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We consider the gravity dual of strongly coupled system at a Lifshitz-fixed point and
finite temperature, which was constructed in a recent work arXiv:0909.0263. We con-
struct an Abelian—Higgs model in that background and calculate condensation and con-
ductivity using holographic techniques. We find that condensation happens and DC
conductivity blows up when temperature turns below a critical value. We also study the
zero temperature limit of strongly coupled system at the Lifshitz-fixed point.

Keywords: AdS/CFT; holography; superconductor.

1. Introduction

AdS/CFT correspondence! is one of the most interesting results in the sense that it
opened a window of connecting the string theory to the QCD and condensed matter
systems. The connection between gauge theory and strings has a long history since
the appearance of string models of hadrons in 1960’s: for example, it has been
observed that the elementary excitations of a lattice gauge theory in the strong
coupling limit can be represented by strings formed by color-electric fluxes. It is
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also suggested that in a certain limit all the degrees of freedom in the gauge theory
should be represented by the flux lines (strings) instead of fields (see Refs. 3 and 2
and references therein). Therefore it is natural to expect an exact duality between
gauge fields and strings although its precise formulation was obtained only recently.
The semiclassic version of this duality can be stated as gauge/gravity duality and
such duality has become a powerful tool to understand the strongly coupled QCD
and the properties of quark-gluon plasma in heavy ion collisions at RHIC* %2 as
well as the low energy hadron physics.

More recently, it has been attempted to use this correspondence to describe cer-
tain condensed matter systems such as the quantum Hall effect,® Nernst effect,® 1!
superconductor!?14:1% and fractional quantum Hall effect (FQHE).'® These phe-
nomena were suggested to have dual gravitational descriptions. As pointed out in
Refs. 17-19, there is a large class of interesting strongly correlated electronic and
atomic systems that can be created and studied in experiments and there are non-
relativistic systems which have Schrédinger symmetry.!” ' However, the dynamics
of such systems near a critical point is described by a relativistic conformal field
theory or sometimes more subtle scaling theory having Lifshitz symmetry.2°

To describe the finite temperature version of such scaling system, four-
dimensional black hole solutions with asymptotically Lifshitz space—times were
investigated.2' 2% The Lifshitz black holes in arbitrary dimensions were also found
in a different class of action.?6 Recently an analytical solution in yet another action
was proposed for z = 2 in four dimensions.?” Additionally, Lifshitz black holes in
three-dimensional massive gravity and four-dimensional R? gravity were also dis-
cussed.?®29 Embedding those black holes with the action in Ref. 20 into string
theory was addressed in Ref. 30.

In Ref. 12, a model of a strongly coupled system which shows superconductivity
was constructed based on holography, which is an Abelian—Higgs model in a warped
space-time. While the electrons in real materials are nonrelativistic, the model
in Ref. 12 is relativistic. Therefore it is natural to ask whether one can develop
a similar model with nonrelativistic kinematics,” especially at Lifshitz-like fixed
point. One purpose of this paper is to answer this question. We find that there is
a critical temperature, like the relativistic case, below which a charged scalar field
condensate and the (DC) conductivity blows up. We also calculated the frequency
dependent conductivity.

This paper is organized as follows. In Sec. 2, we check thermodynamics of the
Lifshitz black hole and chemical potential background. In the following section, we
study the superconductive phases in the Lifshitz background. We obtain similar
results as in the usual AdS black hole background. In Sec. 4, we consider the zero
temperature limit of our system and we conclude there is no hard gap for the AC
conductivity.

2For recent review, see Ref. 7.
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2. Gravity Dual of the Lifshitz Fixed Point

We begin with the equilibrium properties of the strongly coupled thermal field at
Lifshitz-like fixed point, by analyzing the Lifshitz black hole solutions.

2.1. Lifshitz black hole solutions
The Lifshitz scaling is defined by
t— Nt, x— M\, (1)

where z is called dynamical exponent. The metric with this symmetry was first
found in Ref. 20:

(2)

where 0 < 7 < oo and L sets the scale for the radius of curvature. For z = 1,
this geometry is anti-de Sitter space-time. For z > 1, it is a candidate for the dual
gravity of a field theory with Lifshitz scaling.

The tidal forces diverge on the “horizon” at r — oo unless z = 1 and this implies
that the metric (2) has no global extension.3! To describe the physics of the dual
field theory at finite temperature, black hole solutions with asymptotical Lifshitz
metric (2) were studied in Refs. 21-25.

Recently, a 4D black hole solution which asymptotes to the Lifshitz space—time
(2) was constructed.?” The action is

S— %/d‘lx\/—_g(R— 2A)

dt>  da? +dy?  dr?
dszsz(— _~_:v+y+r)7

r2z r2 r2

4 e 2 m? 2
- /d ;m/g( 1 F. F" + TAHA“ + (e72 — 1)) , (3)
where A = —XJFTZH, m? = 2z and F = dA. The gravitational constant and curva-

ture radius are set by 87G4 = 1 and L = 1 respectively. With this convention the
equations of motion are

1
) \/Tg
R, = e_gquMFlf‘ +m2A, A, + Agu + (26_2¢ — 1)gW ,

F? =4 O (V=ge P ) = m2ar,

(4)

and the black hole solution of this system isP

dt?>  dx® + dy? dr?

d82 = _f(T) 7”22 7'2 T'zf(r) bl (5)
fry=1-1 ey 4o 10y,
oy oy T Ve

PThere is a factor 1/1/2 missing in the expression (2.5) of the massive vector field in Ref. 27.
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In the rest of this paper, we will use this solution to discuss the transport and
superconductivity.

2.2. Thermodynamics

We first review the thermodynamics of this black hole proposed in Ref. 27. Our
calculational procedure follows.?! According to the AdS/CFT dictionary, the par-
tition function of the bulk theory is identified to that of the dual field theory. The
path integral over metrics is dominated by the saddle point g., and the partition
function is

7 — ¢~ 5elg-] , (6)

where Sg[g.] is the Euclidean action evaluated on the saddle. This action must
contain extrinsic boundary terms and intrinsic boundary terms in order to render
the finiteness of the on-shell action. This was already given in Ref. 27:

1
Sp=—3 /d‘lx\/g(R— 20)
—2¢ 2
+ /d‘*x@(eTF? + %AQ + (e72¢ — 1))
, 1 217 7,7
+/ ddxﬁK——/ By - =+ zo+ =¢?
r—0 2 r—0 8 2 2

1 , 17 13
-3 /HO ddxﬁ<(7 + 7¢> A%+ 7A‘*) ; (7)

where v is the induced metric on the boundary r — 0 and K is the trace of the
extrinsic curvature. The Dirichlet boundary condition is imposed on the massive
vector field.®

A saddle is obtained by Wick rotating Eq. (5):

dr?  dax? 4 dy? dr? fir)
Sk f(?“) 7,.22 + 7"2 + 7"2f(7') ) Z\/§T2 T ( )
The temperature of the system is
1 1
T==-=—0r, 9
8 2nry )
determined by the absence of the conical singularity at r = rpy.
We can now evaluate the action (7):
L,L
Sglg.] = —574?/ = —2n°L,L,T, (10)

H

®That is ¢y = 0 in the expression (3.3) in Ref. 27. We rewrote that expression into Euclidean
space and substitute the specific values of cop—c5. There is a minus sign difference of ¢;—c5 here
from those given in App. A of Ref. 27.
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and the free energy

L,L
F=-TlogZ =TSglg:| = ——% = —2n°L,L,T?, (11)
2ry
as given in Ref. 27.
As a check, the entropy
OF
S=—75= 4m? L, L, T, (12)

coincides with the Bekenstein—-Hawking entropy S = 2w A with the area of the event
horizon A = L, L,/r% and the unit convention 87G = 1.

The boundary stress tensor resulting from (7) is<
2 68
T = ——=5-0
V=7 oyt

1
=K, — <77 +7¢+ 13A2> A A, — Ky

1/ 27 7,7,

8
1 17 13
(= A2 4 A% )y, 1
+2<(2+7¢> + 5 >w, (13)
then the internal energy and pressure of boundary theory following?” are respec-
tively
L.L
€= —LoLyy=T = — 5+,
2ry
1 L,L (14)
P = §LmLy«/f’yTi" = LyLy\/=TF = ZIT‘}Jy )
Thus we have
1
5:P:—}':§TS. (15)

The first law of thermodynamics £ + P = T'S is satisfied as given in Ref. 27.

2.3. Finite chemical potential

Now we consider a probe gauge field fluctuation A, in the Lifshitz black hole
background. That means we need to add another Maxwell term to the original
action (3)°

1
S=—7 /d4x\/_ngWF“”. (16)

dThere are also some minus sign differences between the expression we give and the one in (3.4)
of Ref. 27.

¢In this subsection and the rest of this paper, A and F' should be distinguished with those in the
original action (3) where the vector field is not a gauge field. From now on, by A, and F' we mean
the Maxwell fluctuation and its strength.
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For simplicity, we ignore the backreaction. It means that A, is a small perturbation
and the metric is still the same as (5). This vector field is expected to support a
charge current operator J,, in the dual field. The equation of motion of A, is

b
V=9

If we only consider the zero component of A,,, A = ¢(r)dt, then we have

8, (V=gF™) = 0. (17)

¢+ qub’ =0. (18)

Near the boundary,

¢ = by + oy’ 7, (19)

where ¢y and ¢(;) are chemical potential and charge density respectively in the
dual field theory if z < 2. In the special case z = 2,

,
Ao = pio — plog ——. (20)

The coefficient p of the log term is precisely the charge density, which in grand
canonical ensemble, is defined as the derivative of the boundary action term with
respect to the chemical potential 1o (see also Ref. 38 for related discussion).

3. Superconductivity

In this section, we will build an Abelian-Higgs model®3'2 in the Lifshitz black hole
background and study the superconductive phase. We introduce a new U(1) gauge
field A,, which is different from that in the action (6) and also introduce a complex
scalar 1. We assume that the background response is negligible for simplicity.

3.1. Superconductive phases

Considering the Lagrangian density
1, .
L= =P By = [V — A0 =V (Ju]), (21)

we have equations of motion for A and 1 are respectively
1 > * v y 1% 1% y 1% *
——= Ou(V=9F") = iq[y* (8" — iqA" ) — (9" +igAV)¥*], (22)
/)
1 . Y
—— 0, (/=g (0M) — iqAF)) — iqAF (D) —iqA ) — —=V'(|9]) =0. (23
\/jgu(\/ ( ) @, u¥) 370 (1) (23)
We will work in the probe limit, in which A, and v are taken to be small so that
their backreaction on the space—time metric can be ignored. The metric is still a
four-dimensional Lifshitz black hole with z = 2 in (5).
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Taking the ansatz A = ¢(r)dt, 1» = ¥ (r), these equations of motion reduce to

" z—1 / 2¢2 _
] (24)

LR ek1], e Vi)
v +[f<r> ~ Ty ]7’” TR YT e (25)

where 1 can be taken to be real which is allowed by the r-component of (22). For
simplicity we will specialize to a simple potential V() = m?|1|? with m? < 0 but
above the Breitenlohner-Freedman bound. Then near the boundary r» — 0 the bulk
fields behave as

p=p+pr¥ (26)
Y =Py’ +Yayr’ + - (27)
with vy = 22 +£/m? + (Z;Q)Q. At the horizon ¢(rg) = 0 and (25) implies
m2
V(ry) = —5, - W(rm). (28)
TH

For z = 2, as we mentioned before, there is a Log singularity for the second term
on the right-hand side of (26). We will study the regularized on-shell action in the
following. Including ¢(r) and v (r), the bulk action can be rewritten as

Shulk = Vg/dr\/_g{; " tt( r¢) (374/))2 - gtt¢2¢2 - m%’ﬂ . (29)

After doing the above integral by part and using the equations of motion, we have

TH

Son shell — VE’) |:V ¢( gTTgttar¢>

(=g o) [ / N g%%ﬂ (30)

Actually, the properties of boundary behaviors of all three terms in (30) heavily
depend on the parameter vy related to m. In our discussion, the asymptotical
behaviors of the second and the third term in (30) are suppressed by ¢ (r). Using
the asymptotical behaviors of ¢(r) and ¥ (r), with Eq. (26) replaced by

¢(r)=uo—plogr1+"w (31)

the action can be given by

1
S = SonshellVS|: <M0910g_>+} ) (32)
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where r, was introduced in (20). Finally the regulated Euclidean total action of
boundary field theory is given by

o/ 1 rH
S = 72 (— 5 PHse +/ \/—gg”qﬁw?) , (33)

where pse = po. We need to integrate the classical solution ¢. and .. The free
energy is obtained by Legendre transformation:

1 TH
Fye =TS + piscpVa = Va <§pu50 + / \/—gg”riﬁwf) : (34)
rB
For the normal state, the free energy is given by setting ¥, = 0 in (33)
1 1 TH
F7 - = e - = 21 -
s V2(2pm) V2(2p og r*>7 (35)
where we use the horizon regularity condition Ag(ry) =0 and p,, = plog ’;—’j
In the case with condensation, v is simplified to v_ = 1, v, = 3 with m? = —3.

Note that [/ \/=gg"¢2¢? has a finite value.
The condensate of the scalar operator O is encoded in the dual field 1 by

(O) =vq) (36)

with the boundary condition 1y = 0. We can solve Egs. (24) and (25) numerically
and finally get a condensation curve shown in Fig. 1. Near the critical temperature,
this curve is similar to that in BCS theory and that in z = 1 holographic super-
conductor.!? (O) goes to a finite value as the temperature turns below a critical
value. By dimensional analysis, T, ~ p.

35"
30
25
<0>%R o 7

Te 15¢

10

T

Te

Fig. 1. Condensation curve at z = 2, m? = —3, (O2) = P(1y-
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Fig. 2.

We plot the difference of free energy difference

Difference of free energy curve with and without condensation, AF = F,, — Fxc.

1 TH
AF = Fn - Fsc - V2 (ip(ﬂn - NSC) + / V gg”qﬁng) ) (37)

where fi,, tisc mean chemical potential at the normal and superconducting phase

respectively. Figure 2 demonstrates that the free energy for superconducting state

is lower below critical temperature.

3.2. Conductivity

In order to compute the electric conductivity, we follow the procedure in Ref. 31.

In this paper we work in the probe limit so that the fluctuation of the metric or

the massive gauge field is ignored. For the conductivity only fluctuation A, (r) is

relevant and let us work in the zero spatial momentum limit. Together with the

background ¢ and the fluctuation A,
A= ¢(r)dt + Ay(r)e ™t dx.

From the Maxwell equation,
1
—— 0, (V=gF) = 20 A7,
\/_—g H( )

we find

" f'(r) z—11 w22 2¢2 _
A”[f(r) Ty }A”{ ECREEC)

(38)

(39)

0. (40)
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At the horizon we choose the infalling boundary condition,
Ay o f(r)yTwra/2, (41)
Near the boundary, the field behaves as
Ay = Ag(o) + Agyr® + -+, (42)

where A, () gives the background electric field in the dual field theory E, = iwA, (o)
and A, (1) is related to the expectation of electric current J,.
For the gauge field (38), the Maxwell action reduces to

2 T
S = _Z/d4x /__g[g r(ggcgcA;Z +gtt¢/2) _gttgchJQAi} ; (43)

then the expectation value of the electric current can be obtained from this action,

6S0n-shell o li 65

(%) = 0Ago) | o0 00,A,

(44)
with the notation 0,4, = A/ (r). Finally, we obtain
(J7) = lim /=gg™"(¢"" A}) = 24:1) , (45)

which gives the conductivity

Jm> i zAL0
"(“):<E :_EA()‘
T x(0)

(46)

All left is to solve Eq. (40) in order to obtain the electric conductivity in (46). In
particular, we plot the conductivity at T' < T,.. Near w = 0, we observed a pole for
the imaginary part. It means that DC conductivity becomes a delta function when
condensation happens.

Apparently, there is a gap in Fig. 3. However, as pointed out in Ref. 39, it
may not be the genuine gap. One way to see this is to work out the real part
of the conductivity with low frequency at the zero temperature limit with full
backreaction to the gravity background. However, since the Lifshitz geometry we

2.x10°° [

T7E
6F
15x10°6F

5F

4F

Re(0) 1.x10°6 F 1 Im@)

3F

5.x10°7 2t
/ i

Of, | . . I Of, : - n .
0 50 100 150 200 0.0000 0.0005 0.0010 0.0015 0.0020

w

=g

T

Fig. 3. Conductivity at T' < T¢. The temperature 7' = 0.5127,, 7" = 0.1557¢ and T" = 0.0907,
from up to down in left figure and opposite in the right one.



Int. J. Mod. Phys. A 2011.26:4617-4631. Downloaded from www.worldscientific.com
by HANYANG UNIVERSITY on 05/01/22. Re-use and distribution is strictly not permitted, except for Open Access articles.

Holographic Superconductor for a Lifshitz Fized Point 4627

used is not a pure gravity solution like RN black hole solution, which also depends on
a background scalar and vector. Together with the condensation field and Maxwell
field we used to describe the strongly coupled electrons, basically we have four
fields plus gravity coupled together. This complex system will bring us principle
difficulties even for numerical calculation.

In order to avoid this five fields (or more than five, since metric contains several
components even for some symmetry ansatz) coupled problem, we shall again use
the probe approximation to try to approach the zero temperature limit of the system
in the next section.

4. Zero Temperature Limit at z = 2

We shall consider the zero temperature limit explicitly. As we mentioned before,
solutions of equations of motion (24) and (25) heavily depends on the parameter
m?. When we take the zero temperature limit, equations of motion reduce to

—1 22
¢//+Zr ¢/7 ;:Z; =0, (47)

2
w//_z‘:lw/_"_rZz—Q(wa_’rT:nzw:0. (48)

Now the horizon localizes at r = co. In order to determine the leading order behavior
near r = 0o, we try the following ansatz:

=1, =y — P, (49)
where we assume that A\; and Ao both are not negative. Note that we have used
scaling symmetry to set the coefficient in ¢ to one. Using (47) and z = 2 we obtain

)\2
2 _ M

Note that (50) is also true for 19 = 0. Using the ansatz (49) and (48) we have the
equation near r = oo

— 1 Aa(Ng — 2)7“_)\2_2 + (wo + 1/J1T_)\2)T2_2)\1 —m?r—2 (wo + z/Jlr_)"") =0. (51)

There are several consistent boundary conditions we would like report as follows.

(50)

4.1. ’l,ZJO == )\1 =0
For v9 = A1 = 0, by analyzing (51) we found that near r = co we require
1 =0. (52)

Then we have the trivial asymptotic solution for . Actually it is easy to observe
that

¢ =const, =0 (53)

is an exact solution for equations of motion (47) and (48). However, this solution
with ¢ = 0 is not interesting because it gives no condensation.
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4.2. 1,[}0 :>\1 #0

In this case, (51) reduces to

—h1da(Xe = 2)r7 277 4 oM —mPr g = 0. (54)

4.2.1. m? #0
For nonvanishing m?, the only consistent boundary conditions is
m?=1 and X\ =2. (55)

In this case, Ao > 0.

422. m*=0
For vanishing m?2, the only consistent boundary condition is

A1
— X —2=2-2)\; and =
2 1 U1 02 —2)

4.3. Numerical result

From now on we focus on the m? = 0 case and try to solve the system. In this case
the IR asymptotic solutions become

p=r", ¢ =—Mr M (57)

A A1 4—2X ’ A1 3-2\
- - _ r 1 R = 7 . 58
v V2 o (20 —4)(2M —6) v (2\1 — 6) (58)
Let us turn to the UV boundary (r = 0) asymptotic behaviors. For normalizable
P(r — 0) we have

d=p+prii 4 (59)

w = ’(/}(0)TV_ + ¢(1)T”+ + - (60)

with vy = % +4/m? + (#)2 For z = 2 and m? = 0, the second term for
¢ has a Log divergence and v_ = 0 as we mentioned before. Now we choose the
normalization condition ) = 0 as a UV boundary condition.

4.3.1. ¢ solution

Now one can numerically integrate the IR solution to UV boundary and adjust A\q
so that the solution for 1 is normalizable. We shall show the numerical result for
1 in Fig. 4. Using the shooting method, we found A\; = 2.43308.
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psi

05¢ e

00+

Fig. 4. Solution of ¥ at z = 2, m? = 0, A\; = 2.43308.

4.3.2. Conductivity at zero temperature limit

Consider the conductivity at zero temperature limit. The equation of motion for
A, reduces to
29)2

z—1
" / 2,.22z—2
Al . AL+ {w r 12

}AI—O. (61)

For z = 2, the above equation can be rewritten as

AL AL 2 27

2 we obtain the equation of motion

,w2 w2
Y ¥ _*
At 55 Ae = T As. (63)

Using the new variable u = r

This is nothing but Schrédinger equation with energy ‘*’;. Compare with z = 1,

where one does not need to change the variable in order to obtain the Schrédinger
equation, for z = 2 we need a new variable u = r2. It is easy to see that condensation
field control the potential by V(u) = % And a little algebra will show that
conductivity is related to reflection coefficient of the wave under the potential. In
another word, conductivity is proportional to the transmission coefficient 7. More
explicitly, the approximate Jeffreys—Wentzel-Kramers—Brillouin (JWKB) solution
for T is

Twexp{%/abdr V(r)E}, (64)

where a < r < b is the region where V is higher than F.
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Following the analysis in Ref. 39, we shall ask whether there is a hard gap in
conductivity. The way to answer this question is to see whether the conductivity in
zero temperature limit vanishes or not. Let us focus on the condensation field both
for m? = 1 and m? = 0. For both of them, the potential \/V (r) is integrable near
the boundary and vanishes near the horizon. That means transmission coefficient T
from (64) will be nonzero even at zero temperature. Therefore a nonzero tunneling
probability is always there. Due to the gap behavior for conductivity

Re[o] ~ e~ /T (65)
which means when T' — 0, it will strictly be zero, and we conclude that there is no
hard gap.
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