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Abstract Novel explicit wave solutions are constructed for the fractional nonlinear model of the

low–pass electrical transmission lines. A new fractional definition (Atangana–Baleanu derivative

operator) is employed through the modified Khater method to get new wave solutions in distinct

types of this model. The stability property of the obtained solutions is tested to show the ability

of our obtained solutions in using through the physical experiments. Moreover, the obtained ana-

lytical solutions are used to evaluate the initial and boundary conditions that allows applying the

cubic & septic B–spline schemes to investigate the numerical solutions of this model. The novelty

and advantage of the proposed method are illustrated by applying to this model. Some sketches

are plotted to show more about the dynamical behavior of this model.
� 2020 The Authors. Published by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

Fractional nonlinear evolution equation is one of the notice-
able branches of science, particularly in recent years. Frac-

tional calculus has a great profound physical background
where it able to formulate many various phenomena in distinct
fields such as physics, mechanical engineering, economics,

chemistry, signal processing, food supplement, applied mathe-
matics, quasi–chaotic dynamical systems, hydrodynamics,
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system identification, statistics, finance, fluid mechanics, solid–
state biology, dynamical systems with chaotic dynamical
behavior, optical fibers, electric control theory, economics

and diffusion problems. The mathematical modeling of these
phenomena will contain fractional derivative which provides
a great explanation of the nonlocal property of these models

since it depends on both of historical and current states of
the problem in the contract of the classical calculus which
depends on the current state only. Based on this importance

of this kind of calculus, many definitions have been being
derived such as conformable fractional derivative, fractional
Riemann–Liouville derivatives, Caputo, Caputo–Fabrizio def-
inition, and so on [11,12,19,20,37,39,51]. These definitions

have been being employed to convert the fractional nonlinear
partial differential equations to nonlinear integer–order ordi-
nary differential equation and then the computational and

numerical schemes can be applied to get various types of solu-
tions for these models and the examples of these schemes
[1,2,6,7,14,17,18,21,22,32–34,36,38,40,42–48,56,58].

Recently, The mK method is formulated and applied to dis-
tinct physical models such as the complex Ginzburg–Landau
model, the (2 + 1)–dimensional KD equation and KdV equa-

tion, and the fractional (N + 1) Sinh–Gordon, biological pop-
ulation, equal width, modified equal width, Duffing equations
and so on [4,5,10,25,26,29–31,35,50].

This method depends on a new auxiliary equation, which is

equal to the auxiliary equation of the exp

–expansion function method [3]. The auxiliary equation of the

mK method is given by

ð1Þ

where d; .; v; Q are arbitrary constants. While the auxiliary

equation of the exp

–expansion function method is given by

ð2Þ
ð9Þ
where l; k are arbitrary constants. So Eq. (1) and (2) are equal
when Eð}Þ ¼ Uð}Þ; Q ¼ e; . ¼ l; d ¼ 1; v ¼ k½ �. Using this
technique leads to the equal of the mK auxiliary equation with
many analytical other methods. However, the mK method

can obtain more solutions than almost of them. This
equivalence shows a superiority, power, and productive of
the mK method.

In this context, the mK method is employed to construct
new formulas of solutions for the fractional nonlinear model
of the low–pass electrical transmission lines which is given by
[3,15,23,53–55,57]

D2#
t t S�aD2#

t t S
2�rD2#

t t S
3�k2D2#

xxS� k4

12
D4#

xxxxS¼ 0; ð3Þ

where S ¼ Sðx; tÞ½ � is the function that is used to describe the
dynamical behavior of the nonlinear wave processes low–pass

electrical transmission lines. Additionally, a; r; k½ � are arbi-
trary constants while # 2�0; 1½½ �. Applying the next definition
of ABR fractional operator [8,9,27,28] to Eq. (3)

Definition 1.1. It is given by [16]
ABRD#
aþF ðtÞ ¼ Bð#Þ

1� #

d

dt

Z t

a

F ðxÞG#

�# ðt� #Þ#
1� #

 !
dx; ð4Þ

where G# is the Mittag–Leffler function, and define by the fol-

lowing formula

G#

�# ðt� #Þ#
1� #

 !
¼
X1
n¼0

�#
1�#

� �n ðt� xÞ# n

Cð#nþ 1Þ ð5Þ

and Bð#Þ being a normalisation function. Thus

ABRD#
aþF ðxÞ ¼ Bð#Þ

1� #

X1
n¼0

�#

1� #

� �n
RLI# n

a F ðxÞ; ð6Þ

leads to

ð7Þ

where k are arbitrary constants.

This wave transformation converts Eq. (3) to ODE. Twice

integration of the obtained ODEs with zero constant of the
integration, gives

ðk2 � kÞS � ak2S2 þ rk2S3 � k4

12
S00 ¼ 0; ð8Þ

Calculating the homogeneous balance value in Eqs. (8) yields
N ¼ 1. Thus, the general formula of solution according to

the mK method, is given by
where a0; a1; a2; b1; b2 are arbitrary constants.
The order for the rest of this article is shown in the follow-

ing order; Section 2 applies the mK method and two schemes
of B–spline scheme [13,24,41,49,52] to the fractional nonlinear

model of the low–pass electrical transmission lines. Moreover,
some sketches are given to show more physical properties of
both models. Section 3 discusses the stability property of the

obtained solutions. Section 4 gives the conclusion of the whole
research.
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2. Computational and numerical solutions of the nonlinear

fractional transmission lines mathematical model
a0 ! 6ar� ffiffi6p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 a2 6�2dk3.ð Þþ9dk3r.ð Þp

18r2 ; a1 ! � idk3=2
ffiffiffiffiffiffiffiffiffiffiffi
2a2�9r

p
3
ffiffi
6

p
r

; b1 ! 0; k ! � 3
ffiffi
k

p ffiffi
r

pffiffiffiffiffiffiffiffiffiffiffi
9r�2a2

p ;

�

v ! � 2i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 a2 6�2dk3.ð Þþ9dk3r.ð Þp

k3=2r
ffiffiffiffiffiffiffiffiffiffiffi
2a2�9r

p ; where 2a2 � 9r < 0; r > 0; k > 0ð Þ
�
:

2.1. Analytical wave solutions

Applying the mK method with its auxiliary equation and the
suggested general solutions for the nonlinear fractional trans-
mission lines equation, lead to a system of algebraic equations.
When v2 � 4d. > 0&d– 0½ �

When d. > 0&. – 0&d – 0&v ¼ 0½ �

When d. < 0&. – 0&d – 0&v ¼ 0½ �

When v ¼ 0&. ¼ �d½ �
Using the Mathematica 11.2 to find the values of the parame-
ters in this system, leads to.

Family I
Consequently, the closed forms of solutions for the fractional

transmission lines model are given by:

When v2 � 4d. < 0&d – 0½ �
ð10Þ

ð11Þ

ð12Þ

ð13Þ

ð14Þ

ð15Þ

ð16Þ

ð17Þ

ð18Þ
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When v ¼ d ¼ j&. ¼ 0½ �

ð19Þ
When . ¼ 0&v – 0&d– 0½ �

ð20Þ

When v ¼ . ¼ 0&d– 0½ �

ð21Þ
When v ¼ 0&. ¼ d½ �
When v2 � 4d. ¼ 0½ �

When v2 � 4d. > 0&d – 0½ �

When d. > 0&. – 0&d– 0&v ¼ 0½ �
Where

Family II

a0 ! 6ar� ffiffi6p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2a2dk3r2.þ6a2r2þ9dk3r3.

p
18r2 ;a1 ! 0;b1 !� ik3=2.

ffiffiffiffiffiffiffiffiffiffiffi
2a2�9r

p

3
ffiffi
6

p
r

;k!� 3
ffiffi
k

p ffiffi
r

pffiffiffiffiffiffiffiffiffiffiffi
9r�2a2

p ;

�

v!�2i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 a2 6�2dk3.ð Þþ9dk3r.ð Þp

k3=2r
ffiffiffiffiffiffiffiffiffiffiffi
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p ;where 2a2�9r< 0; r> 0; k> 0ð Þ
�
:

Consequently, the closed forms of solutions for the fractional
transmission lines model are given by:
ð22Þ

ð23Þ
When v2 � 4d. < 0&d – 0½ �
ð24Þ

ð25Þ

ð26Þ

ð27Þ

ð28Þ

ð29Þ
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When d. < 0&. – 0&d – 0&v ¼ 0½ �
ð30Þ

ð31Þ

When v ¼ 0&. ¼ �d½ �

ð32Þ
When v ¼ j&. ¼ 2j&d ¼ 0½ �

ð33Þ

When . – 0&v ¼ 0&d ¼ 0½ �

ð34Þ
When v ¼ 0&d ¼ .½ �
ð35Þ
When d ¼ 0½ �

ð36Þ

When v2 � 4d. ¼ 0½ �

ð37Þ
Where
2.2. Numerical solutions

This section studies the numerical solutions of the fractional
nonlinear model of the low–pass electrical transmission lines
by applying the cubic & septic B–spline techniques that are

considered as the most accurate numerical tools to get this type
of solutions.
2.2.1. Cubic-spline

According to the cubic B–spline, the numerical solution of the
fractional nonlinear model of the low–pass electrical transmis-

sion lines (8) is given by

ð38Þ

where A i; Bi fulfill the next conditions:

and
ð39Þ



Table 1 Computational, numerical, and absolute value of

error that obtained by using cubic B–spline scheme

Value of Val. Com. Val. Num. Value of abs. error

0 0.122706 0.122706 0

0.001 0.122456 0.122455 8.4214810�7

0.002 0.122206 0.122205 1.496110�6

0.003 0.121956 0.121954 1.9622510�6

0.004 0.121706 0.121704 2.2409910�6

0.005 0.121456 0.121454 2.3327210�6

0.006 0.121206 0.121204 2.2378210�6

0.007 0.120956 0.120954 1.956710�6

0.008 0.120706 0.120705 1.48976 10�6

0.009 0.120456 0.120455 8.37389 10�7

0.01 0.120206 0.120206 1.38778 10�17

Table 2 Computational, numerical, and absolute value of

error that obtained by using septic B–spline scheme

Value of Val. Com. Val. Num. Value of abs. error

0 0.122706 0.122706 0

0.001 0.122456 0.122455 7.4711610�7

0.002 0.122206 0.122205 1.588710�6

0.003 0.121956 0.121954 1.9666810�6

0.004 0.121706 0.121704 2.2860510�6

0.005 0.121456 0.121454 2.3545810�6

0.006 0.121206 0.121204 2.2827710�6

0.007 0.120956 0.120954 1.9612110�6

0.008 0.120706 0.120705 1.5817910�6

0.009 0.120456 0.120456 7.4305710�7

0.01 0.120206 0.120206 2.77556 10�17
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where i 2 ½�2; nþ 2�. So that, the numerical formula of the
solution is given as

ð40Þ
Substituting Eq. (40) into (8), leads to a system of equations.
Solving this system of equations, gives the value ofA i. Replac-
ing the values of A i; Bi into Eq. (38), gives the following data

that are shown in the next Table 1

2.2.2. Septic-spline

Based on the septic B-spline, the suggested solution of the ordi-

nary differential form of the fractional nonlinear model of the
low–pass electrical transmission lines (8) is given as follow

ð41Þ

where A i; Bi satisfies the next conditions

and
ð42Þ
where i 2 ½�3; nþ 3�. Thus, the approximate solution is given
by
Substituting Eq. (43) into Eq. (8), obtains a system of equa-
tions. Solving this system, gives the following data that are
shown in the next Table 2

3. Stability

This section of our research paper investigates one of the basic
properties of any model. It examines the stability property for

the fractional nonlinear model of the low–pass electrical trans-
mission lines by using a Hamiltonian system. The momentum
in the Hamiltonian system given by the following formula:

ð44Þ

where is arbitrary constant. Thus, the condition for stability
is given in the next condition:

@M

@k

				
k¼[

> 0: ð45Þ

where c; [ are arbitrary constants.

For an example of studying the stability of the solution of
Eq. (3) by using (12) with the following values of the constants

a ¼ 3
2
; d ¼ 1; k ¼ 1; r ¼ 2; . ¼ �1


 �
, yields:
M ¼ 1

432k
50 61� 6

ffiffiffiffiffi
21

p� 

kþ 27 log e10�5k þ e5k

� �h
� 27 log e�5k þ e5ðkþ2Þ� �i ð46Þ
ð43Þ



Fig. 1 Numerical simulations of Eq. (16) in three different types a ¼ 3
2
; d ¼ 1; k ¼ 1; k ¼ � 2ffiffi

3
p ; r ¼ 2; . ¼ �1

h i
.

Fig. 2 Numerical simulations of Eq. (17) in three different types for a ¼ 3
2
; d ¼ 1; k ¼ 1; k ¼ � 2ffiffi

3
p ; r ¼ 2; . ¼ �1

h i
.

Fig. 3 Numerical simulations in three different types to show the relation between computational and numerical values according the

values of 1.
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Thus, we obtain

@M

@k

				
k¼� 2ffiffi

3
p
¼ �0:3647005019 < 0: ð47Þ

This means, this solution is unstable, and by applying the same
steps to other obtained solutions, the stability property of each
one of them can be determined.
4. Conclusion

This research is successfully applied the modified Khater

method and B–spline schemes with a new fractional operator
for the fractional nonlinear model of the low–pass electrical
transmission lines. This new operator is used to avoid the dis-

advantage of the other fractional operator. Distinct, solitary
wave solutions were obtained of this equation, and for more



Fig. 4 Numerical simulations in three different types to show the relation between computational and numerical values according the

values of 2.
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illustration of the dynamical behavior of this kind of an elec-
trical transmission, some solutions were sketched Figs. 1 and
2 in three different formula of each figure (two, three–dimen-

sional, and contour plots). Moreover, the numerical solutions
were also investigated to check the accurate values of the
obtained analytical solutions. This accuracy was shown by
Tables 1 and 2 and Figs. 3 and 4.
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