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Abstract: We prove some common fixed point and endpoint theorems for a countable infinite family of
multi-valued mappings, as well as Allahyari et al. (2015) did for self-mappings. An example and an
application to a system of integral equations are given to show the usability of the results.
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1. Introduction

The study of common fixed point for a family of contraction mappings was initiated by Ćirić in [1].
Recently, in 2015, Allahyari et al. [2] introduced some new type of contractions for a countable family of
contraction self-mappings and studied common fixed point for them.

On the other hand, existence of a fixed point for multi-valued mappings has been important for many
mathematicians. In 1969, Nadler [3] extended the Banach contraction principle to multi-valued mappings. After
that, many authors generalized Nadler’s result in different ways (see, for instance [4–8]).

In 2012, Samet et al. [9] introduced the notion of α-admisssible mappings and a new
type of contraction to a mapping T : X Ñ X called α-ψ-contractive mapping, that is,
αpx, yqdpTx,Tyq ď ψpdpx, yqq for all x, y P X. This result generalized and improved many existing fixed point
results. In the last few years, some authors have extended the notion of α-admisssibility and α-ψ-contraction to
multi-valued mappings (see, [10,11]). In addition, common fixed point for a finite family or countable family of
multi-valued mappings has been studied by some researchers (see, for example [12–16]).

The aim of this paper is to extend the new type of common contractivity for a family of mappings,
introduced by Allahyari et al. (2015), to α-admisssible multi-valued mappings.

Let pX, dq be a metric space, 2X the set of all nonempty subsets of X, and CLpXq the set of all nonempty
closed subsets of X. Assume that H is the generalized Hausdorff metric on CLpXq defined by

HpA, Bq “

#

maxtsupxPA Dpx, Bq, supyPB Dpy, Aqu, if it exists,
8, otherwise,

(1)

for all A, B P CLpXq, where Dpx, Bq “ infyPB dpx, yq. Let T : X Ñ 2X is a multi-valued mapping. An
element x P X is said to be a fixed point of T if x P Tx, and x is called an endpoint of T whenever Tx “ txu.
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2. Main Results

Now, we are ready to state and prove the main results of this study.

Definition 1. Let X be an arbitrary space and α : XˆX Ñ r0,8q be a function. Assume that Tn : X Ñ 2X (n =
1,2,...) is a family of multi-valued mappings. We say that tTnu is α-admissible whenever for each x P X and y P Tnx
with αpx, yq ě 1, we have αpy, zq ě 1 for all z P Tn`1y.

Theorem 1. Let pX, dq be a complete metric space and 0 ă ai,j pi, j “ 1, 2, ...q with ai,i`1 ‰ 1 for all i “ 1, 2, ...
satisfy:

(i) for each j, limiÑ8ai,j ă 1;
(ii)

ř8
n“1 An ă 8, where An “

śn
i“1

ai,i`1
1´ai,i`1

.

Let α : XˆX Ñ r0,8q be a given function and tTnu be a sequence of multi-valued operators Tn : X Ñ CLpXq (n =
1,2,...) such that

αpx, yqHpTix, Tjyq ď ai,jrDpx, Tjyq `Dpy, Tixqs, (2)

for all x, y P X; i, j “ 1, 2, ... with x ‰ y and i ‰ j. Moreover, assume that the following assertions hold:

(iii) there exist x0 P X and x1 P T1x0 with x0 ‰ x1 and αpx0, x1q ě 1;
(iv) tTnu is α-admissible;
(v) for each sequence txnu in X with αpxn, xn`1q ě 1 for all n and xn Ñ x, we have αpxn, xq ě 1 for all n.

Then each Tn have a common fixed point in X.

Proof. Using (iii) and (2), we have

Dpx1, T2x1q ď αpx0, x1qHpT1x0, T2x1q

ď a1,2rDpx0, T2x1q `Dpx1, T1x0qs

“ a1,2Dpx0, T2x1q

ď a1,2rdpx0, x1q `Dpx1, T2x1qs,

which implies

Dpx1, T2x1q ď
a1,2

1´ a1,2
dpx0, x1q ă

a1,2

1´ a1,2
pdpx0, x1q,

where p ą 1 is a fixed number. From the above inequality, there exists x2 P T2x1 such that dpx1, x2q ă
a1,2

1´a1,2
pdpx0, x1q. Since tTnu is α-admissible, we have αpx1, x2q ě 1. Similarly,

Dpx2, T3x2q ď
a2,3

1´ a2,3
dpx1, x2q ă

a2,3

1´ a2,3

a1,2

1´ a1,2
pdpx0, x1q,

and so there exists x3 P T3x2 such that dpx2, x3q ă
a2,3

1´a2,3

a1,2
1´a1,2

pdpx0, x1q. Continuing this process, we
obtain a sequence txnu in X such that xn`1 P Tn`1xn, αpxn, xn`1q ě 1, and

dpxn, xn`1q ă An pdpx0, x1q, for all n “ 1, 2, ... . (3)

For any n, m P N with n ă m, from triangle inequality, we get

dpxn, xmq ď

m´1
ÿ

k“n

dpxk, xk`1q ď

m´1
ÿ

k“n

Ak pdpx0, x1q Ñ 0
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as n, m Ñ 8. Therefore, we have shown that txnu is a Cauchy sequence. Since pX, dq is complete, there
exists x P X such that xn Ñ x. From (v), we get αpxn, xq ě 1 for all n. Now, we shall show that x is a
common fixed point of Tn. Let m be an arbitrary positive integer. Then, for any n P N, we have

Dpx, Tmxq ď dpx, xnq `Dpxn, Tmxq
ď dpx, xnq ` αpxn´1, xqHpTnxn´1, Tmxq
ď dpx, xnq ` an,mrDpxn´1, Tmxq `Dpx, Tnxn´1qs

ď dpx, xnq ` an,mrDpxn´1, Tmxq ` dpx, xnqs.

Taking lim in both sides of the above inequality, as n Ñ8, we get

Dpx, Tmxq ď plimnÑ8an,mqDpx, Tmxq,

which implies Dpx, Tmxq “ 0 and so x P Tmx.

Theorem 2. Let pX, dq be a complete metric space and 0 ă ai,j pi, j “ 1, 2, ...q with ai,i`1 ‰ 1 for all i “ 1, 2, ...
satisfy:

(i) for each (j), limiÑ8ai,j ă 1;
(ii)

ř8
n“1 An ă 8 where An “

śn
i“1

ai,i`1
1´ai,i`1

.

Let α : XˆX Ñ r0,8q be a given function and tTnu be a sequence of multi-valued operators Tn : X Ñ CLpXq (n =
1,2,...) such that

αpx, yqHpTix, Tjyq ď ai,j maxtdpx, yq, Dpx, Tixq, Dpy, Tjyq, Dpx, Tjyq, Dpy, Tixqu, (4)

for all x, y P X; i, j “ 1, 2, ... with x ‰ y and i ‰ j. Moreover, assume that the following assertions hold:

(iii) there exist x0 P X and x1 P T1x0 with x0 ‰ x1 and αpx0, x1q ě 1;
(iv) tTnu is α-admissible;
(v) for each sequence txnu in X with αpxn, xn`1q ě 1 for all n and xn Ñ x, we have αpxn, xq ě 1 for all n.

Then each Tn have a common fixed point in X.

Proof. By (iii) and (4), we have

Dpx1, T2x1q ď αpx0, x1qHpT1x0, T2x1q

ď a1,2 maxtdpx0, x1q, Dpx0, T1x0q, Dpx1, T2x1q, Dpx0, T2x1q, Dpx1, T1x0qu

ď a1,2rdpx0, x1q `Dpx1, T2x1qs,

which implies

Dpx1, T2x1q ď
a1,2

1´ a1,2
dpx0, x1q ă

a1,2

1´ a1,2
pdpx0, x1q,

which p ą 1 is a fixed number. From the above inequality, there exists x2 P T2x1 such that dpx1, x2q ă
a1,2

1´a1,2
pdpx0, x1q. Continuing in this manner and as in proof of Theorem 1, we obtain a sequence txnu with
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αpxn, xn`1q ě 1 and x P X such that xn Ñ x. Using (v), we get αpxn, xq ě 1 for all n. Next, we show that x
is a common fixed point of Tn. Let m be an arbitrary positive integer. Then, for any n P N, we have

Dpx, Tmxq ď dpx, xnq `Dpxn, Tmxq
ď dpx, xnq ` αpxn´1, xqHpTnxn´1, Tmxq
ď dpx, xnq ` an,m maxtdpxn´1, xq, Dpxn´1, Tnxn´1q, Dpx, Tmxq,

Dpxn´1, Tmxq, Dpx, Tnxn´1qu

ď dpx, xnq ` an,m maxtdpxn´1, xq, dpxn´1, xnq, Dpx, Tmxq, Dpxn´1, Tmxq, dpx, xnqu.

Taking lim as n Ñ 8, we obtain Dpx, Tmxq ď plimnÑ8an,mqDpx, Tmxq,
which implies Dpx, Tmxq “ 0. This means that x P Tmx and the proof is complete.

Theorem 3. Let pX, dq be a complete metric space and 0 ď ai,j, 0 ă bi,j pi, j “ 1, 2, ...q with ai,i`1 ‰ 1 for all
i “ 1, 2, ... satisfy:

(i) for each j, limiÑ8ai,j ă 1 and limiÑ8bi,j ă 8;
(ii)

ř8
n“1 An ă 8 where An “

śn
i“1

bi,i`1
1´ai,i`1

.

Let α : XˆX Ñ r0,8q be a given function and tTnu be a sequence of multi-valued operators Tn : X Ñ CLpXq (n =
1,2,...) such that

αpx, yqHpTix, Tjyq ď ai,jDpy, TjyqϕpDpx, Tixq, dpx, yqq ` bi,jdpx, yq, (5)

for all x, y P X; i, j “ 1, 2, ... with x ‰ y and i ‰ j, where ϕ : r0,8qˆ r0,8q Ñ r0,8q is a continuous function
such that ϕpt, tq “ 1 for all t P r0,8q and for any t1, s1, t2, s2 P r0,8q,

t1 ď t2, s1 “ s2 ùñ ϕpt1, s1q ď ϕpt2, s2q.

Moreover, assume that the following assertions hold:

(iii) there exist x0 P X and x1 P T1x0 with x0 ‰ x1 and αpx0, x1q ě 1;
(iv) tTnu is α-admissible;
(v) for each sequence txnu in X with αpxn, xn`1q ě 1 for all n and xn Ñ x, we have αpxn, xq ě 1 for all n.

Then each Tn have a common fixed point in X.

Proof. By (iii) and (5), we have

Dpx1, T2x1q ď αpx0, x1qHpT1x0, T2x1q

ď a1,2Dpx1, T2x1qϕpDpx0, T1x0q, dpx0, x1qq ` b1,2dpx0, x1q

ď a1,2Dpx1, T2x1qϕpdpx0, x1q, dpx0, x1qq ` b1,2dpx0, x1q

ď a1,2Dpx1, T2x1q ` b1,2dpx0, x1q,

which gives us

Dpx1, T2x1q ď
b1,2

1´ a1,2
dpx0, x1q ă

b1,2

1´ a1,2
pdpx0, x1q,

where p ą 1 is a fixed number. From the above inequality, there exists x2 P T2x1 such that dpx1, x2q ă
b1,2

1´a1,2
pdpx0, x1q. Similarly,

Dpx2, T3x2q ď
b2,3

1´ a2,3
dpx1, x2q ă

b2,3

1´ a2,3

b1,2

1´ a1,2
pdpx0, x1q,



Mathematics 2020, 8, 292 5 of 12

and so there exists x3 P T3x2 such that dpx2, x3q ă
b2,3

1´a2,3

b1,2
1´a1,2

pdpx0, x1q. Continuing this process, we
obtain a sequence txnu in X such that xn`1 P Tn`1xn, αpxn, xn`1q ě 1, and

dpxn, xn`1q ă An pdpx0, x1q, for all n “ 1, 2, ... . (6)

Again, as in the proof of Theorem 1, we conclude that txnu is a Cauchy sequence, and so there exists x P X
such that xn Ñ x. From the assumption (v), we get αpxn, xq ě 1 for all n. To show that x is a common fixed
point of Tn, let m be an arbitrary positive integer. Then, for any n P N, we have

Dpx, Tmxq ď dpx, xnq `Dpxn, Tmxq ď dpx, xnq ` αpxn´1, xqHpTnxn´1, Tmxq
ď dpx, xnq ` an,mDpx, TmxqϕpDpxn´1, Tnxn´1q, dpxn´1, xqq ` bn,mdpxn´1, xq
ď dpx, xnq ` an,mDpx, Tmxqϕpdpxn´1, xnq, dpxn´1, xqq ` bn,mdpxn´1, xq.

Taking lim in both sides of the above inequality, as n Ñ8, we obtain

Dpx, Tmxq ď plimnÑ8an,mqDpx, Tmxq.

We conclude Dpx, Tmxq “ 0 and thus x P Tmx.

3. Common Endpoint Theorems

The notion of endpoints of multi-valued mappings has been studied by some researchers in the last
decade (see for instance, [17–19]). In current section, we state and prove some common endpoint theorems
for a sequence of multi-valued mappings with the contractions mentioned in Section 2. We need the
following definition.

Definition 2. Let Tn : X Ñ CLpXq (n = 1,2,...) be a sequence of multi-valued mappings. We say that tTnu has
(HS) property whenever for each x P X there exists y P Tnx such that HpTnx, Tn`1yq ě supbPTn`1y dpy, bq.

Theorem 4. Let pX, dq be a complete metric space and 0 ď ai,j pi, j “ 1, 2, ...q with ai,i`1 ‰ 1 for all i “
1, 2, ... satisfy:

(i) for each (j), limiÑ8ai,j ă 1;
(ii)

ř8
n“1 An ă 8 where An “

śn
i“1

ai,i`1
1´ai,i`1

.

Let α : XˆX Ñ r0,8q be a given function and tTnu be a sequence of multi-valued operators Tn : X Ñ CLpXq (n =
1,2,...) satisfying (HS) property such that

αpx, yqHpTix, Tjyq ď ai,jrDpx, Tjyq `Dpy, Tixqs, (7)

for all x, y P X; i, j “ 1, 2, ... with x ‰ y and i ‰ j. Moreover, assume that the following assertions hold:

(iii) there exists x0 P X such that for any x P T1x0, we have αpx0, xq ě 1;
(iv) tTnu is α-admissible;
(v) for each sequence txnu in X with αpxn, xn`1q ě 1 for all n and xn Ñ x, we have αpxn, xq ě 1 for all n.

Then each Tn have a common endpoint in X.

Proof. Since tTnu has (HS) property, there exists x1 P T1x0 such that
HpT1x0, T2x1q ě supbPT2x1

dpx1, bq. From (iii), we have αpx0, x1q ě 1. Similarly, there exists x2 P T2x1 such
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that HpT2x1, T3x2q ě supbPT3x2
dpx2, bq. Since tTnu is α-admissible, so αpx1, x2q ě 1. If we continue this

process, we obtain a sequence txnu in X such that xn P Tnxn´1, αpxn´1, xnq ě 1, and

HpTnxn´1, Tn`1xnq ě sup
bPTn`1xn

dpxn, bq, (8)

for all n ě 1. Then we have

dpxn, xn`1q ď supbPTn`1xn
dpxn, bq ď αpxn´1, xnqHpTnxn´1, Tn`1xnq

ď an,n`1rDpxn´1, Tn`1xnq `Dpxn, Tnxn´1qs

ď an,n`1rdpxn´1, xn`1qs ď an,n`1rdpxn´1, xnq ` dpxn, xn`1qs.

From the above inequality, we get

dpxn, xn`1q ď
an,n`1

1´ an,n`1
dpxn´1, xnq ď ... ď Andpx0, x1q.

Hence txnu is a Cauchy sequence, and so there exists x P X such that xn Ñ x. From (v) we deduce
αpxn, xq ě 1 for all n. Now we show that x is a common endpoint of Tn. Let m P N be arbitrary. Then, for
any n P N, we have

Hptxu, Tmxq ď dpx, xnq `Hptxnu, Tn`1xnq ` αpxn, xqHpTn`1xn, Tmxq
ď dpx, xnq ` αpxn´1, xnqHpTnxn´1, Tn`1xnq ` αpxn, xqHpTn`1xn, Tmxq
ď dpx, xnq ` an,n`1rDpxn´1, Tn`1xnq `Dpxn, Tnxn´1qs

`an`1,mrDpxn, Tmxq `Dpx, Tn`1xnqs

ď dpx, xnq ` an,n`1rdpxn´1, xn`1qs ` an`1,mrDpxn, Tmxq ` dpx, xn`1qs.

Taking lim as n Ñ8, we obtain

Hptxu, Tmxq ď plimnÑ8an`1,mqDpx, Tmxq ď plimnÑ8an`1,mqHptxu, Tmxq,

which implies Hptxu, Tmxq “ 0 and so Tmx “ txu. Since m was arbitrary, the proof is complete.

Theorem 5. In the statement of Theorem 4, if we add the extra condition αpx, yq ě 1 for any common endpoints
x, y of Tn, then the common endpoint of Tn is unique.

Proof. Let x, y be two common endpoints of Tn. Since
ř8

n“1 An ă 8, there exists i0 P N such that
ai0,i0`1

1´ai0,i0`1
ă 1, which implies ai0,i0`1 ă

1
2

. Then, using (7), we get

dpx, yq “ HpTix, Ti0`1yq
ď αpx, yqHpTi0 x, Ti0`1yq
ď ai0,i0`1rDpx, Ti0`1yq `Dpy, Ti0 xqs
“ 2ai0,i0`1dpx, yq,

which implies dpx, yq “ 0 and so x “ y.
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Example 1. Consider the space X “ r0, 1s with the usual metric dpx, yq “ |x´ y|. Define a sequence of mappings
Tn : X Ñ CLpXq by

Tnpxq “

$

’

&

’

%

t1u, 1
2 ď x ď 1,

”

2
3 `

1
n`2 , 1

ı

, x “ 0,

t0u, 0 ă x ă 1
2 .

Also consider the constants ai,j “
1
3 `

1
|i´j|`6 . Then limiÑ8ai,j “

1
3 ă 1, for all j P N. An “

śn
i“1

ai,i`1
1´ai,i`1

“

p 10
11 q

n. Thus
ř8

n“1 An “
ř8

n“1p
10
11 q

n ă 8. Also let

αpx, yq “

#

1, x, y P t0u Y
”

1
2 , 1

ı

,

0, otherwise.

Now we show that αpx, yqHpTix, Tjyq ď ai,jrDpx, Tjyq `Dpy, Tixqs, for all x, y P X. If 0 ă x ă 1
2 or 0 ă y ă 1

2 ,

then αpx, yq “ 0 and we have nothing to prove. Therefore, we may assume x, y P t0u Y
”

1
2 , 1

ı

. We consider the
following cases:

(1) x, y P
”

1
2 , 1

ı

. In this case we have αpx, yqHpTix, Tjyq “ Hpt1u, t1uq “ 0 ď ai,jrDpx, Tjyq `Dpy, Tixqs, for
all x, y P X.

(2) x P
”

1
2 , 1

ı

and y “ 0. In this case we have

αpx, yqHpTix, Tjyq “ Hpt1u,
„

2
3
`

1
j` 2

, 1


q

“ |1´ p
2
3
`

1
j` 2

q| “
1
3
´

1
j` 2

ď
1
3

ď p
1
3
`

1
|i´ j| ` 6

qp|x´ p
2
3
`

1
j` 2

q| ` |0´ 1|q

“ ai,jrDpx, Tjyq `Dpy, Tixq.

(3) x “ y “ 0, i ă j. Then

αpx, yqHpTix, Tjyq “ |
2
3
`

1
j` 2

´ p
2
3
`

1
i` 2

q| “
1

i` 2
´

1
j` 2

ď
1

i` 2

ď p
1
3
`

1
|i´ j| ` 6

qp
2
3
`

1
i` 2

` p
2
3
`

1
j` 2

qq

“ ai,jrDpx, Tjyq `Dpy, Tixqs.

Also for x0 “ 0 and x1 “ 1, we have x1 P t1u “
”

2
3 `

1
1`2 , 1

ı

“ T1x0 and αpx, yq “ 1 ě 1. It is easy to check
that tTnu is α-admissible. Also, for any common endpoints x, y, we have αpx, yq ě 1. Thus, all of the conditions of
Theorem 4 and Theorem 5 are satisfied. Therefore, the mappings Tn have a unique common endpoint. Here x “ 1 is
the unique common endpoint of Tn.

Theorem 6. Let pX, dq be a complete metric space and 0 ď ai,j pi, j “ 1, 2, ...q with ai,i`1 ‰ 1 for all i “
1, 2, ... satisfy:

(i) for each (j), limiÑ8ai,j ă 1;
(ii)

ř8
n“1 An ă 8 where An “

śn
i“1

ai,i`1
1´ai,i`1

.
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Let α : XˆX Ñ r0,8q be a given function and tTnu be a sequence of multi-valued operators Tn : X Ñ CLpXq (n =
1,2,...) satisfying (HS) property such that

αpx, yqHpTix, Tjyq ď ai,j maxtdpx, yq, Dpx, Tixq, Dpy, Tjyq, Dpx, Tjyq, Dpy, Tixqu, (9)

for all x, y P X; i, j “ 1, 2, ... with x ‰ y and i ‰ j. Moreover, assume that the following assertions hold:

(iii) there exists x0 P X such that for any x P T1x0, we have αpx0, xq ě 1;
(iv) tTnu is α-admissible;
(v) for each sequence txnu in X with αpxn, xn`1q ě 1 for all n and xn Ñ x, we have αpxn, xq ě 1 for all n.

Then each Tn have a common endpoint in X.

Proof. As in the proof of Theorem 4, there exists a sequence txnu in X such that xn P Tnxn´1, αpxn´1, xnq ě

1, and
HpTnxn´1, Tn`1xnq ě sup

bPTn`1xn

dpxn, bq,

for all n ě 1. Then we have

dpxn, xn`1q ď supbPTn`1xn
dpxn, bq ď αpxn´1, xnqHpTnxn´1, Tn`1xnq

ď an,n`1 maxtdpxn´1, xnq, Dpxn´1, Tnxn´1q, Dpxn, Tn`1xnq,
Dpxn´1, Tn`1xnq, Dpxn, Tnxn´1qu

ď an,n`1rdpxn´1, xnq ` dpxn, xn`1qs.

From the above inequality, we get

dpxn, xn`1q ď
an,n`1

1´ an,n`1
dpxn´1, xnq ď ... ď Andpx0, x1q.

Thus, txnu is a Cauchy sequence and so there exists x P X such that xn Ñ x and αpxn, xq ě 1 for all n. Now,
we show that x is a common endpoint of Tn. Let m P N be arbitrary. Then, for any n P N, we have

Hptxu, Tmxq ď dpx, xnq `Hptxnu, Tn`1xnq ` αpxn, xqHpTn`1xn, Tmxq
ď dpx, xnq ` αpxn´1, xnqHpTnxn´1, Tn`1xnq ` αpxn, xqHpTn`1xn, Tmxq
ď dpx, xnq ` an,n`1rdpxn´1, xnq ` dpxn, xn`1qs

`an`1,m maxtdpxn, xq, Dpxn, Tn`1xnq, Dpx, Tmxq, Dpxn, Tmxq, Dpx, Tn`1xnqu

ď dpx, xnq ` an,n`1rdpxn´1, xnq ` dpxn, xn`1qs

`an`1,m maxtdpxn, xq, Dpxn, xn`1q, Dpx, Tmxq, Dpxn, Tmxq, Dpx, xn`1qu.

Taking lim in both sides of the above inequality, as n Ñ8, we obtain

Hptxu, Tmxq ď plimnÑ8an`1,mqDpx, Tmxq ď plimnÑ8an`1,mqHptxu, Tmxq,

which implies Hptxu, Tmxq “ 0 and so Tmx “ txu.

Theorem 7. With the conditions of Theorem 6, if we add the extra condition αpx, yq ě 1 for any common endpoints
x, y of Tn, then the common endpoint of Tn is unique.
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Proof. Let x, y be two common endpoints of Tn. Using (9), we get

dpx, yq “ HpTix, Tjyq ď αpx, yqHpTix, Tjyq
ď ai,j maxtdpx, yq, Dpx, Tixq, Dpy, Tjyq, Dpx, Tjyq, Dpy, Tixqu
“ ai,jdpx, yq.

Thus, dpx, yq ď limiÑ8ai,jdpx, yq, which means that dpx, yq “ 0 and hence x “ y.

Theorem 8. Let pX, dq be a complete metric space and 0 ď ai,j, 0 ď bi,j pi, j “ 1, 2, ...q with ai,i`1 ‰ 1 for all
i “ 1, 2, ... satisfy:

(i) for each (j), limiÑ8ai,j ă 1, limiÑ8bi,j ă 1;
(ii)

ř8
n“1 An ă 8 where An “

śn
i“1

bi,i`1
1´ai,i`1

.

Let α : XˆX Ñ r0,8q be a given function and tTnu be a sequence of multi-valued operators Tn : X Ñ CLpXq (n =
1,2,...) satisfying (HS) property such that

αpx, yqHpTix, Tjyq ď ai,jDpy, TjyqϕpDpx, Tixq, dpx, yqq ` bi,jdpx, yq, (10)

for all x, y P X; i, j “ 1, 2, ... with x ‰ y and i ‰ j, where ϕ is as in Theorem 3. Moreover, assume that the following
assertions hold:

(iii) there exists x0 P X such that for any x P T1x0, we have αpx0, xq ě 1;
(iv) tTnu is α-admissible;
(v) for each sequence txnu in X with αpxn, xn`1q ě 1 for all n and xn Ñ x, we have αpxn, xq ě 1 for all n.

Then each Tn have a common endpoint in X.

Proof. As in the proof of Theorem 4, there exists a sequence txnu in X such that xn P Tnxn´1, αpxn´1, xnq ě

1, and
HpTnxn´1, Tn`1xnq ě sup

bPTn`1xn

dpxn, bq,

for all n ě 1. Then we have

dpxn, xn`1q ď supbPTn`1xn
dpxn, bq

ď αpxn´1, xnqHpTnxn´1, Tn`1xnq

ď an,n`1Dpxn, Tn`1xnqϕpDpxn´1, Tnxn´1q, dpxn´1, xnqq ` bn,n`1dpxn´1, xnq

ď an,n`1dpxn, xn`1q ` bn,n`1dpxn´1, xnq.

From the above inequality, we get

dpxn, xn`1q ď
bn,n`1

1´ an,n`1
dpxn´1, xnq ď ... ď Andpx0, x1q.
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As in proof of Theorem 1, we conclude that txnu is a Cauchy sequence, and so there exists x P X such
that xn Ñ x and αpxn, xq ě 1 for all n. To show that x is a common endpoint of Tn, consider an arbitrary
natural number m. Then, for any n P N, we have

Hptxu, Tmxq ď dpx, xnq `Hptxnu, Tn`1xnq ` αpxn, xqHpTn`1xn, Tmxq
ď dpx, xnq ` αpxn´1, xnqHpTnxn´1, Tn`1xnq ` αpxn, xqHpTn`1xn, Tmxq
ď dpx, xnq ` an,n`1Dpxn, Tn`1xnqϕpDpxn´1, Tnxn´1q, dpxn´1, xnqq

`bn,n`1dpxn´1, xnq

`an`1,mDpx, TmxqϕpDpxn, Tn`1xnq, dpxn, xqq ` bn`1,mdpxn, xq
ď dpx, xnq ` an,n`1dpxn, xn`1q ` bn,n`1dpxn´1, xnq

`an`1,mDpx, Tmxqϕpdpxn, xn`1q, dpxn, xqq ` bn`1,mdpxn, xq.

Taking lim as n Ñ8, we obtain

Hptxu, Tmxq ď plimnÑ8an`1,mqDpx, Tmxq
ď plimnÑ8an`1,mqHptxu, Tmxq,

which shows Hptxu, Tmxq “ 0. Thus Tmx “ txu.

Theorem 9. In the statement of Theorem 8, if we add the extra condition αpx, yq ě 1 for any common endpoints
x, y of Tn, then the common endpoint of Tn is unique.

Proof. Let x, y be two common endpoints of Tn. Using (10), we have

dpx, yq “ HpTix, Tjyq
ď αpx, yqHpTix, Tjyq
ď ai,jDpy, TjyqϕpDpx, Tixq, dpx, yqq ` bi,jdpx, yq
“ bi,jdpx, yq.

Therefore, dpx, yq ď limiÑ8bi,jdpx, yq. Hence dpx, yq “ 0, which means that x “ y.

4. Application to Integral Equations

Take I “ r0, Ts. Let X :“ CpI,Rq be the set of all real valued continuous functions with domain I.
Define the meric d on X with

dpx, yq “ sup
tPI
p|xptq ´ yptq|q “ ||x´ y||.

Consider the system of integral equation:

xptq “ pptq `
ż T

0
Gpt, sqFnps, xpsqqds, t P I, n “ 1, 2, 3, . . . . (11)

Our hypotheses on the data are the following:

pAq p : I Ñ R and Fn : IˆRÑ R are continuous, for all n P N;
pBq G : Iˆ I Ñ R is continuous and measurable at s P I for all t P I;
pCq Gpt, sq ě 0 for all t, s P I and

şT
0 Gpt, sqds ď 1 for all t P I;

pDq there exists x0 P X such that x0ptq ď
şT

0 Gpt, sqF1ps, x0psqqds, for all t P I;
pEq for any x P X with xptq ď

şT
0 Gpt, sqFnps, xpsqqds, for all t P I, then we have

şT
0 Gpt, sqFnps, xpsqqds ď

şT
0 Gpt, sqFn`1ps,

şT
0 Gps, τqFnpτ, xpτqqdτqds, for all t P I.
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Let 0 ď ai,j pi, j “ 1, 2, ...qwith ai,i`1 ‰ 1 for all i “ 1, 2, ... satisfy:

pFq for each (j), limiÑ8ai,j ă 1;
pGq Σ8n“1 An ă 8where An “

śn
i“1

ai,i`1
1´ai,i`1

;

pHq for each t P I, x, y P X with x ď y, and i ‰ j, we have

|Fipt, xptqq ´ Fjpt, yptqq| ď ai,jp|xptq ´
şT

0 Gpt, sqFjps, ypsqqds|
`|yptq ´

şT
0 Gpt, sqFips, xpsqqds|q.

(12)

Theorem 10. Under the assumptions pAq–pHq, the system of integral Equation (11) has a solution in X.

Proof. Define Υn : X Ñ X as

pΥnxqptq “ pptq `
ż T

0
Gpt, sqFnps, xpsqqds, t P I

for all n P N. In addition, define α : XˆX Ñ r0,8q by

αpx, yq “

#

1, xptq ď yptq f or all t P I,
0, otherwise.

Let x, y be two arbitrary elements of X. If x ę y, then αpx, yq “ 0 and so inequality (2) holds, obviously.
Now, let x ď y. Then

|pΥixqptq ´ pΥjyqptq| “ |
ż T

0
Gpt, sqpFips, xpsqq ´ Fjps, ypsqqds|

ď

ż T

0
Gpt, sq|Fips, xpsqq ´ Fjps, ypsqq|ds

ď

ż T

0
Gpt, sqai,jp|xpsq ´

ż T

0
Gps, τqFjpτ, ypτqqdτ|

` |ypsq ´
ż T

0
Gps, τqFipτ, xpτqqdτ|qds

ď

ż T

0
Gpt, sqai,jp|xpsq ´ pΥjyqpsq| ` |ypsq ´ Υixqpsq|qds

ď

ż T

0
Gpt, sqai,jp||x´ pΥjyq|| ` ||y´ Υixqpsq||qds

ď ai,jp||x´ Υjy|| ` ||y´ Υix||q

for every t P I. Take sup in the above inequality to find that

αpx, yqdpΥix, Υjyq “ ||Υx´ Υy||

ď ai,jp||x´ Υjy|| ` ||y´ Υix||q “ ai,jpdpx, Υjyq ` dpy, Υixqq.

The properties pDq and pEq yield that properties piiiq and pivq of Theorem 1 are satisfied. Obviously, the
property pvq of Theorem 1 holds. Thus, by that theorem, tΥnu have a common fixed point, that is, the
system of integral Equation (11) having a solution.
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