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1 Introduction
Let (£2,%, u) be a probability measure space. Assume that (7, B7) is a Borel measureable
space, in which T is an MB-space and G,H : §2 x T — T are random derivations. In MB-

spaces, first we solve the (additive, additive)—(w, v) random operator inequality

gIG(V:[+S)—G(Vvt)—G(V:S) * gf(%t+S)+H(y,t—S)—ZH(V,t)

Gy, 55)-Gy.)-G(y.s)  , vH(y,55)+2H (y,555)-2H(y 1))

> & * &r , (1.1)

where w, v are fixed nonzero complex numbers. By a stochastic controller we make stable
the pseudo stochastic Lie bracket (derivation, derivation) in complex MB-algebras, associ-
ated to the above (additive, additive)—(w, v) random operator inequality and the following

random operator inequality:

gT[G,H]()/,tS)—[G,H](yyt)S—t[G,H](V,S) % gf(yytS)—H(V,t)S—tH(%S) > (p?s' (1.2)

The mentioned process is said to show Hyers—Ulam stability for the (additive, additive)—

(w,v) random operator inequality (1.1).

2 Preliminaries
Let Z'* be the set of distribution mappings, i.e., the set of all mappings p : RU {-o00, 00} —
[0,1], writing p, for p(t), such that p is left continuous and increasing on R. O* € &*
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includes all mappings p € Z* for which £~ p, is one and £~ p, is the left limit of the
mapping p at the point 7, i.e., £~ p; = limy - Py
In &%, we define “<” as follows:

p <o ifandonlyif p, <o,
for each 7 in R (partially ordered). Note that the function ¥* defined by

o 0, ifs<u,

s .
1, ifs>u,

is an element of &+ and ©° is the maximal element in this space (for details, see [1-3]).

Definition 2.1 ([1, 4]) Denote by I the interval [0,1]. A continuous triangular norm
(shortly, a ct-norm) is a continuous binary operation * from I? to I such that

(@) ckt=txcandcx*(t*xv)=(c*1)*vforall ¢,7,v €[0,1];

(b) ¢xl=cforal¢el

() ¢xt <vxtwhenever¢ <vandrt <tforall¢,t,v,t€l.

Some examples of cz-norms are as follows:

(1) s*pT=57;

(2) ¢ *p T =min{g,1};

(3) ¢ *; T =max{c¢ + t — 1,0} (the Lukasiewicz ¢-norm).

Definition 2.2 ([2]) Suppose that * is a cz-norm, V is a linear space and £ is a function
from V to O*. The ordered tuple (V, &, %) is called a Menger normed space (in short, MN-
space) if the following conditions are satisfied:

(MN1) & =9 forall ¢ >0 ifand only if v =0;

(MN2) &V = S‘% forallve V and a € C with a #0;

(MN3) &V > & & forallu,ve Vandt,s > 0.

t+s

A complete MN-space is called Menger Banach space, in short, MB-space. Let (V, || - ||)

be a normed space. Then

& 0, ifs <0,
* exp(—”SL“), if s> 0,

defines a Menger norm and the ordered tuple (V, &, %)) is an MN-space. Also,

0, ifs<0,

s
e ifs>0,

S
I

defines a Menger norm and the ordered tuple (V, &, %) is an MN-space.

Definition 2.3 ([5, 6]) A Menger normed algebra (in short, MN-algebra) (V, &, *,*) is an
MN-space (V, &, x) with algebraic structure such that
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(EN-5) &' > &} x &) forall u,v € V and all ¢,s > 0. in which * is a ct-norm.

Every normed algebra (V, || - ||) defines an MN-algebra (V, &, *,s, *p), where

, |0 ifs <0,
* exp(—”SL”), if s> 0,
if and only if

lavll < llulllivil + sl + tllull - (u,v € Vit s> 0).

This space is called the induced MN-algebra. A complete MN-algebra is called Menger Ba-
nach algebra, in short, MB-algebra. Let (I", X, &) be a probability measure space. Assume
that (7,8 7) and (S, Bs) are Borel measurable spaces, in which T and S are complete MN-
spaces. A mapping F: I' x T — S is said to be a random operator if {y : F(y,t) e B} € ¥
for all £ in T and B € ®B;. Also, F is a random operator if F(y,f) = s(y) is an S-valued
random variable for all ¢ in 7. A random operator F: I’ x T — S is called linear if
F(y,at; + Bty) = aF(y,t1) + BF(y,t,) almost everywhere for £1,¢, € T and «, B scalars,

and bounded if there is a nonnegative random variable M(y) such that

F(y,t)-F(y.s) t—
SM(y)t > & *

almost everywhere for each t,s € T and 7 > 0.
Let T be an MB-algebra. A linear random operator 7w : I’ x T — T that satisfies

w(y,ts)=n(y,t)s+tr(y,s)
forallt,s € T and y € I', is called stochastic derivation.

We denote by IT(I", T) the set of C-linear bounded stochastic derivations on I" x T. For
1,7 € H(F, T)r

m10my(y, ts) = moma(y, £)s + ma(y, )mi(y, s) + mi(y, £)ma(y, s) + tmioma(y, ),

myomy(y,ts) = maomi(y, £)s + wi(y, H)ma(y,s) + ma(y, )mi(y, t) + tmaomi(y,s),

forall t,s € T and y € I'. Assume that [y, 73] = w1075 — mp071. Then

(w1, ) (y s ts) = [0, 2] (v, )8 + t[m1, 2] (v, 5)

for all t,s € T and y € I'. The C-linearity of [y, ;] implies that [71,7,] € IT(I", T) for
all 71,7, € IT(I", T). Then I1(I", T) is a stochastic Lie algebra with stochastic Lie bracket

[7r1, 5], 1 + 75 and By are C-linear stochastic derivations in which g € C.

Definition 2.4 Consider an MB-algebra T and linear random operators @,® : I' x
T — T.Set [0,D](y,t) =O(y,P(y,t) — P(y,O(y,?)) forevery t € T and y € I'. The
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linear operator [®,®]: " x T — T is said a stochastic Lie bracket (derivation, deriva-

tion) when

[0, 2](y,ts) = [0, @)(v,t)s + t[O, P(y,5),

D(y,ts) = P(y,t)s +td(y,s),
forallt,se Tandy eI.

Recently, some authors have published some papers on approximation of functional
equations in various spaces by the direct technique and the fixed point technique, for ex-
ample, fuzzy Menger normed algebras [5], fuzzy metric spaces [7], fuzzy normed spaces
[8], non-Archimedian random Lie C*-algebras [9], random multi-normed space [10], non-
Archimedean random normed spaces [6]; see also [11-30].

Note that a [0, oo]-valued metric is called a generalized metric.

Theorem 2.5 ([31-33]) Consider a complete generalized metric space (T,8) and a strictly
contractive function A : T — T with Lipschitz constant p < 1. Then, for every given element
teT,either

8(A"t, A"'t) = 00

foreach n € N or there is an ny € N such that
(1) 8(A”t, A™1t) < 0o, for all n > ny;
(2) the sequence { A"t} converges to a fixed point s* of A;
(3) s* is the unique fixed point of A in theset V ={se T | §5(A"™t,s) < oo};
(4) (1-PB)s(s,s*) <8(s, As) foreveryse V.

3 Stability of (additive, additive) (@, v)-random operator inequality: direct
technique

Hereinafter we suppose that * = x,;.

Lemma 3.1 Assume that random operators G,H : I' x T — T satisfy G(y,0) = H(y,0) =0

and

STG(%HS)fG(y,t)fG(V,S) * gf(y,t+S)+H(y,H)72H(yvt)

®(2G(y,5)-Gly.0)-G(y.s

v(2H (y,55)+2H (y, 555)-2H (v ,t))
> & : :

D gl (3.1)

forallt,se T,y € I' and t >0 in which |v| < 1 and |w| < 1. Then the random operators
G, H:I' x T — T are additive.

Proof Putting s = ¢ in (3.1), we get

sg(%Zt)fZG(y,t) % er(V,Zt)fZH(yyt) > 03
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forallt € T and y € I'. Then G(y,2t) = 2G(y,t) and H(y,2t) = 2H(y,t) for all t € T and
y € I'. By (3.1) we have
Gy, t+5)-G(y,t)-G(y, , t—5)—2H(y,
£ (v t+9)-Gly,)-Gys) o sf(y t+8)+H(y t—s)-2H(y ,t)

> gw(G(V,HS)—G(%t)—G(%S)) * %-v(H(yvt+5)+H(V,t—S)—2H(y,t))
— St T

forallt,se T,y € I'and 7 > 0. So |v| < 1 and |w| < 1 imply that G(y, ¢ + s) — G(y,¢) —
G(y,s)=0and H(y,t +s) + H(y,t —s) —2H(y,t) =0 for all £t € T and y € I'. Thus the
random operators G,H : I' x T — T are additive. O

Lemma 3.2 ([34, Theorem 2.1]) Assume that a random operator F: I’ x T — T is additive
and

F(%dt) = dF(J/: t)

foralldeD':={ceC:l|c|=1)and each t € T and y € I". Then the random operator
F:I' x T — T is C-linear.

Theorem 3.3 Let (T, &, %, %) be an MB-algebra. Let ¢ : T*> — O* be a distribution function
such that there exists a B € (0, 1) with

t s ts
272 272 ts

0;7 Z ;" ¢l (3.2)
2 4

forallt,s € T and t > 0. Suppose that random operators G,H : I' x T — T satisfy G(y,0) =
H(y,0)=0and
%-G(y,d(t+s))—dG(y,t)—dG(y,s) * gH(y,d(t+s))+H(y,d(t—s))—ZdH(]/,t)
T T

> E:)@G(%d%)—dG(J/,t)—dG(V,S))

v(2H (y,d 5%8)+2H (y,d 58 )-2dH (y t))
* & 2 2 x gl (3.3)

foralld eD', t,se T,y € I" and t > 0. Assume that the random operators G,H : I’ x T —
T satisfy

éT[G,H](V,tS)f[G,H](yyt)sft[G,H](V,S) * 551(y,tS)fH(y,t)sftH(y,S) > q)?s (3.4)

forallt,se T,y € I' and t > 0. Then there are a unique C-linear random operator © : I" x
T — T and a unique stochastic derivation w : I’ X T — T such that [©,7]: I x T —> T

is a stochastic derivation and

STG(y.t)—@(V,t) * gfl(y,t)—ﬂ(y,t) > (p%*ﬂ)r (3.5)
B

forallte T,y eI and t > 0.
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Proof In (3.3), putting d = 1 and s = £, one obtains

Gly,2t)-2G(y, H(y,20)-2H(y, ,
sT(V t) (Vt)*sr(y t) (yt)prit

and so

H(y,t)-2H(y,%)

*&r

(v ,)-2G(v.,%)

AIVEN
NI

&

v

A%
S S

m\nu:
B

forallt € T,y € I' and t > 0. Replacing ¢ by & in (3.7), we get

2'Glyog) 2" Gy ) 2TH(ysg) 2" Hy, ) ST T
T *sf Z 2.
B
t,t
> @7 .
ﬂ”*l

forallte T,y € I', t >0 and n € N. Since

¢ " ¢ ¢
2"G<V’ 7) ~Glyo = 22“"(” 2_) - ZHG<V’ 2_>
k=1

we have
é2”G(y,2%>—G(y,t) E2”H( sor)—H(y 1)
ka1 %ﬁkf Y1 25k

Gy )26l ) 2y, )2 H

.2 ok  ok- Fr)
>1_[ 1pky *Elﬂk ]

\
S
o

and so

2'G(y,52)-Gly.t) . 2"H(y,3)-H(y.D)

& * &1 > ‘/’t’t

o
EETL

forallte T,y el',t>0andneN.
Replacing ¢ by 577 in (3.10), we get

VHMG(y, sk ) 2" Gy gm)  2"H(y s ) -2 Hy ) 33w
T * T Z(p oMy

~

n+m
Z:k =m+1 2

forallte T,y el',t>0and n,meN.
Let m,n — oo in (3.11), since B € (0,1), we conclude that ¢**

Page 6 of 15

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

tends to 1 for all
ZT:ZH 38k

7 > 0. Thus this shows that {2"G(y, zin)} and {2"H(y, zi,,)} are Cauchy sequences for each
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te T,y eI Since T is complete, the mentioned sequences converge. Now we define the

random operators @, : I" x T — T by

n

t t
O(y,t):= lim 2”G<y,—), w(y,t) = hm 2”H(y, ) (3.12)
n—>+00 2 om

foreacht € T, y € I'. Putting m = 0 and » — +00 in (3.11), we obtain (3.5).
Using (3.3), (3.12) and letting # tend to +00, we have

s@(y,d(t+S))—d(~)(yyt)—d(~J(y,S) * sn(y.d(t+S))+ﬂ(yyd(t—S))—2d7r(V,S)
T T

Gy d(59)-dGy, 5r)-dGly.57) Hy d(58)+H(y d(5)-2dH(y, 57)
=& *& o

27 27
- sw@G(V"’z% )=dG(y, 57)-dG(y, 57)) . EueH(y,d L)+ 2H (y.d i)~ 2dH(y,57)) . wz%%«
o 7 7

(20 (y, d“x) dO(y,t)-dO(y,s)) v(2r (v, d”s)+27'r(y s 3°)-2dn (y,5))

> & * &

foralld e D', t,se T,y € I" and 7 > 0. Then

Oy, d(t+5))-dO(y,)-dO(y ) 7 (y,d(t+s))+m(y,d(t-s))-2dn (y,s)
sf * sl’

@(20(y, d”s) -dO(y,t)-dO(y,s)) v(2n(y,d%)+2n(y,d% )=2d7n (y,5))

> & * &1 (3.13)

foralld e D' and t,s € T, y € I', T > 0. Putting d = 1 in (3.13) and using Lemma 3.1, we
see that the random operators @, : I’ x T — T are additive.
The additivity of ® and 7 and (3.13) imply that

O(y,d(t+s))-dO(y,t)-dO(y,s) 7 (y,d(t+s))+m (y,d(t—s))-2dm (y,s)
& * &

> Séu(@)(y,d(t+s))—d6')(y,t)—d@(y,s)) % Efv(n(y,d(m))m(y,d(t—s»—zdn(y,s» (3.14)

foralld e D' and t,s € T, y € I', T > 0, which implies that
O(y,d(t +5)) -dO(y,1) —dO(y,s) =0,

n(y,d(t +s)) + n(y,d(t—s)) -2dn(y,s) =0.

Then O(y,dt) = dO(y,t) and n(y,dt) = dn(y,t) foralld e D! and t € T, y € I". Now,
Lemma 3.2 implies that the additive mappings ® and 7 are C-linear.
The additivity of ® and 7 and (3.4) imply that

[0,0](y15)-[0.8)(v t)s—t[O.9)(y.5) 4 g7 (v ts)=7(y,t)s—t7(y,s)
%“[ * %-T

[N

(GHI(r, 5)-IGH(y 57) 357 — 57 [GHI (v, 357) gH(y )=H(y,57) 37 =5 H( 1 3r)

=S5

§|u

t,
B

~

, (3.15)

Z @

SR

¢

:|"‘

which tends to 1 as # — +0co. Then

[@,fﬁ](%ts) - [@: ¢]()’, lf)S - t[@’ ¢]()/,S) =0,

Page 7 of 15
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w(y,ts) —m(y,t)s—tm(y,s) =0,
forallt,se T,y € I'. Thus [®, ¢] and 7 are stochastic derivations. O

Corollary 3.4 Let (T,§, *,*) be an MB-algebra. Assume that q > 0 and p > 1. Suppose that
random operators G,H : I’ x T — T satisfy G(y,0) = H(y,0) = 0 and

G(y,d(t+s))-dG(y,t)-dG(y ,s) H(y,d(t+s))+H(y,d(t—s))-2dH (y,t)
ST * %-T

w2G(y,d5)-dG(y £)-dG(y s))

> &
N gtu<2H<y,d%S>+2H<y,d‘5—s>—2dH<y,r)> T (3.16)
T +q(l£l7 + [1s]1P)
foralldeD', t,se T,y € I' and t >0. Let
ST[G,H](y,ts)—[G,H](y,t)s—t[G,H](y,s) % Ef(st)—H(yJ)s—tH(y,s) > v (3.17)

~THq(lElP + lIs]®)

forallt,se T,y € I' and t > 0. Then there are a unique C-linear random operator © : I" x
T — T and a unique stochastic derivation w : I’ X T — T such that [©,7]: I x T — T

is a stochastic derivation and

gO gl 2 q(%nrup) (319
forallteT,y eI andt >0.
Proof In Theorem 3.3, putting
e
T +q(£]1P + |Is]1?)
and letting B = 2177, we get the desired result. O

Theorem 3.5 Let (T,&, *,%) be an MB-algebra. Let ¢ : T*> — O be a distribution function
such that there exists a B € (0, 1) with

(3.19)

forall t,s € T and t > 0. Suppose that the random operators G,H : I’ x T — T satisfy
G(y,0) =H(y,0) =0, (3.3) and (3.4). Then there are a unique C-linear random operator
® :I' x T — T and a unique stochastic derivation 7 : I’ x T — T such that [®,n] :
I' x T — T is a stochastic derivation and

er(V,t)—(-)(y,t) " Efl(y,t)ffr(%t) > Q";'(tl_,s)f (3.20)

forallte T,y €eI" and t > 0.

Page 8 of 15
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Proof Using (3.6), we get

¢ Gly,t)-1G(y,2t) «g! H(y t)-H(y,2t) > 2 > gp% (3.21)

forallte T,y € I' and 7 > 0.
Replacing ¢ by 2"¢ in (3.21), we get

Gl 2")- 211 G2y ShHy 2" )- S Hiy, 2"y ntly ot
%_Tn Vs o1 O % Tzn Y ot 1Y Z(/);Hlliz 14
> (p 2n+1 (322)
@py*
forallte T,y € I', t >0 and n € N. Since
L 6,20 -G 21: L G2 - LGy, 24)
on v )/; 2k+1 ]/ - ok v ’
k=0
we have
LGy, 2")-G(y .t L H>y,2")-H(y,t
g2 n_l(y(w)k) (v:0) %2 n_l();;,g)k) (v:t)
ko L T ko ok+1
ﬁ[szi R Ezk* FH(y 2~ LGy, 2kr>]
8 apk
k=0 o' keI T
> gy (3.23)
and so
G 2"0-Gly,t) s H(y.2"t)-H(y.p)
g2V g2 s gt (3.24)
-1 @pF
k=0 ok+1
forallte T,y el',t>0andneN.
Replacing ¢ by 2”'¢ in (3.24), we get
£ st Gy 2" t)— 53 Gly 2™8) s s Hy 27— S H(y 278 gmyomy
T Zimf
Tk
EE s
> " . (3.25)
soem @)K
k=m ok+T
forallte T,y el',t>0and n,meN.
Letting m, n — +00 in (3.25), since B € (0, 1), we conclude that ¢“* tends to 1 for

( ap)k
k m ok+1

all T > 0. This shows that {2,, G(y,2"t)} and {2 s H(y,2"t)} are Cauchy sequences for each

te T,y eI Since T is complete, the mentioned sequences converge. Now we define the
random operators @, : I" x T — T by

O(y,t):= lim —G(y,2” ) w(y,t):= lim 2—G(y,2” ) (3.26)

VI—>+OO n—+00

Page 9 of 15
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foreacht € T,y € I'. Putting m = 0 and n — o0 in (3.25), we get (3.5). By the same method
in the proof of Theorem 3.3, the random operators &, : I’ x T — T are C-linear.
The additivity of @ and 7 and (3.4) imply that

[0,0](y 15)-[0.8)(v t)s—t[O,9)(y.5) 4 g7 (v ts)-7(y,t)s—t7(y,s)
%“[ * %-T

[G,H](y,4"ts)-[G,H](y,2"£)2"s-2"t[G,H](y ,2"s) H(y A"ts)-H(y,2"t)2"s-2"tH(y,2"s)
ant * &g

>
—_ T

2M¢2M
2 (P4n1.

> o', (3.27)

Bn
which tends to 1 as # — +0co. Then

[©,¢](y,ts) - [©,](y,)s - t[O, $](v,5) = O,

w(y,ts)—m(y,t)s—tn(y,s)=0
forallt,se T,y € I'. Thus [®, ¢] and 7 are stochastic derivations. O

Corollary 3.6 Let (T,§,*,*) be an MB-algebra. Assume that q > 0 and p < 1. Suppose that
random operators G,H : I' x T — T satisfy G(y,0) = H(y,0) =0, (3.16) and (3.17). Then
there are a unique C-linear random operator ® : I’ x T — T and a unique stochastic

derivationw : I' x T — T such that [©,7]: " x T — T is a stochastic derivation and

EO gl 2 q(:%p Q) (3:29)
forallte T,y €I and T > 0.
Proof In Theorem 3.5, putting
e
T +q([ILllP + [Is]1?)
and letting B = 2771, we get the desired result. O

4 Stability of (additive, additive) (@, v)-random operator inequality (1.1) via
fixed point technique

Theorem 4.1 Let (T,&, *,%) be an MB-algebra. Let ¢ : T*> — O be a distribution function

such that there exists a 8 € (0, 1) with

t s t s
272 2°2 L,s

(pﬁr Z (pﬁt Z (pf (4'1)
2 4

forallt,s € T and t > 0. Suppose that random operators G,H : I' x T — T satisfy G(y,0) =
H(y,0) =0, (3.3) and (3.4). Then there are a unique C-linear random operator © : I’ X

T — T and a unique stochastic derivation v : I’ X T — T such that [©,7]: I x T — T
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is a stochastic derivation and

er(V,t)—(-)(y,t) % Efl(y,t)—n(y,t) > §0t2'(t1-,s)f (4.2)
B

forallteT,y el andt >0.

Proof By Theorem 3.3, there exist a unique C-linear random operator ® : I' x T'— T and
a unique stochastic derivation 7 : I' x T — T such that [®@, 7] : I x T — T is a stochastic
a derivation.

In (3.3), putting d = 1 and s = ¢, we get

%-TG(%Zt)*ZG(V:f) * éIH(V,Zt)%H(y,t) > ¢i,t (4.3)
and so
£, G(y,)-2G(y,%) Ez{-l(yt H(y,%) Z(pr%'%
> <p%’tr

forallte T,y € ["and v > 0.
On the set

$:={(G,H)|GH:I' x T— T,G(y,0) = H(y,0) = 0},
we define the following generalized metric on S:

5((G)H)7(G17H1))
=inf{u e R, :§GD-CLt) y gHly O-Hi(y.0) >(p ‘NteT,yel,t>0}

In [35], Mihet and Radu proved that (S, §) is complete (see also [36]).
Now, we consider the linear mapping A : S — S such that

AG,H)(y,8) = (2G(y, g),2H<y, %))

forallte T,y er.
Let (G, H), (G, Hy) € S be given such that §((G, H), (Gy, H;)) = €. Then

%—G(Vt) Glyt)*EH(Vt —Hi(y.t) >(p7

forallte T,y € I'and 7 > 0. So

H-2G1(v,%)

g0

y_ L
*%_TZH(VQ) Hi(y,3) > t,

T
Be

~

e .

LYCYCTN
DI~

forallte T,y € I', t >0and 8(A(G, H), A(Gy,Hy)) < Be. This means that
8(A(G1H)yA(G1:H1)) S ﬂs((G!H)’ (GI:HI))

for all (G, H),(Gy,Hy) €S.
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It follows from (3.3) that

¢ G(y.t)-2G1(y,%) %_H(y,z)—Hl(y,%)
T T

%
S
RITN
Sl
[\
<
=¥

forallte T,y € I' and t > 0. So 8((G,H), A(G,H)) < g By Theorem 2.5, there exist
random operators @, : I' x T — T satisfying the following:
(1) There is a fixed point (®, ) for the function A such that

t t
O(y,t):= 2@()/,5), w(y,t):=2m (y,i) (4.4)
forallt € T,y € I'. The random operator (®, ) is a unique fixed point of A in the set
={(G,H) € S:5((G,H),(G1,H})) < o0}

(2) 8(A™(G,H),(®, 7)) — 0 as n — +oo. which implies
. t t
O(y,t):= lim 2"G<y, —), w(y,t) = hm 2 H(y, )
n—+00 omn on

(3)8((G,H),(®,m)) < Lﬁ ((G,H), A(G, H)), which implies

STG(W)—@(W) * Efl(y,t)—fr(y,t) > §0t2f1-,8

forallte T,y € I'and 7 > 0. O

Corollary 4.2 Let (T,§, *,*) be an MB-algebra. Assume that q > 0 and p > 1. Suppose that
random operators G,H : I x T — T satisfy G(y,0) = H(y,0) =0, (3.16) and (3.17). Then
there are a unique C-linear random operator ® : I’ x T — T and a unique stochastic
derivationw : I’ x T — T such that (©,n]: I’ x T — T is a stochastic derivation and

2 1112
£60-000) o gHO-ntr) 5 p<M)

T

forallteT,y el and t >0.

Proof In Theorem 4.1, putting

o wop( T2
T

and letting B = 2177, we get the desired result. O

Theorem 4.3 Let (T,&,*,%) be an MB-algebra. Let ¢ : T* — O+ be a distribution function
such that there exists a B € (0,1) with

Ls
‘Pi’;r > 22 (4.5)

Page 12 of 15
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forallt,s € T and t > 0. Suppose that random operators G,H : I' x T — T satisfy G(y,0) =
H(y,0) =0, (3.3) and (3.4). Then there are a unique C-linear random operator © : I’ x
T — T and a unique stochastic derivation w : I’ X T — T such that [©,7]: I x T —> T
is a stochastic derivation and

%.Gyt (yt*%-Hyt)ﬂVf >‘/721;3 (4.6)

forallte T,y € I' and t > 0.

Proof By Theorem 3.5, there exist a unique C-linear random operator ® : I’ x T — T and
a unique stochastic derivation 7 : I' x T — T such that [®@, 7] : I x T — T is a stochastic
a derivation.

Let (S, 8) be the generalized metric space defined in the proof of Theorem 4.1. Now, we
consider the linear mapping A : S — S such that

AGH)7,0) -(1 Gly,20), H(y,zt)>

forallte T,y € I'. It follows from (4.3) that
srG(y,t) G(y,2¢t) ér (v.t)-5H(y,2t) > ‘Pgi'%

tt
el

2p

forallt € T, y € I' and 7 > 0. The proof will be finished by a similar method to the one
used in the proofs of Theorems 3.3 and 4.1. d

Corollary 4.4 Let (T,§, *,*) be an MB-algebra. Assume that q > 0 and p < 1. Suppose that
random operators G,H : I' x T — T satisfy G(y,0) = H(y,0) =0, (3.16) and (3.17). Then
there are a unique C-linear random operator @ : I’ x T — T and a unique stochastic
derivationw : I’ x T — T such that [©,n]: " x T — T is a stochastic derivation and

T

2
—=_||£||P
EGWD-O00) g0 Zexp(_@(z_zp Izl ))

forallte T,y €eI" and t > 0.

Proof In Theorem 4.3, putting

t?
<p£’5=exp( a(Z 1l )))
T

and letting B = 2771, we get the desired result. O
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