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We consider quark-gluon plasma with chemical potential and study renormaliza-
tion group flows of transport coefficients in the framework of gauge/gravity duality.
We first study them using the flow equations and compare the results with hydrody-
namic results by calculating the Green functions on the arbitrary slice. Two results
match exactly. Transport coefficients at arbitrary scale is ontained by calculating hy-
drodynamics Green functions. When either momentum or charge vanishes, transport

coefficients decouple from each other.

I. INTRODUCTION

In the application of AdS/CFT [I], calculations are usually done on the holographic screen
at infinity. However, according to the renormalization group (RG) ideas [2-4], those are the
UV fixed point values which can not be reached by experiments performed at the finite
energy scale. Therefore we need to run them down to the scale where one actually performs
the experiment by the renormalization group flow. Recent studies of Wilsonian approach [6,
7] to holographic RG flow of transport coefficients [5] in the framework of gauge/gravity
duality suggest that those apparently different approaches of sliding membrane [9], Wilsonian
fluid/gravity [8] and holographic Wilsonian renormalization group (HWRG)[6] [7, [11] are
equivalent [5]. Some of the transport coefficients such as shear viscosity 1, AC conductivity
and diffusion constant D have non-trivial radial flows so that they interpolate the horizon
values [I7] and the boundary values [14] smoothly. The holographic Wilsonian RG is also
useful to understand the low energy effective theory for holographic liquid [12} 13, 18].

Since the discussions so far has been mostly for zero charge cases, one natural question
is how to extend it to the case with finite chemical potentials. Unlike the zero charge case,
metric fluctuation and Maxwell fluctuation will mix in charged black hole background. In
general, the mixing effect of metric and Maxwell fluctuations in charged black hole is of
essential importance, since it is the reason why transverse vector modes of Maxwell fields
can diffuse and longitudinal Maxwell modes can have sound modes in the presence of the
charge. Part of the answer has been given in [§] where the cutoff dependence of diffusion
constant for the shear part of metric perturbations was calculated. The authors achieved it
without explicit decoupling procedure by taking a specific scaling which, somehow, effectively
decouples the mixed modes. However, it is not clear how to understand why it happens and



what scaling limit should be taken for other (i.g. sound) modes.

In this paper, we first establish the flow equations of transport coefficients in the presence
of chemical potential and numerically integrate the flow equations. We then calculate trans-
port coefficients directly by hydrodynamic calculation on the holographic screen at finite
radial position and compare the two results. We will find complete agreement.

This paper is organized as follows. In section [T we will briefly review the holographic RG
flow of transport coefficients. We also derive the running diffusion constant in zero charged
black hole from sliding membrane which reproduces the previous result in [8] obtained by
scaling method. In section [[TI, we set up the charged black hole medium and focus on mixing
structure of metric and Maxwell perturbations. We emphasize on organizing the coupled
equations of motion. In section [[V] we first write down the decoupled flow equation for
both electric conductivity and “conductivity” for momentum current at zero momentum.
And then we worked out the “conductivity” for momentum current in diffusion scaling limit
following [8]. We write down the complete mixed flow equations for electric conductivity,
momentum current “conductivity” and mixing parameter in the end of this section. In
section [V we use the hydrodynamical method to calculate the Green functions at finite
screen = r.. We obtained the transport coefficients from Green functions by Kubo formula
and we found complete agreement with the results from flow equations in section [V] We
conclude in last section.

II. HOLOGRAPHIC RENORMALIZATION GROUP AND RUNNING
TRANSPORT COEFFICIENTS: A REVIEW

In this section, we shall discuss a few approaches to RG flow of transport coefficients and
discuss the equivalence between them: They are sliding membrane paradigm [9], Wilsonian
fluid /gravity [8] and Holographic Wilsonian RG [6} [7]. The radial flow for transport coeffi-
cients can be derived from holographic Wilsonian RG equation. It can also be derived from
the classical equation of motion. The idea of membrane paradigm is to consider a mem-
brane action [I0] coming from the boundary action at sketched horizon. Similarly sliding
membrane [9] paradigm uses the boundary action at arbitrary slice. From that action, one
can obtain the retarded Green function by solving the equation of motion perturbatively in
hydrodynamic regime. The linear response theory then gives the transport coefficients. The
Green functions and transport coefficients satisfy the same radial evolution coming from
holographic Wilsonian effective action Sp, which in turn can be obtained from integrating
out UV geometry directly [5, [7]. Sp can also be treated as a boundary action at cutoff slice
and it induces multi-trace deformations for IR dynamics [6, [7]. For more discussions about
the essential multi-trace deformations see [23, 24]. If one define the linear level transport
coefficient at cut off slice, then the Hamilton-Jacobi equation for the effective action can
directly give radial flow of them. These flows are exactly the same as those coming from
equations of motion as explicitly shown in [5].



Technically, sliding membrane paradigm is more convenient than holographic Wilsonian
RG simply because the former starts from equation of motion while the latter is conceptually
more satisfactory. We shall mostly use the former in this paper.

We briefly review the sliding membrane paradigm [9] below. We derive the cutoff
dependent diffusion constant, which is also calculated from the Wilsonian approach of
Fluid/Gravity [8]. We show that the result from the sliding membrane paradigm repro-
duces that in [8] to demonstrate the equivalence of sliding membrane paradigm [9] and
Wilsonian approach of Fluid/Gravity [8]. We start with standard Maxwell action

1
S =— / A e/ —g———Fyun FMY | 1
4g2(r) @
with the background metric
ds? = —gttdtQ + gTrdTZ + giidl’idxi . (2)

Defining J# and G by
1
M=V gF G =g g (3)
eff

equations of motion can be written as !

OJt+ 0,07 =0, (4)
o0, J" +Gg''¢**0.F,, = 0, (5)
0,J* — Gg"g**0,F., = 0, (6)

where 2 is the momentum direction and we focus on the longitudinal mode first. The Bianchi

identities are given by:

- gé} ,J* — gfgq“ 0.Jt + 0, F. =0 . (7)

Using the definition of the conductivity o = J*/E, = J?/F,;, we have

0T Fy — J0.(Fu) . (J?)?

We want to replace all the 0, terms in above equation using equations of motion. Taking
use of , @ and @, all the currents and fields disappear and finally we have the flow for
conductivity [9]

0,0 9 9 1 k2 1 1 "
— = g0 - — - —5V-99"9" . (9)
Tw i /_ggrrgzz w2 /_ggrrgtt gsﬂ

! Here we follow the notation in [9].



Before doing explicit analysis for this conductivity flow we should mention that there are two
important scaling limits for the frequency dependent flow equations: one is w ~ k? << 1
and the other is k = 0,w << 1. In the diffusion scaling regime w ~ k?* << 1, we have
following solution of @ for conductivity :

1 1 k21 1 e g2

o(re) oy iwfy’ fo Jo, V=997

Since the (complex) conductivity at arbitrary slice and the green function is related by

(10)

_G%(kuv Te)

Uij(k/an) = iw

: (11)
we can write the Green function at cutoff surface in terms of horizon conductivity oy

W2O'H

ik o) = 30Dz

(12)
where D(r.) = oy /fo is the cutoff dependent diffusion constant. Substituting into ((10]), we

have?
1 1 k*D(r.)

= — = 15
o(re) om iw og (15)
In the orthonormal frame, we have the normalized momentum as follows
w k
W= W = , k—=k.= : (16)
VGt Gii
Using these new variables we can rewrite as
1 1 k2 D(r,
1D -
o(re) og iw. og
where D(r.) is given by
D(r.) = D(r,)- 22 (18)

\ 9tt .

Defining the local temperature by 7T, = 57% , and a dimensionless diffusion constant by
D, = DT., we have B
D OHGii
e _ HYii ' (19>
T, Jon/Gre
2 Remember that in this formula, the conductivity is defined using
- Jz B _gFri
o) = 5 = Y (13)

For a physical observer hovering at z. surface we want to use the following normalizations

o(20) = 6(2.) = ﬂ . (14)

(9i:)



This is precisely the result obtained in [§], supporting the equivalence of two approaches.
So far we considered only chargeless case. It is known that presence of charge introduces

non-trivial mixing between modes. We will consider what happens for the flow of charged
black hole below.

III. MODE MIXING IN CHARGED ADS BLACK HOLE

In order to describe low energy physics of various strongly coupled systems, we need dif-
ferent IR deformations for the d+ 1 dimensional AdS background. Consider a d dimensional
holographic system with finite charge density. The minimal d + 1 bulk action is

S = /dd+1x\/—_g {% (R+ w> — %FZ} : (20)
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where Newton constant Gy = x%/87 and g is the Maxwell coupling. Maxwell and Einstein
equations are given by

Ou(V=gF"™) = 0, (21)

1 1 d(d-1) 1 G "
? (R#V - §g#l’R - g#VT) = 2—92 (QF#pFIf — %Fpon ) . (22)
The charged black hole solution for this action is
2 2 7.2
2 r 2 iay, LCdr
ds® = T2 (= f(r)dt* + da'da’) + 20 (23)
1 rg 27’8(172 NI
At :/.L(l——rd_Q) , f(T):1+C¥Q m—(l—i—aQ )ﬁ (24)
L%k?

where a = (== is a dimensionless coupling. Chemical potential p is related to @ by

Q = 92 4nd the horizon ry is the largest root of f(r) = 0.

To

A. Modes in RN-AdS

We consider the perturbations
G = G + 0Gu,  Au = Ay + 04, , (25)

around the background g¢,, and A,, which are given in and . One can use back-
ground metric raise and lower tensor indices. The linearized gravity fluctuations can be
decomposed into tensor, vector and scalar type [I5] [16]. We will consider the first two types
and leave the last one elsewhere. In the charged black hole background, vector part of metric
perturbation and transverse Maxwell perturbation will couple. We can organize the the for-
mer such that its action and equations look like that of longitudinal Maxwell perturbation.
For more details about the action of linearized fluctuations in RN-AdS, see [21], 22].



1. Tensor Mode dg,

By symmetry argument or by direct analysis one can find that off-diagonal perturbation
¢ = dg, decouples from all other perturbations. Thus it satisfies the same equation of
motion to that for a minimally coupled massless scalar:

Ou(v/=50") = 0. (26)

This evolution for ¢ will give the flow of correlation of the corresponding operator 7. Notice
that if we work in d = 3, we should take k — 0 limit since we only have two spatial directions.

2. Vector Modes 6g%,dgF,0g7,0A,

Picking up a momentum parallel to z direction, we can only have d — 2 transverse di-
mension left. One can observe that the shear mode of metric perturbations of components
Gzz» Jut, §or Which behave similarly as Maxwell field a,, a;, a, [9, [I7] defined by

a, = 5g§a ay = 5gtwa Ay = 597%‘ . (27)

In terms of these variables, finally the vector part off shell action in d + 1 dimensional
RN-AdS can be written as follows:?

1
S = / Az /=g (—4—92F“”FW " fo + atA’ A’) . (28)

4 33( )
Here we have used j and f to denote the current and strength for the a,:

, 1
= _Z_V_gfﬂt ) f,ul/:auau_auau ) (29>
geﬁ(r>
and J and F' to denote the current and strength for A,. Consider first the chargeless case,
equations of motion for shear part metric fluctuations can be written as

0t + 0.5 = 0 (30)
o' +Gg" g0, f0 = 0 (31)
0,5 — Gg"' g0, fu = 0, (32)

where the effective determinant and the effective coupling are

G = g/g(r) . o = T2 (33)

geff(r) 2r2

3 We derive this action up to total derivative terms, which are irrelevant to equations of motion. See

Appendix A for details.



For the charged-AdS black hole, we introduce the new charge density which is defined as

> . 1 =
gt=17"— EV—_QAQA,E .
The equations of motion takes the same form as chargeless case,

0,jt + 0:5° = 0
0" + Gg" g7 0-f = 0
arjz o thtgzzatfzt =0 7
but j' is replaced by j*, while the Bianchi identity holds as before

9rr9zz -z Grrit -t
— 0 j* — 0, Opfu =0 .
o O o Ot et

Defining J* and J* by
T 1 T _TT T T 1 A
J* = —?\/—gg g0 A, JT=J"+ ?\/—gA;at
the equation of motion for A, can be written as

- 1
— 0, J* + E _ggm(_gtt&tFm +970.F.;) = 0.

3. Vector Mode A, at k, =0

From and , one can see that A, decouples from a; in the k, — 0 limit:

1 _
O (V=99 9" 0, Ay) — ?\/ —99%(A)* A, + WV —g9" 9" A, = 0 .

The relevant on-shell action for A, at boundary r = r. can be written as

Jx
Son—shell :/ J Ax .
r=rc¢

IV. FLOWS OF TRANSPORT COEFFICIENTS

(34)

We shall establish the transport coefficient flows for the charged black hole in this section.

A. Shear Viscosity Flow and Scalar Response

Since tensor mode decouples from all other perturbations, it behaves as a massless scalar

perturbation even in the charged black hole background. Following the sliding membrane

argument [9], it is useful to define a cutoff dependent scalar response function

—v/—99"0r¢
ol ) = D)

(43)



And we define Colrok)
rC?
(e, k) = — (44)

iw
which satisfies a flow equation evolving equation of motion at k£ = 0:

2622 (re,w)  V=99"
p— 1 _— . 4
O (49

It is manifest from above equation that in the zero frequency limit, 7(r.) is independent of

r.. Its value is request to be

1 Ty d—1
n(re) = n(ro) = 7—= (7) (46)
by the horizon regularity. Since the entropy density is s = ﬁ ( ) , the ratio /s does
not run. In the next section we will see that this is consistent with the dlrect calculation of

n(r.) using the holographic hydrodynamics at the finite holographic screen.?

B. Electric conductivity flow at the zero momentum

Now we shall consider the conductivity flow coming from A, perturbation with zero
momentum. From one can obtain the conjugate momentum for A,(r) at r = r,

[, (1) = ‘555‘”1;““ T \/_ Aa, . (47)

Notice that this is nothing but the shifted current j”ﬁ which was introduced previously
to simplify the equation of motion. As explained in [19], the first and second term in right
hand side of should be related to electric conductivity and thermal-electric conductivity
respectively. Notice that the on-shell action is the integral over the membrane at » = r. and
the conjugate momentum eq. is also defined at r. > r¢. In the limit of zero momentum,
A, decouples and we can define electric conductivity by

JZE
AR 48
Tl = = (15)
One can quickly rewrite the equation of motion (41)) as flow equation for o 4:
0,0 202 2 /—q(A 1
e A + g Té — +geff 295 t) __\/_gxw it __ (49)
V=999 gw
Due to the regularity condition at the horizon, we need
1 To d—3
= = — (= 50
m=oat) =5 (7) (50)

4 In reference [8], the entropy density is defined to be proportional to one over embedded volume of the
cutoff membrane and 7 is also defined that n/s does not run. As a consequence both their entropy density

and viscosity run. Also both vanish at the infinity.



which is consistent with horizon conductivity evaluated in [9]. In order to see the solutions

0.9

06

0.7}

explicitly, we plot the conductivity flows with different black hole charges in d = 3 in Figure
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FIG. 1: r flow of AC conductivity, with d = 3 RN-AdS black hole background. Here we normalize

r such that the horizon localizes at r» = 1.

A few remarks are in order for these flow solutions.

Zero Charge Limit: Remember that the charge density in the boundary theory is
related to the chemical potential by

p=prg /g (51)

When p = 0 chargeless case, the d = 3 conductivity is independent of the cutoff
position. The flow solution for d = 3 is trivial while there are nontrivial flow solutions
for d # 3 [5]. When d # 3 there is a fixed point at boundary but not at horizon.
This is because near the boundary metric is aysmptotically AdS and scale invariance
is there. This scale invariance is lost when two fluctuating modes mix in the RN-AdS
black hole case.

Extremal Limit:  As shown in Figure [, when the charged AdS black hole becomes
extremal, one can find a fixed point from flow of conductivity near the horizon due
to the appearance of AdS; near the horizon. This fixed point will disappear in non-
extremal case. One should notice that there is no fixed point for the conductivity near
the boundary both for extremal and non-extremal case. The evolution equation for
04 loses scale invariance near the infinite boundary in the presence of charge due to
the mix of a;, A, modes.

Check against Boundary Result: In order to check the consistence with previous results
calculated at infinite boundary » = oo, we plot the boundary AC conductivity in Figure
, which is precisely consistent with the results in [19]. The @ dependent term in the
flow equation clearly give the origin for the divergence of the imaginary part of the
conductivity in the zero frequency limit.

10
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o Conductivity Minimum: It is interesting to observe that there is a window of pa-
rameters w and p where the real part of conductivity curve in radial direction has a
minimum as shown in Figure [I The minimum of the conductivity pick up a certain
scale r, and we show the charge dependence of that scale in Figure [2]
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FIG. 2: Left: Frequency dependence of boundary AC conductivity, with d = 3 RN-AdS black
hole background . As a check for our flow solutions, the boundary AC conductivity is precisely
consistent with the results in [19]. Right: Chemical potential dependence of scale r, with minimal

conductivity in d = 3 RN-AdS, where p is dimensionless chemical potential.

C. RG flow of ‘Conductivity’ of momentum current flow at zero momentum

Since the metric perturbation a, mimic the Maxwell system, we can define the “conduc-

tivity” for the mode a, = h? by

' Z

J
Op = —— . 52
" fzt ( )
At k, = 0, since a, modes are decoupled with A,, we can obtain the decoupled flow of oy,
as follow 5
rOh 2 Grrgzz tt zz
-G =0. 53
—iw % G 79 (53)

This flow equation has the same form as the longitudinal conductivity flow in zero charge
case although the metric components contain ) dependence. As a consistent check, this low
equation is exactly the same as shear viscosity flow in , because when k, = 0, there is no
polarization direction and oy is nothing but shear viscosity by definition. We will explain

more about the physical mean of o; in next subsection.

D. RG flow of ‘Conductivity’ of momentum current in diffusion region

Since shear parts of metric perturbations behaves as longitudinal Maxwell field with a r
dependent effective coupling, we shall work out the “conductivity” flow in diffusion region.
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In order to handle the equations of motion: N, we write them in momentum space
and take the diffusion scaling following [§]

O ~ €, 0,~c¢ (54)
fzt ~ 63 (fzt(o) + 6fzt(l) + .. > . (55)

First consider the in-falling boundary condition, which requires j* linearly related to f.;
near the horizon. This condition requires us to scale j* as same power of f.;:

@ (OO (56)
Through the charge conservation equation we obtain

gt~ €2 (j}(o) + eﬁ(l) +.. ) , (57)
and we can also obtain

o~ e (jt(o) +etM 4 ) , (58)

since there is no different scaling between j¢ and jt. Now we want to take ¢ — 0 limit, and
only the lowest orders of fields are left. From and we obtain

074" =0, 9,79 =0. (59)
Requiring charge conservation, we have
” ~(0) k
== (60)
From , we have
0,15 = o (61)

It means we have the solution for fz(? )

9%0.5""(r)
ya grrgttg

Following the usual definitions in sliding membrane for chargeless case, we define the con-

) = 1) + 267 (62)

ductivity by current and electric field as

7O k)
Ry w )

(63)

on(re) =

Remember

~(0) +(0 1
jt :f“—g— —gAD A, (64)

is a constant. By taking the scaling limit we have the simplified equation of motion for AW

1 ,
a@ﬁ—ggﬁgmm;ﬂ ) = g% A" () . (65)
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The solution for AL can be solved explicitly as shown in [S].
Since j#( is a constant in radial direction, after having the solution for Ag(co), 1) can be

rewritten as

1 1 k% Dy(r.)/T.
= - — (66)
on(re)  on(re) iwe on(ro)
where the horizon value is ] i
_ To\™™
() = T6ran (L) ‘ (67)

This is exactly the “conductivity” flow for shear part of metric fluctuations. This is our main
result in this subsection. After taking the scaling limit following [8], we have the analytical
result for RG flow of “conductivity” of momentum current.
As a byproduct, we obtain the D), as
_ 1 (d—2)(1—a@?) +2

Dure) = G U a0 = 2(d = Da@rg/r)t 2 (68)

which is charge dependent diffusion constant. Notice that we have used the solution for A,
to obtain the Dj,. This result was first obtained in [§], where the diffusion constant is derived
from Fick’s law, while here we find that this diffusion constant is included in conductivity
flow for momentum current without any boundary condition for fz(? ) in 1)

Now we will explain the physical mean of the “conductivity” oj. Notice that a, = dg?
corresponds to boundary operator 77. At zero frequency retarded Green function of 77 is
exactly the same as T since there is no special polarization direction. Thus the transport
coeflicient given by a, = d¢7 will correspond to longitudinal momentum dependent viscosity.
This can be confirmed at the horizon, since o, at horizon is nothing but [9]

on(ro) = o (69)
which equals to shear viscosity. This is consistent with 7/s = ﬁ. One should note that
transport coefficients at the horizon are all frequency independent.

E. Mixed RG Flow Equations

We shall discuss the mixed flows coming from coupled equations of motion without any
scaling limit. Consider again the coupled equations of motion: - and . By

defining . e .
= _ — I
N fzt 7 o4 ZWAJ: 7 “ Ax (70)

we can derive the following flow equation for them as follows

Oh

oron 5 gy g (K1 R
—r-n rrozz. _ JTr _ — T"I‘A/_ _G tt zz — 0 71
_iw+0h{ C e A A s 9"g , (71
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&JA 920-2 ge A/ 1 - 1 y . 2
i o T ?v—gAi V99 —g"+g7 =) =0, (72)

/_ggTTg

G tt 2z 2

a:a(gg _ Gloa ) (73)
—iw on V=999

One can easily observe that when ) = 0, all mixing effects disappear and and

will reduce to longitudinal and transverse form of conductivity flow for chargeless case [9J]
respectively. Eqgs. , and give the mixed RG flow.

V. HYDRODYNAMICS AT THE FINITE HOLOGRAPHIC SCREEN

In this section, we study the RG flow of transport coefficients by calculating the Green
functions at finite screen r = r.. We consider the shear mode in the 5 dimensional RN-AdS
background. This hydrodynamics problem is considered in [21] for r. — oo case. We use

the following gauge
a =0, A, =0 (74)

and introduce following coordinate and notations:

2 2
rh 9 L

—_ — p— b: —_— ., 75
U i a=a@Q?’, o (75)

In terms of the rescaled vector B(u) = A,(u)/u, the equations of motion are given by

1 b?
0=a — aat — H(a}kaz +k at) — 3aul’, (76a)
0=kfa, +wa; — 3awuB, (76Db)
—1 b2
0=a, + (u_l‘? a, + ? (w a, + wkat> (76¢)
0=DB"+ B’+b—2< 2—k2f>B—lat’. (764)
f f? f

Notice that B and a; couples which is the source of the complication. To handle the problem,
we introduce the master fields [25],

1 C
®, = ~a/ — 3aB + —=B, (77)
u u

with Cy given by

Cy=(1+a)£/(1+a)?+ 3abk2

The decoupled differential equations satisfied by the master fields are

" <2f) 2 Ci
0=>0." + oy DL+ f2< Q—k’Qf)q)i_Tq)i- (78)
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We expand the master fields in the hydrodynamic regime in following way:®

®, = g(u)C(1 + bwF i (u) + BPE2Goo(u) + PP’ Fro(u) 4 - - ) (79)
O =C(l+bwF 1 (u) + BPEG_o(u)b?W*F_o(u) + -+ ), (80)

where the factor singular near the boundary is explicitly taken out for &, and it is given by

1 3a

g(u) = v ta) (81)

In this regime, the equations of motion are solved by imposing the ingoing boundary condi-
tion at the horizon in [21]. Here, we collect a few terms which will be relevant later

) = e 2

F () = uzjj(u)’ (83)
, 1

Gy(u) = ATt Ay (84)

The constants C' and C are integration constants and fixed by imposing the boundary
conditions. It is convenient to define a gauge invariant field Z by

ka(u) +wa,(u) = Z. (85)

The gauge field B(u) can be expressed in terms of master fields as

B= ﬁ@@ . c1>_>. (86)

Using ((76a)) and , we obtain

b2
u*d’, — CLuB' = 7/@Z — C.B. (87)

With , L.h.s. of can be expressed in terms of master fields .. Requiring at
u = u, we can determine C' and C in terms of the boundary values of Z and B at u = u,. :

_ a(u)V?kZ, — Bluc) f(uc) Be
“= ueg(ue)(—iw + D(uc)k?)b - (88)
~ _ E\jz(uc)b2kzc - ﬂ(uc)f(uc)Bc
O = () (i + D)) (89)

5 Here, the definition of Fiyq(u) is related to the Fy(u) in [21] as

~ )
bFy1(u) = Fi(u) — T log(1 — u),

and similarly for F_;(u), etc.
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where denominators are expressions up to O(w?) and O(k?), and D(u,) is given by

o bflue) b (ue)
Dlue) = 2(1 4+ a)ueg(ue)  2(1+a) — 3au, (90)

The coefficients «, 3, o and E are given in terms of the solutions at v = u, as

OJ(UC) = _ucg(uc) (1 + wa+1 (uc) + b2k2G+2(uc>) T+ (91)
B 3ab’k? 99

Blue) = 2 +a) + (92)

N ' b2k’2

aue) = —ibw + S0 ta) + - (93)

Blug) = 2(1 + a)ibw — b2k - - | (94)

Now we calculate the Green functions at u = u.. We start from the Einstein-Hilbert
action with Gibbons-Hawking terms and counter terms [26] for the gravity part 6

Sgravity = SEH + SG.H + Sc.t ) (95)

where the Gibbons-Hawking terms and counter terms can be expressed in terms of (trace
of) the extrinsic curvature K and induced metric v, as

— 1 d+1
SEH = 167TG/d TN/ gR

_ d
Seu = — 87rG dz\/—vK |

1

_ d
Ser = e T/ — (96)

Both Gibbons-Hawking term and counter terms are defined as the hypersurface at v = u,.
After perturbing the action and integrating out the classic solution of perturbations, finally
we obtain the boundary action for the shear modes, which are given by

0.5 L’ . [1 3 1
Sgrawty 32R2b4 /d x |:aata; - E (1 - W) Aty

_@ +—<3f ) =3V f(u) —uf'(u )azaz}, (97)

goo L0 / d'z [~3af(u)BB' + 3aBay] . (98)

gauge 39,204

Once we have C' ,C in terms of boundary values, by the definitions of master fields we can

6 We use this action in order to keep consistence with previous results when u, — 0.
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express first derivatives of a;, a, and B in terms of boundary values at u = u,. as follows:

at(uc)bzkzc - Bt(uc)f(uc)Bc

H(ue) = 99
() = o) (=i + D{ue))b (99)

, a, (u)b*kZ. — B.(ue) f (ue) Be

= ].
aB<uc)b2ch - ﬁB(uc)f(uC)BC
B'(u.) = 101
(ue) ueg(ue) (—iw + D(u k)b (10D
where the coefficients are explicitly given by
ap(ue) = —ulg(ue) [1 4 bw(Fyq(ue) + Foi(ue))) 4+ 0k (Gia(ue) + Goa(ue))| + -+, (102)
3atbw

D)= — e 103
Il = "5 o) ) 1)
where ... denotes higher frequency and high momentum terms. Notice that we only write

down two coefficients in above equations for later use and leave other coefficients in Appendix
B. With the help of above results, the Green functions at slice © = u. can be read off from
on shell action

L v (ue)b?k? 3 1
Gt = oo o et DT (1 - f(%)) } 1o
B L? i (ue)b2w? 1 ,
szazz = 16524 {ugg(UC) (—zw i D(Uc)k'2) b + u_g <3f(uc) -3 f(uc) - ucf (Uc))} )
(105)
th Tz — L3 2at(UC)kaw (106)

16520* u2g(u.) (—iw + D(u.)k?) b’

_ L’ —Bi(ue) f(ue) — 3aucf(uc)OéB(uc)b2k‘2
e = Bt { wZg(u) (—iw + Dw)k?)b 3“} | (107)
L Ba(ug) f(ue) — aucf (ur)apb*hw
oo = Sty u2g(ue) (—iw + D(u)iD)b (108)
¢ __ L 3a.f?(u.) Bp(u,) 09,

16520* 1% ueg(ue) (—iw + D(ue)k?) b
A. Cut off dependence of diffusion constant

One can easily observe a universal diffusion constant depending on the cutoff position
from all the Green functions:

Dlay— M) biu)

= . 110
21+ a)ucg(ue)  2(14a) — 3au, (110)

Change to orthonormal frame, one can obtain
D(u.) = D(u.)- 2 (111)

v/ Gt '
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Together with a normalization with local temperature, one can obtain the dimensionless
diffusion constant

A

D. = D(uc)T. = D(uc) T <%)

Gtt
1 2 —
- — S (112)
47 2(1 + a) — 3au

This is nothing but Dy, in . The above result was first obtained in [8] by taking a certain
scaling for the equations of motion. Here we show that this diffusion pole appears in all the
cut-off dependent Green functions.

B. Shear viscosity

The shear viscosity is calculated by using Kubo formula

I k=

w—0 w

For k = 0, z-direction can be treated equivalently to y-direction, since there is no polarization
direction, and we have

A
Guyay(w, bk =0,7.) = Guops(w, bk =0,r.) = BaTrET + O(w?). (114)
Then the shear viscosity becomes

n(re) = ﬁ (%)3 (115)

which is constant independent of cut-off. This is consistent with the result from flow equation

(46).

C. Cut off dependence of DC conductivity

The conductivity can be calculated form the O(w) term of the Green function G,,.
Generally it contains the O(w?) terms of the master fields and have a complicated expression.
Taking into account the O(w?) terms, it becomes

L? 3af? (uc) BB (ue)

Gz = , 116
16520412 ug(ue) (—iw 4+ D(ue)k? — u2f(ue) (FLy + Fiy F7 1)) b (116)
where 8p(u.) also have the O(w?) corrections as
3atbw ! ! 1
Pp(uc) = — + 0w [(ug(w)) Fo(u) + (ug(u) Fry) F7y (u)] (117)

2(1+ a)f(uc)
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For k — 0, the expression of GG, is simplified and given by
G o 3af(uc)L3 (ucg(uc))/
e 16/{2[)4”2 ch(uc)

_ 3af<uc)L3 ((ucg<uc))/ (2 — CL)2 1
1662042\ ueg(uc) A1+ a)? uZ f(uc)g®(ue)

The real part electric conductivity is explicitly given by Kubo formula

) + OW?) . (118)

17y (2—a)? 1

c _21'0 119
70 = P LA+ 0P g(u)? )
where ¢ is the gauge coupling. At the horizon, op¢ is
1 rg 1L
UH:?EI?7<T+ T2+M2/3W2), (120)

which is consistent with eq.(58) in [9] in the limit where charge or chemical potential goes
to 0. This horizon value is related to the membrane conductivity 65 = J¢,/E* [9] by

rr 1
Gy = VI . (121)

H = Gii * OH =
vy g

One can also check that as one goes to the boundary (u. — 0), DC conductivity is reduced

to . 2 )2
To —a
= —=—————"— 122
b6 = 2T A1t a)2 (122)
which precisely agrees with previous result in [21].
Finally we can check the consistency of flow equation of AC conductivity by comparing
its numerical value in the limit of zero frequency with that of DC conductivity calculated

here. The result is plotted in figure [3

VI. CONCLUSION AND DISCUSSION

In this paper, we present a method to work out the RG flows for transport coefficients
for quark gluon plasma at finite chemical potential with charged AdS black hole dual. Due
to the mixing effect between Maxwell and metric perturbations, we need to solve the cou-
pled equations of motion, which is usually difficult. We organize the system as two coupled
Maxwell systems and define two conductivities for each of them. With a parameter charac-
terizing the mixing effect, we write down the mixed flow equations. These mixed RG flow
equations will be simplified in certain limits. These flow equations will characterize how the
transport coefficients will change as energy scale changes.

We explicitly give the flow equations for conductivity and shear viscosity. In order to
check these results analytically we use hydrodynamic method to calculate the Green function
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105 — — — g 105
0.9; , o_gf,
08f ] 08L
0.7 f — 0.7 — Dashed: AC flow at infinite small frequency
O L 1 b [ Solid: DC flow
0 06F 1 Tosf

05 1 osf

04f 1 o04f

03} 1 o03f

FIG. 3: Checking consistency between flows of DC conductivities: Left: Plot of equation ((119)
from hydrodynamics. Right: comparing the hydrodynamic result and flow equation result. We

can see they are explicitly same with each other.

at finite cut-off slice r = r.. We impose equations of motion at r = r., which is guaranteed
by RG invariance of bulk action at classical level [5]. Then the Green function can be read
off from the on-shell action at r = r.. We extended the usual counter term to arbitrary
slice in order to have consistent result when r. — oco. By using Kubo formula we obtain
the analytical results of RG flow formulas for transport coefficients and we found complete
agreements with that from flow equations.
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Appendix A: Derivation of bulk action

Starting from Einstein-Hilbert action, we calculate the bulk action for vector perturba-
tions a,, as, a,, A, in the 5D RN-AdS background.

1 "1 '
S = /d5$ |:A16L;a2 +A2a'za; —I— DA;A; —I— EatA; + (§Blatat) + <§Bgazaz) —|— . :| . (A]_)
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Here all the prime denotes the r derivative and --- represent the terms with 0;,0,. The

coefficients are given by

1 7° 1 —fr°
A= — 1 A=
VT ook22L5 TP 2k2 25
1 7 rf 1 2rtf
B = —— | -2+ — By = —
TN < * f )’ T ok2 IS
D = lﬁ, E:i%
92 203 g L3

(A2)
(A3)

(A4)

Notice that the total derivative terms can be deleted for the purpose of the equations of

motion. One can evaluate equations of motion from the action for a;,a., A,:
Aja) + Ala; + EAL, = 0
Asd” + Aba!. = 0
(D/éll$ + Eat), = 0

(A5)
(A6)
(A7)

However we should calculate the final on-shell action by adding proper local counter terms,

as we did in section [V] We conclude that the mixed bulk action can be written equivalently

as two Maxwell actions plus the only mixing term Fa,A..

Appendix B: Coefficients for a}, a/, and B’

The coefficients for a}, o, and B’ are given by

o (ue) = —ug(ue) [1 + bw(Fy(ue) + Foi(ue))) + 02k (G yo(ue) + G,Q(uc))} +

a,(u.) = ———ay(ue)

kf(ue)

op(ue) = 21 +a) 20a+1)

N b2 k22 (g(ue) (Gy(uc) — Glglue)) — (G_a(ue) + Gyalue))g (uc))

_ UQQ/(Uc) I bugw (Q(UC) (Fll(UC) - F-/H (UC)) - (F—1<UC) + F—H(UC))Q/(UC))

2(a+1)
3autq (u.)b*k?
4(1+a)? o

o Baugg(ue)
) =y P
3au.b*kw
oiva)

3aibw
e
2(1+ a) f(uc)

62(“0) - -
Bp(ue) = —

, (BI)

(B2)



[1]

[15]
[16]
[17]

21

J. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv.
Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)] [arXiv:hep-
th/9711200]. S. S. Gubser, I. R. Klebanov, and A. M. Polyakov, “Gauge theory correla-
tors from non-critical string theory,” Phys. Lett. B 428, 105 (1998) [arXiv:hep-th/9802109].
E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2, 253 (1998)
[arXiv:hep-th/9802150].

V. Balasubramanian, P. Kraus, A. E. Lawrence and S. P. Trivedi, “Holographic probes of
anti-de Sitter space-times,” Phys. Rev. D 59, 104021 (1999) [arXiv:hep-th/9808017]. E. T.
Akhmedov, “A Remark on the AdS / CFT correspondence and the renormalization group
flow,” Phys.Lett. B442 (1998) 152, |arXiv:hep-th/9806217].

J. de Boer, E. P. Verlinde and H. L. Verlinde, “On the holographic renormalization group,”
JHEP 0008, 003 (2000) [arXiv:hep-th/9912012].

L. Susskind and E. Witten, “The holographic bound in anti-de Sitter space,” arXiv:hep-
th/9805114.

S. J. Sin and Y. Zhou, JHEP 1105, 030 (2011) [arXiv:1102.4477 [hep-th]].

I. Heemskerk and J. Polchinski, “Holographic and Wilsonian Renormalization Groups,”
arXiv:1010.1264 [hep-th].

T. Faulkner, H. Liu and M. Rangamani, “Integrating out geometry: Holographic Wilsonian
RG and the membrane paradigm,” |arXiv:1010.4036 [hep-th].

I. Bredberg, C. Keeler, V. Lysov and A. Strominger, “Wilsonian Approach to Fluid/Gravity
Duality,” arXiv:1006.1902 [hep-th].

N. Igbal and H. Liu, “Universality of the hydrodynamic limit in AdS/CFT and the membrane
paradigm,” Phys. Rev. D 79, 025023 (2009) [arXiv:0809.3808| [hep-th]].

M. Parikh and F. Wilczek, Phys. Rev. D 58, 064011 (1998) [arXiv:gr-qc/9712077].

K. G. Wilson and J. B. Kogut, “The Renormalization group and the epsilon expansion,” Phys.
Rept. 12 (1974) 75-200. K. G. Wilson, “The renormalization group and critical phenomena,”
Rev. Mod. Phys. 55 (1983) 583-600. F. J. Wegner and A. Houghton, “Renormalization group
equation for critical phenomena,” Phys. Rev. A8 (1973) 401-412. J. Polchinski, “Renormaliza-
tion and Effective Lagrangians,” Nucl. Phys. B231 (1984) 269-295.

T. Faulkner, H. Liu, J. McGreevy and D. Vegh, “Emergent quantum criticality, Fermi surfaces,
and AdS2,” larXiv:0907.2694 [hep-th].

T. Faulkner and J. Polchinski, “Semi-Holographic Fermi Liquids,” arXiv:1001.5049 [hep-th].

G. Policastro, D. T. Son and A. O. Starinets, “From AdS/CFT correspondence to hydrody-
namics,” JHEP 0209, 043 (2002) |arXiv:hep-th/0205052].

H. Kodama, A. Ishibashi and O. Seto, Phys. Rev. D 62, 064022 (2000) [arXiv:hep-th/0004160].
P. K. Kovtun and A. O. Starinets, Phys. Rev. D 72, 086009 (2005) [arXiv:hep-th/0506184].

P. Kovtun, D. T. Son and A. O. Starinets, “Holography and hydrodynamics: Diffusion on


http://arxiv.org/abs/hep-th/9711200
http://arxiv.org/abs/hep-th/9711200
http://arxiv.org/abs/hep-th/9802109
http://arxiv.org/abs/hep-th/9802150
http://arxiv.org/abs/hep-th/9808017
http://arxiv.org/abs/hep-th/9806217
http://arxiv.org/abs/hep-th/9912012
http://arxiv.org/abs/hep-th/9805114
http://arxiv.org/abs/hep-th/9805114
http://arxiv.org/abs/1102.4477
http://arxiv.org/abs/1010.1264
http://arxiv.org/abs/1010.4036
http://arxiv.org/abs/1006.1902
http://arxiv.org/abs/0809.3808
http://arxiv.org/abs/gr-qc/9712077
http://arxiv.org/abs/0907.2694
http://arxiv.org/abs/1001.5049
http://arxiv.org/abs/hep-th/0205052
http://arxiv.org/abs/hep-th/0004160
http://arxiv.org/abs/hep-th/0506184

[24]

22

stretched horizons,” JHEP 0310, 064 (2003) [arXiv:hep-th/0309213].

D. Nickel and D. T. Son, “Deconstructing holographic liquids,” arXiv:1009.3094 |[hep-th].

S. A. Hartnoll, Class. Quant. Grav. 26, 224002 (2009) |arXiv:0903.3246 [hep-th]].

D. T. Son and A. O. Starinets, “Minkowski-space correlators in AdS/CFT correspondence:
Recipe and applications,” JHEP 0209, 042 (2002) [arXiv:hep-th/0205051].

X. H. Ge, Y. Matsuo, F. W. Shu, S. J. Sin and T. Tsukioka, Prog. Theor. Phys. 120, 833
(2008) [arXiv:0806.4460 [hep-th]].

M. Edalati, J. I. Jottar and R. G. Leigh, JHEP 1004, 075 (2010) [arXiv:1001.0779 [hep-th]].
E. Witten, “Multi-trace operators, boundary conditions, and AdS/CFT correspondence,”
arXiv:hep-th/0112258. M. Berkooz, A. Sever and A. Shomer, “Double-trace deformations,
boundary conditions and spacetime singularities,” JHEP 0205, 034 (2002) [arXiv:hep-
th/0112264]. W. Mueck, “An improved correspondence formula for AdS/CFT with multi-
trace operators,” Phys. Lett. B 531, 301 (2002) [arXiv:hep-th/0201100]. P. Minces, “Multi-
trace operators and the generalized AdS/CFT prescription,” Phys. Rev. D 68, 024027 (2003)
[arXiv:hep-th/0201172].

L. Vecchi, “Multitrace deformations, Gamow states, and Stability of AdS/CFT,”
arXiv:1005.4921 [hep-th]. A. Sever and A. Shomer, “A note on multi-trace deformations
and AdS/CFT,” JHEP 0207, 027 (2002) [arXiv:hep-th/0203168]. M. Li, “A note on relation
between holographic RG equation and Polchinski’s RG equation,” Nucl. Phys. B 579, 525
(2000) JarXiv:hep-th/0001193]. A. C. Petkou, “Boundary multi-trace deformations and OPEs
in AdS/CFT correspondence,” JHEP 0206, 009 (2002) [arXiv:hep-th/0201258]; E. T. Akhme-
dov, “Notes on multi-trace operators and holographic renormalization group,” JarXiv:hep-
th /0202055

H. Kodama and A. Ishibashi, Prog. Theor. Phys. 111 (2004) 29 [arXiv:hep-th/0308128].

V. Balasubramanian and P. Kraus, Commun. Math. Phys. 208 (1999) 413 [arXiv:hep-
th/9902121).


http://arxiv.org/abs/hep-th/0309213
http://arxiv.org/abs/1009.3094
http://arxiv.org/abs/0903.3246
http://arxiv.org/abs/hep-th/0205051
http://arxiv.org/abs/0806.4460
http://arxiv.org/abs/1001.0779
http://arxiv.org/abs/hep-th/0112258
http://arxiv.org/abs/hep-th/0112264
http://arxiv.org/abs/hep-th/0112264
http://arxiv.org/abs/hep-th/0201100
http://arxiv.org/abs/hep-th/0201172
http://arxiv.org/abs/1005.4921
http://arxiv.org/abs/hep-th/0203168
http://arxiv.org/abs/hep-th/0001193
http://arxiv.org/abs/hep-th/0201258
http://arxiv.org/abs/hep-th/0202055
http://arxiv.org/abs/hep-th/0202055
http://arxiv.org/abs/hep-th/0308128
http://arxiv.org/abs/hep-th/9902121
http://arxiv.org/abs/hep-th/9902121

	I Introduction
	II  Holographic Renormalization Group and Running transport coefficients: A review
	III Mode mixing in Charged AdS Black hole
	A Modes in RN-AdS
	1 Tensor Mode gxy
	2 Vector Modes gxz, gxt, gxr, Ax
	3 Vector Mode Ax at kz=0


	IV Flows of Transport Coefficients
	A  Shear Viscosity Flow and Scalar Response
	B  Electric conductivity flow at the zero momentum 
	C RG flow of `Conductivity' of momentum current flow at zero momentum
	D  RG flow of `Conductivity' of momentum current in diffusion region
	E Mixed RG Flow Equations

	V  hydrodynamics at the finite holographic screen
	A Cut off dependence of diffusion constant
	B Shear viscosity
	C Cut off dependence of DC conductivity

	VI Conclusion and Discussion
	 Acknowledgements
	A Derivation of bulk action
	B Coefficients for at', a'z and B'
	 References

