studied Brezis—Nirenberg
type problems (see [3]) for the case s = 3, that is, when the nonlinearity is given by
flu) = wnT + e with € > 0. On the other hand, in [12], the first author of this paper
gave a different proof for the Gidas—Spruck type estimates using the Pohozaev identity
and applied them to the Lane-Emden type system involving A;,5. The work of Tan

[39] is extended to 0 < s < 1 and f(u) = wiE 4 Aud for 0 < g < E2 ip [1]. See

n—2s
also [2] which dealt with a subcritical concave-convex problem. For f(u) = u? with
the critical and supercritical exponents ¢ > Z*_‘g‘z, the nonexistence of solutions was

proved in [2,39,40] in which the authors devised and used the Pohozaev type identi-
ties.
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n+2s
n—2s

Sobolev exponent and € > 0 is close to zero. During this study we develop some nonlocal

is the critical

The aim of this paper is to study the problem (1.1) when p =

techniques which also have their own interests.

The first part is devoted to study least energy solutions of (1.1). To state the result,
we recall from [13] that the sharp fractional Sobolev inequality for n > 2s and s > 0

(/|f(1:)‘p+1 da:)m < Sms( /’Ai/Qf(x)|2dx)§ for any f € H*(R")
Bn

Rn

which holds with the constant

Sy =2 5m%2 [F(n%)} : [[f;(l%)} g (1.2)

Our first result is the following.

Theorem 1.1. Assume 0 < s < 1 and n > 4s. For e > 0, let u. be a solution of (1.1) such
that

i Jo |Ai/2u5|2dm
30 ([ e[+ da)2/ (D)

= S (1.3)

Then there exist a point xo € {2 and a constant b,, s > 0 such that

[ CR@\ e forattae (0,29) i s € 0172
e CL(2\ {wo}) Jor all a € (0,25 — 1) if s € (1/2,1),

and

Hue(x) HLOCuE(J:) — by, sG(x, x0)

{ Ce.(2\{xo}) forallae(0,2s) if s € (0,1/2],
Cr(2\{zo}) foralla € (0,25 —1) if s € (1/2,1),

as € goes to 0. The constant b, s is explicitly computed in Section 3 (see (3.41)).

Here the function G = G(z,y) for x,y € 2 is Green’s function of A, with the Dirichlet
boundary condition, which solves the equation

AG(,y) =90, in and G(,y)=0 on d52 (1.4)

The regular part of G is given by
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a 1 21725F(n—23)
L — G(z,y) where a, s = . 2
[se=t (5 1(s)

H(z,y) = (1.5)

|l’ _ |n 2s
The diagonal part 7 of the function H, namely, 7(z) := H(z,x) for x € {2 is called the
Robin function and it plays a crucial role for our problem.

Theorem 1.2. Assume that 0 < s < 1 and n > 4s. Suppose xq € {2 is a point given by
Theorem 1.1. Then

(1) xq is a critical point of the function 7(x).

(2) It holds that

hmeHuEHLZoé;) 05| (20)]
where the constant 0, s is computed in Section 4 (see (4.2)).

These two results are motivated by the work of Han [24] and Rey [35] on the classical
local Brezis—Nirenberg problem, which dates back to Brezis and Peletier [4],

“Au=ur? +eu in 0,
u>0 in £, (1.6)
u =0 on 0f2.

On the other hand, in the latter part of his paper, Rey [35] constructed a family
of solutions for (1.6) which asymptotically blow up at a nondegenerate critical point
of the Robin function. Moreover, this result was extended in [31], where Musso and
Pistoia obtained the existence of multi-peak solutions for certain domains. In the second
part of our paper, by employing the Lyapunov—Schmidt reduction method, we prove an
analogous result to it for the nonlocal problem (1.1).

Theorem 1.3. Suppose that 0 < s < 1 and n > 4s. Let Ay C §2 be a stable critical set of
the Robin function 7. Then, for small € > 0, there exists a family of solutions of (1.1)
which blow up and concentrate at the point xo € A; as € — 0.

This result is an immediate consequence of the following result. Given any k € N, set

K
Tk(Ava):C%<ZH(Uian))‘?28_ > Gloion)(Nidn) 2 )-szvé (1.7)

i=1 i,h=1
z;ﬁh

for (A, o) = (A\1,..., A\, 01,...,0%) € (0,00)F x 2% where

1 :/wio(x) dr and co z/wio(x) dx (1.8)

R R

with w ¢ the function defined in (2.5) with (A, §) = (1,0). Then we have
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Theorem 1.4. Assume 0 < s < 1 andn > 4s. Given k € N, suppose that Ty, has a stable
critical set Ay such that

A {1, M), (01, 0n)) € (0,00)% x 2% 03 £ 0y ifi# j and i, j =1,...,k}.

Then there ezist a point (A\Y,...,22),(c?,...,0%) € Ay and a small number ¢g > 0
such that for 0 < € < €g, there is a family of solutions u. of (1.1) which concentrate at
each point o?, ... ,0271 and 02 as e — 0.

For the precise description of the asymptotic behavior of u., see the proof of Theo-
rem 1.4 in Subsection 5.3.

Here we borrowed the notion of stable critical sets from [26]. As in the case s = 1 (see
[31,17] for instance), we can prove that if the domain {2 is a dumbbell-shaped domain
which consists of disjoint k-open sets and sufficiently narrow channels connecting them,

then 7% has a stable critical point for each k € N, thereby obtaining the following result.

Theorem 1.5. There exist contractible domains {2 such that, for € > 0 small enough,
(1.1) possesses a family of solutions which blow up at exactly k different points of each
domain {2 as € converges to 0.

For the detailed explanation, see Section 5.

In order to study the asymptotic behavior, we will use the fundamental observation
of Caffarelli and Silvestre [7] and Cabré and Tan [6] (see also [38,8,2,40]). In particular,
we study the local problem on a half-cylinder C := §2 x [0, 00),

div(t'™**VU) =0 inC = 2 x (0,00),

U>0 in C, (1.9)
U=0 on 91.C := 92 x (0, 00), )
;U = f(U) on {2 x {0},
where v is the outward unit normal vector to C on §2 x {0} and
25U (2,0) := —C; ! lim tI*QSa—U(m t)) forxef? (1.10)
v ) * S t_)0+ at ) M
where
21725 (1 — s)
s = —————— 1.11

Under appropriate regularity assumptions, the trace of a solution U of (1.9) on 2 x {0}
solves the nonlinear problem (1.1).

A key step of the proof for Theorem 1.1 is to get a sort of the uniform bound af-
ter rescaling the solutions {u.: € > 0}. For this purpose, we will establish a priori
L -estimates by using the Moser iteration argument. Recently, such type of estimates
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have been established in [23,41,42]. However, they cannot be applied to our case directly,
so we will derive a result which is adequate in our setting (refer to Lemmas 3.5 and 3.8).
We remark that a similar argument to our proof appeared in [23]. One more thing which
has to be stressed is that we need a bound of ||u || in terms of a certain negative power
of € > 0 (Lemma 3.11) to apply the elliptic estimates (Lemma 3.8). For this, we will use
an inequality which comes from a local version of Pohozaev identity on the extended
domain (see Proposition 3.10). We refer to Section 3 for the details.

We also study problems having nonlinearities of slightly subcritical growth

Asu=uP~¢ in £,
u>0 in £2, (1.12)
u=20 on 0f2.

In particular, the following two theorems will be obtained.

Theorem 1.6. Assume that 0 < s <1 andn > 2s. For e > 0, let u. be a solution of (1.12)
satisfying (1.3). Then, there exist a point xo € {2 and a constant b, s > 0 such that

{ Ce.(2\{xo}) foralla e (0,2s) if s € (0,1/2],
ue — 0

CL(0\ {xo}) foralla€ (0,25 — 1) if s € (1/2,1),

and

Hue(z)HLo@ue(iﬁ) — bmsG(I’,.Tlo)

. Cr.(2\{zo}) foralla e (0,2s) if s € (0,1/2],
CLo(0\ {xo}) forallae (0,25 —1) if s € (1/2,1),

loc

as € = 0. Moreover,
(1) xg is a critical point of the function 7(x).
(2) We have

lig% 6““6”%@(9) = On,s ’T($0)’~

Here by, s is the same constant to one given in Theorem 1.1 and g, s is computed in
Section 0 (see (6.7)).

Like (1.7), we define

k k
Tk()\’a-) =a <ZH(‘7¢7‘71‘)/\?_28 - Z G(Oi,ah)()\ix\h)nzz“>

i=1 i,h=1
i#h
—925)2
_aln=2s)° log( A1 -+ Ag) (1.13)

4n
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for (X\,0) = (M,..., Ak, 01,...,0%) € (0,00)F x 2% where ¢; > 0 is defined in (1.8).
Then we have

Theorem 1.7. Assume 0 < s < 1 and n > 2s. Given k € N, suppose that Tk has a stable
critical set Ay, such that

A L, M0), (01, 0n)) € (0,00)% x 2% 03 #£ 0y ifi# j and i, j=1,...,k}.

Then there exist a point (AY,...,\2),(c?,...,0%) € Ay and a small number eg > 0
such that for 0 < € < €y, there is a family of solutions u. of (1.12) which concentrate at
each point 0¥, ... ,0271 and 02 as e — 0.

Most of the steps in the proof for Theorem 1.1 and Theorem 1.2 can be adapted in
proving Theorem 1.6. However the order of the proof for Theorem 1.6 is different from
that of previous theorems and some new observations have to be made. We refer to
Section 6 for the details.

Regarding Theorem 1.6, it would be interesting to consider whether we can obtain a
further description on the asymptotic behavior of a least energy solution of (1.12) (i.e.
a solution satisfying (1.3)) as in [19], where Flucher and Wei found that a least energy
solution concentrates at a minimum of the Robin function in the local case (s = 1).

Moreover, we believe that even in the nonlocal case (s € (0,1)) there exist solutions
of (1.12) (with the nonlinearity changed into |u|P~'~¢u) which can be characterized
as sign-changing towers of bubbles. See the papers e.g. [16,33,32,22] which studied the
existence of bubble-towers for the related local problems.

Before concluding this introduction, we would like to mention some related results to
our problem. In [15], the authors took into account the singularly perturbed nonlinear
Schrédinger equations

e Au+Vu—u? =0 in R,

u >0 in R™, (1.14)
u € H* (R")
where € > 0 is sufficiently small, 0 < s < 1, p € (1, Ztgz) and V is a positive bounded

CY® function whose value is away from 0. In particular, employing the nondegeneracy
result of [20], they deduced the existence of various types of spike solutions, like mul-
tiple spikes and clusters, such that each of the local maxima concentrates on a critical
point of V. See also the result of [11] in which a single peak solution is found under
stronger assumptions on (1.14) than those of [15] (in particular, it is assumed that
s € (max{3, %},1) in [11]). As far as we know, these works are the first results to inves-
tigate concentration phenomena for singularly perturbed equations with the fractional
operator Ay by utilizing the Lyapunov—Schmidt reduction method.

On the other hand, in [37] and [36], the Brezis—Nirenberg problem is also considered
when the fractional Laplace operator is defined as in a different way:



6538 W. Choi et al. / Journal of Functional Analysis 266 (2014) 6531-6598

(—A)*u(z) = cns PV. / % dy forz €
R'Il

where {2 is bounded and ¢,, s is a normalization constant. (Here, we refer to an interesting
paper [30] which compares two different notions of the fractional Laplacians.) It turns
out that a similar result can be deduced to one in [39] and [1], the papers aforementioned
in this introduction. In this point of view, it would be interesting to obtain results for
this operator corresponding to ours. As a matter of fact, we suspect that concentration
points of solutions for (1.1) and (1.12) are governed by Green’s function of the operator
in this case too.

This paper is organized as follows. In Section 2, we review certain notions related
to the fractional Laplacian and study the regularity of Green’s function of A. Sec-
tion 3 is devoted to prove Theorem 1.1. In Section 4, we show Theorem 1.2 by finding
some estimates for Green’s function. In Section 5, multi-peak solutions is constructed
by the Lyapunov—-Schmidt reduction method, giving the proof of Theorem 1.4 and The-
orem 1.5. On the other hand, the Lane-Emden equation (1.12) whose nonlinearity has
slightly subcritical growth is considered in Section 6, and the proof of Theorem 1.6 and
Theorem 1.7 is presented there. In Appendix A and Appendix B, we give the proof of
Proposition 3.10 and (4.1), respectively, while we exhibit some necessary computations
for the construction of concentrating solutions in Appendix C.

Notations. Here we list some notations which will be used throughout the paper.

— The letter z represents a variable in the R"*1. Also, it is written as z = (z,t) with
xr €R"and t € R.

— Suppose that a domain D is given and 7 C 90D. If f is a function on D, then the
trace of f on T is denoted by tr|7f whenever it is well-defined.

— For a domain D C R", the map v = (v1,...,vy,) : 0D — R™ denotes the outward
pointing unit normal vector on 0D.

— dS stands for the surface measure. Also, a subscript attached to dS (such as dS,
or dS,) denotes the variable of the surface.

— |8"=1| = 272™/2/"(n/2) denotes the Lebesgue measure of (n — 1)-dimensional unit
sphere ™1,

— For a function f, we set fi = max{f,0} and f_ = max{—f,0}.

— Given a function f = f(z), V., f means the gradient of f with respect to the vari-
able z.

— We will use big O and small o notations to describe the limit behavior of a certain
quantity as € — 0.

— C > 0 is a generic constant that may vary from line to line.

— For k € N, we denote by By(wo,7) the ball {x € R¥: |z — x| < 7} for each o € R¥
and r > 0.
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2. Preliminaries

In this section we first recall the backgrounds of the fractional Laplacian. We refer
to [2,6-8,40,25] for the details. In particular, the latter part of this section is devoted
to prove a C* regularity property of Green’s function for the fractional Laplacian with
zero Dirichlet boundary condition.

2.1. Fractional Sobolev spaces, fractional Laplacians and s-harmonic extensions

Let (2 be a smooth bounded domain of R™. Let also {Ax, ¢x}52, be a sequence of the
eigenvalues and corresponding eigenvectors of the Laplacian operator —A in {2 with the
zero Dirichlet boundary condition on 942,

—A¢p = Ay in {2,
or =0 on 012,

such that [[¢x[/z2(2) = 1 and A\; < Aa < A3 < ---. Then we set the fractional Sobolev

space H§(£2) (0 < s < 1) by

HE(0) = {u = arr € L*(2): > _aj); < oo}, (2.1)
k=1 k=1

which is a Hilbert space whose inner product is given by

< > adr, Y bk¢k>
k=1 k=1

= ZakbMZ if Zakqf)k, Zbk¢k € Hi(02).
k=1

H§(92) k=1 k=1

Moreover, for a function in H{(2), we define the fractional Laplacian A, : HS(2) —
H§(02) ~ Hy*(2) as

As ( > akqf)k) =) arXidn-
k=1 p

We also consider the square root As/? : H§(02) — L2(02) of the positive operator Aj
which is in fact equal to A, 5. Note that by the above definitions, we have

(u, v) g () = /Ai/zu'v‘@/% = /ASU-v for u,v € Hg(£2).
2

2
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If the domain {2 is the whole space R™, the space H*(R™) (0 < s < 1) is given as

H*(R") = {u € L2(R™): ||ull goan = ( /(1 + [2mE]?) a(g)fdg)é < oo}

R

where 4 denotes the Fourier transform of u, and the fractional Laplacian A : H*(R") —
H~*(R") is defined to be

.Zs\u(f) = [2r¢|**a(¢) for any £ € R™ given u € H*(R").
Regarding (1.9) (see also (2.4) below), we need to introduce some more function spaces

on C = 2 x (0,00) where {2 is either a smooth bounded domain or R™. If {2 is bounded,
the function space Hg ; (C) is defined as the completion of

o (C) = {UeC™(C): U=00n09.C=002x(0,00)}

with respect to the norm

10 = ( / t1-28|w2)%. (2.2)
C

Then it is a Hilbert space endowed with the inner product

(U,V)e = / BBV YV for U,V € Hy,(C).
C

In the same manner, we define the space Hg ;(C.) and C29(C.) for the dilated prob-

lem (5.5). Moreover, D*(R’;*") is defined as the completion of C2°(R’:™) with respect
to the norm HU||M+1 (defined by putting C = R} in (2.2) above). Recall that if 2 is
a smooth bounded domain, it is verified that

H(2) = {u = tr|gw(oyU: U € H,(C)} (2.3)

in [7, Proposition 2.1] and [8, Proposition 2.1] and [40, Section 2]. Furthermore, it holds
that

HU(vO)HHs(Rn) < C||U||Ri+1
for some C > 0 independent of U € D*(RH).

Now we may consider the fractional harmonic extension of a function u defined in {2,
where {2 is R™ or a smooth bounded domain. By the celebrated results of Caffarelli and



W. Choi et al. / Journal of Functional Analysis 266 (2014) 6531-6598 6541

Silvestre [7] (for R™) and Cabré and Tan [6] (for bounded domains, see also [38,8,2,40]),
if we set U € Hg 1 (C) (or D*(R}™)) as a unique solution of the equation

div(t'"**VU) =0 inC,
U=0 on 91.C, (2.4)
U(z,0) = u(z) for z € 02,
for some fixed function v € H{(§2) (or H*(R")), then Asu = 0U|px {0y where the
operator u — 05Uy o} is defined in (1.10). (If £2 = R™, we set Ir.C = ).) We call this

U the s-harmonic extension of u. We remark that an explicit description of U is obtained
in [2,40] if {2 is bounded.

2.2. Sharp Sobolev and trace inequalities

Given any A > 0 and £ € R", let

n—2s

A
w,\,g(x) =Cn,s (m) for z € Rn7 (25)
where
woze [ D(PE22)N "5
Cn,s = 272 <ﬁ) . (26)
I(*5=)

Then the sharp Sobolev inequality

1

1
L 2
( /|u|p+1 dx) T Sn,s( /‘Ai/gﬂzdx)
Rn Rn

gets the equality if and only if u(z) = cwy ¢(z) for any ¢ > 0, A > 0 and §{ € R”, given
Sp,s the value defined in (1.2) (refer to [29,9,21]). Furthermore, it was shown in [10,27,28]
that if a suitable decay assumption is imposed, then {wy ¢(x): A > 0, £ € R™} is the set
of all solutions for the problem

Asu=uP, uv>0inR" and lim wu(z)=0. (2.7)

|z] =00

We use Wy ¢ € D*(R’™) to denote the (unique) s-harmonic extension of wy ¢ so that
Wy,¢ solves
div(t'™ Wy e(z,t)) =0 in R}, 2.8)
Wie(z,0) = wy ¢(x) for x € R™. '
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It follows that for the Sobolev trace inequality

(/{U |p+1 >pi1 S j%(]o/tl25{VU(:E,t)|2dxdt>%, (2.9)
0 Rr

the equality is attained by some function U € DS(RTA) if and only if U(z,t) =
W e(z,t) for any ¢ > 0, A > 0 and £ € R™, where C; > 0 is the constant defined
n (1.11) (see [43]). In what follows, we simply denote wi o and Wi by w; and Wy,
respectively.

2.8. Green’s functions and the Robin function

Let G be Green’s function of the fractional Laplacian Ay with the zero Dirichlet
boundary condition (see (1.4)). Then it can be regarded as the trace of Green’s function
Ge = Ge(z,2) (2 € C, x € 2) for the extended Dirichlet—-Neumann problem which
satisfies

div(t'"**VGe(,2)) =0 inC,
Ge(,2)=0 on 0rC, (2.10)
0.Ge(,x) = 0y on 2 x {0}.

In fact, if a function U in C solves
div(t'™**VU) =0 inC,

U=0 on J1.C,
U=y on 2 x {0},

for some function g on {2 x {0}, then we can see that U has the expression
~ [ Gelewawy = [ Gelzpp Aty v, =<
2 2

where u = tr|oy103U. Then, by plugging z = (z,0) in the above equalities, we obtain

u(x) = / Ge((2,0),y) Asuly) dy,

9]

which implies that G¢((x,0),y) = G(x,y) for any z,y € (2.
Green’s function G¢ on the half cylinder C can be partitioned to the singular part and
the regular part. The singular part is given by Green’s function

An,s
GR1+1 ((l‘,t),y) = W (211)
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on the half space erfl satisfying

div (t172sv(a;7t)GRi+1 ((:C, t), y)) =0 in Ri_‘—l,
8§GR1+1 ((x,0),y) = dy(x) on 2 x {0},
for each y € R™. Note that a,, s is the constant defined in (1.5). The regular part is given
by the function H¢ : C — R which satisfies
diV(tlizSV(Lt)HC((I,t),y)) =0 inC,

An,s
He(z,t,y) = =y, 2 on JrC,

OyHe ((2,0),y) =0 on 2 x {0}.

The existence of such a function H¢ can be proved using a variational method (see
Lemma 2.2 below). We then have

Ge((z,t),y) = GR1+1 ((z,t),y) — He((z,t),y). (2.12)

Accordingly, the Robin function 7 which was defined in the paragraph after Theorem 1.1
can be written as 7(z) := He((x,0),x). As we will see, the function 7 and the relation
(2.12) turn out to be very important throughout the paper.

2.4. Mazimum principle

Here we prove a maximum principle which serves as a valuable tool in studying prop-
erties of Green’s function G of Aj.

Lemma 2.1. Suppose that V is a weak solution of the following problem
div(t'>*VV) =0 inC,
V(z,t) = B(z,t)  on JLC,
a:V(xz,0)=0 on 2 x {0}

for some function B on 0r,C. Then we have

sup |V(l‘,t)‘< sup ’B(ac,t)|.
(z,t)eC (z,t)€dLC

Proof. Let ST = sup(, eq,c B(z,t). Consider the function Y(z,t) := ST — V(a,1),
which satisfies

div(t'™**VY) =0 inC,

Y(z,t) >0 on 0rC,

ayY (x,0) =0 on 2 x {0}.
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Note that Y_(x,t) = 0 on 9,C. Then we get

0= /tHSVY(a:,t) -VY_(z,t)dxdt = —/tkzs]VY_(x,t)}Qdacdt.
C

o

It proves that Y_ = 0. Thus we have St > V(z,t) for all (z,t) € C.

Similarly, if we set ST = inf(,es,c B(z,t) and define the function Z(x,t) =
V(z,t) — S~, we may deduce that V(z,t) > S_ for all (z,t) € C. Consequently, we
have

S™ <V (z,t) < ST forall (z,t) €C.
It completes the proof. 0O

2.5. Properties of the Robin function

We study more on the property of the function He by using the maximum principle
obtained in the previous subsection. We first prove the existence of the function He.

Lemma 2.2. For each pointy € (2 the function Hc((-,),y) is the minimizer of the problem

mm/t1 2S|VV (z,t) | dz dt, (2.13)
ves

C

where

S = {V; /t1_28|VV(x,t)|2 dz dt < 0o and V(x,t) = GRi-H({L‘,f,y) on 8LC}.

Here the derivatives are defined in a weak sense.

Proof. Let n € C°(R™"*!) be a function such that 7(z) = 0 for |z| <1 and n(z) =1 for
|2| > 2. Assuming without loss of any generality that B,,.1((y,0),2) "R} C C, let Vj
be the function defined in C by

%(«T, t) = GRﬁi*l (‘T7 ta y)ﬂ(x - Y, t)
Then it is easy to check that

/t172S|VVo(x,t)|2 dz dt < oco.
C

Thus S is nonempty and we can find a minimizing function V' of the problem (2.13) in S.
Then, for any @ € C*°(C) such that & = 0 on 9.C, we have
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/tl_QSVV(x, t) - V&(x,t)dxdt = 0.
C

Hence it holds that

div(t172SVV(x,t)) =0 for (z,t) €C,
V(z,t) = GRiﬂ(x,t,y) for (z,t) € 0L.C,
AV (x,0) =0 for z € 12

in a weak sense. This completes the proof. O

In the same way, for a fixed point y = (y',...,y") € 2 and any multi-index I =
(i1,42,...,1in) € (NU{0})", we find the function HL((-,),y) satisfying

div(t' "V (nHe(z,t,y)) =0 inC,
HE (2, t,y) = %GRTl(I,t,y) on JrC, (2.14)
EHL(,-y) =0 on £ x {0},

where 8; = 8;11 e 8;2. In the below we shall show that, for any (z,t) € C, the function
He(x,t,y) is C2%.(£2) and that 8] He(z,t,y) = HE(x,t,y).

loc

Lemma 2.3. For each (z,t) € C the function He(x,t,y) is continuous with respect to y.
Moreover, such continuity is uniform on (z,t,y) € C x K for any compact subset K of {2.

Proof. Take points y; and ys in a compact subset K of (2, sufficiently close to each other.
If we apply Lemma 2.1 to the function He(x,t,y1) — He(x,t, y2), then we get

sup |HC(x7tay1)_HC(x7t7y2)| < sup |HC($7tuy1)_HC(‘T7tvy2)|
(z,t)eC (z,t)€dLC

Cn,s Cn,s

= Sup — - —
@peacel (@ =y, )2 |(x — yo, t)[" 2

< C(K)yr — 2l
where C'(K) > 0 is constant relying only on K. It proves the lemma. 0O

The next lemma provides a regularity property of the function He. We recall that the
result of Fabes, Kenig, and Serapioni [18] which gives that (z,¢,y) — He(z,t,y) is C¢
for some 0 < a < 1.

Lemma 2.4. (1) For each (x,t) € C, the function y — He(z,t,y) is a C™ function.
Moreover, for each multi-index I € (NU{0})™, we have

O) He(z,t,y) = He(x,t,y) (2.15)

and a,ch(x,t,y) is bounded on (z,t,y) € C x K for any compact set IC of (2.
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(2) For each y € (2, the function x € 2 — He(x,0,y) is a C* function. Moreover, for
each multi-indez I € (NU{0})", the derivative 0L He(z,0,y) is bounded on (z,y) € K x 2
for any compact set IC of 2.

Proof. For two points y; and y» in a compact subset K of {2 chosen to be close enough
to each other, we apply Lemma 2.1 to the function

HC(fU’t,?ﬁ) - Hc(xytayl) - (?42 - yl) : (Héla R 7Hé">($7tay1)

where I; is the multi-index in (NU{0})” such that the j-th coordinate is 1 and the other
coordinates are 0 for 1 < j < n. Then we obtain

(Suip ’HC(x7t7y2) - Hc(x7t7y1) - (y2 - yl) : (H(Ijla s aHén)(xatayl)}
z,t)EC

tn,s(m—2s)(z —y1)
[(z =y, t)[n2st2

Cn,s Cn,s

< sup - — -
= @neorel (@ =y, 0)[72 J(x — yr, t) [P0

< C(K)ly1 — 2l

—(y2—w1)-

for some C(K) > 0 independent of the choice of y; and yo. This shows that
VyHe(z,t,y) = ("Hél,...,’Hé")(x,t,y) proving (2.15) for |I| = 1. We can adapt this
argument inductively, which proves the first statement of the lemma.

Since H¢(x,0,y) = He(y,0,2) holds for any (z,y) € £2 x §2, the second statement
follows directly from the first statement. O

Given the above results, we can prove a lemma which is essential when we deduce
certain regularity properties of a sequence u, in the statement of Theorems 1.1 and 1.6.
See Section 3.

Lemma 2.5. Suppose that the functions @, for € > 0 defined in 2 are given by

fie(z) = / G, y)(y) dy,

0

where the set of functions {0.: € > 0} satisfies sup,~qsup,ep |0c(x)] < oo. Then
{tie: € > 0} are equicontinuous on any compact set.

Proof. Suppose that z; and zo are contained in a compact set I of £2. We have
ie) = [ Gela,0.0)05) dy = [ Goyr .0,)5u) dy — [ He(w.0.9)0.(y) dy
0 0 0

for any x € (2. Take any number n > 0. It is well-known that the first term of the
right-hand side is C* for any o < 2s if s € (0,1/2] and C1® for any a < 2s — 1 if
s € (1/2,1). Let us denote the last term by R.. Then we have
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|Re(z1) — Re(x2)| < /]Hc(xl, 0,y) — He(x2,0,9)||9(y)|dy.
(7]

By Lemma 2.4 (2), we can find > 0 such that if |z1 — 23] < 1 and (z1,22) € K X K,
then

sup|HC(x1,O,y) - HC(anO,y)| < 077
yeN

From this, we derive that

|Re(21) = Re(x2)] < Cn)2].
It proves that {@.: € > 0} are equicontinuous on any compact set. O
3. The asymptotic behavior

Here we prove Theorem 1.1 by studying the normalized functions B, of the s-harmonic
extension U, of solutions u. for (1.1), given € > 0 sufficiently small. We first find a
pointwise convergence of the functions B.. Then we will prove that the functions B,
are uniformly bounded by a certain function, which is more difficult part to handle. To
obtain this result, we apply the Kelvin transform in the extended problem (1.9), and
then attain L°°-estimates for its solution. In addition we also need an argument to get
a bound of the supremum |[|[u|[ (0 in terms of € > 0. It involves a local version of the
Pohozaev identity (see Proposition 3.10).

3.1. Pointwise convergence

Set U, be the s-harmonic extension of u. to the half cylinder 2 x [0, 00), that is, U,
satisfies tr| oy {03 Uc = ue and it is a solution to the problem

div(t'7**VU.) =0 in C = £ x (0,00),
Us>0 in C,

U=0 on 0r,C = 912 x [0, 00),
U =UP +eU.  in 2 x {0}.

First we note the following identity
/tl_%‘VUe(x,t)‘z de dt = C, / 92U (z, 0)U. (. 0) dz
C 2x{0}

=C4 / Asue(2)ue(x) de = Cy / ‘Ai/Que(x)f dz.
22x{0} 2x{0}
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Using this with (1.3), we have

g Vel O dn)/ 00 Sy ) .
= . — 0.
(fc t1—25|VUE(x,t)|2 dxdt)1/2 #S o as €

Also, by (1.1), it holds that
/t1_28|VUe(x,t)|2 dx dt = Cj / {Ai/2u5(x)|2 dx
C 2x{0}

=C, / Asuc(z)uc(z) da

2x{0}

= C, / uP () da + €C, / u?(z) d.

2x{0} 22x{0}

The two equalities above give

(Snys + 0(1))2(HU€(~70)] i—:il(g) + EHUE(VO)H;(Q)) = HUE(”O)HZ’“(Q)'

From [|U. (-, 0 2(2) < C(2)|U(-,0)||o+1(c) we obtain

(Sns + o) [T O)|PEL o) = [T

2
Lrti(0) — ’O)HLP+1(Q)’

which turns to be

lim [ Ud(z,0)P " de =S,5.
e—0
Q

We set
Z(2,r) = {z € 2: dist(z,002) >r} forr>0
and

O(02,r) = {x € 2: dist(z,002) <r} forr>0.

(3.4)

The following lemma presents a uniform bound of the solutions near the boundary.

Lemma 3.1. Let u be a bounded solution of (1.1) withp > 1 and 0 < € < A\j, where Ay is
the first eigenvalue of —/A with the zero Dirichlet condition. Then, for any r > 0 there

exists a number C(r,2) > 0 such that



W. Choi et al. / Journal of Functional Analysis 266 (2014) 6531-6598 6549
/ wdz < C(r, ). (3.5)
Z(2,r)

Moreover, there is a constant C' > 0 such that

sup  u(z) < C. (3.6)
zeO(02,r)

Proof. Let ¢; be a first eigenfunction of the Dirichlet Laplacian —A in {2 such that
¢1 > 0 in 2. We have

Xiﬂ/qﬁludx:Z(As%)udm:!%(Asu)dag:Q/qhupda:—i—e([d)ludx.

Using Jensen’s inequality we get the estimate

P
C’( o1u dx) < | pruPde = (/\i — e) drudx,
[om) <] /

and hence

1

A —e\P 1T
/d)ludxg(lCG) .

9]

Because ¢1 > C on Z(§2,r), we have

A —¢€ T
c de < [ 2 . 3.7
Z(£2,r)

This completes the derivation of the estimate (3.5).

If 2 is strictly convex, the moving plane argument, which is given in the proof of [6,
Theorem 7.1] for s = 1/2 and can be extended to any s € (0,1) with [40, Lemma 3.6]
and [5, Corollary 4.12], yields the fact that the solution u increases along an arbitrary
straight line toward inside of {2 emanating from a point on 9f2. Then, by borrowing
an averaging argument from [34, Lemma 13.2] or [24], which heavily depends on this
fact, we can bound sup,co (0, u(x) by a constant multiple of fI(.Q,r) u(z) dz. In short,
estimate (3.7) gives the uniform bound (3.6) near the boundary. The general cases can
be proved using the Kelvin transformation in the extended domain (see [12]). O

Lemma 3.2. Let

e = c;; sup u,(x) (3.8)
e
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where the definition of ¢, s is provided in (2.6). (Its finiteness comes from [1, Proposi-
tion 5.2].) If a point x. € 2 satisfies pc = ¢, Luc(xe), then we have

lim p, = oo,
e—0
and x. converges to an interior point xo of {2 along a subsequence.

Proof. Suppose that u. has a bounded subsequence. As before, we let U, be the exten-
sion of u, (see (3.1)). By Lemma 2.5, u, are equicontinuous, and thus the Arzela—Ascoli
theorem implies that u. converges to a function v uniformly on any compact set. We de-
note by V the extension of v. Then we see that lim._,o VUc(z,t) = VV(x,t) for any
(z,t) € C from the Green’s function representation. Thus we have

/tl_QS\VVP dx dt = /t1_2s lim iglf |VU,|* dx dt
e—
C C

< liminf/t1_23|VUE\2 da dt
e—0
C

=liminf C, [ (uPT + eu?) d
e—0

o)
= CS/UP'H dzx.
2

Meanwhile, using (3.2), we obtain

3 ‘ o
(/t1_25|VV|2dx dt) < g (/VP“@,O) dx) :
C )

Hence the function V attains the equality in the sharp Sobolev trace inequality (2.9),
so we can deduce that V' = c¢Wy ¢ for some ¢, A > 0 and £ € R” (see Subsection 2.2).
However, the support of V' is C by its own definition. Consequently, a contradiction arises

and the supremum p. = c;}sué(me) diverges. Since Lemma 3.1 implies u. is uniformly
bounded near the boundary for all small € > 0, the point z. converges to an interior
point passing to a subsequence. 0O

Now, we normalize the solutions u. and their extensions U, that is, we set
—1 _% s
be(x) = He Ue (/”'E x4 1‘5), T € 2= pd ('Q - Z‘e), (3'9)

and
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2

B(2) := p'U. (u;%z +x), 2€C:=pl 7 (C—(20)) (3.10)

with the value p. defined in (3.8). It satisfies b.(0) = ¢, s and 0 < b < ¢, 5, and the
domain {2, converges to R™ as € goes to zero. The function B, satisfies

div(t'"**VB,) =0 in C.,
B >0 in Ce,
B.=0 on JrCe,

05B. = BY +eu P B, in 2. x {0}.
We have

Lemma 3.3. The function be converges to the function wy uniformly on any compact set
in a subsequence.

Proof. Let B be the weak limit of B, in H{ ;(C) and b = tr|ox (o) B. Then it satisfies
b(0) = maxgern b(z) = ¢, 5 and

div(t'"**VB) =0 in R},

B>0 in R,

0;B = B? in R" x {0},
as well as B is an extremal function of the Sobolev trace inequality (2.9) (see Subsec-
tion 2.2). Therefore B(z,t) = Wi(xz,t). By Lemma 2.5, the family of functions {b.(z):
€ > 0} are equicontinuous on any compact set in R™, so by the Arzela—Ascoli theorem

b. converges to a function v on any compact set. The function v should be equal to the
weak limit function w;. It proves the lemma. 0O

3.2. Uniform boundedness
The previous lemma tells that the dilated solution b, converges to the function w;
uniformly on each compact set of (2.. However it is insufficient for proving our main
theorems and in fact we need a refined uniform boundedness result.
Proposition 3.4. There exists a constant C > 0 independent of € > 0 such that
be(z) < Cwy(x). (3.11)

By rescaling, it can be shown that it is equivalent to

ue(z) <Cw __=2

He sTe

(z). (3.12)
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The proof of this result follows as a combination of the Kelvin transformation, a
priori L*°-estimates, and an inequality which comes from a local Pohozaev identity for
the solutions of (1.9).

We set the Kelvin transformation

de(z) = |z|~ (= 2)p, (k(z)) for x € 12, (3.13)
and

D(z) = |2|" 29 B (k(2)) for z € C., (3.14)
where k(z) = rziz is the inversion map. Then, inequality (3.11) is equivalent to that

de(z) < C for all z € k(£2). Because 0 < be(x) < ¢, 5 for z € (2, it is enough to find a
constant C' > 0 and a radius r > 0 such that

de(z) < C for z € B,(0,7) Nk(£2) for all € > 0. (3.15)
After making elementary but tedious computations, we find that the function D, satisfies
div(t'7**VD,) =0 in &(C.).
Also we have
0;Dc(z,0) = lim tl_QSi [|,z_("_2S)B6 (i)]
t—0 ov |2|2

0 z
—1; 1—2s —(n—2s+2)
%er(l)t 12 8VB6<|Z|2>

t 1—2s 8 5
1 —n—2s 1: o . N
= iy Pﬂ(w) mﬁ@wﬂ

| —n—2 x —p+1|,.—n—2 T
—mwbwqmg+w£|ﬂnswgﬁ)

= DP(2,0) + ep Pz 74 De(2,0)  for x € r(£2).

Hence the function D, satisfies

div(t'=*VD.)(z) =0 in x(Ce),
D.>0 in K(Ce),

Nl
D.=0 on k(9LC.), (3.16)

93D = D? + ep Pt z| 7" D, on k(2 x {0}).

Here we record that
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IS

s

—pl).—ds — 72 —2n
[Dwanat? ||Lg;,(Bn(O’1W(Q‘))<(ue : |z~ dz) =C. (3.17)

_p=1
{lz[Zpe 2}

3

In order to show (3.15), we shall prove two regularity results for the problem (3.16) in
Lemma 3.5 and Lemma 3.8 below.

In fact, to make (3.16) satisfy the conditions that Lemma 3.8 can be applicable, we
need a higher order integrability of the term eu_P+1|x|~% than that in (3.17). Note that
for 6 > 0 we have

8525

< Cepl ™, (3.18)

8526
n+2s8 —p+1|,.|—4
cepe ™ < e P27 s s, 0m9nme)

for some constants C' > 0 and ¢ > 0. Thus it is natural to find a bound of p. in terms
of a certain positive power of e!. It will be achieved later by using Lemma 3.9 and an
inequality derived from a local version of the Pohozaev identity (see Lemma 3.11).

In what follows, whenever we consider a family of functions whose domains of defini-
tion are a set D C R¥, we will denote ka(O,r) f= ka(O,r)ﬂD f for any ball B, (0,7) C R¥
for each r > 0 and k € N.

Lemma 3.5. Let V be a bounded solution of the equations:

div(t'"**VV)(2) =0 in k(Ce),

V>0 in k(Ce),

V=0 on k(0LC.),
oV (x,0) = g(x)V(2,0) on k(2 x {0}).

Fiz 8 € (1,00). Suppose that there is a constant r > 0 such that

B

912 (weex opma02 < 287 (5 F 1 (3.19)

and
/ 725V (2, 8) P da dt < Q.
Bn+1(072r)
Then, there exists a constant C = C(8,r,Q) > 0 such that
/ V(z,0) ey <cC
B,,(0,r)

Remark 3.6. Here we imposed the condition that V is bounded for the simplicity of
the proof. This is a suitable assumption for our case, because we will apply it to the
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function D, which is already known to be bounded for each € > 0. However, this lemma

holds without the assumption on the boundedness. To prove this, one may use a truncated

function Vi, := V - 1y, <y with for large L > 0 where the function 1p for any set D

denotes the characteristic function on D. See the proof of Lemma 5.1.

Proof. Choose a smooth function n € C°(R"*1, [0, 1]) supported on By, 11(0,2r) C R+

satisfying n = 1 on Bj,4+1(0, 7). Multiplying the both sides of
div(tlfQSVV) =0 in k(Ce)

by 72V# and using that V = 0 on x(9.C.), we discover that

Cs / g(x)vﬂ"‘l (x, 0)772(x,0) dr = / t1—2s(vv) . V(U2V5) dz

k(£2:x{0}) w(Ce)

Also, we can employ Young’s inequality to get

t'2(VV) - V(*VP) dz
K(CE)
= / B2V ATV |2 4 261725V (VV) - (V) dz
R(C)

= /t1*255|v?n(v1/)]2dz+2 / H=2V8(VV) - (V) dz
®(Ce) w(Ce)

2% / t1*25|v%n(vv)]2dz—% / #1725V 5 () | e

“(Cé) ’{(CE)

On the other hand, applying the identity

V(V%n):wv— (VV) + VI (v,
we obtain
2
2(%) VI (V)P 2V (v P = [V (V R
This gives

VE AT > ol IV ) =2V o)),

(3.20)

(3.21)
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Combining this with (3.20) and (3.21), and using the Sobolev trace inequality, we deduce
that

C, / g(m)VB'H(x, 0)172(:1:7 0) dx
~($2:x{0})
2 1
> b / tl_Qs‘V(Vﬂ%n)fdz

Z2(B+1)?
w(Ce)

2 2 ) B+41
-5+ grm) [ e ol

K(Ce)

CspB 811 \p+l P
>sz,s<ﬂ+1>2( / (vV=+n) dm)

£($2:x{0})

— 2 i 1-2s % 2 >
<ﬁ+(6+1)2> /t V= (V)| de (3.22)

K(CE)

Moreover, we use the assumption (3.19) to get

g(@)VF (2, 0)1° (2, 0) dz

k(2:x{0})
_2
b1\ p+1 o
< D
< / (v %) dx) HgIILg(K(QEX{O}QB,Lm,zr»
r($2:x{0})
2
3 / 841y p+l o
.8 - p _ 3.23
DTRCERYE (mV=")"" da (3.23)

#($2:x{0})
Using this estimate, we can derive from (3.22) that
2
Csp (V,BJrlnz) 2l dx) I

252, (B+ 1)
r(2:x{0})

C.p3 o1 pi1 , \ PO
> - 2
> 2.6+ 1)2( / (V=) dm)

r($2:x{0})

-(3+ ) [ v el

’{(CE)

We now have
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p+1
2
(V) e < c( / t125|v’331v77|2dz>
k(2¢)NB, (0,r) r(Ce)

p+1
2

<C / 2|y At dz) <C.

k(Ce)NBp+1(0,27)

This completes the proof. O

Next, we prove the L*-estimate by applying the Moser iteration technique. For the
proof of Lemma 3.8, we utilize the Sobolev inequality on weighted spaces which appeared
in Theorem 1.3 of [18] as well as the Sobolev trace inequality (2.9). Such an approach
already appeared in the proof of Theorem 3.4 in [23].

Proposition 3.7. (See [18, Theorem 1.3].) Let 2 be an open bounded set in R" 1. Then
there exists a constant C = C(n, s, 2) > 0 such that

2(n+1) FlcEay) 3
(/|t1—25\U(m,t)| n dxdt) < C(/tP—?SWU(x,t)\dedt) (3.24)
(] (9]

holds for any function U whose support is contained in 2 whenever the right-hand side
is well-defined.

Lemma 3.8. Let V be a bounded solution of the equations

div(t'"*VV) =0 in k(Ce),
V>0 in k(Ce),
V=0 on k(OLC.),

oV (2,0) = g(x)V(z,0) on k(2 x {0}).
Fiz By € (1,00). Suppose that
/ =2V (¢, ) dr dt + / V(z,0)°  dz < Q,
Br4+1(0,7) By (0,r)
and
|9(2)|" dz < Qo
K(£2:x{0})NB, (0,r)

for some r >0 and q > 35-. Then there exists a constant C' = C(Bo, 7, Q1,Q2) > 0 such
that
Ve,

O)HLoo(Bn(o,r/z)) <0
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Proof. Let n € C°(R™"1). Then the same argument as (3.20)—(3.22) in the proof of the
previous lemma gives

2
217841 7 B 1-2s
C, / g’V dm/27(5+1)2 /t |V )‘ dz
#(£2¢x{0}) w(Ce)
2 25 ) / 1—2 B+1 2
- + t %V =2V dz. 3.25
G+ oo / vl dz - (3.2)

First, we use Holder’s inequality to estimate the left-hand side by

/ |qux>“

gn? VAT dx < / (VB'*'1 2) dx>

w(2.%{0}) w(2.%{0}) w(2.%{0})
1
ol [ wrpya)
(02 x{0})
where ¢’ denotes the Holder conjugate of ¢, i.e., ¢ = q%l. Since g > 2 +}, we have
qd < p—;l and so the following interpolation inequality holds.
¥
(VB'HUQ) dx)
K(QEX{O})
1 as
< (VﬁHr]Q)pzdx) VBJr1 2 dx)
K(£2:x{0}) (£2.x{0})
<690 (vﬁ+1n2)p21dx) s e(i—0 / (VF+in?)
/(2. %{0}) /(2% {0})
where 6 € (0,1) and ¢ > 0 satisfy respectively
20 1 1 3 o
—— +(1-0)== d 0=— ——=
pri T =5 an (00 2(5+1)2>
for an appropriate number C' > 0. Then (3.25) gives
p / 1-2
_— t TV dz
2(5+ 1)2 | ( |
”(CE)
o 2 25 811
< Cpt-e / VAHN2) doe + ( + ) / 12|V 2 vl dz.
( %) 3T (B+1? | 77|
(82 x{0}) ©(Ce)

(3.26)
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Consequently the weighted Sobolev inequality (3.24), the trace inequality (2.9) and (3.26)
yield that

2 n
p+1 2(n+1) n+1
/ ]v—‘*élnyp“dx) +< / Ho2e vy dmdt)

k(2 x{0}) w(Ce)
<C / 2 (V) [P 4 [VETR)) da dt

“(CF)

<Cﬁ119{/t1‘25V5+1(|V77|2+772)dxdt+ / 1Vﬂ+1ﬂ2\dx} (3.27)
K(CE) K/(QEX{O})

Now, for each 0 < 7 < 79, we take a function n € C°(R"* [0,1]) supported on
By+1(0,7r2) such that n = 1 on By,4+1(0,71). Then the above estimate (3.27) implies

_2 _n_
( / V</3+1>”¥1dx)p“+< / o2y (B0 dz)"“

B, (0,71) Brn4+1(0,71)

g(sﬁ_rf)QK / V5+1dz>+( / tlQSVB“dz)} (3.28)

B, (0,72) Br4+1(0,72)

We will use this inequality iteratively. We denote 0y = min{lel, "T'H} > 1 and set
Br+1=(Bo+1)0k and R, = r/2 +r/2% for k € NU {0}. By applying the inequality
a¥ + b > (a+ b)Y for any a,b > 0 and v € (0, 1] with Holder’s inequality, and then
taking 8 = Bk in (3.28), we obtain

1
Vﬁk+1+1 dl' 4 / tl*?Svﬁk+l+1 dz) Br4+1+1

B (0,Rk41) Brnt1(0,Re41)

1k 1 BRFT
< C Bot+of [90179 2%] (Bo+1)65 ( / VBt g 4 / 125178k +1 dz> ]

B, (0,Ry) Bn+1(0,Rg)

Set

Ak(V)—( / VAL dy 4 / t”svﬂk“dz) .

By (0,Rk) Bn1+1(0,Ry)

_1
Then, for D := (46,~° )ﬁoﬁ, we have

g
o@|"‘
@
oa~|”
ol

Agyr < C7% D%
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Using this we get

oo 1

o 1 oo - J
A <CT7TN R DTTH A Ay < CA,,

from which we deduce that

1

frea

sup  V(z,0) = lim ( / VAL (2, 0) dx) ' <sup 4 < C.

x€B, (0,/2) k—o00 keN
Byt1(0,7/2)

This concludes the proof. O

As we mentioned before, we cannot use the above result to the function D, directly
because the estimate (3.17) is not enough to employ this result. To overcome this dif-
ficulty, we will seek a refined estimation of the term e P™1|z|=%* than (3.17), and in
particular we will try to bound p. by a constant multiple of e~ having (3.18) in mind
where a > 0 is a sufficiently small number. We deduce the next result, which is a local
invariant of the previous lemma, as the first step for this objective.

Lemma 3.9. Let V' be a bounded solution of the equations

div(t'>*VV) =0 in k(Ce),
1% >0 mn K(Cﬁ)a
V=0 on k(0LC.),

oV (2,0) = g(z)V(x,0) + ep(x)V (x,0)  on k(2 x {0}).
Fiz 8 € (1,00). Suppose that ¢ satisfies ”‘PHLi(Rn) < Qq,
=2V (2, )P dr dt + / V(z,0)" T dz < Qq
By,+1(0,7) B,,(0,r)

and

/ |g9(2)|" dz < Qs,

B, (0,r)

for somer >0 and q > 5-. Then, for any J > 1, there exist constants eg = €o(Q1,J) > 0
and C = C(r,Q1,Q2,Q3,J) > 0 depending on v, Q1, Qa, Q3 and J such that, if 0 <
€ < €g, then we have

<C.

HV(" 0) HLJ(Bn(o,r/z))
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Proof. Let n € C2°(R™*1). Then the same argument for (3.22) gives

Cs / g(x)n? VP (z,0) dx + €C, / o(x)n? VP (z,0) dx

r(£2¢ x{0}) r(£2¢ x{0})

g2 —2s N —2s |1 8 o 12
>2<5+1)2/t12|wv n)|” dz <6 6+1 >/t12|V V|~ de.

K(Ce) k(Ce)
(3.29)

Using Holder’s inequality we get

¢ [ e@rvie0ds < il gy PV
(02 x{0})
Ife < m, from the trace inequality, we obtain
el 551 g [PV O 251 ) < gt [ BV T )P
LP=T (R") TUNLTS ®) T 4(B41)2
”(CE)

Now we can follow the steps (3.26)—(3.28) of the previous lemma. Moreover, we can iterate
it with respect to 8 as long as € < ‘W%Ql holds. Thus, for € < m, we
can find a constant C' = C(r,C1,Cs, Cs, J) such that Y

||LJ(Bn(O,r/2))

It proves the lemma. 0O

To apply the previous lemma to get a bound of . in terms of €, we also need to make
the use of the Pohozaev identity of U,:

1
2C4

t1_2S‘VU6(Z)|2<Z,V>dS=€8 / Uc(z,0)? da.

aLC 2x{0}

As a matter of fact, we will not use this identity directly, but instead we will utilize its
local version to prove the following result.

Proposition 3.10. Suppose that U € Hg  (C) is a solution of problem (1.9) with f such
that f has the critical growth and f = F' for some function F € C1(R). Then, for each
6 >0 and ¢ > % there is a constant C' = C(d,q) > 0 such that

min
re(d,26]

-2
n / F(U)dx — (” 5 5) / Uf(U)dx
I(2,r/2)x{0} Z(£2,7/2)x{0}
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<C / |f(U)|qu)q+ / |P(U)| dz
0(£2,26)x {0} 0(£2,26)x {0}

+ ( / |f(U)] da:) 2] (3.30)

T(£2,6)2)x {0}
where Z and O is defined in (3.3) and (3.4).

We defer the proof of the proposition to Appendix A. We remark that this kind of
estimate was used in [12] for s = 1/2.
Now we can prove the following result.

Lemma 3.11. There exist a constant C > 0 and o > 0 such that
e < Ce™®  forall e > 0.
Proof. We denote

1 1
— P = Pl Ze? f 31
flu)=uP4+eu and F(u) p+1u + 5 €U oru>0 (3.31)

and fix a small number § > 0 so that Z(§2,0) has the same topology as that of (2. For
r € [, 26] we see that

€ / ue(x)? de = ¢ / ufbe(ué%l(fﬂ*l’e))zdfﬂ

Z(02,r) Z(£2,r)
p—1
=eplpc =" / be(z)? dx
e (T Q) —we)
__4s __4s
> epre " / b2 (x)dr > Cepe "%, (3.32)

B, (0,1)

where we used the fact that b. converges to w; uniformly on any compact set (see
Lemma 3.3). Since U, is a solution of (1.9) with f given in (3.31), we have

n—2s
i FU,)dx — e c)d
rg[lgzlé] n (Ue) dx ( 5 Ucf(Ue) dx
Z(£2,7)x{0} Z(£2,r)x{0}
4s
= mi U (z,0)%dz| > Cepe " .
Tér[l(;rglg] €s / (z,0)% dx €L

Z(£2,r)

This gives a lower bound of the left-hand side of (3.30).
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Now we shall find an upper bound of the right-hand side of (3.30). By Lemma 3.9,
for any ¢ < oo, we get ||dc||Le(B, (0,1)) < C with a constant C' = C(q) > 0. Using this we
have

C > / di(z) do = / ||~ ("= 28>%Q(&> da

{l=|<1} {lzI<1}

= | "2 () ] 72"

{lz[>1}
-1
= / |x|(”725)q*2”,u;qug(,u_ ®z+x.)dr
{lz[>1}
P=1((n—2s)q—2n] _, B=in _ _
_ / /LET[( 2s)q—2 ]‘ue quégs |:L'7.’E€|(n 2s)q 2nug($)dx

_p—1
{lz—ze|Zpe >}

— / pd 25|x x| (P22 (1) d. (3.33)

_p—1
{lz—zc|Zpe 2 ¥

First of all, we find a bound of [, uf(z)dz. Using (3.33) and Holder’s inequality we
deduce that

[ w@es<( [ o)

_p=1 _p=1
{lz—zc|>pe 2} {le—ze|Zpe 2° }

9—p

><< / |z — @ |l m2)am2nlEE Pdm) '

_p=1
{lz—ze|Zpe * }

TR R (22 ) 232

Note that if ¢ = oo, then the last term is equal to p_P e o (n42e) =] _ pt. Thus, for
any k > 0, we can find ¢ = ¢(x) sufficiently large so that the last term of the above

estimate is bounded by p-'T*. Then it follows that

( / uP () dm)Q Vs (3.34)

_p—1
{lz—ze|Zpe >}

On the other hand, because u.(x) < Cp,, we have
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4s—2n

2 —
( / ui’(m)d””> <OpPruc T T = Ol = opt (339)

_p—1
{le—zc|<pe ° }

These two estimates give us the bound of [, u?(x) dx.
Now we turn to bound || f(Uc)(+,0)||La(o(02,26))- For this we again use inequality (3.33)
to have
g —(pa—72%5)
uP(x) dr < Cue for any ¢ > 1.

{|z—z| >dist(z0,062)/2}
Using this inequality for a sufficiently large ¢ and Hélder’s inequality we can deduce that
2 2
q — —__=2n_
uPd(x) dx) < O (e (pa ”_2‘“))

{|z—z|>dist(z0,062)/2}

2
q

< Cu ?Pte. (3.36)

Similarly we have

[P (ue(w) | da < O 0+,

0(12,25)

Combining this estimate with (3.34), (3.35) and (3.36) gives the bound

F(U)(, )" dx) q

0(£2,25)

2
+ / |F(Ue(x,0)) ’dx—&-(/f dea:) < Cu 2w,

0(£2,265)

We put this bound and (3.32) into (3.30) in the statement of Proposition 3.10. Then we
finally get

4s

e,ue_n 2s C‘UJ72+2K (337)

which is equivalent to

2n—8s o, C
<

n—2s
€

< —
€

__ 2n—8s

Choose £ > 0 such that a := "=

to be

— 2k is positive. Then the estimate (3.37) turns out

pe < Ce™ @,

which is the desired inequality. O
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Proof of Proposition 3.4. We know that

lim [ 72| V(B — Wy)|* da dt = 0.

e—0
Ce

By employing the Sobolev trace embedding, we find that

e—0

lim[ / 1be() — w1 ()" dx} ~0. (3.38)
2,

Since p = ng‘: , we have the scaling invariance
/|a(m)‘p+1 dx = / |x\_2"|a(ﬁ(x))’p+l dx,
R R

and

PR a3 0 [ BT A

Rn+1 Rn+1

for arbitrary functions a : R — R and A : R*"! — R which decay sufficiently fast.
Using these identities, we deduce from (3.38) that

e—0
K(£2¢) w(Ce)

lim /\de(@—wl(x)]”“dwr / 172 |V(D, — W) (x,)[* da dt| = 0.

Using the Sobolev embedding theorem and Holder’s inequality, for 5y = min{p, ”T”} > 1,
we get

lim / tl_Qs‘DE(x,t)—Wl(x,t)"eoﬂd:cdtzo. (3.39)

e—0
Bn+1(071)

Finally, estimates (3.39) and (3.17) enable us to apply Lemma 3.5 so that we can find
0 > 0 satisfying

Bot+1

(dffl)% 2 dx < C for any € > 0. (3.40)

k(2 x{0})N B, (0,5)
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Next, from Lemma 3.11 we may find o > 0 such that p. < e~ “. Then, for { > 0 small
enough, we have

1
T
75 T¢

_ iy —(p-1)(£+0)| | —2n—4s
leme ™ M2l ™ ]| L 2 < (o ge[ / pe TR g A

_p=1
{lz|zpe 2}

n p—1
< E[Iue—(l?—l)(z—s'i‘@,u 55

) 1
;! (n+45()] i<

<p—1) al(p—1)
G —eseon
=epe® " Le-e 27 L1,

Given this estimate and (3.40), we can apply Lemma 3.8 to get
|dellLo (B, (0,6/2)) < C.
The proof is concluded. O
3.8. Proof of Theorem 1.1
We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. By the definition of y. in (3.8), we have

As (luell Lo (2)ue) (#) = s [peu? (2) + epeue(z)], = € 2.

Note from p = Zt—gz that

[ e@) + eueveta)) do = [zt (u (@ - 2) do

0 0

p—1

—i—eyz/bé(uf_‘“(m—me)) dx

Q
p=1,
:/bﬁ’(m)dw—i—eufu;? /be(ac) dx.
2 2
Note also that
T [omar<pns [
e e / 6(33) T X Helle (1_~_|x|)n72s x

1
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Given the uniform bound (3.11), we use the Lebesgue dominated convergence theorem
to obtain

lim [ ¢, speul(x) = /cmswf(z) dx = by, s,
e—0
2 Rn

where

b, =

S I'(s)[(2)
| 5 | F(”+232) i (3.41)

For x # x9, we have lim._,o pu?(z) = 0 by (3.12). Therefore we may conclude that
EEI%)AS(“UGHLOO(Q)UE)(J:) = by,,50z,(z) in C(2)".

Set ve := As(||uell oo (2yue). Then lim,_,o fQ ve dx = by, 5 and lime_,¢ ve(z) = 0 uniformly
on any compact set of 2\ {zo}. We observe the formula

An,s
ol @Vt = [ |t~ et |u . Ga2)
0]

On the other hand we have He(z,t,-) is in C%.(£2) and ||He(z, t, -)HLn:in% @ < C which

holds uniformly on any compact set of 2\ {zg}. From this we conclude that

el Lo (2)Ue(2,t) = by sGe(z,t,20) in Cl%c(é\ {(mo,O)}).

Also, pointwise convergence in C is valid for the derivatives of |[uc| 1 () Ue by elliptic reg-
ularity. Especially, for ¢t = 0, the regularity property of the function z € 2 — He(x,0,y)
given in Lemma 2.4 proves that

[tell oo (@ytie(®) = bp Gz, x0)
Ce.(2\{zo}) forall o€ (0,2s)if s e (0,1/2],
CLo(02\ {xo}) forall a e (0,25 —1)if s € (1/2,1).

loc

This completes the proof. O
4. Location of the blowup point

The objective of this section is to prove Theorem 1.2. For this goal, we will derive
several identities related to Green’s function. Throughout this section, we keep using
the notations: Xo = (20,0), B, = Bp4+1(Xo,7) N R’ffl, OB} = 0B, HRTFI and I, =
By (zg,r) for r > 0 small. We also use G(z) (or H(z)) to denote G¢(z,z0) (or He(z,xg))
for brevity.
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The first half of this section is devoted to proving the second statement of Theorem 1.2.

Proof of Theorem 1.2 (2). According to Appendix B, it holds

2(n—4s)

. n—2s 2
11_1}1% €sCs e 5/w1 (z) dx
RTL

25

sy /{ / t123<(z X0, VG(2))VG(2) — (= — Xo)w, u> is
5§ aB;t
+ (”‘223) / tlf%a(z,xo)%f) ds| dr (4.1)

aBt
for an each § > 0 small enough. We will now take a limit § — 0. Putting

Z—XO

‘Z _ X0|n+272s - VH(Z)

an s
- s g VG(2) = — )
G(z) X (z) and VG(z) ay,s(n — 2s)

into the right-hand side of (4.1) and applying v = Z*TA on OB, we can derive

2(n—4s)
2lim esCopre "= [ wi(z)dx
e—0

]Rn
9 9 t172s tl*QS
B, Bt
1 7 1
. _os 2
—I—(%I_I)T(l)g/ / =2 O<<V’VH(Z)><T.7L—28 +H(z)> -‘r’/"VH(Z)‘ )der.
5 aB;t

Since 0;He¢(+, zg) has a bounded Hoélder norm over a small neighborhood of xq for each
i=1,...,n (refer to [8, Lemma 2.9]), the second term in the right-hand side tends to 0.
As a result,
2(n—4s)
2 liH(l] esClspre "% /w%(m) dx — (n —25)2Dy, 0, b2 7(x0)
€E—> ’

R

as 6 — 0, where

) t1—25 1 |Sn—1| n

9B 41(0,r)NRLT! B, (0,1)
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B denoting the beta function. This proves Theorem 1.2 (2). We also know that the
constant 0, s in the statement of the theorem is given by

I'(n—2s n— 2s)2 __4s_
( ) ( ) Dn s0n shi sCn,s 2 O (42)

O = /s T(2 = 2s) 250,

Next, we prove the first statement of Theorem 1.2, that is, 7/(z() = 0.

Proof of Theorem 1.2 (1). If U is a solution to (1.9), for each 1 < k < n, we have

/ 25| VU Py, dS = /t1_238k|VU|2dz = 2/t1_2SVU-V8kUdz
aB;t B B,
=2 / t1*2S<VU,y>akUds+2cs/F(U)ukdsx
Bt or,
where F(t fo t)dt, vy is the k-th component of v, Jy is the partial deriva-
tive with respect to the k-th variable and r > 0 small For the last equality,
we used fFr (U)opUdz = fF (O FY(U far U)vg dS,. Therefore putting

|Ue(-,0)|| Lo (2)Ue (see (3.1)) in the place of U in the above identity, integrating the
result from § to 26 in 7 and taking € — 0, we obtain

25 25
//t1_25|VG|2deSd7":2/ / t725(VG,v)0,G dS dr (4.3)

5 oBt 5 9Bt

(cf. Appendix B). On the other hand, a direct calculation shows that

25
liml/ / t'725(VG(2),v(2))0kG(2) dS dr

50 O
5 9Bt
1 1-25 | On,s(n — 25) 2z — Xo
S [ [ o (2 o)
S aB;F

n,s -2
X [(J;k — a:()’k)% + 8;.3H(z)} dS dr

= lim tHSMakH() ds

r—0 rn 2s+1
dB;"

5§—0 0 pn—2s+3

ns(n—2
+ lim — //tl 2s 8 S)(xk x0k<z—X0,VH >der
5 9B
=(n—2s43)(n —2s)a, &, s0kT(x0), (4.4)
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where z, and z( ; mean the k-th component of x and z, respectively, and

) 751—2s ) 1 |J}|2
e R N
9B 41(0,r)NRY T B, (0,1)
n—1 2
= MB 1—s, nt .
2n 2

In particular, D,, s = (n — 2s + 2)&, s. Moreover we observe

26
1
limg/ / tlfzs’VG(z)fuk(z)der

6—0
6 aB;t
_ 91 1-25 On,s(n — 25) 2
= 2}1_)% t Sm($k —1'07]@) akH(Z) ds
aBF

26
1
+limg/ / t1_2s‘VH(z)‘2uk(z)der

6—0
5 oB;F
=2(n —29)ay, sEn,sOkT(X0). (4.5)
Taking 6 — 0 in (4.3) with (4.4) and (4.5) in hand gives our desired result. O

5. Construction of solutions for (1.1) concentrating at multiple points

In this section we prove Theorem 1.4 by applying the Lyapunov—Schmidt reduction
method to the extended problem

div(#'"**VU) =0 inC = 2 x (0,00),
U>0 in C,

5.1
U=0 on 01,C = 92 x (0, 00), (5.1)
U =U"+¢€eU on {2 x {0},
where 0 < 5 < 1 and p = 2425 We remind that the functions wy ¢ and W) ¢ are defined

in (2.5) and (2.8). By the result of Dévila, del Pino and Sire [14], it is known that the
space of the bounded solutions for the linearized equation of (2.7) at wy ¢, namely,

Asp=pul ¢ inR" (5.2)

is spanned by

me a’w)\)g and aw)\’g

e e 5 (5.3)
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where £ = (&1, ...,&,) represents the variable in R™. From this, it also follows that the
solutions of the extended problem of (5.2)

div(t'7**Ve) =0 in R} =R" x (0,00), (5.4)
0,P = pwf\?(ﬁ on R" x {0}, .
which are bounded on {2 x {0}, consist of the linear combinations of
oW
—/\’5, RN —aW’\’g and —aW’\’g.
In the proof of Theorem 1.4, we will often consider the dilated equation
div(t'7**VU) =0 in C. = 2. x (0,00),
U>0 in Ce,
(5.5)
U=0 on 9r.C. = 982, x (0, 00),

O3U = UP + T2y on 02, x {0},

where

and

€20

Qezﬁz{i:xeg}

for some ap > 0 to be determined later. If U is a solution of (5.5), then Uc(z) :=
e (e~ *0z) for z € £2 becomes a solution of problem (5.1).

Since we want solutions to be positive, we use a well-known trick that replaces the
nonlinear term UP in (5.1) with its positive part U}. Namely, we consider the following
modified equation of (5.5)

div(t'=**VU) =0 in C.,
U=0 on 0rCe, (5.6)
OU = f(U) :==U? + 250U on £, x {0}.

5.1. Finite dimensional reduction

In order to construct a k-peak solution of (5.1) (k € N), we define the admissible set

0% = {()\,0') = (A1, M), (01,...,00%)) € (R"')k x 2% o; = (0f,...,07),
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1
diSt(O’i,aQ) > dp, Jp < N\ < 5 \0¢70j| > o, @ # J, i,jl,...,k}
0

(5.7)
with some small §y > 0 fixed, which recodes the information of the concentration rate

and the locations of points of concentration.
Let the map

it s LoV (00) — HE L (Ce)

€

be the adjoint operator of the Sobolev trace embedding

2n

ic : Hy 1 (Co) = Ln=2(§2.) defined by i (U) := tr|g xq0;(U) for U € Hg 1 (C.),

which comes from the inequality (2.9) (for the definition of H{ 1 (Ce), see Subsection 2.1).
From its definition, ¢} (u) = V for some u € Lts (£2¢) and V' € Hg (Cc) if and only if

div(t'**VV) =0 inC,,
V=0 on J1.C,
o3V =C;lu on 2. x {0}

where Cs > 0 is the constant defined in (1.11). Therefore finding a solution U € Hg  (C)
of (5.5) is equivalent to solving the relation

it (f(i(U))) = C;'U. (5.8)

It is valuable to note that from (2.3) we have in fact i. : Hg 1 (Ce) — Hi($2¢) C L= ({2¢)
and so A (i(U)) makes sense. See also Sublemma C.6.

We introduce the functions

0 _ (9W>\7§ LPJ _ 8W)\,£
Mo ST

310)\75
N’

8w,\,5
g7

0 ,
Vre = Une =
where £ = (¢%,..., ") €R" and j =1,...,n, and
-k j -k -1 4 .
PWye =1 (wf\yg), P =1 (pwf\’E wf\,g) forj=0,1,...,n. (5.10)
Furthermore, we let the functions P.wy ¢ and Pdﬂi, ¢ be

Pawye =ic(PWye) and P, =i (PW],) forj=0,...,n (5.11)

which vanish on 842, and solve the equations A,u = wi’g and A,u = pw§21¢§,5 in £2,
respectively. Also, whenever (A, o) € 0% is chosen, we denote
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W; =Wy, g,c-00s  PW; =PW,, 45.c-a0 and P = P.W] (5.12)

i,04€ i, 0;€7 0

and similarly define P.w; and Pewf (i =1,...,k and j = 0,1,...,n) for the sake of
simplicity. Set also

K5 o={ue€H} (C): (u,PW]), =0,i=1,2,... .k j=0,1,...,n} (5.13)
for ¢ > 0 and (A\,0) € O% and define the orthogonal projection operator s, -

H&L(Ce) — K;p'
Now, if we set L§ , : K , — K3 , by

k
So (D) = O — I il lfg ( Z P€w¢> i (D) |, (5.14)
=1

then we can obtain the following lemma from the nondegeneracy result of [14].

Lemma 5.1. Suppose that (X, &) is contained in O%. Then there exists a positive constant
C = C(n,d9) such that

HL;,U(@)HCG > C|®lle, for all @ € K} ,, and sufficiently small € > 0.

Proof. Assume the contrary. Then there exist sequences ¢, > 0, ¢; € K;lz,cn’ H =
L;\llm (@) and (A, 07) = (M1t -+ 5 A1), (01, -+ -, om1)) € O% (1 € N) satisfying

lim =0, |®c, =1, lim ||Hllc. =0, lim (A, 07) = (Ao, 00) € O%.
l—o0 l l—o0 l l—o00

(5.15)

Set ¢ = Ce,, 2 = ¢, Pwy = Pywy, 0, and P, = P,W
j=1,...,n. If we further denote ¢; = i, (P;), then we have

fori=1,...,k and

il,04l

—1 ke
CS @l - Zel

k
fe (Z-leil> ¢z] =H +Q inHj(C) (5.16)

i=1

k j .
where Q; := >, Z?zl cﬁjPlel for some constants céj € R. By our assumptions above

and the relation
l—o00 i1l iol

lim (P}, P%) o = p- Cs lim / UPT I Pl = ¢4,60,0, 05,5, (5.17)
2

for some constant ¢;, > 0 depending on ji (i1,i2 = 1,...,k and j1,j2 = 0,...,n), it
holds that [|@Qy[|¢, is bounded and so is |c};].
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First we claim that
lim [|Qifle, = 0.
l—o0
Indeed, testing (5.16) with @Q;, and employlng Lemmas C.3, C.4 and C.5, the definition

of the operator i, and the relation (@Z,PZW”)CI = C4 le %l(ﬁl = 0 which comes
from ¢, € Ky, ,, and (5.10), we can deduce

k
1QulIZ, = */fe/l (ZBWZ) drqr — (Hi, Qi)e,
2 =1

k p—1 k
— 2s
< [(p (zawu) ol l—>
i=1 i=1 L% (£2)
XNl 2 g+ ||Hl||cl] 1@l

k
+ (Zerlz (wil)HLGs(_Ql)> HQSlHL%(QZ) (Z’CZH‘PH/) %lHLn 5 (2, )>
i=1 o
= o()]|Qille, + o(1) = o(1)
where ¢q; := i, (Q)).

Choose now a smooth function x : R — [0, 1] such that x(z) = 1 if |z] < 9/2 and
x(z) = 0if |x| > do (where Jp is the small number chosen in (5.7)), and set

xi(z) = x(z), Pz, t) =D (z+ ¢ “op,t)xu(z) for (z,t) €C

and ¢p; 1= i, (Ppy) for each h = 1,..., k. Since ||Ppy|
converges to Ppo weakly in D* (R’}fl) up to a subsequence. Using the same arguments
of [31], we can conclude that $p is a weak solution of (5.4) with (X, €) = (Ao, 0) and

R7H is bounded for each h, @y

VD) - VI, ;=0 forallj=0,1,....n

n+41
R+

In order to use the result of [14] to show @, = 0, we also need to know that ¢ is
bounded where ¢po0 () := Pproo(,0) for any x € R”, and it is the next step we will be
concerned with. Define &7, = min{|®pec|, L} and ¢ = tr|gar1®y, for any L > 0, and
select the test function 5@ € D¥(R"*1) for (5.16) with any 8 > 1 to obtain

2y = Cu [ Filwn, )37 o

R
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Then by applying the Sobolev trace embedding and taking L — oo, we can get

B+1 %
||¢hoo HL" 53 (R"+1) Cﬂ||¢h00”Lﬁ+1(Ri+l) (518)

with a constant Cg>0 which depends only on B. Since we already have that

||¢h00||Ln o (R
a constant C; > 0 which relies only on the choice of ¢ such that

is finite, we may deduce from (5.18) that for any ¢ > 1, there is

||¢hooHLq(1R1+1) <Gy

Now we note the expression

Onoo / e (030 ) () (0)

- / o i i) () 0nee ) dy

{lz—yI<1}

* / ﬁﬁfo(wm)(ymm(y)dy
{lz—y[>1}

= I(x) + L(z) forx eR"

As for I, we take a very large number ¢ so that r := # is sufficiently close to 1. Then

we get
n<c B — S wr, ) ) w)|"dy )
= |£E _ y‘(n72s)r 0 hoo e
{lz—y|<1} {lz—y|<1}
< Ollgnos | La@n+1y < C. (5.19)

Considering Iy we take r such that r = ~*5- + ¢ for a small number ¢ > 0. Then q is
close to 5-. We further find numbers ¢; slightly less than 3 and ¢z such that % = qT + q—z.

Then we get

1

1 I

I < C( / 7= g2 dy) | £6 (W )| Ly @n+1y | Phool| Laz @1y < C.
{lz—y[>1}

(5.20)

The estimates (5.19) and (5.20) show that ¢pneo is bounded. Now we may achieve that
Proo = 0 by the classification of the solutions for the linear problem (5.4) obtained
n [14]. In summary, we proved that
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lim & =0 weakly in D*(R}*') and
l—o00

llim ¢ =0 strongly in LI(2) for 1< g<p+1 (5.21)
bade el

(h=1,...,k).
Consequently, (5.21) yields

k
li ! P |97 =0.
l_l)f&/ﬂ(i} zwzl>¢z 0
Q =

1

Hence by testing &; to (5.16) we may deduce that
lim |®][¢, = 0.
=00
However it contradicts to (5.15). This proves the validity of the lemma. O

For each ¢ > 0 sufficiently small and (X, o) € O% fixed, the linear operator Ly 5 :
K3 » = K3 o has the form Id + K where Id is the identity operator and K is a compact
operator on K3 ., because the trace operator i, : Hj ;(Cc) — L(£2.) C LPT'(§2) is
compact whenever g € [1,p+1). Therefore, by the Fredholm alternative, it is a Fredholm
operator of index 0. However Lemma 5.1 implies that it is also an injective operator.
Consequently, we have the following result.

Proposition 5.2. The inverse (Li,a) Lof Ly 5 K5 o = K§ , exists for any € > 0 small
and (X, o) € O%. Besides, its operator norm is uniformly bounded in ¢ and (X, o) € 0%,

if € is small enough.
The previous proposition gives us that

Proposition 5.3. For any sufficiently small 6g > 0 chosen fized, we can select g > 0 such
that for any € € (0,¢0) and (X, @) € O%, there exists a unique D50 € K5 o satisfying

i=1 i=1

k k
H§\7U{CSI (ZRWi + 513;,6> — i lfe (Zpewi + ie(éia))] } =0

and

1 .
s + 25« if n > 6s,
2 0 d (5.22)

&< < 10 ) =
H A,UHCE < Ce with 1o { % +(1+0)sag ifds <n < 6s,

where § > 0 is chosen to satisfy (4 + 20)s < n. Furthermore, the map (X, o) — @5 ,
is C1(O%).
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Proof. Define

k k k
Nﬁ(ds) = H;,a' © Z: [fe (Zpewz + le(¢)> - fe (Z—Pewz> - fel <2P6w1>26(¢)] )
i=1 i=1 i=1
k k
Re:H;p'(Z: [fﬁ(ZPewz> _C;12P6W1>
=1 i=1

T.(®) = (Lso)  (N(®) + R.) for & € K,

and

where the set K3 , and the operator II§ , are defined in (5.13) and the sentence following
it. Also, the well-definedness of the inverse of the operator L , is guaranteed by Proposi-
c. = 0(e™) as e — 0, and from this
c. <Cem}
for some small C' > 0, which implies the existence of a unique fixed point of 7. on K3 . It

tion 5.2. By Lemmas C.1, C.3 and C.5, we have || R,

we can conclude that T is a contraction mapping on K5 , 1= {® € K5 ,: ||

is easy to check that this fixed point is our desired function D5 - For the detailed treat-
ment of the argument, we refer to [31, Proposition 1.8] (see also [16, Proposition 3]). O

5.2. The reduced problem

We set ag = ——. Notice that Eq. (5.5) for each fixed ¢ > 0 has the variational
structure, that is, U € H 1.(£2) is a weak solution of the equation if and only if it is a
critical point of the energy functional

E(U) := %/tl‘QﬂVU\Q - / F.(ic(U)) (5.23)
sC6 2.x{0}

where F,(t) := fot fe(t) dt. In fact, thanks to the Sobolev trace embedding i : H (Cc) —
LPFY(£,), we can obtain that E, : Hf 1 (C) » Ris a C!-functional and

1
E/(U)® = o /tHSVU Vo — / Je(ic(U))ic(®) for any & € H§ 1 (Ce).
Ce 2 x{0}

Using Proposition 5.3, we can define a localized energy functional defined in the admis-
sible set O% in (5.7):

k
E(\ o) = E6<ZP€WM’ +¢;,U> (5.24)

€0
i=1

for (A, a) = ((M,..., M), (01,...,0k)) € O%. Then we can obtain the following impor-
tant properties of F.
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Proposition 5.4. Suppose € > 0 is sufficiently small.
(1) If E’(Ae,ae) = 0 for some (A°,0°) € 0%, then the function U. =

ZZ 1 P Af, o + P\e 5 45 a solution of (5.6). Hence one concludes that a dilated

function Ve(z) == € SCED Ue(efﬁz) defined for z € C is a solution of (5.1).
(2) Recall the number ny chosen in (5.22). Then it holds that

n—2s

E.\ o) = Eco + Tk(x\ o)en—t e + o(en=1) (5.25)
n

in Ct-uniformly in (X, o) € O%. Here Ty, is the function introduced in (1.7) and
co = /w’ff)l(x) dx (5.26)

(recall that wy o is the function obtained by taking (A, &) = (1,0) in (2

ot

5)).

We postpone its proof in Appendix C.3.
5.8. Definition of stable critical sets and conclusion of the proofs of Theorems 1.4, 1.5

We recall the definition of stable critical sets which was introduced by Li [26].

Definition 5.5. Suppose that D C R" is a domain and g is a C! function in D. We say
that a bounded set A C D of critical points of f is a stable critical set if there is a number
6 > 0 such that ||g — hl|L=(a) + V(9 — k)|l (1) < & for some h € C*(D) implies the
existence of a critical point of h in A.

Now we are ready to prove Theorem 1.4.

Proof of Theorem 1.4. By the virtue of Proposition 5.4 (2) and Definition 5.5, we can
find a pair (A°,0¢) € A which is a critical point of the reduced energy functional E.
(defined in (5.23)) given 0 < € < ¢y for some ¢ small enough. From this fact and
Proposition 5.4 (1), we obtain a solution v, := i.(V;) of (1.1) for € € (0, ¢p).
Also, by using the dilation invariance of (2.7) and the trace inequality (2.9), we see that
El 1 Prweaoxs o¢ + (b)‘e o< in §2 where H(b)‘ ool =2 o) < OS¢ o (eM)

(770 > 0 is chosen in (5.22)). From this fact, if we test (1.1) with 5;)0 and use (5.11),

we can deduce ||§5f\,a||Hs(Q) = o(1). Furthermore, it is obvious that there exists a point
(A%, 6%) € Ay such that (A%, 6¢) — (A”,6°) up to a subsequence. This completes the
proof of Theorem 1.4. 0O

Proof of Theorem 1.5. We recall that G and 7 are Green’s function and the Robin
function of A, in §2 with the zero Dirichlet boundary condition, respectively (see (1.4)
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and (1.5)). To emphasize the dependence of G and 7 on the domain (2, we append the
subscript {2 in G and 7 so that G = G and 7 = 7.

If a sequence of domains {{2.: € > 0} satisfies lim¢_,q 2. = 2 and 2., C {2, for any
€1 < €2, then 7o _ converges to 7 in Clloc((?). In order to prove this statement, we first
note that the maximum principle (Lemma 2.1, cf. [40, Lemma 3.3]) ensures that 7o,
is monotone increasing as € — 0 and tends to 7 pointwise. Then we can deduce from
Lemma 2.4 that it converges also in C' on any compact set of £2. Similar arguments also
apply to show that G_(z,y) converges to G (z,y) in C* locally on {(z,y) € £22: x # y}.
The rest part of the proof goes along the same way to [31] or [17], where the authors
considered domains f2. consisting of k disjoint balls and thin strips liking them whose
widths are e. O

6. The subcritical problem

We are now concerned in the proofs of Theorem 1.6 and Theorem 1.7. Since many
steps of the proofs for the previous theorems can be modified easily for problem (1.12),
we only stress the parts where some different arguments should be introduced.

Remind that pe = ¢, sup,c,uc(z) and z. € 2 is a point which satisfies p =
¢, uc(2e). (See Lemma 3.2.) We also define the functions be and B. with their domains

2. and C. as in (3.9) and (3.10), replacing the scaling factor —2— p2—51 by p721;6. Then

b. converges to w; pointwisely.
In order to get the uniform boundedness result, we first need the following bound
of p..

Lemma 6.1. There exists a constant C > 0 such that
—(35—1)e
C < e for all e > 0. (6.1)

Proof. Since b. converges to w; pointwise, we have

b€+1_6 2 C

B, (0,1)

by Fatou’s lemma. Note that

/ b€+175(x) dfl? — / Iu;(p"rlfé)uiﬂrl*e (‘LLE_ pizsie o+ xs) d‘r
B, (0,1) B, (0,1)

</ue—(p+1—e)ugls(p‘l‘ﬁ)u:g“—f(x) dz

Combining these two estimates completes the proof. O
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Next, as before we denote by d. and D, the Kelvin transforms of b. and B, (see (3.13)
and (3.14)). Then the function D, satisfies

div(t'"**VD.)(z) =0  in s(Ce),

95D = |z "9 DP7¢in k(02 x {0}),
D.>0 in k(C.),
D.=0 on k(9rCe).

From (3.9), we have |z] > Cpue T forz e k(£2¢), hence Lemma 6.1 yields

—e(n— (e=1=9) (n—2s)e
|.23| e(n—2s) <pe = ( )

< C for all € k(£2).

By this fact we may use Lemma 3.5 and Lemma 3.8 and the proof of Proposition 3.4 to
find C' > 0 such that

() foralle>0andx e 2. (6.2)

Now we need to get a sharpened bound of p.. Considering both (6.2) with Proposi-
tion 3.10 simultaneously, we can prove the following lemma.

Lemma 6.2. (1) There exists a constant C > 0 such that

e<Cu?7%  fore>0 small

€

(2) We have

lim pé = 1. (6.3)
e—0
Proof. As in the proof of Lemma 3.11, we take a small number § > 0. Recall also the
definition of Z(£2,7) and O(£2,7) (see (3.3) and (3.4)). Then we see that the left-hand
side of (3.30) is bounded below, i.e.,

n n —2s ptl—e

_ > 4

(p+1—e ) / }Ue(x,0)| dx > Ce (6.4)
7(2,8)x {0}

for some constant C' > 0.
On the other hand, using (6.2) we deduce

2 2
(/ufE dx) < C’( /wpig (x) dx)
0 Rn He 3 Te
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2
__ 4 _n=2s., o
< Cué—z(p—e) (/(’u€ no2s |x|2) == )dgc>

R
< Op*%. (6.5)

€

Since zg ¢ O(£2,26) we have w,,_ . (z) < Cu;! for z € O(42,6). It yields, for a fixed
large number ¢ > 0, that

2/q
< / ugp_e)qda:> < Opu AP, (6.6)
0(2,8)

Now we inject the estimates (6.4), (6.5) and (6.6) to the inequality in the statement of
Proposition 3.10 to get

Ce

N

Clu?7% + pu2P=9] < 20p7%7%,
which proves the first statement of the lemma. Using Taylor’s theorem, we get

e —1| < sup epilog(pe) = O(pu "> log(pe)).
0<t<1

It proves lim._,o ptf = 1 because p. goes to infinity. Now the proof is complete. O
We now prove Theorems 1.6 and 1.7.
Proof of Theorem 1.6. By definition we have

As (HUEHL"O(Q)UE) (z) = Cn,SNeu€_€($)~

Note from p = Zf;i that

/cn,sﬂeu:g ( /
(%} (P
(9]

p—1—e

PP (e 2 (z —z.)) dz

C 2’*

b ¢(z) dx.

€

Here, from Lemma 6.2 and the dominated convergence theorem with the fact that b,
converges to wy pointwise, we conclude that

lim [ ¢, speul™(z)de = /cmswf(z) dz = by,
e—0
Q Rn

(see (3.41)). Now the first statement follows as in the proof of Theorem 1.1.
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The proof of the second statement can be performed similarly to the proof of Theo-
rem 1.2. The constant g, s is given by

_ 4n
20,

gn,s nggspn,san,sbi’s- (6'7)

The proof is complete. O

Proof of Theorem 1.7. This theorem can be proved in a similar way to the proof of

Theorem 1.4. In this case, if we take ag = ﬁ and f(U) = U_’fs, then an analogous

result of Proposition 5.4 holds with 7 (refer to (1.13)). Therefore there exists a family

of solutions which concentrate at a critical point of . 0O
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Appendix A. Proof of Proposition 3.10

This section is devoted to present the proof of Proposition 3.10, namely, the following
proposition.

Proposition A.1. Suppose that U € Hg (C) is a solution of problem (1.9) with f such
that f has the critical growth and f = F' for a function F € C*(R). Then, for each
6 >0 and q > % there is a constant C = C(d,q) > 0 such that

) n — 2s
Tér[16171216]n / FU)dx — ( 5 ) / Uf(U)dz
Z(2,r/2)x{0} Z(02,r/2)x{0}
2 2
<C / |f(U)|qu> + / |[F(U)| dz + / |F(U)] dx) ]
0(2,25)x{0} 0(£2,25)x{0} Z(£2,6/2)x{0}

where T and O is defined in (3.3) and (3.4).
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Proof. Recall the local form of the Pohozaev identity
div{tl_Qs(z, VU)VU ~ tl_ZS@z} + ("_TQS)H—ZSWUF —0 (A2
and define the following sets:
D, = {z € R’_{;H: dist(z,I(_Q,r) X {O}) < 7"/2},

26
oD} = 0D, N {(x,t) eR™™: t >0} and Es;=|JoD}.
r=48

Note that 9D, = dD;} U (Z(£2,7/2) x {0}). Fix a small number § > 0. We integrate the
identity (A.2) over D, for each r € (0,20] to derive

2
/ t1—25<<Z’VU>vU_Z|V;]| ,V> dS+OS / <$7VIU>aZUd{17

oD Z(82,r/2)x{0}

_ _<“_22S> /t1_23|VU|2dxdt. (A.3)

s

In view of Lemmas 4.4 and 4.5 of [5], one can deduce that the i-th component 0,,U of
V.U is Holder continuous in D, for each i = 1,...,n, which justifies the above formula.
By using 95U = f(U) and performing integration by parts, we derive

(x, VU)o, U dx = / (2, V. FU))dz

Z(2,r/2) x{0} Z(2,r/2) x{0}
S / P(U)dz + / (2, V)Y F(U) dS,
Z(2,r/2)x{0} OT(£2,r/2)x{0}

and

1-2s 2 1-2s ou

1725 |\VU 2 de dt = C, UfU)dz+ [ #72UZdS,
D, I(£2,r/2)x{0} oD

Then (A.3) is written as

Cs{n / F(U)dz — ("_225> / Uf(U)d:c}

Z(2,r/2)x{0} Z(£2,7/2)x{0}
_ 1-2s . [VU|? n—2s\. U
= / t [<(2,VU>VU v as + 5 U@V as
aD;"
n / (2, V) F(U) dS,. (A4)

L(£2,r/2)x {0}
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From this identity we get

‘n / F(U)da — <”_228> / Uf(U)dx

Z(2,r/2)x{0} Z(2,r/2)x{0}

<C / 2 (VU P 4+ U?) dS + / (x,V)F(U) dS,.
aDF AL($2,r/2)x{0}

We integrate this identity with respect to r over an interval [4,2d] and then use the
Poincaré inequality. Then we observe

n / F(U)dx — (”_225> / Uf(U)dx

I(2,r/2)x {0} T(02,7/2)x {0}

min
r€[d,268]

< C/t1‘23|VU|2dz+C / |F(U)(z,0)] da.
Es O(£2,6)

We only need to estimate the first term of the right-hand side of the previous inequality
since the second term is already one of the terms which constitute the right-hand side

of (A.1). Note that
V.U = [ VoG () (000 dy — [ VoHe(en)fO) .00y (A5)
2 2
for z € Es.

Let us deal with the last term of (A.5) first. Admitting the estimation

sup/tlfQS’VzHc(z,y)f dz< C (A.6)
yEQE
)

for a while and using Hoélder’s inequality, we get

2
[ ( ! |vzHc<z,y>f<U><y,o>|dy) dz

< (228 [ veeaf e ) ( \f<U><y,o>|dy)2

)

2
<c / |f<U)(y,0>|dy)
7(2,6)00(2,6)
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<c[( / |f(U)(y,0)|qdy>3+< / |f<U><y,o>|dy)2], (A7)

0(£2,26) 7(£2,6/2)

which is a part of the right-hand side of (A.1).

The validity of (A.6) can be reasoned as follows. First of all, if y is a point in {2 such
that dist(y, Es) < /2, then it automatically satisfies that dist(y, 92) > §/2 from which
we know

sup (/t125|VzHc(z,y)|2dz>
dist(y,002)>6/2 2
)

< sup (/tlQS‘VZHC(z,y)fdz) <C.
dist(y,002)>5/2

See the proof of Lemma 2.2 for the second inequality. Meanwhile, in the complementary
case dist(y, Es) > /2, we can assert that

/t1_23|VzHc(z, y)‘2 dz < C< / t1_23|Hc(z, y)|2 dz) (A.8)
Es N(Es,5/4)

where N (FE5,8/4) := {z € C: dist(z, E5) < §/4}. To show this, we recall that H¢ satisfies

{div(tl_stHC('7y>) =0 inC, (A.9)

0;He(,y) =0 on 2 x {0}.

Fix a smooth function ¢ € C§°(N(Es,d/4)) such that ¢ = 1 on Es and [V¢|*> < Cpé
holds for some Cy > 0, and multiply He (-, y)¢(+) to (A.9). Then we have

[ v o) + [ 175 [V He(.0) - Vo) He(zp) d= =0
C C

From this we deduce that

/ 12V He (2, ) *0(2) d=

C
[ BTl Vo) e
C
< %/ 72|V He(z,y) | [V(2)|” dz + 2C0 / 17| He (=) [ de.
0

C N(Es,6/4)
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Using the property |Vé|? < Co¢ we derive that
/ 12|V He (2, ) 6(2) d= < ACy / 12| He(z, )| dz.
c N(E5,5/4)

It verifies inequality (A.8). Since the assumption dist(y, Fs) > 46/2 implies dist(y,
N(Es,0/4)) > /4, it holds

sup sup |Hc(z,y)| < sup sup |GRn+1(z,y)| < C.
dist(y,Es)>8/2 2EN(Es,6/4) dist(y,Es)>8/2 2EN(Es,6/4) T

Combination of this and (A.8) gives
sup </t1_25|VZHC(z,y)|2dz> < C’( / th=2s dz) <C.
dist(y,Es)>d/2 7
s N(Es,6/4)

This concludes the derivation of the desired uniform bound (A.6).
It remains to take into consideration of the first term of (A.5). We split the term as

[ 9-Garor e f0) w00 dy
2

= [ VG W)@y [ V.G () ), 0) dy
O(£2,26) Z($2,20)

= Aq(2) + Aa(2).
Take ¢ > = and r > 1 satisfying % + % = 1. Then

@< ([ I9Gagn il ) 1A o
0(02,26)

In light of the definition of GMH, it holds that

1 1

i, ¥ 1 G

vl @) <0 [ o)
0(£2,26)

)

0(£2,265)

< C’max{t%*("*%ﬂ), 1} = Cmax{t_%”s_l, 1}.
Thus we have

[A1(2)] < Cmax{tigwklv 1}Hf(U)('>O)Hm(om,za))'
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Using this we see

1
/tl_Qs‘Al(z)lz dz < C/max{tl_zst7%+4872,tl_zs}||f(U>(',O)Hiq(o(gygg)) dt
Es 0

1
= /max{t%_%ﬂ_l,tl_%}Hf(U)('aO)Hiq(o(o,zé)) dt.
0

S CHf(U)('7O)Hiq(om,za))' (A.10)

Concerning the term Ay, we note that Fj is away from Z(£2,26) x {0}. Thus we have

sup |VZG]M+1 (z,y)| < C.
2€Es,ycI(£2,25)

Hence
|A2(z)| <C / |f(U)(y,O)|dy, z € K.
7(12,26)

Using this we find

/t12S‘A2(z)’2dz§C( / ]f(U)(y,O)]dy)2. (A.11)
E; T(£2,26)

We have obtained the desired bound of fE& t1=25|VU|? dz through the estimates (A.7),
(A.10) and (A.11). The proof is complete. O

Remark A.2. Estimate (A.6) can be generalized to

sup /t1_23|V28£Hc(z,y)’2 dz < C, (A.12)
yen

Es
for any multi-index I € (NU{0})™. The proof of this fact follows in the same way as the
derivation of (A.6) with an observation that 8£Hc(~, y) satisfies Eq. (2.14).

Appendix B. Proof of (4.1)

The aim of this section is to provide the derivation of (4.1). Due to a technical issue,
we shall use an identity derived from integrating the local Pohozaev identity (A.4) (ac-
tually, its slight modification) with respect to r € (4,2§), and then apply the Lebesgue
dominated convergence theorem to it. The notations defined in Section 4 will be used
here.
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In Section 3 we proved that Qc(z) := [|Uc(x,0)|| Lo (2)Ue(z,0) is of the form
Q) = [ Geleputv)dy, (B.1)
I7;

where v, € C(2) satisfies

lim [ ve(z)dx =0b,s >0 and lir% ve(y) =0 in CL (2\ {z0}) (B.2)
e—

e—0
2

(the number b,, ; is defined in (3.41)). Using an equivalent form of the local Pohozaev
identity (A.2),

div[2t' % ((z — X0, VV)VV = [VV|]*(z = X0))] + (n = 2s)t'"*|VV[*=0 in D
(B.3)
which holds for a function V' € CY(D) for some subset D C RQL_H satisfying
div(t!=25VV) = 0 in D, we can obtain an identity corresponding to (A.4) with Z(§2,7/2)

and D, changed into I}. and B,, respectively. After integrating it for the function . in
r from § to 29, we have

25
![ESCSIZ Q% (x,0) dx} dr

26
= / / t1_25<<z —X0,VQ)VQ, — (2 — Xo) VQ* , 1/> ds dr

2
3 9B
) 25 90
n—as 1-2sy 9We
+(2)//t Qeadedr
5 oB;t
25 )
2 € n—2s__2n
+ //<z—xo,y>HU€(z,O)||LOC<2U€2—|— ™ U )dS’x dr. (B.4)
5 or,

We shall apply the dominated convergence theorem to the right-hand side of this identity.
For this we need to find an integrable dominating function. We only concern the first
term in the right-hand side of (B.4) because the other terms can be handled in similar
fashion. Set Ef = U72~6=5 OB for some sufficiently small § > 0. Then we bound |VQ|
using (B.1) and (B.2) as follows.
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VQ.()] = ‘ [ V-Getzt dy‘ <. sup |V.Celzy)|
0

yeFr/2

+

V.Ge(z y)v.(y) dy‘.
‘Q\Fr/’z

We will take 2by, s supyer, , |V.Ge(z,y)| as a dominating function and prove that the
quantity | [ AL V.Ge(z,y)ve(y) dy| is negligible in the sense that its contribution tends
to zero as € — 0. Note that

VQ.|?
'<<Z—X0,VQE>VQ€ —(z— X )‘ Q | >‘ C|VQc(2)|* on Ej.
Thus it is enough to show
2
/tl_zs( sup |VzGc(z,y)|) dz < C (B.5)
yel, /2
Ej
and
2
li_r)r(l) t1_28< / V.Gel(z,y)ve(y) dy> dz =0. (B.6)
E} O\, )z

Proof of (B.5) and (B.6). We note that VzGRi-H(Z, y) is uniformly bounded for z € E%
and y € I/, since dist(Ej, I'./2) > 0. Thus we only need to prove that

/t172s( sup |VZHc(z,y)D2dz <C. (B.7)
B yely /2

Using the Sobolev embedding H™({2) — L°°({2) and (A.12), we obtain
(LHS) of (B.7) Z /tl QS‘V 81Hc (z,9)] dz) dy < C.
\a|<nF PP o

It proves (B.5).
In order to deduce (B.6) it suffices to show that

e—0
Ej§ LAV

2
lim tle( / ‘V GRnﬂ(z Y)ve(y ‘dy) dz =0, (B.8)

and
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e—0
Ej [PAV 22

lim tl_Qs( / |V.He(z, y)ve(y)|dy>2 dz =0. (B.9)

To show (B.8) we note that

1
‘VZGR1+1(Zvy)v6(y)|dy<O sup }Ue(y)|( / W@)

IS AV
O\Iy )2 O\T'y /o

CtQS_l SupyeQ\FT/2 ‘Ué(y)‘ ifse (07 1/2)7
< ¢ Cllogt| SUPyeO\T, /5 lve(y)] if s =1/2,
Cswpyeonr,, o)l ifse(1/2,1).

Thus we have

(LHS) of (B.8) < lim( sup ‘ve(y)yz /t1725 max{t4s*2, |logt],1} dz)

e—0

yE‘Q\FT/2 B
5
<Clim( sw [uy)]’) =0.
20N yen\r, ),

In order to prove (B.9) we use Holder’s inequality and (A.6) to obtain

(Lis) of (5.9 < | t( / yvzﬂaz,y)ﬁ\ve(y)!dy)( / \ve(y)|dy>dz

E(’S ‘Q\Fr/2 ‘Q\FT/Q

<Sgg(/tl‘Qs}VzHc(z,wfdz)( / |ve(y>|dy)2

Ej LAV RSP

2
<C< / ]vs(y)|dy) =0 ase—0.

(AV AN
It proves (B.6). O

Now we can take a limit € — 0 to get

2
lim t125<<z - X0, VQ)VQ. — (2 — Xo) V@ ; u> dz
e—0 2

Ej

= biys/t1_25<<z — X0, VG(2))VG(2) — (2 — XO)M’ V> dz.

Ej

In a similar way one can deduce that
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i (*57) [ el

28

25
—l—/ /(m—xo,w”Ug(az,O)Hiw <%U€2+n2_n2SU€nzn23> S, dr

6 oI,

_ 2 [(n—2s 1—2s 0G(z)
—bn,s< 5 )/t G(z) 5 dz.

Ej

Combining the above two identities gives

b%sa/LB/jt 2 <( X0, VG(2))VG(2) — (2 — Xo) 5 >dS
+ <n_225) /tl—QSG( )agi)ds} (B.10)

OB}

On the other hand, since x¢ € ., we can derive that

2n—8s
es/Q (z,0 dx—esue/,uzbZ( z) dx = esp / b2 () dx (B.11)

FT (Fr)e
and
nfsp(n — 2s)
. 2 _ 2 _ 2 T 2
lg% / bZ(x)dx = /wl (x)dx = c”’s—f’(n o (B.12)
(I'r)e R™

where (I.)e := (I» — x¢)/e. Now (B.10), (B.11), and (B.12) shows the validity of (4.1).
Appendix C. Technical computations in the proof of Theorem 1.4

In this section, we collect technical lemmas which are necessary during the proof of
Theorem 1.4.

C.1. Estimation of Pewy ¢ and Pa/;f\-)s (7=0,...,n)

We recall the functions w) ¢, wi’g, P.owy ¢ and Pewf\’g defined in (2.5), (5.9) and (5.10)
forany A >0, € R"and j=0,...,n



W. Choi et al. / Journal of Functional Analysis 266 (2014) 6531-6598 6591

In the next two lemmas, we estimate the difference between wy ¢ and P.wy ¢ (or 1/}1 ¢

and Pgwiyg) in terms of Green’s function G and its regular part H of the fractional
Laplacian A (see (1.4) and (1.5) for their definitions).

Lemma C.1. Let A > 0 and o = (o!,...,0™) € 2. Then we have

PEwA,Ue‘“O (1’) = W), ge—0 (‘T) - cl)\n;% H(€a0$7 J)G(R—QS)OC(] + O(E(n—Qs)a0)7
) ) neos OH
Py 4 emao (T) =13 oao () — AT % (e"0z, o) =250 4 o ((n=2st)ao)
- 2 n—2s—
pew?\ﬁaeﬂo (z) = Ql,g’ggiao (z) — M)\—Z 2H(6040x90.)6(n—25)a0 + O(E(n—2s)a0)

2

for all © € 2. where ¢y > 0 is the constant defined in (1.8). Here the little o terms tend
to zero as € — 0 uniformly in x € 2. and o € 2 provided dist(c,052) > C for some
constant C > 0.

Proof. For fixed A > 0 and o € 2, let @) ;a0 = W) ge—a0 — PeW) ye—ao. Then @y ;. —aq
satisfies

div(t' VP, ye-a0) =0 inC,
@)\,ae_ao = W)\,UE_QO on aLCeu
DeBy g0 =0 on 2, x {0}.

On the other hand, the function F(z) := c; A" 2 He(e™z, )29 defined for z € C,
solves

div(t'"**VF) =0 in C.,
F(z) = 29200 A5 Guia (€02,0) on 1C,
OBF =0 on 2. x {0}.

Note that

Wioeso(0:t) = [ G ()W o (0:0) dy
]R'n.

=, /G]Riﬂ(x,t,y) T
Rn,

n42s
2

A
y— oe— o , >\)|n+25

dy

n—2s

=P /)\ 2 GR1+1(Z‘,t,Ay+O’€7QO)

n,s

R

1
n+1
X e dy for (xz,t) e R
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For (z,t) € 91.C, we calculate

_ _ n-2s _ _ 1
W)\70.6—a0 (1'6 Oz07 te 0CO) = Cg,s /)\ 2 GRiJrl ((CL’ — 0')6 ao, te ao,)\y) W dy
R™ ’
_ n—2s e neo
= 6(’"4 25)0&052)8 / A2 GR1+1 (.73 — 0, t, )\Z/)W dy
R”L

— E(n_%)aocl)‘%szRi*l (x —0,t,0) + O(E(n—2s)ao).

As € > 0 goes to 0, the term o(e("~29)20) above converges to 0 uniformly in (z,t) € 91.C
and o € (2 satisfying dist(c, 992) > C.
On the other hand, we have

n—2s

Gy (1, 1,0)

F(ze 0, te ™) = e(m=29)a0 e, \
_ 6(71—2.9)04001>\n_TQS GR1+1 (;C -0, t, O)
Thus

sup !u'/)\ﬁ(% (xe_ao, te_"o) - .F(me_(’o, te= 0, 0) ’ = o(e("_QS)“‘)).
(ze==0,te=>0)€dLC

By the maximum principle (Lemma 2.1), we get

SUD |y ge-eo (2) — F(2)| = o(e=29)20),
z€C,

By taking z = (2,0) for x € (2. we obtain sup,cq_ Wy seo0(T) — PWy ge—oo(x) —
F(z,0)| = o(e(®=29)20) Now the first identity follows from the definition of F.
The second and third estimation can be proved similarly. O

From the above lemma, we immediately get the following lemma.

Lemma C.2. For any A > 0 and o = (o!,...,0") € 2, we have

n—2s

Pew)\gg—ﬂo (.’E) = \Z G(anx, o.)e(n—2s)o¢o 4 0(6(71—25)&0)7

y n—=zs aG
Pﬁ,(/)i\70-67a0 (.T) — Cl/\TQ o (eagx, O_)e(n—2s+1)a0 + O(E(n—2s+l)o¢0)7

a

Pﬁz/)g)\’ae,ao (z) = (n _225) NI G(e*w, 0)6("725)‘10 + 0(6(71728)&0),

where the little o terms tend to zero uniformly in x € 2. and o € 2 provided |z —o| >
C and dist(e*x,082) > C for a fized constant C' > 0. As the previous lemma, ¢; > 0 is
the constant given in (1.8).
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Cc.2.

Basic estimates

Let w; and@/;{ (fori=1,...,

kandj=0,...,

6593

n) be the functions given in (5.12). Then

applying the definition of wy ¢ in (2.5), Lemma C.1 and the Sobolev trace inequality (2.9),
we can deduce the following estimates. For the details, we refer to [31] in which the

authors deal with the case s = 1.
Lemma C.3. It holds that
(| Pew |

Also we have

2n
L5 (2,

< Jwi <C.

2n
L n—2s (-Qe)

C if n > 6s
Pe 1 —2n g . ’
|Pew ”L"i’“ (%2) { Ce(0s=ma0/2|1oge| ifn < 6s
Stmilarly,
J J g
|}Pewi|L%(Qe)<C, ||Pew;||L%(QE)<C ijfla"'ana
and
C if n > 6s
PO 2 < ’
H 1/}1 ||Lni2s (£2) { 067(657n)a0/2| 10g€| an < 6s
Lemma C.4. Fori=1,...,k, we have
J J < ag(5—s+1) s
||Pe¢ wHLn % () Ce ifj=1,....n
and
||Pe¢0 1pOHLn 25 < Ceo“’ "LEZS
Lemma C.5. It holds that
k n+2s i
Ce = if n > 6s,
I ot < '
Pl L7355 (0.) Ce "‘25)“0| loge| ifn<6s

Besides,

i=1

K p—1 k
()"

< Ce2sa0
n
L2s (£2)
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and
Py,

[(Sr) -5

forh=1,...)kand j=0,1,...,n.

2n
L7425 (2,)

C.3. Proof of Proposition 5.4
This subsection is devoted to give a proof of Proposition 5.4.

Proof of Proposition 5.4. We first prove (1). Applying Eé(/\e,ae) = 0, we can obtain
after some computations that

N _
» ow; ow?
P! p— — (P . . =
( h72 e >c ( do " 7 )c] ’

€

where ¢ is one of \; or o/ with i = 1,...,k and j = 0,...,n (see (5.7)). Using (5.17)
and (5.22), we can conclude that ¢; = 0 for all h and j, which implies that the function
U, defined in the statement of the proposition is a solution of (5.6). The assertion that
V. is a solution of (5.1) is justified by the following sublemma provided ¢ > 0 small.

Sublemma C.6. Suppose that U € H; 1(C) is a solution of problem (5.1) with UP substi-
tuted by UY (here, the condition U > 0 in C is ignored). If € is small, then there is a
constant C > 0 depending only on n and s, such that the function U is positive.

Proof. We multiply U_ by Eq. (5.6) with ¢ = 1. Then we have
/1t1*28|VU_|2 =eC, / U2
C 2x{0}

(refer to (1.11)). By utilizing the Sobolev trace inequality and Holder’s inequality, we
get

[0, 25, o < € 0)]

2n
Ln—2s ()

for some C' > 0 independent of U. Hence U_ should be zero given that € is sufficiently
small. The lemma is proved. O

The first part (1) of Proposition 5.4 is proved.
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We continue our proof by considering the second part (2). By (5.22), there holds

k k
EE()\,O') = E€< A N Zb) + O(€2n0) =F. (ZPeWz> + O(E(n—2s)a0)

i=1 i=1
1 k 2 k
= C t125v<ZPEWi> /Fe<ze<ZPeWz>>
2G5 b i=1 o i=1
+ 0(6(”_23)%) (C.1)

so it suffices to estimate each of the two terms that appear in (C.1) above.
Setting B; = By(0,00/2) C {2 where §p is a small number chosen in the definition
(5.7) of 0% and applying Lemma C.1 and Lemma C.2, we find that

/waEwi = /w{H'1 + /wf(Pgwi — w;)

2. [ 2.

=cy— C%)\?ist(Jh Ji)e(n—%)ao + 0<6(n—2s)a0)’

/wﬁPEwi = / wh Pow; —l—o(e("_Qs)aO)
17}

B
€ i
@0

(O.h7 ) (n—2s)ag +0( (n— QS)QO)

= EA)" T

w; Paw; = /w? +o(1) = A2 +o(1)  (if n > 4s),

2

P

wpPaw; = o(1)  (if n > 4s),

®

fori,h=1,...,k and i # h, where G and H are the functions defined in (1.4) and (1.5),
and ¢y and ¢g are positive constants given in (1.8) while ¢g is defined in (5.26).
Then the estimates obtained in the previous paragraph yield that

k: 2
1 1—2s
QCS/t v(ZRm)
C. =1
k

1< 1
52/10 P.ow; + §Z/thw,
i=lg,

por

2 Lk
%{ZG(Ui’Oh)()‘hAi)n2 _ZH(UivUi)/\?_%}-i-O(l) €

i#h i=1

k‘Co

2




6596 W. Choi et al. / Journal of Functional Analysis 266 (2014) 6531-6598

and

k
/ Fo > P | =
0. =1

M=

>
I

1 i,h=1

/ F. | wp + (Powp, —wp) + Z Pow; | — Fe(wp)
L i#h

+Z/F wy) + o(e (n— 2S)O‘O)

h= 1Bh
k
Z[/ e(wp) /fe wp (Pwh—’wh)]
h=1 By,
=6 =
+ Z (wp) Pew; + o( (”_28)0‘0)
i#h g,
™0
ke —2 k
= +°1 + 130N Glon o) nh) T =D H(oi, o)A
p i#h i=1
o F
+ 52 /\125 +0(1) 6(n—25)ozo
i=1

Note that here we also used that 1 + 2sag = (n — 2$)agp which holds owing to our

choice ag = As a consequence, (5.25) holds C%-uniformly in O%. Similarly, with

n— 45
Lemmas C.3, C.4 and C.5, one can conclude that (5.25) has its validity in C*-sense (see

[22, Section 7] and [31, Proposition 2.2]). This completes the proof. O
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