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ULAM STABILITY OF AN ADDITIVE-QUADRATIC
FUNCTIONAL EQUATION IN BANACH SPACES

INHO HWANG AND CHOONKIL PARK*

(Communicated by M. Krni¢)

Abstract. Using the fixed point method and the direct method, we prove the Hyers-Ulam stability
of the following additive-quadratic functional equation

fx+y,z+w)+ f(x—yz—w)=2f(x,2) = 2f (x,w) = 0. (0.1)

1. Introduction and preliminaries

The stability problem of functional equations originated from a question of Ulam
[25] in 1940, concerning the stability of group homomorphisms. Let (Gj,.) be a group
and let (G2,*) be a metric group with the metric d(.,.). Given € > 0, does there ex-
ist a 60, such that if a mapping & : G — G, satisfies the inequality d(h(x.y),h(x) *
h(y)) < 0 for all x,y € Gy, then there exists a homomorphism H : G; — G, with
d(h(x),H(x)) < € forall x € G;? In the other words, Under what condition does there
exists a homomorphism near an approximate homomorphism? The concept of stability
for functional equation arises when we replace the functional equation by an inequality
which acts as a perturbation of the equation. In 1941, Hyers [15] gave the first affirma-
tive answer to the question of Ulam for Banach spaces. Let f : E — E’ be a mapping
between Banach spaces such that

1FGe+y) = f) = fO)I < 6

for all x,y € E, and for some § > 0. Then there exists a unique additive mapping
T : E — E’ such that

1F) =Tx)[[ <6
for all x € E. In 1978, Rassias [22] proved the following theorem.
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THEOREM 1.1. [22] Let f: E — E’ be a mapping from a normed vector space E
into a Banach space E' subject to the inequality

1FCe+) = f () = fOI < e(llxll” + [I1]17) (1.1)

forall x,y € E, where € and p are constants with € > 0 and p < 1. Then there exists
a unique additive mapping T : E — E' such that

2¢e

1) - T < 5=

(1 (1.2)

SJorall x e E. If p <0 then inequality (1.1) holds for all x,y # 0, and (1.2) for x # 0.
Also, if the function t — f(tx) from R into E' is continuous in t € R for each fixed
x € E, then T is R-linear

A generalization of the Rassias’ theorem was obtained by Gavruta [12] by replac-
ing the unbounded Cauchy difference by a general control function.

THEOREM 1.2. [12] Suppose (G,+) is an abelian group, E is a Banach space,
and that the so-called admissible control function ¢ : G x G — R satisfies

P(x,y) = 27! Z 27"@(2"x,2"y) < oo
n=0

forall x,y € G. If f: G — E is a mapping with

1f(r+y) = f() = fFODI < o(x.y)

Sor all x,y € G, then there exists a unique mapping T : G — E such that T(x+y) =
T(x)+T(y) and ||f(x)—T(x)|| < §(x,x) forall x,y € G.

Gilanyi [13] showed that if f satisfies the functional inequality

12/ () +2f ) = fe =) < I f x4+l (1.3)

then f satisfies the Jordan-von Neumann functional equation

2f()+2f(y) = fx+y) + f(x—).

See also [23]. Fechner [11] and Gildnyi [14] proved the Hyers-Ulam stability of the
functional inequality (1.3). Park [18, 19] defined additive p -functional inequalities
and proved the Hyers-Ulam stability of the additive p-functional inequalities in Ba-
nach spaces and non-Archimedean Banach spaces. The stability problems of various
functional equations and functional inequalities have been extensively investigated by
a number of authors (see [0, 7, 9, 10, 18, 24]).

We recall a fundamental result in fixed point theory.
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THEOREM 1.3. [2, 5] Let (X,d) be a complete generalized metric space and let
J : X — X be a strictly contractive mapping with Lipschitz constant oo < 1. Then for
each given element x € X, either

d(J"x,J" x) = oo
for all nonnegative integers n or there exists a positive integer ny such that
(1) d(J"x,J" 1) < oo, Vn > ngp;

2) the sequence {J"x} converges to a fixed point y* of J;

(2)
(3) ¥* is the unique fixed point of J inthe set Y ={y € X | d(J"x,y) < oo},
(4)

d(y,y") < T=d(y,Jy) forall y€ Y.

In 1996, Isac and Rassias [16] were the first to provide applications of stability the-
ory of functional equations for the proof of new fixed point theorems with applications.
By using fixed point methods, the stability problems of several functional equations
have been extensively investigated by a number of authors (see [3, 4, 8, 20, 21]).

This paper is organized as follows: In Section 2, we prove the Hyers-Ulam stability
of the additive-quadratic functional equation (0.1) in Banach spaces by using the direct
method. In Section 3, we prove the Hyers-Ulam stability of the additive-quadratic
functional equation (0.1) in Banach spaces by using the fixed point method.

Throughout this paper, let X be a complex normed space and Y be a complex
Banach space.

4

2. Hyers-Ulam stability of the additive-quadratic functional equation (0.1):
direct method

We investigate the additive-quadratic functional equation (0.1) in complex normed
spaces.

LEMMA 2.1. If a mapping f:X*> — Y satisfies f(0,z) = f(x,0) =0 and

f(x+y7z+w)+f(x—y,z—w) —2f(x,z) —2f(X7W) =0 (21)

forall x,y,z,w € X, then f:X* —Y is additive in the first variable and quadratic in
the second variable.

Proof. If w=0,then f(x+y,z)+ f(x—y,2) —2f(x,z) =0 forall x,y,z€ X. So
f is additive in the first variable.

If y=0, then f(x,z+w)+ f(x,z—w) —2f(x,z) —2f(x,w) =0 forall x,z,w e X.
So f is quadratic in the second variable.

Note that if f: X — Y satisfies (2.1), then the mapping f: X — Y is called an
additive-quadratic mapping.

Now we prove the Hyers-Ulam stability of the additive-quadratic functional in-
equality (0.1) in complex Banach spaces.
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THEOREM 2.2. Let ¢ : X*> — [0,%0) be a function satisfying

D(x,y) := Z ’<p< zy,) < oo 2.2)
o1
forall x,y € X and f :X* — Y be a mapping satisfying f(x,0) = £(0,z) =0 and
[f ety z4+w)+flx—y,z—w) =2f(x,2) = 2f(x,w)[| < @(x,y)@(z,w)  (2.3)

forall x,y,z,w € X. Then there exists a unique additive-quadratic mapping F : X*> —Y
such that

1£02) Fs2)] < min { 3 ¥(000(6.0), 301 00006.2) |

forall x,z € X, where

§ (2/ 2/)

forall x,y € X.

Proof. Letting y=x and w =0 in (2.3), we get

1/(2x,2) = 2f(x,2)[| < @(x,X)0(z,0) (2.4)

and so

20 (5) <0 (55 otc0

forall x,z € X. Hence

s Go) -2 Gl < £ o (39 -2 (559) | e

1 & X
<3 2 20(55;) 00)
j=l+1

for all nonnegative integers m and [ with m > [ and all x,z € X . It follows from (2.5)
that the sequence {2¢f (2:2)} is Cauchy for all x,z € X. Since Y is a Banach space,

the sequence {2¢f (5r,2)} converges. So one can define the mapping P : X 2 Y by

P(x,z) := lim 2K f (%,z)

k—soo

for all x,z € X . Moreover, letting [ = 0 and passing the limit m — o in (2.5), we get

Hf(X,Z) _P(X’Z)” < ql(x’x>(P(Z’0) (26)

N —
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forall x,z € X.
It follows from (2.2) and (2.3) that

|P(x+y,z4+w)+P(x—y,z—w)—2P(x,z) — 2P(x,w)||
(o) (o) () (5

< lim 2" <2x_n7 l) o(z,w) =0

n—roo 2”

= lim

n—oo

for all x,y,z,w € X. So
P(x+y,z+w)+Px—y,z—w)—2P(x,z) —2P(x,w) =0

for all x,y,z,w € X. By Lemma 2.1, the mapping P : X> — Y is additive in the first
variable and quadratic in second variable.

Now, let T : X? — ¥ be another additive-quadratic mapping satisfying (2.6). Then
we have

IP(x,2) = T(x,2)] = H24P<2£7Z> =27 (55:2) H

<[zr(e) 2 GG Al+ forr (o) -2 ()

<o (3 5)ot0.

which tends to zero as g — oo forall x,z € X. So we can conclude that P(x,z) = T (x,z)
for all x,z € X. This proves the uniqueness of P.
On the other hand, letting y =0 and w = z in (2.3), we get

1/(x,22) =41 (x, 2)[| < 9(x,0)9(2,2) 2.7)

and so

freo-ar(3)] < oo (33

forall x,z € X. Hence

45 (v 5p) =47 (v 35) | < H“’f< 5) -4 (g e®
SEPRLOICESD

for all nonnegative integers m and [ with m > [ and all x,z € X . It follows from (2.8)
that the sequence {4*f(x, 57)} is Cauchy for all x,z € X. Since Y is a Banach space,

the sequence {4*f(x, >} converges. So one can define the mapping 0 : X 2 Y by

O(x,z) 1= 132247 (x, %)
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for all x,z € X. Moreover, letting / = 0 and passing the limit m — oo in (2.8), we get

1£(2) ~ 0(x.2)l < 30(x.0)(z.2) @9)

forall x,z € X.
It follows from (2.2) and (2.3) that

10(x+y,z+w)+Q(x—y,z—w) —20(x,z) = 20(x,w)]|
4 (f (x+y7 Z;W) +f (x—y,zg—,,w> ~2f (w57 ) ~2/ (x, 2&)) H

. n z w

= lim

n—o0

for all x,y,z,w € X. So
Q(X+y7Z+W) + Q(X—y,z—W) _2Q(X,Z) _2Q(wi) =0

for all x,y,z,w € X. By Lemma 2.1, the mapping Q : X*> — Y is additive in the first
variable and quadratic in second variable.
Now, let T : X? — Y be another additive-quadratic mapping satisfying (2.9). Then

we have
l0(.2) = Tl = |40 (v, 55 ) =407 (.. ) |
< Jer e g5) o (o) | o (v 55) 0 (5|
< Yowow(4.2).

which tends to zero as ¢ — e forall x,z € X . So we can conclude that Q(x,z) = T'(x,z)
for all x,z € X. This proves the uniqueness of Q.
It follows from (2.9) that

f(507) —2(52) |< 24—n<p (55:0) @(.2),

which tends to zero as n — oo for all x,z € X. Since Q : X?> — Y is additive in the
first variable, we get ||P(x,z) — Q(x,z)|| =0, i.e., F(x,z) := P(x,z) = Q(x,z) for all
x,z € X . Thus there is an additive-quadratic mapping F : X> — Y such that

2}1

102) Fx2)] < min{ 3¥(.000(c.0), 06 0006.2) |

forall x,z € X.

COROLLARY 2.3. Let r > 2 and 0 be nonnegative real numbers and f : X> — Y
be a mapping satisfying f(x,0) = £(0,z) =0 and

1fx+y,z4+w)+ f(x—y,2—w) = 2f(x,2) = 2f (x,w)]|
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O (llxell”+ Iyl il + Iwll") (2.10)

forall x,y,z,w € X. Then there exists a unique additive-quadratic mapping F : X*> —Y
such that

700~ F)]l < 5

forall x,z€X.

Proof. The proof follows from Theorem 2.2 by taking qo( ) =0 (|lx||”+ [[y]|")

for all x,y € X, since min{ 522 ||x[|"||z]|", 52 |Ix[|"]z]|"} = for all x,z €
X.
THEOREM 2.4. Let ¢ : X*> — [0,0) be a function satisfying
| o
Y(xy) =Y Z—qo (27x,27z) < oo (2.11)

j:

forall x,y € X andlet f:X?> —Y be a mapping satisfying f(x,0) = £(0,z) = 0 and
(2.3) for all x,z € X . Then there exists a unique additive-quadratic mapping F : X* —Y
such that

I£02)~ F(x2)] < min{ #0000, 000G} 212

forall x,z € X, where

oo

1 o
O(x,y) = Y, 75 (2/x.2%y)
j=0

forall x,y e X.
Proof. Tt follows from (2.4) that

|rtwa)- rena)| < JotneE0

for all x,z € X. Hence

Z

(2.13)

21f<2’xz>——f "x,z)

(2jx7 ) — (27t1x,2)

it/

1 —11 S
5 2 2— (ZJX, 2‘,.7(:) (P(Z, O)
for all nonnegative integers m and [ with m > [ and all x,z € X . It follows from (2.13)

that the sequence {%k f(2kx,z)} is Cauchy for all x,z € X. Since Y is a Banach space,
the sequence {2% f(2kx,z)} converges. So one can define the mapping P: X> — Y by

1
P(x,z):= khj}o ?f <2kx, z>
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for all x,z € X . Moreover, letting [ = 0 and passing the limit m — oo in (2.13), we get

Hf(X,Z) _P(X’Z)” < "P(X,)C)(P(Z,O) (214)

N =

forall x,z € X.
It follows from (2.3) and (2.11) that

IP(x+y,z4+w)+P(x—y,z—w)—2P(x,2) —2P(x,w)]]

5 0,204 () w) -2 (2%2) =27 () |

= lim

n—o0

: 1 n n
< Jlim 52 (2°,2") 9(z,w) =0

n—o0

for all x,y,z,w € X. So
P(x+y,z+w)+Px—yz—w)—2P(x,z) —2P(x,w) =0

for all x,y,z,w € X. By Lemma 2.1, the mapping P : X> — Y is additive in the first
variable and quadratic in second variable.

Now, let T : X?> — Y be another additive-quadratic mapping satisfying (2.14).
Then we have

IP(e2) - T(x2) = | 35 (2%52) - 3,7 (202
<‘ lP(2‘6cz)——f(2qxz H— 2qxz)——f(2‘1xz)

24

1
< 5 (25,27 9(,0),

which tends to zero as g — oo for all x,z € X. So we can conclude that P(x,z) = T (x,z)
for all x,z € X. This proves the uniqueness of P.
It follows from (2.15) that

1/(x,22) =41 (x, 2)[| < 9(x,0)9(2,2) (2.15)

and so

! —¢(x,0)0 (2z,22)

foz f(xZZ) <3

for all x,z € X. Hence

‘%f(sz)——fom 2.16)

(x, 2/l Z)

(xZZ

Yl

% i )¢ (272,27z)
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for all nonnegative integers m and [ with m > [ and all x,z € X . It follows from (2.16)
that the sequence {4ik f(x,2%z)} is Cauchy for all x,z € X. Since Y is a Banach space,

the sequence {4% f(x,2kz} converges. So one can define the mapping Q : X> — Y by
TR k
0(x,2) = lim o7 f (x.2%)
for all x,z € X. Moreover, letting [ = 0 and passing the limit m — o in (2.16), we get

1759 - Q0.2 < 70l 0)(.2) @1

forall x,z € X.
It follows from (2.3) and (2.11) that

10(x+y,z+w)+0(x—y,z—w) —20(x,z) — 20(x,w)]|

= im0 b2 ) 4 52 0) -2 2% 27 2 |

1
< lim 2 o(x,y)e(2°2,2'w) =0

n—00

for all x,y,z,w € X. So
Q(X+y7Z+W) + Q(X—y,z—W) _2Q(X,Z) _2Q(wi) =0

for all x,y,z,w € X. By Lemma 2.1, the mapping Q : X*> — Y is additive in the first
variable and quadratic in second variable.
Now, let T : X?> — Y be another additive-quadratic mapping satisfying (2.17).

Then we have
1 1
1062) - Tx2)] = | 3500029 - 357 (x2%)

‘ 1
<

49

—Q(x,297) — —f(x 247)

# | w2 - g

9, 74
<7 4q(p(x 0)®(292,29z),
which tends to zero as ¢ — o forall x,z € X . So we can conclude that Q(x,z) = T (x,z)
for all x,z € X. This proves the uniqueness of Q.

It follows from (2.17) that

1
2",0) P
150 ® (20,0 0(z,2),

which tends to zero as n — oo for all x,z € X. Since Q : X?> — Y is additive in the
first variable, we get |P(x,z) — Q(x,z)|| =0, i.e., F(x,z) :== P(x,z) = Q(x,z) for all
x,z € X . Thus there is an additive-quadratic mapping F : X> — Y such that

1
1720 -0 (2"2,2)] <

102) Fx2)] < min{ 3¥(.000(c.0), 06 0006.2) |

forall x,z € X.
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COROLLARY 2.5. Let r < 1 and © be nonnegative real numbers and f : X*> —Y
be a mapping satisfying (2.10) and f(x,0) = f(0,z) =0 for all x,z € X. Then there
exists a unique additive-quadratic mapping F : X> — Y such that

20

I7t2) - Fx2)l < 5=

(1" 1]
forall x,z€X.

Proof. The proof follows from Theorem 2.4 by taking @(x,y) = v/ (||x||"+ ||]|")

for all x,y € X, since min{52%:||x||"||z]", %HxﬂerHr} = 42_—92,||xHr||z||r for all x,z €

277
X.

3. Hyers-Ulam stability of the additive-quadratic functional equation (0.1): fixed
point method

Using the fixed point method, we prove the Hyers-Ulam stability of the additive-
quadratic functional equation (0.1) in complex Banach spaces.

THEOREM 3.1. Let ¢ : X> — [0,00) be a function such that there exists an L < 1
with

L

L
® (% %) < Zq)(x,y) < Ew(x,y) (3.1)

forall x,y € X. Let f:X*> —Y be a mapping satisfying satisfying (2.3) and f(x,0) =
f(0,2) =0 for all x,z € X. Then there exists a unique additive-quadratic mapping
F:X? =Y such that

)¢@Jw&ﬂ%ﬂl;ijww@@}(3b

1 (x,2) = F (x,2)| Smin{m 1—L

forall x,z€X.

Proof. Letting w =0 and y = x in (2.3), we get

1/(2x,2) = 2/ (x, 2)I| < @(x,%)9(2,0) (3.3)

forall x,z € X.
Consider the set

S:={h:X*> =Y, h(x,0)=h(0,z) =0 VYx,z € X}
and introduce the generalized metric on S':
d(g,h) =inf{u € Ry :[|g(x,2) —h(x,2)|| < uo (x,x) @(z,0), Vx,z€X},

where, as usual, inf¢ = +eo. It is easy to show that (S,d) is complete (see [17]).
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Now we consider the linear mapping J : S — S such that

Jg(x,z) :=2g (%,z)

forall x,z € X.
Let g,h € S be given such that d(g,h) = €. Then

||g(x,z) - h(x,z)H < £ (x7x) (P(Z70)
for all x,z € X. Hence

X

X X X
_ — = _ = < =
/g (x,2) — Jh(x,z)|| H2g (2,z> 2h (27Z> H <2eQ (27 2) ¢(z,0)
L
< 265(/) (x7x) (p(Z70) = LS(p ()C,X) (P(Z,O)
forall x,z € X. So d(g,h) = € implies that d(Jg,Jh) < Le. This means that
d(Jg,Jh) < Ld(g.h)

forall g,heS.
It follows from (3.3) that

L
2

[rea-27(52) | <0(5:3) 020) < S0l x)0(0)

L
forall x,z € X. So d(f,Jf) < 3.

By Theorem 1.3, there exists a mapping P : X> — Y satisfying the following:

(1) P isafixed pointof J, i.e.,

P(x,2) =2P (%Z) (3.4)

for all x,z € X. The mapping P is a unique fixed point of J. This implies that P
is a unique mapping satisfying (3.4) such that there exists a y € (0,o0) satisfying

Hf(X,Z) _P(X7Z)” < ”(p(x7x)(p(z70)
forall x,z € X;
(2) d(J'f,P) — 0 as [ — oo. This implies the equality
. i ﬁ _
fim2's (57:2) = Pte2)

forall x,z € X;
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(3) d(f,P) < {17d(f,Jf), which implies

1£(2) — P(x,2) | < s 060 9(0)

2(1—-L
forall x,z € X.

By the same reasoning as in the proof of Theorem 2.2, one can show that the mapping
P:X? —Y is additive in the first variable and quadratic in the second variable.
Letting z=w and y =0 in (2.3), we get

1£(x,22) —4£(x,2)[| < @(x,0)9(z,2) (3.5)

forall x,z € X.
Consider the set

S:={h:X*> =Y, h(x,0)=h(0,z) =0 Vx,z€ X}
and introduce the generalized metric on S':
d'(g,h) =inf{u € Ry :[|g(x,2) —h(x,2)|| < no(x,0)@(z,2), Vx,z€X},

where, as usual, inf @ = +oo. It is easy to show that (S,d’) is complete (see [17]).
Now we consider the linear mapping J' : S — S such that

J'g(x,2) = 4g (%,z)

forall x,z € X.
Let g,h € S be given such that d’(g,h) = €. Then

llg(x,2) —h(x,2)|| < € (x,0) ©(z,2)

for all x,z € X. Hence

1782 = Ih )l = |48 (x.5) 4k (x5 ) | <4e0(x0)0(5.3)

L
<4 0(x,0)9(z,2) = Leg (x,0) 9(z.2)
forall x,z € X. So d'(g,h) = € implies that d'(J'g,J'h) < Le. This means that
d'(J'g,J'h) < Ld'(g,h)

forall g,heS.
It follows from (3.5) that

e -7 (x.2)] < 0000 (5.5) < o000t

forall x,z€X. So d'(f,J' f) < &.
By Theorem 1.3, there exists a mapping Q : X> — Y satisfying the following:
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(1) Q is a fixed point of J', i.e.,
Z
0(x,7) =40 (x.5) (3.6)

for all x,z € X. The mapping Q is a unique fixed point of J’. This implies that Q
is a unique mapping satisfying (3.6) such that there exists a u € (0, ) satisfying

Hf(X,Z) _Q(va)H < ,LLQD()C,O)(/)(LZ)
forall x,z€ X;

(2) d(J'"'f,Q) — 0 as [ — . This implies the equality

lim 4' (x, %) = 0(x,2)

=500
for all x,z € X;

3) d(f,Q) < ti7d(f,J'f), which implies

1£(2) — Q. D) < s 10600

4(1—-L
forall x,z € X.

By the same reasoning as in the proof of Theorem 2.2, one can show that the mapping
Q:X? —Y is additive in the first variable and quadratic in the second variable.

By the same reasoning as in the proof of Theorem 2.2, we get ||P(x,z) — Q(x,2)|| =
0, i.e., F(x,z) := P(x,z) = Q(x,z) for all x,z € X. Thus there is an additive-quadratic
mapping F : X? — Y such that

1£02) = Fx2)] < min{ 575 (000600 317 05,0)0(6.2) |

1-L
forall x,z € X.

COROLLARY 3.2. Let r>2 and 0 be nonnegative real numbers and f : X*> —Y
be a mapping satisfying (2.10) and f(x,0) = f(0,z) =0 for all x,z € X. Then there
exists a unique additive-quadratic mapping F : X*> — Y such that

20

Hf(xvz) —F()C,Z)H < 4

"Il
forall x,z€X.
Proof. The proof follows from Theorem 3.1 by taking L = 2>~ and ¢(x,y) =

VO(|lx]I"+llyll") forall x,y € X, since min{ 522 [lx["[|z]1", 5% I]1"|=ll"} = 57 Il "[|=]1"
forall x,z € X.
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THEOREM 3.3. Let ¢ : X?> — [0,0) be a function such that there exists an L < 1
with

oie) <2e0(3.3) <ot (33)

forall x,y € X. Let f:X*> —Y be a mapping satisfying satisfying (2.3) and f(x,0) =
f(0,2) =0 for all x,z € X. Then there exists a unique additive-quadratic mapping
F :X? =Y such that

1 1
—-F < i A1 7 ) 70 Y A1 T 0
102) ~ Fx)] < min{ 5500090600, g7 0(5.0)0(6.2) |
forall x,z€X.
Proof. Consider the complete metric spaces (S,d) and (S,d’) given in the proof

of Theorem 3.1.
Now we consider the linear mapping J : S — S such that

1
Jg(x,z) = Eg (2x,z2)

forall x,z € X.
It follows from (3.3) that

< L o(n)00)

[\S]

7w~ 3 )

forall x,z € X. So d(f,Jf) < 3.
By the same reasoning as in the proof of Theorem 2.2, one can show that there
exists a unique additive-quadratic mapping P : X> — Y such that

1£6:0) = P59 < 575 (20 9020

forall x,z € X.
By the same reasoning as in the proof of Theorem 2.2, one can show that the
mapping P: X — Y is additive in the first variable and quadratic in the second variable.
Now we consider the linear mapping J' : S — S such that

J'g(x,2) = 4g (%,z)

forall x,z € X.
It follows from (3.5) that

|02 - 37020 got0)06.2)

forall x,z€ X. So d'(f,J'f) < }.
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By the same reasoning as in the proof of Theorem 2.2, one can show that there
exists a unique additive-quadratic mapping Q : X*> — Y such that

1

1f(x,2) = Q(x,2)| < Hi-1D)

¢ (x,0)9(z2)
forall x,z € X.
By the same reasoning as in the proof of Theorem 2.2, one can show that the
mapping Q: X> — Y is additive in the first variable and quadratic in the second variable.
By the same reasoning as in the proof of Theorem 2.2, we get ||P(x,z) — Q(x,2)|| =
0,i.e., F(x,z) := P(x,z) = Q(x,z) forall x,z € X. Thus there is an additive-quadratic
mapping F : X? — Y such that

|(6.2) ~ F(x,2)]| < min { L
forall x,z € X.
COROLLARY 3.4. Let r < 1 and 0 be nonnegative real numbers and f : X> —Y

be a mapping satisfying (2.10) and f(x,0) = f(0,z) =0 for all x,z € X. Then there
exists a unique additive-quadratic mapping F : X> — Y such that

Hf(X,Z) _F(va)H <

Il

forall x,z€X.
Proof. The proof follows from Theorem 3.3 by taking L =2""! and ¢(x,y) =

VO(|lx]I"+[ly[l") forall x,y € X, since min{ 2% |lx[|"[|z]1", 2% I]I" |zl "} = 2% Il "l|z]I"
forall x,z € X.
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