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Abstract
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fuzzy metric spaces which generalizes results of Mihet and Tirado.
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1 Preliminaries

The concept of fuzzy metric space was introduced by Kramosil and Michalek [1] and the
modified concept by George and Veeramani [2] (for other modifications see [3, 4]). Fur-
thermore, the fixed point theory in this kind of spaces has been intensively studied (see
[5-14]).

The applications of fixed point theorems are remarkable in different disciplines of math-
ematics, engineering, and economics in dealing with problems in approximation theory,
game theory, and many others (see [15] and references therein).

In 2004 Rodriguez-Lépez and Romaguera [16] introduced the Hausdorff fuzzy metric of
a given fuzzy metric space in the sense of George and Veeramani on the set of non-empty
compact subsets.

Some fixed point results for set-valued mappings on fuzzy metric space can be found in
[17, 18] and references therein.

The aim of this paper is to prove a coincidence point and fixed point theorem on a
partially ordered fuzzy metric space satisfying an implicit relation and another fixed point
theorem. Our result substantially generalizes and extends the result of Gregori and Sapena
[8] and results of Mihet [19] and Tirado [20] and also the result of Latif and Beg [21] for
set-valued mappings in complete partially ordered fuzzy metric spaces. Implicit relations
have been considered by several authors in connection with solving nonlinear functional
equations (see [22-25]).

For the sake of completeness, we briefly recall some basic concepts used in the following.

Definition 1.1 [26] A binary operation x* : [0,1] x [0,1] — [0,1] is called a continuous
t-norm if it satisfies the following conditions:

(1) = is associative and commutative,
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(2) *is continuous,
(3) axl=aforallac[0,1],
(4) axb <c+*dwhenevera <candb <d, for each a,b,c,d € [0,1].

The three basic continuous ¢-norms are: (i) The minimum ¢-norm is defined by a x b =
min{a, b}. (ii) The product t-norm is defined by a x b = ab. (iii) The Lukasiewicz ¢-norm is
defined by a * b = max{a + b —1,0}.

Definition 1.2 [27, 28] (i) A ¢t-norm * is said to be Hadzi¢-type t-norm, if the family
{¥"},=0 of its iterates defined for each s € [0,1] by *°(s) = 1, *"(s) = (+""!(s)) * s, for all
n > 0, are equi-continuous at s = 1, that is, given A > 0, there exists () € (0,1) such that
foralln>0

1>s>np(0) = *"(s)>1-A.

The ¢t-norm %, defined by a % b = min{a, b} is a trivial example of the t-norm of Hadzi¢-
type, but there are other t-norms of Hadzi¢-type (see [27]).

(ii) If x be a t-norm and {x, },>1 is a sequence of numbers in [0, 1], one defines recurrently
*1x; by *lei =x; and *],x; = *(*f’z‘llxi,x,,), Vi > 2. %7 x; is defined as lim,,_, o */_,%; and
*70 X; AS *70 Xpeie

If g € (0,1) is given, we say that the £-norm is geometrically convergent (g-convergent)
if lim, 00 % (1 - ¢') = 1.

The Lukasiewicz ¢-norm and ¢-norms of Hadzi¢-type are examples of g-convergent ¢-
norms. Other examples be found in [28]. Also note that if the £-norm * is g-convergent,
then sup, ¢t =1.

Proposition 1.3 [28]
(i) Fora*b> max{a+b—1,0} the following implication holds:

oo
. o0
nli)ngo X Fni = 1 & Z(l —X,) < 00.
n=1
(ii) If * is of HadZic-type, then 1im,_, o *0%,.; = 1, for every sequence {%,}en in [0,1]
such that lim,,_, oo x, = 1.

Definition 1.4 [2] A 3-tuple (X, M, *) is called a fuzzy metric space if X is an arbitrary
non-empty set,  is a continuous £-norm and M is a fuzzy set on X2 x (0,00), satisfying
the following conditions for each x,7,z € X and ¢,s > 0:

(FM-1) M(x,y,t) >0,

(FM-2) M(x,y,t) =1forallt>0ifand onlyif x =y,

(FM-3) M(x,y,t) = M(y,x,t),

(FM-4) M(x,z,t +s) > M(x,y,t) * M(y,z,5),

(FM-5) M(x,y,-):(0,00) — [0,1] is continuous.

Definition 1.5 [2] Let (X, M, *) be a fuzzy metric space. A sequence {x,} in X is called a
Cauchy sequence, if, for each € € (0,1) and ¢ > 0, there exists 1y € N such that M(x,,, x,,,, t) >
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1-€ for all n,m > ngy. A sequence {x,} in a fuzzy metric space (X, M, *) is said to be con-
vergent to x € X if lim,,_, .o M(x,,x,2) =1 for all £ > 0. A 3-tuple (X, M, %) is complete if
every Cauchy sequence is convergent in X.

Lemma 1.6 [7] Let (X, M, x) be a fuzzy metric space. Then M(x, y, t) is non-decreasing with
respect to t for all x,y € X.

Definition 1.7 [16] Let (X, M, *) be a fuzzy metric space. M is said to be continuous on
X2 x (0,00), if

lim M(x,, Y, £n) = M(x, 9, t)

n—00
whenever a sequence {(x,,, ¥, £,,)} in X? x (0, 00) converges to a point (x, ¥, £) € X2 x (0, 00),
that is,

lim x, = x, lim y,=y, and lim M(x,y,¢,) = M(x,y,¢).
n—0Q n—oQ

n—00

Lemma 1.8 [16] Let (X, M, *) be a fuzzy metric space. Then M is continuous function on
X2 x (0, 00).

Definition 1.9 [6] Let (X, M, ) be a fuzzy metric space. The fuzzy metric M is triangular
if it satisfies the condition

e )
M(x,y,t) =\ M(x,z,t) M(z,y,t) ’

for every x,y,z € X and every t > 0.

Example 1.10 [2] Let (X, d) be a metric space. Define a % b = ab (or a * b = min{a, b}) and
forallx,y € X and £ > 0,

t

Md(x,y, t) = m

Then (X, My, *) is a fuzzy metric space. We call the fuzzy metric M, induced by the metric
d the standard fuzzy metric. Note that every standard fuzzy metric is triangular.

Definition 1.11 Let (X, M, *) is a fuzzy metric space and ¢ > 0. (i): A subset A C X is said
to be closed if for each convergent sequence {x,} with x, € A and x, — x as n — 0o, we
have x € A.

(ii): A € X is said to be compact if each sequence in A has a convergent subsequence.

Throughout the article, let P(X), C(X), and KC(X) denote the set of all non-empty subsets,
the set of all non-empty closed subsets, and the set of all non-empty compact subsets of
X, respectively.

Definition 1.12 Let X be a non-empty set. A point x € X is called a coincidence point of
the mappings F: X — P(X) and f : X — X if fx € Fx. Point x € X is called a fixed point of
the mappings F : X — P(X) if fx € Fx.
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Theorem 1.13 [16] Let (X, M, *) be a fuzzy metric space. For each A,B € K(X) and t >0
define

Hy(A, B, ) = min{ inf M(a, B, 2), inf M(A, b, t)},
acA beB

where M(a, B, t) := sup{M(a, b,t) : b € B}. Then the 3-tuple (K(X), Hy, *) is a fuzzy metric
space.

The fuzzy metric (Hyy, *) will be called the Hausdorff fuzzy metric of (M, *) on K(X).

Lemma1.14 [16] Let (X, M, x) be a fuzzy metric space. Then, for each a € X, B € K(X) and
t >0, there is by € B such that

M(a, B, t) = M(a, by, t).

2 Main results
Throughout this section, * denotes a continuous ¢-norm and 7 the set of all continuous
real-valued mappings 7 : [0,1]® — R satisfying the following properties:

Ti: T(t1,t,-..,t) is non-increasing in t,, .. ., f.
T»: If there exists k € (0,1) such that for each ¢ > 0, we have

T(w(kt),v(t),v(t), u(t),uG) « v(§)1) 51,

where u,v,w: (0,00) — [0, 1] are non-decreasing functions with u(z), v(¢), w(t) € (0,1],
then w(kt) > v(¢).
T3: For each ¢ > 0 and some k € (0, 1), the condition

T (w(kt),1,1,v(£),v(t),1) > 1,

implies w(kz) > v(¢).

Now we give our main result.

Theorem 2.1 Let (X, M, *) be a complete fuzzy metric space with Hadzic-type t-norm x
such that M(x,y,t) — last — oo, forall x,y € X. Let < be a partial order defined on X. Let
F: X — K(X) be a set-valued mapping with non-empty compact values and f : X — X a
mapping such that f (X) is closed and for some T € T and all comparable elements x,y € X,
and t > 0, we have

T (Hp (Fx, Fy, kt), M(fx, fy, t), M(fx, Fx, t), M(fy, Fy, t),
M(fx, Fy, £), M(fy, Fx, 1)) > 1. 21
Also suppose that the following conditions are satisfied:
(i) F(X) <f(X),

(i) fy € F(x) impliesx <y,
(iii) if yu € F(xy,) is a sequence such that y, — y = fx, then x, < x for all n.
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Then F and f have a coincidence point, that is, there exists x € X such that fx € F(x).
Proof Let t > 0 be fixed and x¢ € X. By using (i) and (ii), there exists x; € X such that

x0 < %1 and yp = fx; € Fxo. Now from (i), (ii), and by Lemma 1.14, for x; € X thereisx; € X
such that ) <%, and y; = fx, € Fx; with

M(yonyl; t) = M(y()ryly t)y
thus

Hp(Fxo, Fx1,t) < sup M(yo,y1,t) = M(yo, Fx1,t) = M(yo,91, ). (2.2)

y1€Fx

On the other hand by x = x5 and y = x; in (2.1), we have

T(HM(PxOrFxlx kt);M(fxOrfxb t)7M(fx0)Fx07 t)xM(fxl;Fxb t);

M(fxo, Fx1, t), M(fx1, Fxo, £)) > 1.
Now since M(fxo, Fxo, t) > M(fxo, yo,t), M(fx1, Fx1,t) > M(yo, y1,1), also
t t
M(fx01Fx17t) ZM(fxOyyl;t) ZM fxo’yo’i * M yo,yl,i ,

and M(fxy, Fxo, t) > M(y0,y0,£) = 1, and by using 77, we get

T<HM(FxOrFx1; kt);M(fxOrfxl’ t)yM(fxO;yO) t))M(fxlrylx t);

t t
M(fxo:}’o; 5) *M(y();yl, E),l) >1.

This means that

T<w(kt), v(t),v(t),u(t),u(%) « v<§)1) 1,

where w(t) = Hy(Fxo, Fx1,t), v(t) = M(fxo, fx1,t), u(t) = M(fx1,1,t), then from 7, we have
(w(kt) > v(2))

H1(Fxo, Fx1, kt) = M(fxo, fx1,t) = M(fxo, yo, t),

hence by (2.2), we obtain

t
M(yO)ylx t) = M(fx01y0’ /_(>

Again by (i), (ii), and by Lemma 1.14, there exists x3 € X such that x; < x3 with y, = fx3 €
Fx, that satisfying in

Hp(Fxy, Fxo, t) < M(y1, Fxo, t) = M(y1, 92, £). (2.3)
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Since x; < x5 thus by replacing x = x; and y = x; in (2.1) and from 77, we obtain

T<HM(Fxl: sz, kt):M(yO!_ylr t)yM()/O:yl; t);M()/I:yL t)r

1 t
M<y0’y1’ E) *M<ylry21 §>)1> Z 1.

Now by w(t) = Har(Fx1, Fx, t), v(£) = M(yo, 31, t), u(t) = M(y1, ya, t), the property 7, implies
HM(Fx]J sz, kt) Z M(y();yl: t)y

thus from (2.3), we get

t
M(yl’yZ’t) > M(yo:yl; %)

Repeatedly, there exists x4 € X with x3 < x4 such that y; = fxs € Fx3 and Hy(Fxy, Fxs,t) <
M(eryS; t)) and

HM(FerFxS’ kt) > M(yl)yb t):

therefore

t t t
M(yZ)_yS; t) > M(_yl:yZ) %) = M(y();ylv k_z) > M(fxOIyO) E>~

Continuing the process, we can have a sequence {x,} in X with x, < x,,,; such that, for

n>0,y, =fxy € Fx,, and

t
M(ynryn+1; t) ZM(ynlyym E), (24')
and

t t
M(yru_yn+1; t) ZM(J’O:J’L k_"’) ZM(fxO;yO; W) (2.5)

From (2.4), we conclude that, for each i > 1,

t
M(ynﬂ»ynﬂﬂ;t) EM(yn,}/nu, E) (2.6)

Next, we prove that the sequence y, is Cauchy. Suppose that § > 0 and € € (0,1) are given.
Then, by Lemma 1.6 and (FM-4), for all m > n,
MY 8) = M (Yo Yy SA = )L+ k 4 -+ + K™77T))
= M(ymynﬂr 6(1 - k)) * M(yn+1ryn+21 Sk(l - k)) koo
¢ M (Yo, Y, SK™ (1 = K)). (2.7)

Page 6 of 17
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On the other hand, putting ¢ = k(1 — k) in (2.6), for all # > 0, i > 1, we get

M(yn+i’yn+i+1: 5ki(l - k)) = M(ymynﬂr 51— k))

Then by replacing the above inequality in (2.7), we obtain, for all m > n,

M(y;'nym’ 8) = M(}’m}’n+1,5(1 - k)) *M(yn+l;yn+2; 8(1 - k)) Koo
¢ M (V-1 Ym» 8 (L = k)
= % My, i1, 81 = K)). (2.8)

By hypothesis, * is a t-norm of Hadzi¢-type, and there exists n € (0,1) such that for all

m>n,
1>s>n = " "(s)>1—e. (2.9)

By M(fxo,y0,t) — 1 as t — 00, there exists ng such that, for all n > ny,

S(1-k
M(fx07y0: %) >1.

From (2.5) and the above inequality, we have
M (Vs a1, 81 = k) > 1,

therefore, (2.8) and (2.9) imply that, for all n > ny and each m > n,
My, Y, 8) > 1 —€.

This shows that {y,} is a Cauchy sequence. Since X is complete, there exists some y € X
such that

lim y, = lim f(x,.1) =y € lim F(x,).
n—00 n—00 Hn—> 00

Now, since f(X) is closed, there exists x € X such that y = fx € f(X). Also (ii) implies that
x, < X for any n. Thus from (2.1), we have

T (Hyt(Fxy, FX, kt), M(fx, f %, £), M(ft, Fxy, t), M(f%, F%, £),

M(fx,, Fx,t), M(fx, Fx,,t)) > 1.
By taking the limit as # — 0o, by the continuity of T, and from Lemma 1.8, we get
T(nli)rgo Hy(Fx,,, F%, kt), 1,1, M(y, F%, £), M(y, F%, t),l) >1.
Now by using 73, we have

lim Hp(Fx,, Fx, kt) > M(y, Fx, t),

n—00

Page 7 of 17


http://www.journalofinequalitiesandapplications.com/content/2014/1/157

Sadeghi et al. Journal of Inequalities and Applications 2014, 2014:157 Page 8 of 17
http://www.journalofinequalitiesandapplications.com/content/2014/1/157

on the other hand Hy(Fx,, Fx, kt) < M(y,, Fx, kt), so
M(y, Fx, kt) > lim Hp(Fx,, Fx, kt) > M(y, Fx, t).

It follows that M(y, Fx,t) = 1 for each ¢ > 0. Now since Fx is closed (note that Fx is com-
pact), we get fx = y € Fx, thus X is a coincidence point of F and f. The proof is complete. [J

Remark 2.2 In Theorem 2.1, we proved that the sequence y, is Cauchy; one can replace
the condition “x is HadzZi¢-type t-norm and M(x, y,£) — 1 as t — oo, for all x,y € X’ with
the following: ‘lim,,_, o *5°, M (x, y, th') = 1 for each & > 1. To see this, choose some q>1land
n € Nsuchthat kg <1land o < 1. Then from (FM-4) and (2.5), for every m > n > n;,

ln1 pr—

we have
MY Y t)
m—-1 1
- M(yn’ym; Z _tt>
i=n q
1 1
2 yn:yrle - * M Vn+1> Yn+2s Wt ek M Ym-1>Ym> ﬁt
q q
=

1 1
M(fxo,yo, kn+1 . )*M(fxo,yo,kannHt) *-..*M(fxo,yo,Wt)
1 1
>M fxo,yo,Wt * M fxo,yo,Wt - M| fxo,y0, ——— (ka )m

2;*0 <fxo,yo, ) )>1—6

Thus, {y,} is a Cauchy sequence. Then we have the following theorem.

Theorem 2.3 Let (X, M, x) be a complete fuzzy metric space and suppose for each h > 1,
lim,,, o %52, M(x, y, th') = 1. Let < be a partial order defined on X. Let F : X — K(X) be a
set-valued mapping with non-empty compact values and f : X — X a mapping such that
f(X) is closed and for some T € T and all comparable elements x,y € X, and t > 0, we have

T(HM(FJC, Fy; kt);M(fxxfyr t)rM(fx; Fx’ t)’ M(fy; Fyr t))
M(fx, Fy,t), M(fy, Fx,t)) > 1.
Also suppose that the following conditions are satisfied:
(i) F(X) cfX),
(il) fy € F(x) implies x <y,

(iii) ify, € F(x,) is a sequence such that y, — y = fx, then x, < x for all n.
Then F and f have a coincidence point, that is, there exists x € X such that fx € F(x).

u1 (kt

If in Theorem 2.1 and 2.3 we put T(uy, ..., ug) := , where k € (0,1), then we have the

following corollaries.

Corollary 2.4 Let (X, M, *) be a complete fuzzy metric space with Hadzié-type t-norm
such that M(x,y,t) — 1 as t — oo, for all x,y € X. Let < be a partial order defined on X.
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Let F : X — K(X) be a set-valued mapping with non-empty compact values and f : X — X
a mapping such that f(X) be closed and for all comparable elements x,y € X, and t > 0, we
have

HM(Fx,Fy,kt) > M(fxxfyr t)'

Also suppose that the following conditions are satisfied:
(i) FOO) SfX),
(il) fy € F(x) implies x <y,
(iii) ify, € F(x,) is a sequence such that y, — y = fx, then x, < x for all n.
Then there exists x € X such that fx € F(x).

Corollary 2.5 Let (X, M, *) be a complete fuzzy metric space and suppose for each h > 1,
lim,,, o %2, M(x, y, th') = 1. Let < be a partial order defined on X. Let F : X — K(X) be a
set-valued mapping with non-empty compact values and f : X — X a mapping such that
f(X) be closed and for all comparable elements x,y € X, and t > 0, we have

Hy(Fx, Fy, kt) > M(fx, fy, t).

Also suppose that the following conditions are satisfied:
(i) F(X) C£00),
(i) fy € F(x) implies x <y,
(ili) ify, € F(x,) is a sequence such that y, — y = fx, then x, < x for all n.
Then there exists x € X such that fx € F(x).

Putting f = I (the identity mapping) in Corollary 2.4 and 2.5, we get the following corol-
laries.

Corollary 2.6 Let (X, M, x) be a complete fuzzy metric space with Hadzic-type t-norm
such that M(x,y,t) — 1 as t — oo, for some xy € X and x; € Fx,. Let < be a partial order
defined on X. Let F : X — K(X) be a set-valued mapping with non-empty compact values
for all comparable elements x,y € X, and t > 0, we have

Hp(Fx, Fy, kt) > M(x,y, ).

Also suppose that the following conditions are satisfied:
(i) y € F(x) impliesx <y,
(ii) ify, € F(xy) is a sequence such that y, — x, then x,, < x for all n.
Then F has a fixed point.

Corollary 2.7 Let (X, M, *) be a complete fuzzy metric space and suppose for each h > 1,
lim,,, 0 %2, M(x, y, th') = 1 for some xo € X and x, € Fx,. Let < be a partial order defined
on X. Let F : X — K(X) be a set-valued mapping with non-empty compact values for all
comparable elements x,y € X, and t > 0, we have

Hy(Fx, Fy, kt) > M(x,y,t).

Also suppose that the following conditions are satisfied:


http://www.journalofinequalitiesandapplications.com/content/2014/1/157

Sadeghi et al. Journal of Inequalities and Applications 2014, 2014:157 Page 10 of 17
http://www.journalofinequalitiesandapplications.com/content/2014/1/157

(i) y € F(x) impliesx <y,
(ii) ifyn € F(xy) is a sequence such that y, — x, then x,, < x for all n.
Then F has a fixed point.

Remark 2.8 Note that we assumed the implicit relation (2.1) only for the comparable
elements of the partially ordered fuzzy metric space.

Remark 2.9 Corollary 2.7 improves and generalizes the mentioned result of Gregori and
Sapena (see Theorem 4.8 of [8]) for set-valued mappings in complete partially ordered
fuzzy metric spaces.

In continuation, in the spirit of Mihet [19], we introduce the notion of a set-valued fuzzy
order v-contraction of (¢, A)-type mappings and give a fixed point theorem in partially
ordered fuzzy metric spaces.

Definition 2.10 Let (X, M, x) be a fuzzy metric space and ¥ : (0,1) — (0,1). A mapping
F: X — C(X) is a set-valued fuzzy order v -contraction of (¢, A)-type if the following im-
plication holds:

M(x,y,€)>1-1 = VpeFx3IqgeFy; M(p,q.€)>1-¢%(), (2.10)
for every € > 0, A € (0,1) and all comparable elements x,y € X.

If ¥ (£) = at (¢ € (0,1)) for some & € (0,1), then F will be called a set-valued fuzzy order
a-contraction of (¢, A)-type.

Also note thatif y(¢) < ¢ forall £ € (0,1), then every set-valued fuzzy order v -contraction
of (¢, A)-type satisfies the relation

VpeFx3dqeFy;, M(p,q,t) > Mx,y,t),

for all comparable elements x,y € X and ¢ > 0. Indeed, if for some comparable x,y € X and
t > 0 there exists p € Fx such that for all g € Fy, we have M(p,q,t) < M(x,y,t); then there
is A €(0,1) such that M(p,q,t) <1 -1 < M(x,y,¢), that is, M(x,y,t) >1 — X and M(p,q,t) <
1- X <1-1()), which is a contradiction.

Example 2.11 Let (X, M, ) be a fuzzy metric space. Let F: Y — C(Y) be a set-valued
mapping, where Y € C(X). If there is & € (0,1) such that

VpeFx3qgeFy; 1-M(p,q.t) < Ot(l - M(x,y, t)),
for all comparable elements x,y € X and ¢ > 0, then F is a set-valued fuzzy order o-
contraction of (¢, 1)-type. Indeed, if M(x,y,€) > 1 — A, then for every comparable elements
%,y € X and some « € (0,1), we have

VpeFx3geFy; 1-M(@p,q,€) Sa(l—M(x,y,e)) <A,

thus M(p,q,€) >1 - ah.
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Now we state our main theorem.

Theorem 2.12 Let (X,M,*) be a complete fuzzy metric space with sup,t * t = 1.
Y € C(X) and F : Y — C(Y) be a set-valued fuzzy order -contraction of (e, \)-type,
where 1im,,_, o, " (¢) = 0 for all t € (0,1). Let ‘<’ be a partial order defined on X, and
limy,, 00 ¥, (1L = ¥ 9(€)) = 1 for all £ € (0,1). Suppose that there exist xo € Y and x; € Fxg
such that M(xg,x1,0,) > 0 and the following two conditions hold:

(i) y € F(x) impliesx <y,

(ii) ifx, is a sequence with x,,, € Fx, and x, — x, then x,, < x for all n.

Then F has a fixed point.

Proof Since there exist xg € Y and x; € Fx, such that M(xo,x;,0,) > 0, we have x5 < x;
with M(xo,%1,0,) > 0. We may suppose that M(xo,x;,0.,) < 1. For, if we assume the con-

trary, then M(xo,x;,t) =1 forall £ > 0, that is, xo = x; € Fx, and we have finished the proof.
Therefore, for some §; € (0,1) and every ¢ > 0, § € (81,1), we have

M(xo,%1,8) = M(x0,%,0,)=1-6,>1-6.
Since F is a set-valued fuzzy order y-contraction of (€,A)-type mapping, there exists
xy € Fx; with x; < x; such that M(x;,%x,¢) > 1 — ¥(8). Repeating this argument, we get
a sequence {x,} in Y such that x,,; € Fx,, with x,, < x,,,; and such that

My %, £) > 1= Y(8). 2.11)

Suppose that € > 0 and A € (0,1) are given. Since lim,_, o *°,(1 — YyOE) =1forall £ €
(0,1), there exists 1y € N such that for all # > 1y and all £ € (0,1), and we have

¥(1-y9E)>1-1 (2.12)
Now by using (FM-4) and from (2.11)-(2.12), for all m > n > ny, we get

M (K, Xy5 €)

= M XnsXn+ls
m

€ € €
* M Xn+lrXn+2s *e-ox M Xm—-1>%m>»
-n m-n m-—n

> (1-y"®) * (1-y ")) x5 (1-y " V(s))

> 3(1 -y 9(8)>1-x.
This shows that {x,,} is a Cauchy sequence. Since X is complete, {x,} converges to some x €
X, that is, lim,,_, oo M(x,,, %, £) = 1. Now we prove that X € FX. But F% = FX; then it is enough
to show that for every €’ > 0 and A’ € (0,1) there exists z € Fx such that M(x,z,¢") >1 - A"

Let € > 0 and A" € (0,1) be arbitrary. From sup,_; ¢ * ¢ = 1, it follows that there exists
A1(A) € (0,1) such that

Q=) *(@Q—Ap)>1—-A. (2.13)
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Also for A; there are A, € (0,1) such that
(1=) % (1=A) >1— Ay (2.14)

Now put A3 = min{A1, Ap}. We prove that there exists u € (0,1) such that ¥ (u) < A3. For, if
Y (¢) > A3 for every t € (0,1), then ¥"(t) > A3 for every n € N and every ¢ € (0,1), therefore
*° (1— yO(E)) < *2° (1 - A3) <1— A3 for all n € N, which means that 1 = lim,,_, oo %35, (1 —
¥ (£)) <1- A3 <1, and this is a contradiction.

Since lim,,_, oo M(x,, %, t) = 1 for all £ > 0, there exists n; € N such that for all # > n;, and
we have M(x,, x, %/) >1— p; thus, since x,, < ¥ and by using (2.10), there exists z € Fx such
that

6/
M(x,,+1,z, g) >1—vY(u)>1-Az. (2.15)

On the other hand lim,,_, o, ¥ (¢) = 0 for every ¢ € (0,1). Therefore (2.11) implies the ex-
istence of the element 7, € N such that for all #n > n,, we have

6/
M(x,,,x,,+1, E) >1—As. (2.16)
Also since lim,,_, o %, = X, there exists n3 € N such that for all # > #n3,

_ €
M(x,,,x, §> >1—As. (2.17)

Now if n > max{ny, ny, n3}, then by (2.13)-(2.17), we get
M(ic,z, e/) > M(&,xn, g) * M(x,,,xmb %) * M(x,,+1,z, %/)
SA-A3)x(1-A3)x(1-X3)>1-A"
Hence X € Fx = Fx, consequently X is a fixed point of F. The theorem is proved. d

Corollary 2.13 Let (X, M, *) be a complete fuzzy metric space with Lukasiewicz t-norm
and ‘<X’ be a partial order defined on X. Let Y € C(X) and F: Y — C(Y) be a set-valued
mapping with the property that there is a € (0,1) such that

VpeFx3geFy; 1-Mp,qt) <a(l-Mxy1),

for all comparable elements x,y € X and t > 0, and the following conditions hold:
(i) y € F(x) impliesx <y,
(ii) ifx, is a sequence with x,.1 € Fx, and x, — x, then x,, < x for all n.
Then F has a fixed point.

Proof By using Definition 1.2, sup,_; t * t = 1. Also, from Example 2.11 it follows that F is a
set-valued fuzzy order y-contraction of (¢, A)-type with ¥ (£) = at. Since, for all A € (0,1),
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>3 YO = Y2 @) < 0o, from Proposition 1.3, we have lim,,_, o %2, (1 — yOR)) = 1.
Next, since

VpeFx3dqgeFy, Mp,qt)>1-a+aMx,yt)>1-a>0,

for all comparable elements x,y € X and ¢ > 0, there exist xyp € Y and x; € Fxy such that
M(x9,%1,0,) > 0. Consequently, by the preceding theorem, F has a fixed point. O

Corollary 2.14 Let (X,M,*) be a complete fuzzy metric space with a continuous g-
convergent t-norm and ‘<X’ be a partial order defined on X. Let Y € C(X) and F: Y — C(Y)
be a set-valued fuzzy order a-contraction of (€, A)-type. If there exist xo € Y and x1 € Fxg
such that M(xg,x1,0,) > 0 and the following two conditions hold:

(i) y € F(x) impliesx <y,

(ii) ifx, is a sequence with x,,1 € Fx, and x, — x, then x,, < x for all n.

Then F has a fixed point.

Theorem 2.12 and Corollary 2.13 are, respectively, generalizations of the theorems of
Mihet [19] and Tirado [20] to the set-valued case in partial ordered fuzzy metric spaces.

Now we introduce a definition and, by using it, we shall state fixed and common fixed
point theorems in the partially ordered fuzzy metric space. Our results generalize and
extend Theorems 4.1 and 4.2 of [21] to set-valued mappings in complete partially ordered
fuzzy metric spaces.

Definition 2.15 Let Y be a non-empty subset of fuzzy metric space (X, M, x). Mapping
F:Y — P(X) is called fuzzy order K-set-valued mapping, if for all x € Y, u, € Fx, there
exists u, € Fy with u, < u, such that

1 1<k 1+ 1 1 (2.18)
Mgy t) = [ M, 1, t) M@y,uy,t) [ '

for every t > 0 and y € Y with x < y and some k € (0, %).

Theorem 2.16 Let (X, M, x) be a complete fuzzy metric space, with M triangular, and ‘<’ a
partial orderon X. Let Y € C(X) and F : Y — C(Y) be a fuzzy order K-set-valued mapping.
Also let there for some xo € Y exist x1 € Fxo with xy < x1, and the following condition is
satisfied:

If x, — x is a sequence in Y whose consecutive terms are comparable, then x, < x, for
all n.

Then F has a fixed point in X.

Proof By the hypothesis, for xy € Y there exists x; € Fxy such that xy < x;. Now because
F is a fuzzy order K-set-valued mapping, there exists x, € Fx; such that x; < x; and

1 1 1
1<k 1y 1],
M(xler’ t) M(x())xll t) M(x17x2) t)

thus

1 k 1
-1< -1].
M(xth: t) 1-k M(x0>xlr t)
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Then it follows by induction that

b (K " 1 1 (2.19)
M(xn;xn+lx t) “\1l-k M(xO:xlr t) ’ ’

where {x,} is a sequence whose consecutive terms are comparable, that is, x,,,1 € Fx,,. Now

we prove that {x,} is a Cauchy sequence. By putting A = ﬁ, and by (2.19), and since M is
triangular, we have for all m > n

1 m-n-1 1
ST o] [ m—
M(xn: KXm» t) i=0 M(x}’l+i’ Kn+itls t)

1 iy 1 A
< -1)D M < -1 . (2.20)
M(xO’xl’t) i=n M(xOrxly t) 1-2
For each ¢ > 0 and each € € (0,1), we can choose a sufficiently large 7 € N such that
1 PNy 1
-1 < -1 (2.21)
M(X(),xl,t) 1-1 1-¢€

Thus from (2.20) and (2.21), M(x,, %4, t) > 1 —¢, for all m,n > ny and ¢ > 0. This shows that
the sequence {x,} is Cauchy, and, since X is complete, it converges to a point x € X. But
Y is closed, thus x € Y and also by using the hypothesis x,, < x. Now we show that x € Fx.
From x, € Fx,_;, and x,_; < « for all n, since F is a fuzzy order K-set-valued mapping,
there exists u,, € Fx such that x,, < u,,, and

1 1 1
- 1<k -1+ -1/ (2.22)
M(xm umt) M(xn—l:xmt) M(x: umt)

Now since M is triangular, by using (2.22), we get

1 1

1 1
< -1+ -1,
M(x, 1y, t) 1-k| M(x,x,,1t) M(x,_1, %, t)

and so, letting n — 00, u,, — x. Consequently, since Fx is closed, we have x € Fx. Then F
has a fixed point. d

From the above theorem we can immediately obtain the following generalization for
getting a common fixed point.

Theorem 2.17 Let (X, M, x) be a complete fuzzy metric space, with M triangular, and ‘<’
a partial order on X. Let Y € C(X) and, for every n € N, F, : Y — C(Y) be a sequence of
mappings such that, for every two mappings F;, F; and for all x € Y, u, € Fi(x), there exists
uy, € F;(y) with u, < u, such that

1 1 1
— 1<k -1+ -1,
M(uz,uyt) [M(x,ux, t) My, uy, t) ]

foreveryt>0andye Y withx < yandsomek € (0, %). Also let there exist, for some xy € Y,
x1 € Fixo with xo < x1, and the following condition be satisfied:
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If x, — x is a sequence in Y whose consecutive terms are comparable, then x, < x, for
all n.
Then there exists x € Y such that x € (| Fux, that is, {F,} has a common fixed point.

Proof We can find x; € Fox; such that x; < x, and that

1 k 1
-1< -1].
M(xlrx27 t) 1-k M(xO)xlr t)

Also for x, there exists x3 € F3x, with xy < x3 and such that

1 k 1
-1< -11.
M(xZ:x?ﬂt) 1_k|:M(x01xl)t) :I

By continuing this process, we get

1 ( k )” 1
— 1< -1,
M(xn:xnﬂ’ t) 1-k M(xO)xlr t)

where {x,} is a sequence with x,,; € F,;1x,. Now similar to the proof of the preceding
theorem, we can prove that {x,} is a Cauchy sequence and by the completeness of X it
follows that {x,} converges to some x € X. Furthermore, x € Y and x, < x. Now suppose
that Fy is any arbitrary member of F,. Since x, € F,x,_1, x,-1 < «x for all n, and by the
hypothesis, there exists u,, € Fxx such that x,, < u,, and

1 1 1
— 1<k -1+ -1,
M(xn’ un;t) M(xn—lrxmt) M(x: un;t)

thus

1 1 1 1
-1< -1+ -1{.
M(x: umt) 1 _k [M(x;xnrt) M(xn—l;xmt) :|

Next by the letting n — oo, we get u,, — x, and then x € Fyx. As Fyy is an arbitrary member
of F,, x € (| Fux, and x is a common fixed point of {F,}. The theorem is proved. O

Example 2.18 Let X = [0, 00) with £-norm defined a * b = min{a, b} for all 4, b € [0,1] and
M(x,y,t) = m, forallx,y € X and ¢ > 0. Then (X, M, %) is a complete fuzzy metric space.
Let the natural ordering < of the numbers as the partial ordering <. Define Y = [0,1] and
F:Y—>C({Y)asFx= {z,g}foreacho <x< %,and {z,g}foreach % <x<1,wherezeYis
an arbitrary. If x,y € ¥ such that x < y and u, = z € Fx, then there exists u, = z € Fy such
that u, < u, and (2.18) is satisfied. Thus F is a fuzzy order K-set-valued mapping. But if

u, 7 z € Fx, then three cases arise.
Case (i). If0 <x<y< %, then for every t > 0

1 _lzy—x<é|:4(x+y):|_4|: 1 4 1 t)_1:|.

=— +
Y - J
M L0 5t —9| 5t 9| M50 T My L

Case (ii). If % <x <y <1,then forevery¢>0

1 y-x _4[3@x+y)]_ 4 1 1
—— —1= < == — 1+ — -1
M3, 3.0 4 T 9| 4t 9| Mx, %,¢) M(y, 2,0)
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Case (iii). f 0 <x <1 < y <1, then for every £ > 0

1 1< 4|:16x+15y1| 4|: 1 1 1 1:|
—— 1< . -1+ -1
M(3,3,0) oL 20t 9L M(x, 3,2) M(y, 1)

Hence F is a fuzzy order K-set-valued mapping with k = % < % Moreover, there exists
x0 = 0 (or xop = z) with x; = 0 (x1 = 2z) such that xy < x;. Thus all the hypotheses of Theo-
rem 2.16 are satisfied and x = 0 (or x = z) is the fixed point of F.
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