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Abstract In this research, analytical and numerical solutions are studied of a two—dimensional dis-
crete electrical lattice, which is mathematically represented by the modified Zakharov—Kuznetsov
equation. Moreover, the stability property of the obtained analytical solutions is investigated based
on the Hamiltonian system, and then it is used to evaluate the initial and boundary conditions that
are used in the numerical investigation. Many kinds of analytical solutions are obtained, such as
complex, exponential, hyperbolic, and trigonometric function solutions. The functioning of both

schemes of both techniques is tested and investigated.
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1. Introduction

Partial differential equations have considered as a fundamental
in many applications. This kind of equations has used to for-
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mulate many of natural, engineering, mechanical, and physical
phenomena. That happens because it contains beforehand
unknown multi-variable functions and its derivatives. During
the last decade, many phenomena have been formulated in
partial differential equations. Studying and investigation the
solitary wave of these models are considered as one of the basic
interesting of many researchers. Solitary wave is that kind of
waves which propagates without any chronological evolution
in shape or size. These properties and abilities of the nonlinear
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partial differential equations are used to describe the natural
phenomena. According to these properties, many mathemati-
cians developed some methods and still trying to find new
general methods to get exact and solitary traveling wave solu-
tions of these models. For more details about these methods,
you see [25-27,2,3,41,21,31,42,19,17,18,46,39,32,7,6,28,29,
36-38,16,50].

In this paper, a discrete nonlinear transmission line equa-
tion [14,20,30,48.,40] is investigated by the modified Khater
(mK) method [45,5,34,23,24,1], the Hamiltonian system
[9,8,33,11,43], and B—spline scheme [12,51,22,10,4]. This equa-
tion is also known by the modified Zakharov—Kuznetsov
(mZK) equation that helps in understanding the mechanism
of various phenomena [52,15,35,13.44]. For example; the elec-
trical transmission lines which is considered as a good example
of systems for the investigation of the nonlinear excitations
behave inside nonlinear media as shown in Fig. 1.

The nonlinear electrical transmission line is constructed
based on periodically loading with var—actors or, alternatively,
by arranging inductors and var—actors in a one—dimensional
lattice. The nonlinear network with some couple nonlinear
L C with dispersive transmission line is consisted in this model.
There are many identical dispersive lines which are coupled by
means of capacitance C, at each node, as represented in Fig. |
where a conductor L and a nonlinear capacitor of capacitance
C(v,,,n) are consist in each line in the shunt branch. The math-
ematical model which describes the discrete nonlinear trans-
mission is given by mZK equation that is formulated by
Duan when he applied the Kirchhoff law on the model, is
given by

82 n,m 1
8%— = Z (vn-%—l‘m - 2vn.m + vn—l‘m)
82
+C 67_,2 ( nm+1 _2vn,m+vn.mfl)7 (1)

where V,,, =V,,,(T) is the voltage so that the nonlinear
charge is derived in the following form
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where f3,, f, are arbitrary constants. Substituting Eq. (2) into
Eq. (1), yields
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Fig. 1 Linear representation of the nonlinear electrical trans-

mission line.
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Based on the reductive perturbation technique Eq. (4), is
reduced to the following mZK equation

Ko+ KK +mIC K+ dK o+ gy, = 0, ()
where [y = \/zm,x=\/7(n—v,T), t=1T, V(n,m,T) =
/’C(xy7) 2_ﬁ7 :7ﬂlvs7m:7ﬁ2\7“d:maq_

m} since x, y, ¢ are independent transformation variables.

Applying the following wave transformation K = IC(x, y, 1) =
IC(h), h =hix+hyy+ hyt and integrate the obtained ODE
once with zero constant of integration, give

6h3IC+ 31 K + 2mhy K + 6y (dh; + gl3) K" = 0. (6)

Balancing the highest order derivative term and nonlinear
terms, yields n = 1.

The remaining of this paper is organized as follows: In Sec-
tion 2, the mK method is used to obtain computational solu-
tions of the mZK equation then the stability property of
these solutions is tested. Moreover, the stable solution is used
to find the initial and boundary conditions that allow applying
the B—spline schemes to the same model to investigate the
accuracy of obtained solutions. In Section 3, the comparison
between our obtained solutions and that obtained in different
research papers is represented. In Section 4, the conclusion is
given.

2. Application

Here we apply the mK method to the mZK equation to estab-
lish the explicit wave solutions of both of models then test the
stability property of these solutions. Moreover, we use these
solutions in the investigation of numerical solution of the same
models.

2.1. Explicit solutions of the mZK equation

According to the homogeneous balance value and the sug-
gested general solution in the modified Khater method, the
general solutions of Eq. (6) is in the following formula:

N N
By => e M +3 b M 4 g

i=1 i=1

=ay M¥ £ ay + by MTFD (7)

where ay, a;, by, M are arbitrary constants. Additionally W¥(%)
is the solution function of the next auxiliary equation
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where ¥, y, p are arbitrary constants to be determine later.

Replacing Eq. (7) along (8) into Eq. (6) and gathering all terms

with the same power of [M’W(m, i=-=3,-2,...,2, 3], lead to

system of algebraic equations. Solving this system, yields
Family I
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where (I# 0, p # 0,9 # 0, ¢ > 0,m > 0,6dlimy* < I')]

Thus, the explicit wave solutions of Eq. (5) are given by When
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Thus, the solitary wave solutions of Eq. (5) are given by
When [7> —4p9 > 0&p # 0]
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2.2. Stability property

This section studies the stability property of the obtained solu-
tions by using the properties of the Hamiltonian system. The
momentum Y in the Hamiltonian system is given by

1[5,
Y:EZCK (h)dh, (23)

where IC(7) is the solution of the model and the necessary con-
dition for stability is formulated in the next form

oK
o >0, (24)

where /3 is the wave velocity. Thus, the studying of the
stability property of the mZK equation by using Eq. (19)
when [d=—1,h =2,1=6,m =3,p=1,q=4,7=0,y=0,
¥ =—4]:

log (e4°’1°h3 + 810/13) — log (e—loh_; + elO(h3+4))

Y S + 100
Table 1 Absolute value of error by using B-spline schemes.
Value of / Cubic Quintic Septic
0 0 0 0
0.1 0.00122084 5.2426 x 107° 1.2709 x 1077
0.2 0.00201838 9.46474 x 107° 1.63978 x 1077
0.3 0.00222625 7.63285x 107%  4.31598 x 10~*
0.4 0.00196322 412028 x 107 1.41841 x 107°
0.5 0.00147327 1.18457 x 107 2.83815x 107%
0.6 0.000965422  3.25168 x 1077 1.5585 x 1078
0.7 0.000552262  7.52359 x 1077 5.23207 x 10~°
0.8 0.000264813  6.26445 x 1077 7.07674 x 107 '°
0.9 8.99409E—05  2.62173 x 1077 1.122 x 107°
1 0 222045 x 1071 2.22045 x 107'¢

and thus

% l1s_s = 0.312500000 > 0.

Consequently, this solution is stable.

2.3. Numerical Simulations

This section studies the numerical solution of the mZK equation
according to B—spline schemes and based on the obtained stable
analytical solution (19). Applying the B—spline schemes to Eq.
(6), allows obtaining the next values of absolute value of error.

3. Results and discussion

This section studies the novelty of our presented paper by
making a comparison between our solutions and that obtained
in previous research paper:

1. The analytical solutions:

e 1In [49], E. Tala-Tebue, Z.I. Djoufacka, S.B. Yamgouéb,
A. Kenfack-Jiotsac, T.C. Kofanéd applied the Jacobi
elliptical function method to the mZK equation and
by analysis our solutions and those solutions, we find
Eq. (19) and Eq. (23) in [49] are equal when
[B=mA, /=pd =1] and all our other solutions are
different from that obtained in this paper.

e In [47], A. Sardar, S. M. Husnine, S. T. R. Rizvi, M.
Younis, and K. Ali used the (%)-expansion method,
Tanh method, and Sine—cosine method. Investigating
their and our solution, we find Eq. (19) is equal to
(18) when [-2p9=2"—4pu, A=7L—4 B=24m’
(M +12N) (2 —4p) and Eq. (19) is equal to

Eq.(36)when[B— b o9 =—1].

T Rejtr (143m

2. Numerical solutions:
e according to the shown Table 1 and Fig. 5, the septic B—
spline scheme obtain the most accurate value of nume-
rical solutions of the mZK equation.

Fig. 2 Solitary wave of (11) in three, two-dimensional, and contour plots when [h; =2,/=—-1,m=3,p=6,X=5,y=0,9 = 1].
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Fig. 4 Periodic solitary

X:5ay:Oa79:1]'

wave of (17)

in three,

Value of 3

two-dimensional,

0.001

0.000

T
0.0

T T T T
0.2 0.4 06 0.8
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Fig. 5 Absolute value of error between exact and numerical solutions that obtained respectively by

w
~
ol

~

w

and contour plots when [ =2,/=—-1,m=3,p=6,

B-spline schemes (cubic & quin-

tic & septic) to explain that the B-spline septic scheme is the most accurate method for this model (6).

4. Conclusion

This paper succeeded in the implementation of the mK method
on the mZK equation to show more physical properties of the
transportation of the energy in nonlinear electrical transmis-
sion lines. Moreover, the stability property of the obtained

solutions was discussed and explained by using the momentum
Y in the Hamiltonian system. Some sketches were plotted to

illustrate the more physical properties of these models (Figs. 2—
4). The performance of the used method shows the effective
and power of this method and its ability to apply other nonlin-
ear evolutions equations.
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